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Lifting to the suspension of the real projective plane
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Abstract

The elements €3 and s of the homotopy groups of the 3-sphere are lifted
to the suspension of the real projective plane.

1 Introduction

In this note all spaces, maps and homotopies are based. Let S™ be the #
dimensional sphere. We denote by

P*k)=S""Usi.e"

the Moore space of type (Z«, #n—1), where 2,-1 is the homotopy class of the identity map
of S™'. Note that P3(2) is the suspension of the real projective plane. Let 7(X) be the
n-th homotopy group of a space X. Let p.: P"(k)— S™ be the collapsing map. Given an
element @ € 7.(S") suppose that there exists an element § € m,(P"(k)) satisfying the
relation pn«8=a, where pns : 7n(P"(k))= 7a(S”) is the homomorphism induced from p,,.
In the other words, assume that the following diagram is commutative up to
homotopy:
P*(k)

,’4
Dn

N

Then A is called a lift of @ and we write
B=[al.

The purpose of this note is to solve partially the problem proposed by Morisugi-
Mukai [1]. Let es € mi(S?) and s € m2(S?) be the elements given by Toda [4]. Then we
show the following.

Theorem &; and s are lifted to P3(2).

*Graduate School of Science and Technology, Shinshu University
"Partially supported by Grant-in-Aid for Scientific Research (No. 15540067 (c), (2)), Japan Society
for the Promotion of Science.



2 T. INOUE and J. MUKAI

The key to proving the result is to use a relation in z(P*2)) (Lemma 2.1) and Wu’s
result: 4m(P*2))=0 (Lemma 4.1). Moreover we need to reconstruct the Toda bracket
defining ps so that it is obtained from using P"(4) instead of P"(8) for some integers ».
We use the notations and results of [4] freely, unless otherwise stated.

2 Lifting &3

We denote by EX a suspension of X. Let 7, € mn41(S”) for # 22, vy, € mnys(S™) for
n = 4 be the Hopf maps and set 72=17x° 7a+1. Let 2, : S” '~ P"(k) be the inclusion map.
As it is well known [2], m(P3(2))=Zu{isns}, m(P*2))=Zd[ 7]} and 2[ 7:]=14s73. Hereafter

we write
72=[ 7).

Let 1’ be a generator of the 2-primary component 72 of 7(S*) =Z:.. We denote by
[, ] the Whitehead product [5]. We recall the following [3].
Lemma 2.1 The following relations hold in m(P*2)):

U Fova)=[1am2, 72)6
and
772" = Ene,

where fz[ia 72, ;]'z] + 13 72 V.

Now we show the following.
Theorem &; is lifted to P*2).
Proof. We recall that the Toda bracket {#7s, EV’, v7} consists of the single element es.
Since 7506=0, m(S%)=Z{v' 73} and psiz=0, we have m(S* ° vs=0 and

psE=ps [ iama, T2l = pstans, 75]=0.
So, by the properties of Toda brackets and Lemma 2.1, we obtain

es = {ns, Ev', v}
= {ps72, EV', v1}
C {ps, 72EV, vi}
= {ps, &ns, v7}
D {ps, & nevi}
= {5, &0} 20
mod pssmu(P3(2)) + 75(S®) o vs= pas m1(P(2)).

This means &; € pssxm1(P3(2)) and the proof is complete. [
3 Reconstructing s

First we recall that m.2(S™=2Z:{»Z for n > 2. By use of the properties of Toda
brackets and by [4, Corollary 3.7], we get that
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{2atn, 7n, 2b1211}=abni, where a, b are integers and » > 3. (3.1)

Hereafter we assume that £=2" for m > 2. Let v’ be a coextension of v/, that is, a lift
of Ev' and it is taken as a representative of the Toda bracket {z, ks, v’}. By the
properties of Toda brackets,

{kis, v/, 416} C {gze,, 2130 1" © 216, 216}

= {7kl3, 0, 226}
> 0 mod 2m(S?)=0.
So we obtain
4 I;, = {2'4, /CZ3, U/} ° 427: _(24 o {kl:s, V’, 416}):0

and hence, v’ is of order 4. Hereafter we assume k=4 or 8 and the element v’ is used
for £=4, unless otherwise stated.
From the definition of us [4, p.55-6],

M3 e {7737 EB! Ezy}ly (3‘2)

where £ is an extension of v" with respect to 8# and y is a coextension of vs with
respect to 8z. We consider the commutative diagram between cofiber sequences for »
=>2:

(8] in Dn

Sn—l . Sn—l - Pn(8) Sn
(2] = dn [2] (3.3)
Srkl [4] Sn—l in > Pn(4) p;‘ Sn’

where [m] means a mapping of degree m, the maps 7, p» d» are the canonical maps
such that z=FEin_1, pr=Epr-1 and dn=FEd,-: for n = 3, respectively. Let 7; & [P@8),
S?} and 73 = [P%(4), S*] be extensions of 7s. By (3.3), 7idse is= 755=7s. So we take

3= 73ds. (3.4)

We set 7,=E"*7; and 7,=E"*7; for n > 3. We show the following.
Lemma 3.1 (1) {74, 82, vs} © 0 mod (EV) 9% and {9s, EV', 41:}1= 1 73
(ii) The orders of 7, and 7n ave 2 for n =3, respectively.
(iii) [P%®8), 53]122{1/776} ® ZZ{V’Uéﬁs}, [P%8), S*1=Z{v 95777},
[P%(4), SP1=Zx{v" 76} ® Zo{v néph} and [P°(4), S*]1=Z{v 7577}
(iv) 74 E*v'=0 and 7js° Ey=0.
Proof. By the fact that 4us= 72 {7, 215, 75} = £ EV/, nsva= "5 and 7(S®)=Z{vs7s}, we
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obtain

{74, 815, vs} D {4, 215, 4vs}
= {?74, 215, 772}
D {m, 215, 75} ° 73
> (EV)9% mod 740 5+ méo ve={(EV) 75}

This leads to the first of (i ).
By [4, Proposition 2.6], by the fact that H(v)=7s and A(vs)= £ 721/,

H{ns, BV, duz}1=— A" (21) 0 d1s=4 vs.

So, by use of the EHP sequence and the fact that Em(S*=0, we obtain the second of
(1).
We have 275=213° 73 and 75 € {73, 41, pi} C [P°’4), S*]. By (3.1),

275 € 2130 {73, d1a, i} = —{213, 73, 414} © p5=0.

This implies 275=0. By (3.4), 273=0. This leads to (ii). The assertion (iii) is easily
obtained by using the cofiber sequences starting with ¢, and z; for #=38)9.
By the fact that E*m(S*=0, we have

740 E3y'=EX75° Ev’) € E*m(S%)=0.
This leads to the first half of (iv). Similarly, by (i),
7iso Ey € E{ns, 815, vs} © 0 mod E(EV')7%)=0.

This leads to the second half of (iv), completing the proof. [

Now we show the following.
Lemma 3.2 {73, Ev'+ vapaph, E* v’y ={ns, EB, E*rh,
where v < [P(4), S*] and v’ € m(PY4)) are an extension and a coextension of V',
respectively.
Proof. We obtain v’ o E*v’ € —{V/, 41, E*/'} C 7%=0 for any extension v’ and
coextension v’. And we have vizipse E*v’=vin:°2v5=0. By [4, Proposition 1.9] and
Lemma 3.1 (1),

73 ° EV‘, S {773, EV/, 427}1 ° ﬁéz 1/7]%1)5. (35)

Since 7sva7:ps= v néps, the first Toda bracket is well-defined.

We know 7:° Emu(S¥)=7s° maS*)=Zs{nses). By Lemma 3.1, [P°(4), S®]° E®v’'=0
and [P°(8), S?] E3y=0. So indeterminacies of two Toda brackets coincide.

By the definition A and (3.3), we have
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B & (v, 8, pe}
D {V, 416, 216 pe)
= {V/, dug, pio ds}
D) {)/, 416, Pé} ° dy
S v'd; mod v o [P7(8), S8+ 7AS?) © pn.

Since [P7(8), S®|={nsp:} =Z2, we see that v [P7(8), S¢]+ m(S% ° p.={v'nep:}. So we
obtain

B=v'd; mod v 7sp.
By (3.3), vamp'sds=vsnr o218 ps=0. Hence we get that
EBE(E;/+ 2/47771)é)dg mod (E)/)?ﬁpg.

We have
{53, (EVYmups, E*y} D {3, EV', mpse E*y)
= {ns, EV', prvs}
= {7, EV,0} 20
mod 73 ° ma(S*)+[P8), S*] e E3y={se4).

So we obtain
{ns, EB, E*y)1={ms, (EV' + vampi)ds, E*y).
On the other hand, by (3.3) and the fact that m(P%(4))=2Z{#%7s},

dsy € dse{is, 815, vs}
C {4, 815, vs)
D {4, 415, 2vs)
D E¥i, 41, V)
> E?v’ mod s m(S®%)+ m(P8(4)) o ve={vs7s).
So, by the relation ve7,=0, we obtain dr° Ey=E?y’. Thus we conclude that

{ms, (EV' +vampi)ds, E*y} D {3, EV'+ vappi, ds° E*y}
= {5, Ev'+vampi, E*V’}
mod 73 ° ma(S*)+[P%8), S*] - E?y
={73€4}.

This completes the proof. []
4 Lifting s

First we recall Wu’s result [6].
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Lemma 4.1 (Wu) 4m(P3*2))=0.

We show the following.
Lemma 4.2 There exists an element 8§ € m(P2)) satisfving 7 Ev’ + vanips)=EG6+ Sps,
where ps6=0 and 28=13n5vs7:.
Proof. By making use of the exact sequence induced from the cofiber map 7 : S’— P®
(4) and the relation 7:Ev =&y in Lemma 2.1, there exists an element § € m(P?*2))
satisfying

FAEY + vamips) — E7é= k.
Since 73(Ev’+ vamps) = psE=0, we obtain the relation
j)36pé:0

So, by the fact that p:0 € m(S®) and v/ 78ps+0, we obtain p36=0.
On the other hand, by use of Lemma 3.1 (ii) and (3.5),

2006 = 720 2EV + vaniph)
772°2EV_,
2 7720 E;/

= Lnsvanibs.

Hence, by Lemma 4.1, we obtain 26 — s73van: € 4m(P%2))=0. This completes the proof.
]

Now we show the following.
Theorem s is lifted to P32).
Proof. By Lemma 3.2, we have

ps € (s, Ev'+ vamaps, E*V’} C {ps, TEV + vagept), E* V).

We have (Ev'+vapips) e E*v’ € 71=0 and 7é° E*Y'=0 by Lemma 3.1 (iv). So, by
Lemma 4.2,

{(ps, TAEVY + vamph), E*V'} = {ps, E7é+0ps, E*V7}
= {ps, £74, E* V') +{ps, 08, E*v'}.

We see that

(s, E76, E*v'} D {ps&, 76, E*v"}={0, 76, E*v'} 20
mod psxmz(P32)) +[P%4), S?] o E® V' = pas m2(P3(2)).

That is,
{ps, E78, E* V') = Das ma(P3(2)).

Finally, by Lemma 4.2 and the fact that m(S* =Zs;, we obtain
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{Ds, Otk E*v'} D {ps, 8, 2vs}
- {1?3, 26, Us}
= {ps, Gsn3va77, vs)
D {ps, 1754, 0}
= pasma2(P%(2))
mod pax m2(P(2)) + m(S?) © vo= pax ma(P*(2)).

This completes the proof. []

We recall the element /iz € {us, 2012 8012} C m0(S?), where o, for =9 is a
generator of n7.7=Z. Finally, we show the following.
Proposition 4.3 /3 is lifted to P*2) if 8ma(P32))=0.
Proof. By the above theorem, there exists a lift [] € maAP32)) of ws. If 87(P3(2))=
0, then we have

s € {us, 2112, 8012)
= {psxl ], 2112, 8012}
C {ps, 8[ 3], 2012}
= {150, 2012}
= 0 mod ps«mo(P3(2)) + ma(S?) © 201a.

By the fact that 7{s=ZJ{e’} ® Zo{nspa}, 2¢’=njes and €3011=0, we obtain that ms(S?) o2
0'13:7T?3° 20‘13:{773850‘13, 2(773/14) o 0'13}:0. This implies that 3 & pa*ﬁzo(Ps(Z)) and the
proof is complete. [

5 A remark on a result of the previous work

We recall a result of the paper (J. Mukai and T. Shinpo, Some homotopy groups
of the mod 4 Moore space, J. Fac. Sci. Shinshu Univ. 13 (1978), 103-120). In the proof
of Lemma 4.2 of this paper, the second author asserts that z(P%4), SY=Z @ Z,. This
is not true and should be corrected as follows:

72'8(P5(4), S4)EZ & Zz4.

However, the group structure of m(P°(4)) in that paper is not wrong. Hereafter we
determine the group structure of m(P(k)) for £=2" with m > 2, by use of the James
exact sequence (I. M. James, On the homotopy groups of certain pairs and triads,
Quart. J. Math. Oxford, (2) 5 (1954), 260-270). Let X be a connected finite CW-complex
and X*=X Ue" for §: S"'— X a complex formed by attaching an #-cell. We denote
by

70 € m(X*, X)

the characteristic map of the n-cell ¢” of X*. Let CY be a cone of a space Y. For an
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element ¢ € m.(Y), we denote by @ € m+1(CY, Y) an element satisfying o'@’ =g,
where & : ms1(CY, Y)— za(Y) is the connecting isomorphism. For ¢ € m(S""), we
set

&: 7£lX*,X) ° 0?, = 7fm+1(X*, X)
We use the relation
[, 4)=2vs— Ew, where o is a generator of 7(S*)=Z1.

By abuse of notation, we use the same letter v, for » =5 to denote the generator of
Tns3=7Zg OF Tn+3(S™)=Z2.
Proposition 5.1 (i) m(P*4)=ZJ{Ev"} & Z{isvans} ® Zolis(EV) 7).
(ii) Let k=2™ for m =3. Then therve exists a lift of vs and

ﬂs(Ps(/f)):Zs{[Vs]} 8> 22{2'52/4777} S Zz{l's(EV/)m}, where

o us]=Ev’ mod isvazs, is(EV) 7.
Proof. As it is well-known, the order of the identity class of P°(4) is 4. So, by the fact
that psx(Ev’)=E?/'=2ys, the order of E v’ is 4. We consider the exact sequence

w(P%(k), SY)-2 m(S*) s m(P(k)) 2 m(P?(k), S-S m(SY).

We set 7,=yF" " By Lemma 3.4 of the paper (K. Morisugi and J. Mukai,
Whitehead square of a lift of the Hopf map to a mod 2 Moore space, J. Math. Kyoto
Univ. 42 (2002), 331-336), we obtain

[7’5, /CZA]: —21;4+E/(f),

where E’: m(P4k), S®)— m(P%(k), S*) is the relative suspension homomorphism. So we

have
20+ o, ) =E'. (5.1)

By (5.1) and the James exact sequence, we obtain the following:

AP, SY)=ZU[ 70 1)) © Zaal e+ 175 0]}
And

m(P3(k), SY=Za{ 0477} @ Zo{l 75, mal}.
By the properties of Whitehead products,
0Us= k4 ° 1/4:/{21/4—![(/[7_1)—Ew

and

o 7s, 1s]= —kta, 1) = —2kvat+ kEw.
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So we obtain
3 0a7) = ko m7=(/f2y4+§Eu')m=o,

ol 7s, 7al=(—2kvs+ kEV)7:=0

and
(D4 +§[ 7s, 1)) =§Ea).

We note that jx(Ev’)=E’V. Hence, by (5.1), we get ( i ). Since 9jx=0, the lift [vs] of s
€ 73 has the property that

I'*[Vs]:3(174+—§—[ vs, 14]) for m = 3.

So, by (5.1), we obtain the group structure of (ii) and the relation
2[us]—Ev’ € isxms(S*). This leads to (ii), completing the proof. []
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