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Abstract

First of all, we give an alternative proof of a logarithmically improved Beale-
Kato-Majda type extension criterion for smooth solutions to the Navier-
Stokes equations in the whole space, which was shown by Fan, Jiang, Naka-
mura and Zhou (J. Math. Fluid Mech. 13:557-571, 2011). By our method,
we can also establish a similar criterion to the above in case of the half space,
bounded domains and exterior domains.

Next, we show Serrin type extension criteria for smooth solutions to the
3D Navier-Stokes equations. To this end, we use Brezis-Gallouet-Wainger
type inequalities.

Finally, we construct time-periodic solutions to the Boussinesq equations
in a 3-dimensional exterior domain. To this end, we use Yamazaki’s method
(Math. Ann. 317:635-675, 2000). He showed existence and uniqueness of
time-periodic solutions to the Navier-Stokes equations in a 3-dimensional
exterior domain.
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Chapter 1

Introduction

1.1 Beale-Kato-Majda type extension crite-
ria for smooth solutions to the Navier-
Stokes equations

Let n > 3 and Q C R" be a domain with smooth boundary 0. The
motion of a viscous incompressible fluid in €2 is governed by the Navier-
Stokes equations:

ou—Au+u-Vu+Vr=0, z€Q, te(0,T),
(N-S) ¢ divu = 0, reQ, te(0,T),

u‘aﬂ - O,“’t:o = Uy,

where u = (u!(z,t),u*(z,t), -+ ,u"(z,t)) and 7 = 7(x,t) denote the velocity
vector and the pressure, respectively, of the fluid at the point (z,t) €  x
(0,7) and wy is a given initial velocity.

In Chapter 3, we consider Beale-Kato-Majda type extension criteria for
smooth solutions to (N-S). Beale-Kato-Majda [1] and Kato-Ponce [24] showed
that the L*°-norm of the vorticity w = curlu controls the breakdown of
smooth solutions to the Euler and Navier-Stokes equations. To be precise, if

T
/ () pmdr < oo,
0

then the smooth solution u in C([0,T); W*P(R™))(s > n/p + 1) can be con-
tinued beyond ¢ = 7. Chemin [9] and Kozono-Ogawa-Taniuchi [28] proved
similar extension criteria with [|w||ze replaced by [ul|py, _ and [|w|[z0 . re-

spectively. Note that Chemin dealt with solutions in C* a > 1. Chae [§]
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also proved the same criterion via ||wl||g,  for solutions in Triebel-Lizorkin
spaces. In case of 3-dimensional bounded domains, for the Euler equations,
Ferrari [15] and Shirota-Yanagisawa [55] succeeded in proving the same re-
sult of the breakdown as Beale-Kato-Majda holds. See also Zajaczkowski
[68]. Ogawa-Taniuchi [48] proved a similar extension criterion with ||w/|ze(q)
replaced by ||w||pmo(0)-

Fan-Jiang-Nakamura-Zhou [14] established a logarithmically improved
Beale-Kato-Majda type extension criterion for (N-S) in the whole space:

T () awo
/ T og(1 + Jwamo) = (1)

They showed the criterion (1.1) for H*® solutions to (N-S) by the energy
method. In Chapter 3, we will give an alternative proof of this criterion.
Moreover, we will show that this extension criterion holds for more general
solutions in LP, n < p < co. To this end, we will use the integral equation of
(N-S) and the smoothing effect of e,

An advantage of our approach is that we can also establish a similar
type extension criterion to the above in case of the 3-dimensional half space,
3-dimensional bounded domains and 3-dimensional exterior domains with
smooth boundary for solutions with the no-slip boundary condition. Con-
cretely, on (1.1) in case of them, we need to replace the BMO-seminorm
with the L>-norm. Chapter 3 is based on [42].

1.2 Serrin type extension criteria for smooth
solutions to the Navier-Stokes equations

In Chapter 4, we consider Serrin type extension criteria for smooth solutions
to (N-S) in 3-dimension. Serrin [52] and Giga [18] showed that if a Leray-Hopf
weak solution u satisfies

3 2
(Se) we L*(0,7;L"(£2)) for some 3 <1 < 00,2 < s < oowith —+- <1
roos

then w is smooth. Many researchers showed this type regularity criterion,
see e.g. [13, 28, 29, 34, 57, 59, 60, 61]. The limiting case s = oo, = 3 was
proven in Escauriaza-Seregin-Sverak [12], see also Neustupa [45].

Giga [18] showed that the condition (Se) also guarantees the time-extension
of strong L solutions, 3 < p < co. That is, if a strong LP solution u satisfies
(Se), then u can be continued beyond T'. In Chapter 4, we will slightly relax
condition (Se) in the case r = oo;

u € L*(0,T; L™(2))
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by replacing L>(2) with some Banach spaces. Chapter 4 is based on [44].

1.3 Time-periodic solutions to the Boussinesq
equations in exterior domains

Let Q C R? be an exterior domain with compact and smooth boundary 052,
and let (0,0,0) € Q°. Heat convection of a viscous incompressible fluid in €
is governed by the Boussinesq equations:

ou—Au+u-Vu+Vr=g0+f, €, te(—o0,00),
00 — A0 +u-VO =S5, r€Q, t e (—00,0),
divu = 0, r€Q te(—00,00),

(B)

ulon =0, g—zbﬂ =0,

where v = (u'(z,t),u?(z,t),u*(x,t)), = 0(z,t) and 7 = 7(z,t) denote the
velocity vector, the temperature and the pressure, respectively, of the fluid
at the point (z,t) € Q X (—o0,00). Here f = (fi(x,t), fo(z, 1), f3(x,t)) and
S = S(z,t) are given external forces, and g = g(z) = —J7, is the given
vector that denotes the acceleration of gravity, where g is a constant. On the
temperature, we impose the Neumann boundary condition.

In Chapter 5, we consider time-periodic solutions to (B). Kozono-Nakao
[27] showed existence and uniqueness of time-periodic solutions to the Navier-
Stokes equations in n-dimensional exterior domains, where n > 4. However,
it was outstanding in case of 3-dimensional exterior domains. Here we recall
the LP-L9 estimate for the gradient of the Stokes semigroup e~ in exterior
domains:

Hve—tAqu < Ot_%(%_%)_%ﬂfnp for 1<p<qg<n,

which Iwashita [22] showed. The restriction ¢ < n caused the difficulty in 3-
dimensional case.

Yamazaki [66] solved this difficulty by using real interpolation, and he
showed existence and uniqueness of time-periodic solutions to the Navier-
Stokes equations in n-dimensional exterior domains, where n > 3. In Chapter
5, we will construct time-periodic solutions to (B) by his method. Chapter
5 is based on [41].

In this paper, we denote by C' various constants.



Chapter 2

Preliminaries

In this chapter, we introduce some notations and function spaces.

Let C3°(Q2) denote the set of all C* functions with compact support in
Q and C§5,(Q) = Cg5, = {p € (C5°())";div =0}, Then L, 1 < r <
oo, is the closure of CFS with respect to the L"-norm || - [|,. Concerning
Sobolev spaces we use the notations W (Q) and W (Q),k € N,1 < r < oo.
Note that very often we will simply write L™ and W instead of L"(Q) and
WHhr(Q), respectively. The symbol (-,-) denotes the L?-inner product and
the duality pairing between L" and L', where % + % =1.

For 0 < § <1land1<gq<o0,let (-,)g, denote real interpolation. For
l<rg<r<mr <ooand 1l < q < oo, let L™(Q) := (L™(2),L™(2))g
denote the Lorentz space, where 6 satisfy 1r;()(9 - % = %, see [2, 35, 36].

Let us recall the Helmholtz decomposition: L"(Q2) = LT &G, (1 < r < 00),
where G, := {Vr € L";7 € L] ()}, see Fujiwara-Morimoto [16], Miyakawa
[38], Simader-Sohr [56], and Borchers-Miyakawa [3]; P, denotes the projection
operator from L" onto L along G,. The Stokes operator A, on L[ is defined
by A, = —P,A with domain D(A,) = W>" N W," N L.. Tt is known that
(LL)*(the dual space of L7)= L" and A*(the adjoint operator of A,)= A,
where £ 4+ L = 1. It is shown by Giga [17], Borchers-Sohr [5], Borchers-
Miyakawa [3], and Iwashita [22] that — A, generates a holomorphic semigroup
{e=tr:t > 0} of class Cp in L”. Since Pau = Pyu for all w € L™ N LI(1 <
r,q < oo) and since A,u = Ayu for all u € D(A,) N D(A4,), for simplicity,
we shall abbreviate P,u, P,u as Pu for u € L" N LY and A,u, A,ju as Au for
u € D(A,) N D(A,), respectively.

In case of 2 = R", P has the following formula:

1§i£j
€17

P:I—<F F) (i,j=1,---,n),
ij

and —PA = —AP.



Note that we can extend the Helmholtz projection P, as a projection P
in ) ,_, .. L". By the projection P, we have the Helmholtz decomposition
in the Lorentz space: L™ = L& G, (1 < r < 00,1 < g < 00), where
Lrt = {u e L™ divu = 0 and u - v|pg = 0} and G,., == {Vm € L™ 7 €
L2 ()}, see Miyakawa-Yamada [39] and Borchers-Miyakawa [4].

loc

For 1 < g < oo, g%, is dense in L}, and (Ly?)" = L/l - op

the other hand, Cg% is not dense in L™, and gfj,”'”"w = L/

Let B, := —A with domain D(B,) = {§ € W?"; 2|50 = 0}, 1 <7 < co.
It is known that — B, generates a holomorphic semigroup {e*tB’”;t > O} of
class Cy in L.



Chapter 3

Beale-Kato-Majda type
extension criteria for smooth
solutions to the Navier-Stokes
equations

3.1 Main Results

In this chapter, we consider Beale-Kato-Majda type extension criteria for
smooth solutions to (N-S).
Now our main results read as follows.

Theorem 3.1 ([42]). Let Q =R", n <p<oo,0<a <1, 0<T < o0,
uy € LY and u be a solution to (N-S) on (0,T) in the class

$,(0,) == C((0,T); L&) N C((0,T); LE) N C((0,T); W>P).
If

T
|w(7)[Baro
dr < oo for some s € (0,T), 3.1
| e Tt O B

then w can be continued to the solution in the class S,(0,T") for some T" > T,
where w = curl u.

Even in the case where the domain €2 is not the whole space, we have a
similar result as below.

Theorem 3.2 ([42]). Let 2 be the 3-dimensional half space, a 3-dimensional
bounded domain or a 3-dimensional exterior domain with smooth boundary,
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and let 3<p<oo,0<a<l 0<T <oo,uy €LY and u be a solution to
(N-S) in the class

C,(0,T) := C([0,T); L2) N C*((0,T); L2) N C((0,T); WP 0 W,P).
If

T
/ HM(T)HLOO(Q) dT < 0o fO’}" some S &€ (OaT)v
o log (e + u(m)llerrec@)

then u can be continued to the solution in the class C,(0,1") for some T" > T.

Remark 3.1. (i) Solutions in the class S,(0,7") or C,(0,T) are called strong
LP solutions on (0,7"). For p > n, the existence of strong LP solutions to
(N-S) is proven in e.g. [18, 19, 22, 23, 65].

(i) Note that strong L? solutions u belong to C((0,7T") : C™(£2)) for all m € N.
(iii) Since ||w||pmo < 2||wl|eo < 2||ul|cr+e, (3.1) can be replaced by

T
/ |w(T)llBao dr < oo for some s € (0,7).
s log(e+ |lw(T)|lBmo)

(iv) Since
1 llmaro 2 fllgs , < Cllan,, < C (14 1F 1z, Tog"2 (e + I fllom + 1 5 ) )

for all f e C*(R™)N B‘a ' (R™), see [26, p. 230] and [28, Theorem 2.1], the
condition (3.1) can be replaced by

[ Hw e
1o (e Ity )

which was also given in [14].

dr < oo for some s € (0,7T),

3.2 Proof of Theorem 3.1

Proof of Theorem 3.1. For the sake of simplicity, we prove the theorem
only in the case where p satisfies

n
T <p<oe

Since u € C((0,T); W??), without loss of generality, we may assume that
uy € W?2P. Since the local existence time of strong LP solutions 7, can be
estimated from below as

T > C(n,p)/ uol ;"""
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see e.g. [18, Theorem 1 (ii)], it suffices to show that

s [ty < fualesp (Conp (¢ [ Ao 4 )y g

e+ ||lu(s)||gr+a

Recall that « satisfies
t
(LE.) u(t) = e®ug — / AP (y - Vu)(s)ds
0

forall 0 <t < T and
|- Vull, < Cllull,|Vullro < Cllull,llwl pro,

see [26, Lemma 3.9]. Since 1 < p < 0o, P is bounded in L?.
Then, since
e ferre <1,

by (3.3), we have
t
la@®)ll, < lleuoll, + / 192 Pl - Tu(s)) | ds
0
t
< Jluoll, + C / - Vu(s)pds
0
t
< Juolly + C / ()l lo(s)  sarods.
Therefore, by the Gronwall lemma, we get
la(s)lly < lluoll, exp (c / ||w<f>|rBModT) |
which yields
t
sup [[u(s)ll, < lluoll, exp (c / ||W(T)||BModT)
0<s<t 0

foral 0 <t < T.
Let

o |w(t)||Baro
MO = gle 1 Nu®llom)

and § > 1 be a sufficiently large number such that

bra )y (101 o
2 2p ) '

8
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Then we have

lw(s)l| Bao = M (s)log(e + [lu(s)|cr+=)

u(s) 442 M(s
< M(s)log <€+ ” ](W)Jic) ) <6+ [[u(s )|Tc)1+a>)

u(s)|l5l ’(s
= M(s)log | e + “ ](\AC) ) + M(s)log (e + —Hu](\f) ﬁ(gc)Ha)

u 14+1/5\ 0 w(s)||BM
< g - (L) ) st o+ (It

. 2
Since lwllsymo < 2wl < 2, we have
||u||c’1+a HuHcl-ﬁ»a

1+1/8
lu(s)lgrs

M(s) > + M (s)log(e + C)

lw(s)|Bro < M(s)log (e +
Ju(s) || o
<CM(s)log | e+ M (s) + M(s)log(e + O).

Let A and M be positive constants and f(e) := Ae+ M log (e4 1) fore > 0.
Then we have

~ ~ Ael
Mlog(ejtii) :Mlog(e—i—Tg—)
M M e

Thus we obtain
1
lo(s) o < Cellu()I5EL + CM(s) log ( n g)
+ M(s)log(e + C)

for all e > 0.
Let

h(t) == sup [u(7)|,,
o<r<t

t
— [ 1) lmods
0

)



for 0 < t < T. Therefore, from (3.5), for any positive bounded function
g(s,t) on (0,7) x (0,T) we see that

)< 0 [ et s

+C/O M (s)log (e—l—ﬁ) ds+/0 M (s)log(e + C)ds (
=: I1(t) + LIy(t) + I3(t).

3.6)

Since p >n and 0 < 1 + a < 2 — n/p, the following inequality of Gagliardo-
Nirenberg-Sobolev type:

+a+2 I_H—Ta_%
T sc(HFHWQp IFL "+HFHp)
(3.7)
1+a+7 1+a n

<CIFllyhy " IFly

holds for all ' € W??_ cf. [62, Theorem 3.20, (3.177)]. Then, by (3.7), we
obtain

tA < Ot BT A
e fllere < Clle™ fllypzn M€ fllo
I4a_ n

A p B e A e TR oy
< Ol[(1 = A)e = fllp e f||p
tA tA T3 A -z (3.8)
SO efllp +I(=A)e pr le £l
_l4a_ n
<c(1+e%%) |1,

for all f € LP. Therefore, from (L.E.), (3.3) and (3.8), we obtain

|u(s)||crva < ||e*ugl|cro + C’/ (1 + (s — T)_%_%) |lw- Vu(r)|,dr
0
< Clle*ugllwer + C/ (1 + (s — T)*”T“a%) h(7)llw(r) || Brodr
0
< Clluglhwas + Ch(s) [ (14 (5= 1758 ) ()l myodr
0

which yields

S < Clluallyf + ont+5(s) ([ (14 5= )75 78) (o) lawod
0
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Hence, for 0 < t < T we have

6
L(t) < Cllug|yal®T  sup  (s,t)
0<s<T,0<t<T

v [rnietn ([ (15t ) lellaodr)  ds

Now we choose (s, t) such as

Ui
e(s,t) = RIF1/5(s)g /o (t) + 1

where n = n(T) € (0,1) is a constant to be chosen suitably small later on.
Then we have

1 16
L(t) < Cllugl T

n S Lto m 1+1/6
+C 1/5 / ( HW ||BMOd7—+/ (S—T) 2_2pHW(7—)||BMOdT) dS

C(T, luollwas) + C(T / () | sarodr

Ui 1ta 141/6
+Cg1/6(t)/0 (/0 (s =) Hlw(r )HBModT) ds.

Let 3 := HTQ + 3, and o(7) :== 77P. For each t € (0,T), the Young inequality
yields

t s lta 1+1/6
[ (=0 S e@looar ) as
0 0
t s 1—1—1/(5
- / ( / ¢<S_T>1(O,t)<s_7>.y|w<7>||BM01(o,t><T>dr) s
0 0

14+1/6
< ||(<P ) 1(0,t)) * (||w('>HBMo : 1(0,t))HL1+1/5(R)

< [llwO)llzrroLionll g 19 Lol tss ey

t 14+1/6 )
—C (/ ||w(7)||BModT> G
0

< Og<t)1+1/6T—,3(1+%)+1‘
Hence, we have

L(t) < C(T |luollwar) + CL(T)ng (). (3.9)
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Since (3.4) yields

log <e

e+

h1+1/6( )gl/é(t) + 1)

Ui

1+1/5
<log (exp } + log (e +

1
n
141/6 1
<log[(exp Cy(s) ) } + log (e—l—;-k

< C+Cy(s) + 9" (1)

for 0 < t < T and since fo s)ds < oo, we have

f<cC /0 M(s)ds +C / M(s)g(s)ds
+C(/M ) (6°(1))

<C+ c/ M(s)g(s)ds + C (g"/(t))

cove [ s cs 80

2
=C+ C'/ M(s)g(s)ds + @
0
Clearly, we have

I3(t) <log(e+ C) /T M(s)ds < C.

Gathering (3.9), (3.10) and (3.11) with (3.6), we obtain

g(t) < C + ((JI(T)n ) +C/ M(s

Therefore, letting n = o) by the Gronwall lemma, we get

g(t) < Cexp (C /OT M(S)d3>

= log <
( ruoupexp(Cg( ) g +1
< log

Cg/o(t
LGy (t)

)

Cexp(gl/5(t))

n

(3.10)

(3.11)

forall 0 < ¢ < T'. This estimate and (3.4) yield the desired estimate (3.2). [

12
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We can prove Theorem 3.2 in the same way to the proof of Theorem 3.1,
by using

1P(u - Vu)ll, = | Pw x u+ (Vu*)/2)]l, = [I1P(w x w)[l, < Cllwllsollull,

and

t
u(t) = e g — / e AP (W x u)(s)ds,
0

instead of (3.3) and (L.E.) respectively.
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Chapter 4

Serrin type extension criteria
for smooth solutions to the
Navier-Stokes equations

4.1 Function Spaces and Main Results

In this chapter, we consider Serrin type extension criteria for smooth solu-
tions to (N-S) in 3-dimension.

First, we introduce Banach spaces of Morrey type and Besov type which
are wider than L>°(Q). Let B(z,t) := {y € R"; |y — x| < t} and

zeR™

Liloc(“) : f S Llloc((z); HfHLl (Q) ‘= Sup |J (y)|dy <00 .
uloc
B(z,1)NQ

Definition 4.1. Let > 0 and 2 C R” be a domain.
Then, MéOg(Q) = {f e Ll (Q); Hf||M[130g(Q) < oo} is introduced by the

uloc
norm

1

Sl o ‘= sup / T (y)ldy.
| HMBg(Q) reno<t<t |B(x,t)|log” (e + 1) B(x7t)rm‘ W

Definition 4.2. Let # > 0 and ¢ € S(R") be a spherical symmetric function
with ¢(¢) =1 in B(0,1) and ¢(§) = 0 in B(0,2)".
Then, Vi := {f € S'(R"); || f|lv, < oo} is introduced by the norm

% [l .
I fllv, == sup —HwN /| . where ¢y (z):= 2"V (2V1).
N=1.2, N?

Note that the space V3 is a modified version of spaces introduced by
Vishik [64]. We also note that the following inclusions hold:

14



Mg5() D L®(9),
Vs O MP®(R") D L™(R").

For example, 4 /log (e + ﬁ) belongs to Mi‘;g(Q), but doesn’t belong to L*>().

712 . A IVill2 .
Let Wy, == Cg% . Now our main results read as follows.

Theorem 4.1 ([44]). Let 2 be R3, the 3-dimensional half space, a 3-dimensional
bounded domain or a 3-dimensional exterior domain with smooth boundary,
and let 3 <p <o0, 0<T < o0, uy € LngO{ﬁ and u be a solution to (N-S)
in the class C,(0,T). If

T
2
/s ||u(7‘)||MBg2(Q)dT < oo for some s € (0,T),

then u can be continued to the solution in the class C,(0,1") for some T" > T
Theorem 4.2 ([44]). Let Q =R?, 3 <p<o00, 0 < T < 00, ug € L2 N Wolg
and u be a solution to (N-S) in the class S,(0,T). If

T
/ Hu(T)H%/l/sz < oo for some s e (0,T),

then u can be continued to the solution in the class S,(0,T") for some T" > T.

Here, for definitions of C,(0,7") and S,(0,7"), see Theorem 3.2 and The-
orem 3.1.

Remark 4.1. In [43], we established Beale-Kato-Majda type extension cri-
teria by means of

T T
/S ||I'OtU(7')||Miog(Q)dT aund/S ||rot w(T)]||v, dr.

4.2 Brezis-Gallouet-Wainger type inequalities

We introduce logarithmic inequalities for the proof of our theorems.

Lemma 4.1 ([43, 44]). (i) Let n > 3, and let 2 C R™ be the whole space, the
half space, a bounded domain or an exterior domain with smooth boundary.
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For any a € (0,1) and § > 0, there exists a constant C(Q, «, 5,n) > 0 such
that

i) < C (14 1F ]l o0y 1087 (€ + 1 fllcaoy (4.1)
195 Q)

for all f € C*(Q) N Méog(Q).
(ii) Let n > 3. For any o € (0,1) and p > 0, there exists a constant
C(a, B,n) > 0 such that

1 lzeeqeny < € (14 1 v 0g” (e + 1 llcmn) ) (4:2)

for all f € C*(R™) N Vj.
These inequalities are called Brezis-Gallouet-Wainger type inequalities:
(BGW)5 |z < C(L+ [ fllx1og”(e + || fllv))-

When Q2 = R", by using the Fourier transform, Brezis-Gallouet-Wainger [6, 7|
proved (BGW)g in the case

B=1-1/p, X = WYPP(R"Y), Y = Wn/ataq(Rn) (c C“(R”)) (o > 0).

Engler [11] proved the same inequality for general domains €2 without us-
ing the Fourier transform. Ozawa [50] proved the Gagliardo-Nirenberg type
inequality

_ n 1—
£l zaey < Cp,n)g" P (= )2 |t | 175, for all g € [p, o0)

with the explicit growth rate with respect to ¢ and that this estimate directly
yields (BGW)z with f = 1 — 1/p. When Q = R", Chemin [9] proved
(BGW)g for f =1, X = B, (R") and Y = C*(R"). Kozono-Ogawa-

Taniuchi [28, 49] proved (BGW)g for 0 < f <1, X = Bgoyl/(lfﬁ)(]&”) and
Y = CQ(R”)HB;‘?‘OO(R”). When € is a bounded domain, in [47, 48], (BGW )3

was proven in the cases

B=1, X =bmo(Q), Y =C%Q), or
=1, X =B(Q), Y=C%),

where B((2) is introduced by the norm || f||p) = sup,s W”L%. Further-

more, in [1, 9, 11, 15, 20, 24, 28, 30, 31, 37, 40, 46, 47, 48, 49, 50, 51, 55, 63,

67, 68] several inequalities of Brezis-Gallouet-Wainger type were established.
We shall show Lemma 4.1.
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Proof of Lemma 4.1 (i). We use arguments given in Engler [11] and Ozawa
[50]. See also Ogawa-Taniuchi [48]. For the sake of simplicity, we assume
n = 3. Since 0f2 is smooth, we see that 02 satisfies the interior cone con-
dition. Namely there are 0 € (0,1) and 6 € (7/2,7) depending only on
Q with the following property: For any point x € (), there exists a spher-
ical sector C¢(x) = {x +& € R%0 < [¢] < 6, —[¢] < k(z) - &€ < |€]cos}
having a vertex at x such that C¢(x) C Q, where x(z) is an appropriate
unit vector from z. We note that for each z € Q, C¢(x) is congruent to
Cl={eR%0 < [f] <§ —|¢ <& < [€cosf}. In particular, for any
boundary point x € 9Q, C¢(x) can be expressed as C¢(z) = {z+£ € R%;0 <
€] < 9, —|¢] < €-v(z) < [{|cosb}, where v(z) denotes the unit outward
normal at .

Let 0 <t < § and Cf(x) := CYz) N B(x,t). For any fixed x € Q and
y € C(x) CQ,

[f @) < [f@)=FWIHF W < A llga@lz=y* @) < 1 llga @+ )]
Integrating both sides of the above inequality with respect to y over C?(z),

[F @Y @)] <t f ¢y |CF ()] +/ f()ldy

yeCy ()

< 1| £l ey |CF ()] +/ |f(y)ldy

yEB(z,t)NQ
o 1
<l CE + B 011087 (4 + ¢) Wy

Since |B(x,t)|/|C?(z)|(=: Kj) is a constant independent of x and ¢, we have

o 1
1@ < 0 e+ Kalog? (14 ¢) e

for all 0 <t <.
Then we optimize ¢ by letting ¢ = (1/]| fl g 0y)"/® if |fll ey = 6 and
letting t = 0 if || | ga(q) < 07 to obtain (4.1). O

Proof of Lemma 4.1 (ii). We first recall the Littlewood-Paley decompo-
sition. Let v be the function given in Definition 4.2 and let ¢; € S be the
functions defined by

p(€) 1= (&) — ¥(2€) and ¢;(€) = H(€/27)
for € € R". Then, supp@; C {2971 <|¢| < 27} and

o0 [e.9]

L=9E/2%) + > ¢E/2) =dn(©) + D ¢(6) (4.3)
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forc e R" N=1,2,---.
Using (4.3), we decompose f into two parts such as

fla)=dnx fx)+ Y ¢ fla). (4.4)
j=N+1
By Definition 4.2,
[on * flloo < N\ fllv, (4.5)

holds. Since Bg’om(R”) — C*(R") for 0 < o < 1, we have

S lere fla= 3 29y ¢ flla2
J=N+1 j=N+1
> . 4.6
<l S 2 o
j=N+1
< Cllf a2,

Gathering (4.5) and (4.6) with (4.4), we obtain
1£llee < CE™M [ fllee + N7 fllv,)-

Now we take N = [W} + 1, where [-] denotes Gauss symbol.

Then we have the desired estimate (4.2). O

4.3 Proof of Theorem 4.1

Proof of Theorem 4.1. Since u € C((0,7); D(Ag) ﬂWOIﬁ), without loss of

generality, we may assume that vy € D(Ag) N Wol(f Since the local existence
time of strong LP solutions T, can be estimated from below as

T. > C()/lluolls,

see Appendix, it suffices to show that

T
sup [Ju(7)||e < C||Vull2exp <Cexp (C/ ||u(7’)||?wlog(ﬂ)d7')) (47
o<r<T 0 1/2

Recall that u satisfies

(LE.)* u(t) = e g — /Ot e HAPY . (u @ u)(s)ds
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forall0 <t <T.
From (I.LE.)*, the duality argument and the Gronwall lemma we have

sup |lu(7)lle < C sup [[Vu(7)]2
o<r<t

o<r<t
¢ (4.8)
< O Vuolly exp (c / ||u<s>||zods)
0

for all 0 <t < T. See Appendix.
Let

h(t) == sup [[u(7)]s,

0<r<t
o0) = [t
for 0 <t <T. Then, we have
h(t) < C|[Vuo|[2exp(Cy(t)) (4.9)

forall0<t<T.

Letting 0 < a < 1/2 and substituting f = ﬁ into the Brezis-
folss

Gallouet-Wainger type inequality (4.1) with 5 = 1/2, we obtain

1
o)l = € (2l + 1087 (e4 2 ) T )

1/2

which means
1
2 2 2 2
(o) < € (S +1og (4 1) o)) @410

for all € > 0, where C'is a constant independent of s and . Then, by (4.10),
for any positive bounded function (s) on (0,7), we have

g(t) < C/o 52(s>||u(s)|ygads+c/o 1og( mE )) () 3108 B (4.11)
= L(t) + I2(1).

By the Gagliardo-Nirenberg inequality

1 llagy < ClFITv2s@ HfHLG(Q
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where 0 = ;11 + 5, we have
le” PV - £l ¢
< Of[(1+ A)e” A WDAPY - fglle”WDAPY - fl5

<O ((1+ (/2 M)e WPy - flls)” [l 24PV - 30
< CA+(t/2)7")le” 24PV - flg

(4.12)

for all 0 < ¢ < T and f € (L5(2))%*3. Since the duality argument yields
le=¢/2APY . flle < C(t/2)72 | flls, by (4.12) we obtain

e 4PV - fllew < C(L+£7375)| f]l6
for all 0 <t < T and f € (L%(9))*>*3. Thus, from (L.E.)* we obtain
HM@MWSQWﬂm%r+OA(P+®—T)4gwu®UwaT
SOWMbma+fm@y/<r+@—fr?@nwvmwma
0

which yields

2

s _3_«
HMQ%QSCWﬂﬂMﬁ%%%ﬁ(A(st—ﬂ4 wmvmwm).
Hence, for 0 <t < T we have

L(t) <Clluolhiag T sup £*(s)
0<s<T
t s 5 2
+ c/ B(s)e2(s) (/ (1+ (s - 7‘)_4_3)||u(7')||00d7'> ds.
0 0
Now we choose £(s) such as

)
g(s) == m,

where § = 0(7T") € (0,1) is a constant to be chosen suitably small later on.
Then, since h?(s)e?(s) < 6% and £%(s) < 4%, we have

t S 2
Il(t)§C||u0||%(A6)T52+062/0 (/0 (1+(3_T)—4—2)||u(7)||00d7> ds.
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: 3 «a : . . .
Since § + § < 1, the Hardy-Littlewood-Sobolev inequality yields

/ot </< - T>‘3‘3||u<7>||ood7)2ds
:i4(4<@—7)33Mm@—7»<Mﬁmmeﬁ»dﬁ2%

< C|flu(-) oo 0t)HLW(R)

< Ctr e HHU(')Hoon(o,t) :
Hence,
1(t) < Clluolpgay T8 +C (# +14 / (s
< C+ Ci(T)5%g(t).
Since (4.9) yields

log ( . %) ~log ( U 1) < C(1 + [ Vuolls + 9())

(4.13)

and since fOT [u(s)I3, tog ) @5 < 00, we have

M 5(
t
2t)§0/ Ju(s)]3, e J(L+ [IVuoll + g(s)ds
< C(1+ [Vuolly) / Ja(5)

e / Il )1

t
2
<C+ C’/O Hu(s)||MBg2(Q)g(s)ds.

Gathering (4.13) and (4.14) with (4.11), we obtain

(4.14)

t
o10) £ O+ CTIRg(0) +C [ [l g 9051

Thus, letting 6% = by the Gronwall lemma, we have

1
2C1 (T)+1°

g(t)SCexp( /OTHu( I, )

for all 0 < ¢t < T. Then, this estimate and (4.9) yield the desired estimate
(4.7). O
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We can prove Theorem 4.2 in the same way to the proof of Theorem 4.1
by using (4.2) instead of (4.1).

4.4 Appendix

In this section, we prove (4.8).

Proposition 4.1. Let Q be R3, the 3-dimensional half space, a 3-dimensional
bounded domain or a 3-dimensional exterior domain with smooth boundary.
(i) Ifa € Wolf, then e=*4a € C(]0, 00); Wolf) and ||Ve *alls < || Val|s.

(i) If v € C(]0,T7; Wolf), then

F(t) := /Ot e~ DAP(y . Vu)(s)ds € C([0,T); WOIUQ)

Proof of Proposition 4.1. (i) We first recall Cg,, C D(Ay) C Wolf, see
Sohr [58, Chap.III, Sect.2.1]. Hence

Wolg _ WIIV-Ilz.
By the definition of Wolj, there exists a, € (g, such that a, — a in Wolf
Since e~*4a, € C([0,00); D(A;)) and since

sup [|[Ve a, — Ve “ay,||
>0

= sup ”A1/2€—tAan . A1/26_tAamH2
t>0

< ||A1/2(an —am)|l2 = [[Vam, — Va2 = 0

as m,n — 0o, we see that e *q € C <[0, 00); D(AQ)HV'M) = C([0, 00); Wolf)

Since |[VeMau|. = [etAY anlls < ||AY?anlls = ||Van|s, we have

IVe™ally < [[Val>.

(ii) Let ¢ € (0,7] be fixed and 0 < ¢ < t. Since ||[P(v - Vv)(s)|z2 <

C supg < || Vo(s)[[3, it is straightforward to see that [J° e~(=)4 P(v-Vv)(s)ds €
D(As3). Since

—0
2

Hv /O o e~ DAP(y . Vu)(s)ds — VF(t)

as e | 0, we have F(t) € Wolj By the direct calculation, we can also show the
continuity of VF(t) in L* with respect to ¢ € [0, T], which proves Proposition
4.1.

[
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Lemma 4.2. (i) Let Q be R3, the 3-dimensional half space, a 3-dimensional
bounded domain or a 3-dimensional exterior domain with smooth boundary,
and let 3 < p < oo. Ifvg € LE(Q2) N Wol,f, then there exist T, > 0 and a
unique solution v on (0,T.) to (N-S) with initial data v(0) = vy in the class

v € Cy(0, 1) N C6(0,T.) NC([0, T.); Wy 2).

Moreover, it holds that
T, > C/llvolls;

where C' is a constant depending only on ).

(ii) Let Q be R3, the 3-dimensional half space, a 3-dimensional bounded do-
main or a 3-dimensional exterior domain with smooth boundary, and let u
be a solution to (N-S) in the class

ue C(0,7) N C([0,T); Wy ).

Then, it holds that

¢
sup |[Vu(r)|2 < C||Vugll2 exp <C’/ Hu(s)”i&ls) (4.15)
0

o<r<t

forallO0 <t <T.

Proof of Lemma 4.2. (i) Since Assertion (i) is proven by the standard
iteration argument and Proposition 4.1, we omit the proof of (i).

(ii) Let ¢ € Cg%. Since w(r) = e "¢ is a solution to the Stokes equation
on (0, 00) with the initial data w(0) = ¢, the energy calculation yields

t
| 1ve ez < ol
0

for all £ > 0, which implies

t
/0 |42 91| 2ds < [o]2

for all ¢t > 0. Since

(ult). ) = (¢ u(0), ) + / (u- Vuls), e 49 ds
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for all 1 € LY?, letting v = A2y, we have
(AY2u(t), o)

t
< (e AY20(0), )] + / (- Vu(s), AV2e=0-D40)| ds
0

t
< 1A O)llell + [ olo) | Fu(6) 472

¢ 1 ¢ 1
sw|A1/2u<o>||2||so||2+( / r|u<s>||zo||w<s>||§ds) ( / ||A1/Ze-<t—s>%||§ds)

t 3
< [|AY2u(0)[|2]l ]2 + (/0 HU(S)HioHVU(S)\BdS) llol]2-

Thus, the duality yields

2

¢
[Vu(t)[l2 < [|[Vuoll2 + (/0 HU(S)HioHVU(S)H%dS)
and consequently
¢
IVu(t)|3 < 2| Vuoll3 + 2/0 Ju(s)|2 I Vu(s)|3ds.

Therefore, from the Gronwall lemma, we obtain the desired estimate (4.15).

[
By the embedding theorem: Wy < LS and (4.15), we get (4.8).
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Chapter 5

Time-periodic solutions to the
Boussinesq equations in
exterior domains

5.1 Main Result

In this chapter, we consider time-periodic soutions to (B).

Let BUC(R, X) denote the set of bounded and uniformly continuous
functions on R, equipped with the norm ||u|X || = sup,cp ||u(t)| x.

We assume that there exists F' such that f = div F'. We define the mild
solution of (B) as follows (see [66, Definition 1]):

Definition 5.1. A pair of functions (u, #) is said to be a mild solution of (B)
if the identity

W) 9) = 3 [Tt = rt =) = Balt = 1), @ ohar

J,k=1

+/ (90(,t — 1), e p)dr

0

holds for all ¢ € L“;’/Q’l(Q) and ¢t € (—o0,00), and the identity

06.0.9) = [ (att =100t =1, TP+ [ (SCt = 1) P
0 0

holds for all ¢ € C§°(Q2) and t € (—o0, 00).

Now our main result reads as follows:
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Theorem 5.1 ([41]). There exist Cipee > 0 and My > 0 such that if
| F|L??%°|| < Ciorce and ||S|H6_/},)7Oo N LY < Choree, then there exists one

and only one mild solution (u,0) of (B) such that u € {u € BUC(R, L>*);
|u|L2>®|| < My} and 6 € {§ € BUC(R, L*1); ||0|L*|| < My}. Moreover,
if f and S are time-periodic, the solution (u,0) is also time-periodic.

5.2 Proof of Theorem 5.1

For the proof of our theorem, we prepare some estimates on the Lorentz
space. Concretely, we prepare Holder’s inequalities, the Sobolev embedding
theorem, and LP-LY estimates of the Stokes semigroup and heat semigroups.

Lemma 5.1 ([4, 25, 33]). (i) Let 1 < po,p1 < 00,1 < qo,qn < 00,9 =
min{qo, ¢1 }, and p > 1 satisfy i = pio + p%' Then there exists a constant C
such that

179llpa < Cllfllpo.aol9llpr.ar (5.1)

for all f € LPo® gnd g € LP27.
(ii) Let 1 < po,p1 < 00, p > 1 satisfy % = pioijil, and 1 < qo, 1 < oo satisfy

qio + qil > 1. Then there exists a constant C' such that

1791l < CllSf lpoao 9lp1.a0 (5.2)
for all f € LPo% aqnd g € LPH9,

IV-ll3,1

Let H 31 = @‘ . Then this space satisfies an embedding theorem as

follows:

Lemma 5.2 ([32]). There exists a constant C' such that
[ulloo < Cl[Vull3, (5:3)

for allu € Hi,.

Lemma 5.3 ([66]). Let 1 < p < q < 3. Then there exists a constant C" such
that

* 33 1.
/ T 2||V€ ASOHq,ldT < C“SOHPJ (5‘4>
0

for all o € LEA(Q).
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Lemma 5.4. (i) Let 1 < p < ¢ < co. Then there exists a constant C' such
that

o0 3
/ 732 Y|e By gadr < Cll¢lpa (5.5)
0

for all ¢ € LPH(Q).
(i) Let 1 < p < 0o and max{2,p} < q < co. Then there ezists a constant C
such that

RO T S U
/ 73 22 Ve | gadr < O[]l (5.6)
0
for all ¥ € LPH(Q).
We show Lemma 5.4 in Appendix.

Proof of Theorem 5.1. First, we define functions on integral equations.
For u,v € BUC(R, L3>*), § € BUC(R, L*>') and F € BUC(R, (L%?>)3x3),
we define ®[u, v, 0, F] so that the formula

(P, 0,0, F](-,1), )

= Z/o U] 7)ok (-, t_7>_ij('at_T),(aje_TAga)k)dT+/ooo(g9 oA o)dr

7,k=1
holds for all ¢ € Lg/Q’l(Q), and that
(®lu,v,0, Fl(-,t),Vp) =0

for all scalar function (@ such that Vg € (L*>1(Q))3.
On the other hand, for u € BUC(R, L3>>), § € BUC(R, L>*NL**) and
S e BUCR,H:! )N BUC(R, L'*/'"), we define ¥[u,#, S] so that the for-

6/5,00
mula

(Ulu,0,S](-, 1), %)
- /Ooo(u(-,t —P)B(,t — 7), Ve B)dr + /OOO(S(~,25 1), e P g)dr
holds for all ¢ € C5°(€2). Then we get
[(@[u, v, 0, FI(-, 1), ¢)]

< Z/ (u(-,t = T)vg(,t = 7), (8¢ 0)1)|dT
+ Z/O (Fju(est = 7). (857 ) |dr (5.7)

+/0°°\<ge<-,t—f> A |dr
— L () + Lo (t) + Ly (8)
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for all t € (—o0, 00), and
|(\Ij[u7 0, 5](¢)>¢)\ < /OOO ’(u('>t - 7—)0('>t - T)> VeiTB@b)’dT

+ /000 I(S(-,t —7),e"™ByY)|dr
=: I (t) + I15(t)

for all t € (—o0, 00).
By (5.1), (5.2) and (5.4), we have

nn<cy / ety (-t — 7)or(ert — 1) /20l Ve A gl
0
< Csup Ju(t) a0 sup [0(8) 5 / Ve olgndr
teR teR 0

<c (sup a8l e s1p Hv(t)!ls,oo> lollsjon,
teR teR

L) < C / 1Pt = P)llsjanc Ve A0 1dr
0
< Csup | F(1)]ls/20e / Ve gllsadr
teR 0

<c (sup |rF<t>r|3/2,oo) .
teR
By (5.1), (5.2), (5.3) and (5.4), we have
L(t) < / 190G+t — Pl le gl odr
0
< / 19]l3/2,00 10t = 7) |31 | Ve ™ ol|5.1d7
0
< (@) (sup 100l + 500 180 ) [ IVt
teR teR

0

< Clg) (sup 1608) 20 + sup ||0<t>||4,oo) 16l
teR teR

(5.10)

(5.11)

Here, by the definition of the acceleration of gravity g(z) = —f]ﬁ, we have

g€ L3/2,oo‘
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By (5.1), (5.2), and (5.6), we have
IL(t) < C/ lu(t = 7)0C,t = 7)llos5.00 Ve llg,1d7
0
< Csup [[u(t)]|s 00 sup ||9(t)||2,oo/ IVe™ P4 lo,1dr
teR teR

0

<c (sup a8l o sup ||e<t>r|2,m> Il
teR teR

() < C / lu(t = 7)8Ct — ) layrool Fe Bl 1oyl
0
< Csup [[u(®)lls.00 5D [10) 1. / Ve haysadr
teR teR 0

<C (SUP [[u(t) 3,00 SUP ||9(t)||4,oo) Kl FYZRE
teR teR

By (5.2) and (5.6), we have
1) < [ 186t =l IV 0 adr
| Ive P uloadr
0

<c <sup 1S5 ) 1l
teR 6/5,00

Since L'? = L'212 5 [1%1 and (5.5), we have

< sup [[S(t)] 4
teR

6/5,00

IL(1) < / 1S(+t = Pz e Bl nodir
0
< sup [19(8) a1 / le Bl iaadr
teR 0

<C (sup ||S(t)||12/11) [¢]4/3,1-
teR

Gathering (5.9)-(5.15) with (5.7) and (5.8), we get

@[, v, 0, F]|LZ>|
< CIFILY22PC | + Cllul L3 [lo] L3
+ CllO[L*>] + ClIIL ],

| Wlu, 0, S)|L*>° N LY

< C(ISIHg s ol + ISILZH) + Cllul L= N (1O1L> | + [[01L41)).

1
6/5,00
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By (5.16) and (5.17), we can show continuity of ® and ¥ (see [66, pp.652-

653]).
We construct sequences

[ul (2, 1)} = {{ul(”(x,t)}j:l}

{090} = {0 (,0)}7,

o0

Jj=0

inductively by 0 (x,t) := 0, u®(x,t) := 0, U (2, t) := U[ul), 00) S] and

u(j+1)($’ t) = <I>[u(j), u(j)’ 9(j+1)’ F).
We set

A= WDIEE<, Bay = 09121, By = 09|24,
Dj = maX{BQJ, B4’j}.
By (5.16) and (5.17), we have
Aj1 < CAT + C1Dj . + C(F),
Dj; <C34;D; +C(S)
Furthermore we set M; := max{A;, D,;}. Then we have

Mj1 < (C1C5 4 Cy + C5) M7 + (C1O(S) + C(F) + C(9))

=: C’maXMj2 + (C1C(S) + C(F)+ C(9))
Therefore, if I, S are sufficiently small i.e.

5
3 6 Cmax ’

C,C(S) + C(F) + C(S) <

then we have

Mj < 1- \/1 — 4Cmax(zg(5) + C(F) + C(S))

= M.

Here we get

1
2C ax Moo < —=.
3

We set

= [Jul*Y) — u(j)|Li;>7o<>||’327j = [|gU+D) — 9(]')|L2’°°||,]§’4,j = ||gU+Y

4
Mj - max{;lj, BQ,ja B‘l,j}'
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Since
w02 _ G+
- <I>[u(j+1),u(j+1), 9U+2), F]— @[u(j)’u(j)’ gU+D F]
- cp[u(jﬂ)’ wUH) — @ 0, 0] + (I)[u(j+1) —uD W0, 0] + ®[0,0, gu+2) _ it 0]
and

pli+2) _ gl+1) — \I;[u(jJrl)’ gU+). S] — \Ij[u(j)7 2 S]

— \Ij[u(j""l)’ gU+) _ gl 0] + \Ij[u(jﬂ) —u) 9, 0],
we have
Bajer < CalluDILE=[|0V ) — 09| L2 + Cslul™) — uD L300 L2
< 205 Moo Mj(< 6C oy Moo M),
Byji1 < 2C5M o M (< 6Ciax Moo M),
and
Ajir < Collul DILE= [[ub Y — uDLE| o+ Co [T — ulD L[ L3
+ Ol||g(j+2) _ 9(j+1)|L27oo” + Cl||6’(j+2) _ 9(j+1)|L4,oc>||

< QCQMOOAJ‘ + 01B2,j+1 + 0134,j+1

< 2095MoAj + 2C1Cs Moo M 4 2C1Cs Moo M < 6Cax Moo M.
Namely, we have . .

M1 < 6Chax Moo M.

Then we get

k—1
Ju® — @23 < 37 A4

I=j

k—1

k—1
S Ml S ZMO<6cmaxMoo)l S
J l=j

=3

M0(6CmaxMoo)j
1 - 6CrnaxMoo

for all 7,k > 0 such that j < k. Similarly we get

M0<60maxMoo)j
1-— 6CmaxMoo

MO(GOmaxMoo)j
1 - 6C’max-]\4oo '

o) = 69| < 8 — 9|24 <

for all j, k > 0 such that j < k. Since

6C e Moo = 3 (1 — /T = 4Cu (C1C(S) + C(F) + O(S))) <1,
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we have ||[u®) —u)|L3>°|| — 0, ||§*) —00)|L2>|| — 0 and [|§*) —gW)|L+>|| —
0 as j,k — oo.

Therefore, we see that there exist functions u € BUC(R, L>*) and 0 €
BUC(R, L>') such that

u? =y in BUC(R,L>*®) as j — oo,

09 6 in BUC(R,L*>') asj— oc.
By the direct calculation, we can show that (u, @) satisfies integral equations
and time-periodicity (see [66, pp.656-657, Corollary 1.2]).

Similarly [27, p.42] and [66, p.658], we can show the uniqueness of the
solution. Concretely, we suppose that (u,#) and (v,§) are mild solutions of
(B) with [Ju|L**| < M, [|0|L%| < Mo, [[o]L3*|] < My and [[§]L%Y] <
M. Then we have u = ®lu,u,d, F|,0 = V[u,d,S],v = ®v,v,§, F| and
¢ =V¥[v,¢&,S]. Then we obtain

10 — &[L*> N L]
= ||V[u, 8, S] — ¥, & S])|L>> N LY
— [, 0 — £,0] + Wlu — v, €, 0] L2 1 L4
< @[u, 6 — & 0| L2 N L||+
W[ — v, &, 0)[225 A 4|
= [|W[u, 6 — & O L**[| + [[@[u, 0 — &, 0] | L[+
19w — v, & O] L2 + | @[u — v, & 0| L4
< Cyllul Ly |[(/10 — €[22 + [|0 — €|L])
+ Cllu — o[ L= (612> || + [|€] L)
< C3Moo([10 — (L2 + 110 — E|L[]) + 2C3 Moo |lu — 0| L3>,
and
[ — 0| L3 = ||®[u, u, 0, F] = ®[v,v,§, FI|L>>|
= [|[®[u, u — v,0,0]
+ ®[u — v,v,0,0] + ®[0,0,0 — & 0]|L>*||
< Co[[ul L% + o] L) [Ju — o] L3|
+C1([10 = E1L>|| + 110 — [ L))
< 20, Mo lu — o] L2
+C1([10 — E|1L>|| + 110 — [L4]))
< 20y Myo||u — v| L3>
+ CLC3 Moo (|0 — €[L*|| + (|6 — €[ L4>]))
—+ 20103M00Hu — ’U‘Li’ooH.
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Then we have

lu — o LG + 10 — €[L>> n L]
< 2(C1C5 + Cs + Cs) Muo ([ — v LE=| + 1|6 — €] L2 0 L**]))
= 2 oMo (fu = | LF= + 10 — |22 0 L)),

where Cp.x = C1C5 + Cy + C5. Noting that 2C,. My, < % <1 (see (5.18)),
we get u = v and 0 = &. m

5.3 Appendix

In this section, we show Lemma 5.4. We consider the heat equation as follows:

(1 {8tv—Av:O,x€Q, t € (0,00),

Vli=0 = ¢, g—Z|aQ =0.
Then v = e B4 is the solution of (H).

Lemma 5.5 ([21]). (i) Let 1 < p < ¢ < co. Then there exists a constant C
such that

3

2

le= ||, < Ct~ 2G|y, (5.19)

forallt >0 and vy € LP.
(ii) Let 1 < p < oo. Then there exists a constant C such that

Ve Bl < C+ 33 |[3)]), (5.20)
forallt >0 and ¢ € LP.

Lemma 5.6. There exists a constant C' such that
IVe™Bplly < Ct 2|yl (5.21)
for allt >0 and ¢ € L2.

Corollary 5.1. Let 1 < p < oo and max{2,p} < ¢ < co. Then there exists
a constant C' such that

IVe By, < ct 3 Ga) =5 |y, (5.22)

forallt >0 and vy € LP.
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Proof of Lemma 5.6. We use a method by Dan-Shibata [10, pp.205-206].
Multiplying the first equation of (H) by v, we obtain the energy equality.

1 t 1
SO / IVo(s)lPds = 5[1v]3. (5.23)

By the equation of (H), we have

L @IV (0I3) = Vo) + 26(V0(0), Va(e)
= [Vo@)l5 = 2t(Av(t), dyo(t)) (5.24)
= [Vo@)]5 — 2t(0p(t), Brv (t))
< [Vo@®)]5.
Therefore, by (5.23) and (5.24), we get the desired estimate. O

Proof of Corollary 5.1. By the Riesz-Thorin theorem on Ve 8 (see e.g.
[2, Theorem 1.1.1]) with (5.20) and (5.21), we have

Ve By, < Ct ||y, (5.25)

for t > 0 and ¢ € L%, where ¢ > 2. Therefore, by (5.19) and (5.25), we get
the desired estimate. O

Proof of Lemma 5.4. We prove only (5.6). We can prove (5.5) in the same
way. We use a method by Yamazaki [66, pp.649-650].
: 11 2
Let py and p; satisfy 1 < pg < p < p1, s~ <3 and p; < q. By real
interpolation on Ve *# with (5.22), we have

Ve B, < ot 26ima) -y

pil (5.26)

for t > 0 and ¢ € LP»', where i = 0,1. (On LP-L? estimates of the Stokes

semigroup in the Lorentz space, see [53, 54, 66].)
Here we set p = 2% — 2% — % and we define an operator T" which maps
u € Lol + [Pr1 to a function v(t) on (0, 00), where v(t) := t°||Ve "Bul, 1.

By (5.26), we have

3

(t) < Ctz Yy

. (5.27)

for w € LPi'. There exist numbers s, and s; such that + = 1 — —|— i

By (5.27), we have v(t) € L**°(0, 00) and [[v(-)||s;.00 < CHqu 15 that is, the
operator T' maps LPO(Q) + LP11(Q) to L¥°°(0, oo) + L*1°°(0, 00).
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Here, when we choose 0 < 6 < 1 satisfying % = 1p;09 + p%, we have

1= 15—’09 + %. Then we obtain as follows:

(L7 N (Q), LPYY(Q))gy = LPH(Q) (5.28)
and
(L*0°°(0, 00), L**°(0,00))p.1 = L'(0, 00). (5.29)

Therefore by real interpolation on the operator 7" with (5.28) and (5.29), we
have

/ o(r)dr < Cllullpn.
0

that is, we get the desired estimate. O
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Additional information

Nakao-Taniuchi (Nonlinear Anal. 176:48-55, 2018) is available at Elsevier via
https://doi.org/10.1016/j.1a.2018.05.018. Nakao-Taniuchi (Comm. Math.
Phys. 359:951-973, 2018) is available at Springer via https://doi.org/10.1007/
s00220-017-3061-0. Nakao-Taniuchi (Contemp. Math. 710:211-222, 2018) is
available at the American Mathematical Society via http://dx.doi.org/10.
1090/conm/710/14372. The content of Section 1.2 and Chapter 4 is first pub-
lished in Contemporary Mathematics 710 (2018), published by the American
Mathematical Society. (©) 2018 American Mathematical Society.
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