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                           1. Kntroduction

/ By U and T we shall denote the open unie disc in the complex plane C and

the unit circle, respectively. The space of all holomorphic functions in U will be

denoted by H(U). Let g:(-oo, oo).[O, oo) be a nondecreasing convex function,

not identically O, and let Hp(U) (resp. Ap(U)) be the class of all fEH(U) whose

                                         'growth is restricted by the requirement

                  ,S.",P., (2T) '- ifZ. p(log 1 f(reie) Ddo< oo

                  (resp. n-'fifZm.g(log]f(reiO)])rdrdO<oo).

If op(x)==max(O, x), Hip(U) is said to be the Nevanlinna sPace 2V(U) and Ag(U)will

be denoted by BN(U). If g(x) == eP", O<P<oo, then Hg(U) (resp. Ag(U)) are said

to be the Llardy sPaces HP(U) (resp. the Bergman sPaces AP(U)). By HOO(U) we

shall denote the space of all bounded holomorphic functions in U.

   In [3], we proved the following theorem:

   Theorein A ([3], gl, Theorem 1). Assume that g and ¢ are noncoitstant, non-
decreasing, nonnegntive convex fttnctions defined on (-oo, oo), and that

                                                       '
                                                       '                     di(t)/g(t) .+ oo as t-+ oo.

   Then there exists an fEHg(U) such that 2fG"ip(U).

   If ip satisfies the growth condition

                       lim sup ¢(t+1)/¢(t)<oo,
                         t --.

then Hip(U) is closed under scalar multiplication, so that, the conclusion is simply

                           Hip(U)SHg(U).
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   On the other hand, J. H. Shapiro [7] proved the following theorem:

   Wheorem B ([7], Theorem 2. 1). Assume op and ¢ are strictly Positive, convex,

increasing, zanbounded functions deijined on (-oo, oo), and that

          -.S.U,P...g(trF1)/g(t)<oo, H.s.u,p..¢(t+1)/¢(t)<oo,

           lim ip(t):==O, Iim ip(t)-O,
          t--oo t--oo
           lim ¢(t)/g(t)-oo.
           t-oo

Then there exists an fEAg(U) with the following Pmperty:

   ILIe n is a Positive integer, bE"OO(U), gEll(U), gfO, and

                            h -= (f"+b)g,

then heAip.(U), where ¢.(t)==:di(t/n).

(In fact, Shapiro proved this theorem more generally on weighted Bergman spaces. )

   Applying Theorem A, we sttidied in [3] the inclusion relation between the

Hardy spaces HP(U), O<P-<oo. The purpose of this paper is to study the inclusion

relation between the Bergman spaces AP(U), O<P<co, the Nevanlinna space IV(U)

and the Hardy spaces HP(U), O<Pf{;oo. To do so, we need the following genera-

lization of Theorem B:

   Theorem 1. Let op and di be nonconstant, nondecreasing, nonnegtztive convex

fttnctions dofned on (-oo, oo). Assume that

                        lim ip(t)/op(t+1) == oo,'
                        t'-.oo

and that there exists a namber toE(-oo,oo) such that op(to)>O and

                        SUP g(t+1)/g(t)<oo.
                        t2to
   Then there exists an fGAg(U) with the following Pmperty :

   JLf n is aPositive integer, bEHOa(U), gELI(U), giFO, and

                            h-(f}t+b)gt

then some constant multiple of h .fails to be in Aip.(U).

                          2. Preliminaries

   It is easily shown that

                  Hoo(u)cHq(U)cHLP(U)cN(U),

                  Aoo(U)cAq(U)cAP(U)cBN(U)

if O<P<q<oo. Here we write AOe(U)=HOO(U). For each PE(O, oo), we define
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             HP'(u)=- U flq(u), HP+(u)== A Hq(U),
                     P<a<oo O<q<P

             Ab(U)== U Aq(U), AP+(U)- n Aq(U).
                     P<a<oo O<a<P
Then

                      HP-(U)cllP(U)cHP+(U),

                      AP-(U)cAP(U)cAP+(U).

   Let fEH(U). Take a point aEU. Assume fSO in U. Then a power series

                                OQ
                          f(z) = X cle (z - a) fe

                               k==m

:,O.:Voe.rg8SheiniitOeMgeerneiglibOrhOOd Of a aiid i"ePresents f in this neighborhood. Here

                             vf(a)=m20
                                          '
is called the 2ero multiplicity of f at a. The integer-valued function vf defined in

U is called the gero-divisor of f.

   Let ps be a nonnegative integer-valued function defined in U. Then ps is called

a Positive divisor on U i'f and only if it is locally the zero-divisor of some holomor-

phic function, that is, for each point aE l7 there exists a connected neighborhood

V of a and a holomorphic function f in V such that fSO and ps= vf in V.

   We denote by D"(U) the set of all positive divisors on U. Then we have the

divisor mmp v from H(U)' into ES)"(U) defined by letting v(f) for f in H(U)" be

vf. Here, for any subspace X of ll(U) we write

                        X*={fEX; faiO in U}.

   We recall that pES'(U) satisfies the Blaschfee condition if and only if

                          X pt(z) (1 - lzl)<oo.

                          2GU

The set of positive divisors on U which satisfy the Blaschke condition will be denoted

by Do. The following classical theorem will be used jn S5 :

   Theorem C (See e. g. Duren [1], g2.2.). For anyPE(O, oo),

        v(HP(U)") =- v(HP-(U)") =:v(HP"(U)") =v(Hco (U)') = v(N(U)") -Do.

   The following is an immediate consequence of Theorem 1 :

   Theorent 2. Assume that g and di are as in Theorem 1. in addition, assblme

that ip satishes the condition lim suP ¢(t+1)/ip(t)<oo. Then

                        t- oo .

g･
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                          p(Aip(U)")Ev(Ag(U)").

Hence

                            Aip(U)gAp(U).

                        3. Proof of Theorem 1

   Our proof is a modification of the Shapiro's proof of Theorem

[7], pp. 248-251).

   StetP 1. Without loss of generality, we can assume that

a) g(t) -o if tf{go.
In fact, when g(O)>O, we put

   '(2) g,(t)..(q(to)hq(O) ltt>-tOo)).

Then qo has the same properties as g does. In addition, go satisfies

(2), g-go is bounded, hence Ag(U)=Ap,(U).

   For t>O define
        -)

(3) di(t);=:g(log t), dio(t)==:g(log t+1),

                     T(t) =¢(log t).

Then dio is a continuous nondecreasing nonnegative function on [O,

as t--oo. By (1), ¢o(O)=O. Since lim ip(t)/g(t+1)=oo,
                            t-co

(4) lim T(t)/dio(t)=oo.
                          tAoo

   Put

                          M-sup g(t+1)/g(t).
                             t2to
                                         '
Since op is nondecreasing, it follows from (3) that

(5) di(s+t)-<M(di(s)+¢(t)) (sll}rso, t;}i)so),

where so==exp(to). And 1<M<oo, by the hypothesis.

    Stop 2. We need the following lemma due to W. Rudin [5]:

    Lemma D ([5], pp. 59-60). Suppose

    (i) pt is a finite Positive measure on a set 9;

    (ii) v is a real measurable .function on 9, with Of{:lv<1 a. e.,

    smpremum is 1;

B. (cf. Shapiro

(1). Because of

oo) and dio(t)-oo

whose essential
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(iii) A is a continuous nondecreasing real function on [O,

A(t)-oo as t-oo;

(iv) O<b<oo.

Then there exist constants cleG(O, oo), for le==1, 2, 3,...

S.A(clevk)dps=b.

AKU)

 oo))

, such

with

 that

A(O) =:=O

 15

and

These ck atso satis]Zy

                             lim ckrk=O
                             h-,oo

whenever IrI<1.

   If O<t<oo and if Y)?==Y)?(t) is the set of all xG9 at bohich ckvle(x)>t, then

                         Li-' .M.. i.i. A(chvk)dt,=6.

   By A we shall denote the Lebesgue measure on C=R2, so normalized that

2(U)=1. We now apply Lemma D, for each positive integer fe, with (l7, 2) in

place of (9, ps), and with

                               v(z)=I2I,

                               A(t) = dio(t),

                               6= (le2M)-i.

Then the following holds :

   Lemma 1. There exist sequences {clen} n.i,2,3,...'of real numbers such that

   (a) ludie (]cknz"1)dR=(le2M)-i;

   (b) O<cleiE{cle2fi{{Icle3f{..., lim clen==oo;

                         ft-'oo

   (c) lim ck.r"=O whenever lrl<1;
       n-oo

                                '   (d) Li-M,.f{1,,..,,]>t}ipo(lCknZ"1)d2=(le2M)'i for each t>o.

                                 '
   Lemma 2. There exist foursequences {tle}, {afe}, {rle} and {ple} of real numbers,

and one sequence {nle} of integers with

                    Se<ti<t2<t3<. . . , lim tle = oo ,
                                     le --- oo

                    O<ai<a2<a3<. . . , lim ak =: oo,
                                     fe -) oo
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                   O<ni<n2<n3<..., lim nfe=:oo,
                                   h-.oo

                    O<ri<pi<r2<p2<. . . , lim rh :=lim                                                pfe=1,
                                      k-oo                                            h-co

such that if uk(a)=ahz"k and Rle ={zEC;rh<lzIf{ pk}, then for le22 the following

conditions hold:

                                              c   (a) tk24X aj and T(t)/epo(t)>leM if t2iltle;

          j'=1

   (b) S.dio(IukDd2-(fe2M)-i;

(6) (C) S.,dio(lule1)d2>(2fe2M)-i;

   (d) Iuk(z)1;})tk if IzI2})rk;

   (e) 1uh(z)lg1uh-,(2)1/5 if risg]z1:Egple-i･

   Preof. We prove the lemma by induction. Choose any positive integer ni and

any positive numbers ti, ai, ri, pi, with so<ti<ai, O<ri<pi<L Suppose k22,

and suppose the five sequences have been successfully chosen for all indices less

than or equal to le-1. By (4), there exists a positive number tle such that

                                     k-1
                     tk>tlemi, tle>fe, tk24X aj',

                                     1'-1
                     T(t) /di,(t)>feM for tli)tle.

By Lernma 1, there exists a positive integer nle with nle-i<nfe, such that, letting

ale=clenk, we have

(7) ale>tle, ale>ale-i, alep'kik-,f{l;ak-,rltk-" /5,

                     fu dio(1afe2nk1)d2 :== (le2M)--i,

and

(8) l{i.,,.,i>t,} dio(lalez"kl)d2>(2fe2M)Hi.

              '
   Put

(9) rk == (tk/afe)'t"k.
Then ek-i<rle<1, by (7). Because of (8) and (9), there existsapositive number pk

with rk<pk<1 such that
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                 j
                          ¢o(lah2'ikl)d2>(2k2M)-i.
                  {rk<lglgpt-}

This completes the proof of the lemma.

   Stop 3. We now define

                           oo
                      f(Z) -= Uk (Z) (2E U).

                          k-=i

The series converges uniformly on compact subsets of U, by (6-e).

H(U).

   Lernma 3.

(lo) lflE{g5lule1/4+51uk,iI/4 on {rfe:f{ll1z1-<pk.i},

(11) lfl l})]ule1/2 on Rk.
   Proof. By (6-a) and (6-d),

                   h-1
(12) :lujlglukl/4 on {lz12)rk}
                   i-1

By (6-e),

                                   '
                   oo
                  = ]uJ'lg5luk+i1/4 on {riEi{l12lf{:ple+i},(13)

                 j=k,+1

(14) : lui-1-<lule[/4 on {rifi{Izlin<ple}･
                 1'--h+1

(10) and (11) follow from (12), (13) and (14).

   SteP 4.

   Lemma4. fEAp(U).
   Proof.

                    f. g(ioglfI) d2 -=f. di(]f])d2

                              oo              :=l{1z1sri}di(1f1)d2+iil.llif{r,<i,ssr,.,9(1fI)d2'

   Fix feE{1, 2, 3,...}. By (10),

        I{,k<E21gr,,,} di(ifl)d2Ef{;i{,,.1,]g,,,,} ¢(51Ulel/4+51ule+il14)d2.

                Ei -- {zEC;rle<1z1 :{lirie+i, 51uk+i(z) l/41}iiso} ,

17

Hence fE
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By (6-d),

It follows from
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   E2 = {zEC;rh<l21 -<rk +i, 51ufe.i (z) l /4 <so} .

    51uh(2)1/41}ii1uh(z)1l}}ltie>so if I2Il})zrlt･

(5) that

       i., di (5 1 ule 1 /4 +5 I ule +i l /4) d2f{g MI., di (5 I uk ] /4) d2 + Mf., di (s ptk,, 1 /4) d2

    =Mf.,g(10g lUfe ] +log (5/4))dR +MS.,g(log 1ule .i 1 +log(5/4))dR

    fi{;Ml.,g(10gIuhl+i)dA+Mj.,g(log1ule.i1+i)d2

    =MIE,¢o(lukl)d2+MIE,dio(1ask,,I)d2,

   On the other hand, by (6-d),

            S.,di (5 1Ule [ /4 +5 Iule -i l /4) d2 -< f.,op (s luk l /4 +s,) d;a

          gl.,di(51Ule1/4+th)dRE{gl.,ca(91ukl/4)dR '

            f.,go (10g 1 Ule I +log (9/4))tl2 E{:f.,g(log 1 ule j + 1) dn

            s
              ¢e(1ufe 1)d2.
             E2

Thus

             s
                       ¢(lf1)dR
              {rx-<lz]Srk+1}
          '                                       '
          <Ml., die(lule Dd2 + MI.,¢o (luk+i l) d2 +I.,¢o(lule I)d2

          f{llMl uopo( 1 uk 1 ) d2 + MIudi,( Iuk,, 1) dR.

It follows from (6-b) that

                       '
          f{rk<L21sr,.,} ¢(lfl)d2gle-2+(le+o-2.

Hence
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                                    oo          l.q(IOglfI)d2f{l{i,i.,,}¢(1fl)d2+ii,ii..l, (leF2+(le+1)H2)<oo.

This means fEAg(U).

   Step 5. Let n be a positive integer, bGHOO(U), gEff(U)", and

                          h =(f" +b) g.

Put

                       a == (2rr)-ilza loglg(rieie) 1do,

                               -rr
                       p=sup lb(z)1･
                          gEU

Then OM<P<oo. Since Ioglg[ is subharmonic in U,

                         re
(15) -oo<aE{;(2rc)-i l loglg(reie)lde<oo (r,f{gr<1).

                         -rr

   Choose a positive number c so that

(16) log c+av-n log 4>O.
   Lemma5. cheAip.(U).
   Preof. Define

                      Tn(t)==ipn(10g t) (t2})O)･

Then
                                  '
           j. gOn(logIchDdR =i. Wn(1chDd2

                      oo(17) ;;!ln., S.,ep'n(lch])d2

                    ==iS., I;i. 2'dr (2rc)-i IZ. Tn(Ich(reie) l)do.

   Fix rE(rk, ple]. By Jensen's convexity theorem and (15),

          (2rr)'i IZ. w.qch(re'e) E)do = (2x)"'Jl. ipn aogIch(reie) 1)do

                               2ipn((2rr)-ilrr loglch(reie)Ido)

                                        .-rr
(i8)
 -¢. aog c+(2x)mill. iog1g(re`e)Tde+(2T)'"' SZ.Iog1(fia+b) (reie)1de)

19
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                                  T                 l}lgbn(log c+ev -i- (2T) '" ' S-. Iog I (f"+b) (reie) l do).

   Since lim tk=oo, there exists a positive integer K such that
        k-.oo

(19) (tk/4)n>P if k21)K.
   By (11), (19) and (6-d),

, .! f{I ,{ " H+,bAI}, l ffl.';hP-.>kl ".le.h/ 2,) ll'lil,1`,k /,4,) ']t i2] ( I " le 1 /2) " - ( 1 "le 1 /4) " 2ii ( I ule 1 /4) "

                        rr                  (2rt)'-'f logl(f'i+b) (re`e)ldO

                        mrr
(20)

                         rr                  ;}}l(2T)-'I n loglult(reie)lde-n log 4.

                         -rr
                  '
   By (18), (20) and (16), for kl;}itK and rE(rk, pk],

         (2z)"lrr ep'.(Ich(reie)i)de

              -rr

               ;})din (log c+av-n log 4+(2T)-' ll.n loglu,(reie) Ido)

               2)¢n((2n)-' Srr n logiuk(reie)ldo)

                         -T

                        tr, =: ip((2n)-' Ima. loglule (reiO)ldO)

               =di(log(aler"k))=¢(Iog uh(r))=T(ufe(r))

                      rr               =(2rc)-' l-.T(lule(reie)1)do.

It follows from (17) that ･ .
            I.W'n(lchl)d22,*.KI:.1 2ntr (2rr)" I:. T(Iuk(reie) l)do

                         oo                      = ,1Il.iil.l., IP'(I as fe l)dR. .

By (6-a), (6-c) and (6-d),

            l., IP'(Intlel)d211}tleMf., di,(lule1)d2>(2le)Li (A!il, 2, 3, ...)
.

for k;}IK,
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Thus

                        co              l . iifn ( 1 ch 1 )da }i ,]Ii.i]- .(2k) n ' = oo ･

This means chaAip.(U). The proof of Theorem 1 is now comptete.

         4. The iRclusion relation between the spaces A"(U)

  lrheoreRn 3. For any PE(O, oo)

              v(AP-(U)*)sv(AP(U)*)sv(AP"(U)*).

Consequently,

             APH(u)gAP(u)$AP+(u) (o<p<oo).

  Proof (cf. Shapiro [7], Corollary 2.2; Horowitz [2], Theorem 4.6; [3],

Theorem 3).

  (i) Theorem 2 with

                g(t) == eP` (- oo <t<oo),

                    tePt (t}ilo)                ip(t) == ( o (t<O)･

implies that ･
          v(AP'(U)')cv(Aip(U)*)$v(Ap(U)')-:v(AP(U)*).

  (ii) Theorem 2 with

                   t'iePt (t;}lp-i)               9(t) == ( p, (t<p'-i),

               ip (t) == eP` (- oo <t<oo),

implies that

           v(AP(U)') =-v(Ae(U)") $v(Ap(U)')cv(AP"(U)').

  Theorem 4.

                 Hco(U)S A AP(U).
                      e<p<oo
  Proof. This is an immediate consequence of the following two facts:

             (i) HP(U)cAP(U) (O<P<oo),

             (ii) Hco(U)$ n HP(U).
                     o<p<co

21

g3,
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(See [3], g3, Theorem 4.)

  Remark 1. We do not know whether

                Do=v(Hoo(U)*)sv( n AP(U)*)
                            O<p<oo
is valid or not.

  Theorem 5.

                v( U AP(U)*)gv(BN(U)*).
                  o<p<oo

Consequently,

                    U AP(U)SBN(U).
                   O<p<oo

  Proof (cf. [3], g3, Theorem 5). Put

                p(t) =max(O, t) (-oo<t<oo),

                     exp(V7) (t2}lll)
                ¢(t) = (
                      e (t<1).

Then g and ¢ satisfy the assumptions in Theorem 2. Hence

         v( U AP(U)")cv(A¢(U)*)Ev(Ag(U)")-v(BIV(U)*).
           o<p<oo

    5. The inclusion relation between the spaces AP(U), II"(U) amd AI(U)

  Theorem 6. SuPPose O<P<oo. Then

               (i) HP(U)EAP(U),

               (ii) HP-(U)$AP-(U),

               <iii) Ll/P+(U)$AP+(U).

  Proof. Choose q with P<q<oo. Then

                   Hco(U)cAq(U)cAP(U),

so that,

               Do==v(Hoo(U)")cv(Aq(U)")cv(AP(U)").

  On the other hand, by Theorem 3,

               v(Aq(U)*)cv(AP-(U)")Ev(AP(U)*).

Hence

                     DeSv(AP(U)").
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It follows from Theorem C that

                        v(HP(U)*)$v(AP(U)*).

Since HP(U)cAP(U), this implies (i). The same arguments prove (ii) and (iii).

   Tkeorem 7. For any PE(O, oo) and any qE(O, co),

                          AP(U)qHq(U).

   Proof. If AP(U)cHq(U), then

                       v(AP(U)")cv(H4(U)")=Do.

But this is impossible.

   Theorerft 8. SuPPose O<2P<q<oo. Then

        ' HP(U)drAq(U).
   Proof. ForzcEU, cEIi(-oo, oo), define

                    Ib(Z) = (2rr)-i Sl. (1-2eit)"i-Cdt･

When c<O, then k is bounded in U. When c>O, then there exists a positive

constant Mb such that

                     l,(z);}IM}(1-Izl)-C (2EU).

                                 '(See. Rudin [6], Proposition 1.4.10.)

   Choose a with O<a<P-'-2q""'. Put b=P-'-a. Then O<2q-"i<b<p"i.

   Define

                       f(z) - (1-z) -b (zEU).

Then, for re(O, 1),

               (2x)-` S:.lf(rei")IPdt=(2z)-' f:.Il-rei`['-bPdt

                    rr             =:(2T)"i i-.ll-reitl-i'"Pdt==L.p(r).

Since -aP<O,

                        sup I.-.p(r)<oo･
                        O<r<1

Hence fEHP(U).

   We turn to proving that feAq(U). Put d==bq-1. Then c'>1, since 2q-`<b.

For rEi (O, 1)
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             (2rr)-i Irr If(reit)lqdt:=: (2T)-i fn 11-reitl'bqdt=:=I,,(r).

                                   Hta                  -tr

Since c'>1,

                   j: k, (r)dr2 il Mct(i-r)-c'dr = oo･.

Hence feAa(U).

   Remark 2. We do not know whether the conclusion of Theorem

in case O<P<qg2P.

   Theerem 9.

                      U HP<U)s U AP<U).
                     O<p<eo O<p<oo

   Proof. This follows from the fact

                v( U HP(U)")==Dosv(' U AP(U)*).
                  O<p<oo                                   QSP<oo

   Theorem lO. '
                    AP<U)¢N(U) (o<p<oo).

   Proof. This follows from the fact

                      v(N(U)")=:Do$v(AP(U)").

   Corollary.

                         U AP(U)¢N(U).
                       O<p<oo

   Theorein 11.

                       N(U)¢ U AP(U). /
                             O<p<oo

   Proof. Define

                    f(2) == exp( lli: ) (zEu).

Then fEN(U). (See Rudin [4], g17.19.) A simple computation shows

                 lim (1-lzD2iPIf(z)l -- oo (o<p<oo).
                 [zlel

If fffAP(U), O<P<oo, then

8 is valid,
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                         lim (1-]z1)2!Plf(z)1-O.
                        Ia1--,1

(See Rudin [6], Theorem 7. 2. 5.) Hence fe U AP(U).
                                         o<p<oo
   Corellary.

                       N(U)qAP(U) (o<p<oo).

   Rernark 3. We do not know whether

                         n Hp(u)g n Ap(u)
                        o<p<eo O<p<oo

is valid or not.
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                             Added in proof

   We have proved that the statements in Remarl< 1 and Remark 3 are both valid (Y.

Matsugu, "On the zero sets of functions in the Bergman spaces and the Hardy spaces",

to appear) :

                       v(Hco(U)*)sv( fi AP(U)*),
                                    o<p<oo

                         n Hp(u)s n Ap(u)*.
                       O<P<co o<p<oo


