J. FAC. 5CIL, SHINSHU UNIVERSITY, Vol. 36, No. 1, pp.1-8 2001

Nilpotency Indices of the Radicals of
Finite p-Solvable Group Algebras, 1l

Yasushi NINOMIYA

Department of Mathematical Sciences, Faculty of Science,
Shinshu University, Matsumoto 390-8621, Japan
(Received August 20, 2001)

Abstract

In [2], we have classified the p-solvable groups G with p™ %< #H(G)< p™ ! for
p odd, where #(G) is the nilpotency index of the (Jacobson) radical of 4[G], %
a field of characteristic p, and p™ is the highest power of p dividing the order
of G. In the paper cited above, we have given only an outline of the proof of
the result for p=3 ([2, Theorem 11]). The aim of this paper is to give the
complete proof of part (1) in the theorem.

1 Introduction

Let £ be a field of characteristic p > 0, and G a finite group whose order is divisible
by p. The (Jacobson) radical of the group algebra [ G] will be denoted by J(4[G]). As
is well known, /(4[] is a nilpotent ideal. We denote by #(G) the nilpotency index of
JCE[G]), that is, £(G) is the least positive integer ¢ such that J (k[ G])*=0. Let p™ be the
highest power of p dividing the order of G. In the case of p-groups, the groups G with
HG) = p™* are already classified. On the other hand, for p-solvable groups, only the
groups G with #(G) = p”! are classified for an odd prime p. In [2], we classified the
p-solvable groups G with p" % < #(G) < p™ ! for an odd prime p under the assumption
that Op(G)=1. Here we restate the result ;

Theorem 1. Suppose that G is p-solvable and p =5. Then p™ %< HG) < p™ ' if and

only if Sylow p-subgroups of G are of exponent p™* or isomorphic to
Ca,b,c,d|la®=b"=c"=d°=1,{c,d]=b,[b,d]=a> (p=5).

Further, in this case, G has p-length 1.

Theorem 2. Let p=3 and m = 3. Suppose 3" * < HG) < 3" If the 3-length of G is
greater than 1 then G has 3-lengih 2. Suppose further that Ou(G)=1. Then H = O35 5(G)
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is one of the groups of the following list .
(1) @ nonsplit extension of

Cab,cld™ =b*=c*=1,[a,b]=1,[a,c]=1,[b,c]=a"""

by SL(2,3) (m=5);

(2) @ split extension of Ca X Co by SL(2,3);

(3) an extension of M(3) by SL(2,3);

(4) an extension of CsX Cs X Cs by SL(2,3) ;

(5) a split extension of CaX C3X Cy by As; and

(6) @ nonsplit extension of Can-s X Cs X Cs by SL(2,3) (m=5).

In the presentation of the groups given in Theorem 1, all relations of the form [z,
y]=1 (with x,y generators) are omitted. In the paper cited above, we have given the
proof of Theorem 1 and an outline of the proof of Theorem 2.

Now let p =3 and G a finite 3-solvable group. Assume that G satisfies the inequality
372 < H(G) < 3™ and O«(G)=1. We have proved in [2] that the 3-part of |G/ O«(G)| is
3. Hence the 3-length of G is 2, and so, because {{G)= {(Os53(G)), we may assume that
G=0s33G). We already know that Os(G) is probably isomorphic to one of the
following groups ({2, Lemma 4]):

(i) Cams X Cs X Cs.

(ii) <a,b,cla®*=0=c*=1,{a,0]=1,[a,c]l=1,[b,c]=a™">.

(ii1) Co X Co

(iv) M(3) X Cs.

(v) MQ@3).

In [2], we proved that : if O(G)= Can-s X Cs X Cs then Theorem 2 (4), (5) or (6) holds;
and if Os(G) = M(3) then Theorem 2 (3) holds. Further we proved in [2,3] that if Os(%)
= (Cy X Cs then Theorem 2 (2) holds. In the case when Os((3) is a group given in (ii ), we
proved in [2] that if Os(G) does not have a complement then Theorem 2 (1} holds.
Suppose Os(G) = M(3) X C;, and set O3(G) = N1 X Ny, where Ny = M(3) and N: = Cs.
Then a Sylow 3-subgroup of G is given by <Os(G), 6>, where ¢° € Z(0s(G))=Z(Ni) X Na.
We proved in [2] that if ¢*€ Z(Vi) then #(G) < 3. Thus to complete the proof of
Theorem 2, it suffices to prove the following :

(@) If Os(G) is a goup given in (i) and has a complement then #(G) < 3™ 2

(b) If Ox(G)= N, X N; and ¢ ¢ Z(N,) then +(G) < 3*.

To show these, we need somewhat complicated calculation. As for (a), this assertion
has been proved in [2] for the case |O«((G)| > 3. In this paper, we shall give a complete
proof of this assertion. The proof of (b) will be given in [4].

Our group G discussed here is given as follows : Set

N={<ab,cla®'=b*=c*=1,[a,bl =|a,c]=1,[1b,cl=a"",
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where » >4, and let @ =<x,y> be a quaternion group of order 8, and W=<o> a cyclic
group of order 3 ; and let H = QW be a semidirect product of @ by W with respect to
the action:

x’=2%y, y’=1x.
Now let G=NH be a semidirect product of N by H with respect to the action:

a*=a, d'=a, a’=a,
3737 9
b*=c? b¥=a"¥"bc? b=,

-3 gm-4
ct=b, c'=a""b*? c"=a""bc.

The aim of this paper is to prove the following:
Theorem. Under the above notation, we have t(G) <37

We now set
f=x*~1, r=f0+zx+y—x)o, T={f,r, 1%
Then T is a group of order 3 with identity . We now set
A=JEIWDNQELG], B=J(k[ TDELG], C=J(kINDA[G],

where Q@' =21gc0g. Then, because G/{a> = Qd(3), by Motose’s result (see [2] Lemma 3),

we have
JkIGh=A+B+C.
By Jennings’ formula (see [1], p. 311), we see that
HC)=3"%+2(3—1)=3""7*+4,
and so, if (A+B)"'=0, then
(A+ B+ =0,

and hence we have #H{G)<3"! as desired. Hence to prove the theorem it suffices to
prove that A*=0 and B°=0. We shall prove this assertion in Section three after giving
preliminary results.

2 Preliminaries

Given a finite subset X of #[G] and g€ G, we set X+t=3sex x and g*=Slvecp x
respectively. We here give three lemmas which will be used in the proof of our
theorem.

Lemma 1. ¢ acts trivially on the £-space QT A[N]Q™.
Proof. QTA[N]Q* is a k-space generated by
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{QTA*|A is a Q-orbit of N}.

We easily see that each @-orbit is invariant under the action of ¢, and the result
follows.
We now set S=<&* " b,¢> and D=J(k[S]).

Lemma 2.
— kNI — ) CkKad](f — o) DU — o)+ klad] T
—DEINITYCEaD)(f—)D*> T,
T+/C[N] — 0K T D*f — 7).
) TTEIN]TYCk[{ad]TT*D*T™.
Pl oof. (1) Let z € N. Then it suffices to prove that

(f—nul(f—1) € k[Kad](f —0)DUf — 1)+ k[{a>] T
If % €<a>, then u is a central element, and so we have
(F=ulf—o)=uT € k[Kad]T™
Assume next that u ¢ <«>. Then u=a"v, where v=>5°¢c’, (Z, 7)=#(0,0) and
(f=ulf—)=a"(f = o(f—1).
We note that

fof = (P=1Dbci(x*—1)
— (b7 D) f=— f(bT+ b S

Suppose first v € <4> or {c¢>. Then we have fof = — f(v+v%f by the above, and so

F—wlf~o)=—(—0w+v)(f—1)
==(f—0)A+v+v)(f— )+ {f— 1)
== —owt(f—o)+7T".

Hence
F=ulf—0) e kikad](f— o) D*(f — o) +HE[KaD] T

We next suppose v € <b> and v ¢ <c>. Then v="5'c’ with (¢, /)=(@1,1), (2,1), (1,2) or (2, 2),
and we have

(f—ol(f—0)=—(— )b+ b (1)
===+ (f— )+~ 1)
=—(f—0)A+ b7+ b ) (f—o)+ T .

Further we have (b'c’Y’=a"*"b*c¥, where /=1 if /#; and 2 if /=/. Hence
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1+ bic’+ 0¥ c¥ =1+ bic’+ (b)) + (A — ¥ ") o™ ¥,
Thus we get

=~ o)== +A ") (f— )+ T+
=== (f—0)—1—a"" V- )b*H )+ T

But because (f — )b¥c¥(f —)={(f — r)vb"cj(ff 7}, we have
=== —0)o'(F—0)—0—"* /=)o~ o)+ T".
From this we get

A+ ¥V —wf—)=( ' (f—0)—T".

[-37~3

Because 1+« is a unit in £[<a¥>], there exists @€ k[<a* ">] such that

(f—owlf—o=alf— v’ (f— 1)+ T).
This shows that
(F—oul(f—r1)e K lf — o) DHf— o)+ kl[Ka>] T.

Thus (1) is proved. (2)—(4) follow directly from (1).
Since S is a extra special 3-group of order 3% and exponent 3, #(S)=9 and S*=D?
is a central element of £[G].

Lemma 3. (1) (f— o) D[ Gl(f— o) STTHE[G.

2) (f—o)DPE[G] T =0.

(3) T*D*[GI(f —v)=0.

Proof. (1) By using the fact noted above, we have

(f =) D*k[GIf =) CS*(/— 0kIN](f— Dkl G]
CSYf—o)Df— ) k[Gl+STTE[G] Lemma 2 (1)
=(f—0)S*Df—0)k[G]+ S* T k[ G]
=S*TK[G].

(2) By (1), we have

(f=0) D) GIT ST T E[GI(f— 1)
CSTT R[N — )kl G]
CSTT*D¥f—0)k[G] (Lemma 2 (3))
=T+S*DAf—0)k[ G
=0.

(3) follows from (1) directly.
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3 Proof of Theorem
As stated in Section one, our theorem is deduced from the following :
Lemma 4. A®*=0 and B°=0.
Proof. We first prove that A*=0. A is given by

A* = JUWDQTEG- J(R WD QK[ G]
= JULWDQ* KNI [ WHQ*kIG]
J(

=

I

(WD Q AINIQ* Tl WNE[G].
Because ¢ acts trivially on @ A[N]Q' (Lemma 1), we have

AP = JE WD Q EINIQ* k[ G]
< JERIWDPQT LG,

and consequently

A C JEIWQALGL- T W Q k[ G]
= Jk[ W]y Q*:"C[N]Q+ JRIWDELG]
= JUELWD- QT kIN1Q*- k[ G]
= {.

We next prove that B°=0. We begin with the following :
(a) B*C(f—o)D*f— o)kl Gl+ T k[ G].
Because f and r are central elements of A[QW], we have

B* = f(/f[T] VELG1- J(R[ T DE G
= JUELTDEIN]-JAL THEIG]
= fr)/c[N](f* k[ G].

Thus (a) follows by Lemma 2 (1). We next show that
(b) B*CT*D*TE[G]+ TYDNf — k[ Gl H(f — ) D' T+ k[ G]
=) D*TYD*(f — )k Gl+(f— r) DY — o)k[ G].
By (a), we have

B' C (f— 0D/ — 0kl G-/ — o) DA — ) k[ G]
+(f—0)DAf— ) k[G]- T*k[Gl+ T K[ G- (f — o) DAf — 1) k[ G]
+TYE[G]- TG

= (=)D — ) kINI(/f— ) D*f — )kl G]
+(f—0)D*f— k[N T k[ G]
+TYE[NI(f—o)D*(f — k[ G]
+TYE[N|T k[ G]
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Now we calculate the first term :

(f =) Df — ) k[N — ) Df — )kl G]
C(f— ) DA — o) D*f — D) k[Kad]+ T_*k[<a>])D2(f— 0k[G] (Lemma 2 (1))

=(f =) DNf =)D = ) DN~ k[ G+ (f =) D* T DXf — )k G]
C(f =)D — DG+~ D) D> T D*(f ~ 0)k[ G].

We next calculate the second term :

(f—0)Df— k[N T k[ G]
C(f—n)DAf—o)D*T"k[G] (Lemma 2(2)
C(f—o)D'T K G).

We show that the third term is contained in 77D/ — 0)k[G]:

TYE[NS— o) DXf — o)k G]
CT*D¥f—1)D*f—0)k[G] (Lemma 2(3))
CTYDYf—0k[G].

Finally, by Lemma 2 (4), we easily see that the forth term in contained in T7D*T £ G].
Thus (b) is proved. We now show, by using (b), the following :

{c) B} CT*DSTHE[Gl+ ST T E[G.
By (), B*C 2%, X;, where

Xi T D*T K[ G,

X; = T "D(f—0)k[G],

X3 = (f_Z')D4T+/C[G]y

Xi = (f=0)D*T*DHf—0)k[G],

Xs = (f—1)D¥f—0)k[G].
We easily see that X;Xs and X X: (2 < ¢ <5) are contained in D'4[G], and so each of
them is equal to 0. Further, X, X5, XsXi and X:X; (2< i,7 <4) are contained in (f —17)
D¥f— k[ G], and so, by Lemma 3 (1), each of them is contained in S™ 7 4[ G]. Hence,
it suffices to prove the following:

(i) XtCT*D'T iG]

(i) X0 Xi=0 for 1=23, 4.

(iii) X:X1=0 for 1=2, 3, 4.

We now prove (i):

Xt = TYD*TK[Gl T*D*T k[ G]

= TYDETHEINIT DTk G

C TD*TYD*T*D*TYE[G] (Lemma 2 (4))
C T DTG

We next prove (ii):
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XiXe = T DTG TT*DYf— )k G]
= T*D*TYKIN]T D" — o)kl G]
C TD*TTD*T*DNf—0)k[G] (Lemma 2 (4)
C TYDY Gl — k[ G]=0. (Lemma 3(3))

By a similar argument, we have XiX3=0 and X, X,=0. Further (iii) is also proved
similarly.

Now we have B°=0 as a direct consequence of (¢). In fact, we have

B C (T*D*T k[ G+ ST T k[GNJ kL TDH[G]
= T*DSTHE[INTf — k[ Gl+SY T EINT(f — 0)k[ G]
= T *DST*DXf— ) k[G]+S* T D*f— 0)k[G]
C TDYNf—0)k[G]=0,

as desired.
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