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               g5. Fundamental solutions om the cylimder.

   Let A : Cco(Y, E)->Coo(Y, E) be a 1-st order selfadjoint elliptic operator, where

Y is a compact oriented Riemannian manifold and E is a (complex) vector bundle

over YL On Y×R', We consider differential operators D+=D+,le and D- ==D-.,k
given by

                         o                            + ukA, k > O,(15).,h D.,k =:=                         Ou

                                '(15).,le D.k=uk oa. +A,k>o.

By defuitions, D==D+,fe, or D.,fe, is a differential operator from Coo(YxR', E)

into itself. Here E= rr"(E) ls the induced bundle of E on Y×R' by the projection

x: Y× R+ -Z
   Since ule J O on Yx(R'-{O}), D. (==D+,k) and D" (=D-,le) are both eiliptic on

Yx (R'-{O}) and their formal adjoints are given by

                           o                              + tefeA,(15) ., k* D., le* =:= -
                           Ou

(15)-,h" ･ D.,fe":= -uh oOu -kuk-i+A.

   The eigenvalues and eigenfunctions of A are denoted by R and ¢z. The pro-
jection from Coo(Y, E) onto the space spanned by {ip2IR}llO} is denoted by P. We

set Coo(Y × R', E ; P) ={f(y,u) 1(Pf)(y,O) == O. }C"(Y × R', E ; P), etc. , are similarly

defined. The adjoint condition of (Pf)(y,O) ==O is ((I-P)f)(y,O) =O. The space

Coo(YxR', E ; I-P), etc. , are similarly defined,

   As in g2, L2 = L2(YxR"), Ht = Ht(YxR'), etc. , mean the Hilbert space, t-th

Sobolev space, etc., on YxR', etc.. Ccco.. means the space of compact support

Coo-functions (or cross-sections) and set (n = dim Y+ i)



     Ht(,) = {flfE Ht, f(y, o) = g: (y, o) = ,.. ,= gs.f, (y, o) = o} , , is{ t - [z] ,

                           af                                        esf     C[,]oe =: {flfECco, f(y,O)=                             (y,o) - ･･･ -                                          (y,O) == O},Cc,[s]oo = CcoonC[,]oo.
                           Ou                                        Ous

   DefinitioR. Let g(y,u) be a cross-section of E such that g(y,bl)=:gR(za)¢R(y)

Then we deY7ne oPerators Q+,le and Q-,le by

(16) Q+,k(g) == ZQ2,le(g2)(za)ipR(y), Q-,k(g) ==Q2,-k(gA)(u)ip2(y), O<k<1,

                    A JL
           g2ECcoe(y×R', E),
                                                 '(16)- Q.k(g) == XQi,-le(g2)(u)dia(y), k}ll, g2ECc,[[fet]..i]oo(YxR', E).
                    A

   Proposition Z. Q±,le are the fundamental solutions of D±,fe with the following

ProPerties.

(a). The kernels Q±,k(y, zt ;2, v) of Q±,le are Coo for u$v, u7k O, vlO.

(b). (i). Q+,k and Q.k, O<h<1, are dey7ned on Ccoe(YxR', E) and maP it into

      Coo(Yx (R+-{O}), E).

    (ii). Q-,le, fe 21i 1, is dofned on Cc,[[k]t-i]oo(YxR+,E) and maPs it into

      Cco(Yx (R+-{O}), E) ACO(YxR+, E ; P).

(c). For any O<m<M, Q±,fe is extended to a continuous maP L2(Yx[m, M].
   L2ioc.. More Precisels,, we have

   (i). Q+,fe is extended to a continuous maP Q+le : L2-L2ioc..

   (ii). Q",k, k}lll, is extended to a continuous map Q-k:Hk[fe]'-i)[k)"i[O, L] --.

      L2iec., for any L>O.

   Proof. Except (a), the proposition follows from lemma 2 and lemma 6. To show

(a), as [4], we set

        KA(u) = Y(u)e-i`lA1P - Y(-u)ezt [Al(f- p),

        Y(u) is the characteristic function ofR', lA1 =AP-A(I-P).

Then, it is known that the kernel EA(y, z, u) of KA is a Coo fttnction on YxYxRi-

([4], I). Then, since

            Q.,h(y, u ; 2, v) = E(A/(h,1))(y, 2, u, k+i - vk+i),

            Q.h(y, u ; z, v) = v-leE(Al(1-le))(y, 2, ui-k - vi-k), k# 1,

            Q-,i(y, u ; z, v) =: vmiEA(y, x, logu - logv),

we have the proposition.
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   Corollary. D±,k and D±,le* have closed extensions s±,le and sf±,k*. sf+,k

and 9+,k", 9.,le and e-,h" are adjoints in L2 each others.

               g 6. A leRkma om Volterra's iRtegral equation.

   It is known (cf. [5]) that if the fundamental solution of the heat equation on

R'xD with time variable t and space variables x given by

(17) -g/il + Lf ==: O, L is an QPerator on D, the condition is given at t=O, is given

     by G, Gg = f.G(t, x, e)g(e)de, then the fundamental solution E of the equation

     of(18) -brt +(L+K)f =O, Kis an operator on D,

is obtained in the form

(19) E==:G+G"H, G*H =:= fg J.G(t-s, x, rp)H(s, rp, 6)dvds.

Here, H is the solution of the following Voiterra type integral equation

(20) H÷ KxG+ Kx (G"H) =O.

   Lemma 8. in (20), ifG satisy7es

            ' an(21)N fin.n, z, o.t.G(t, x, e) == O, x;E, ni:I N,

and assume Hsatisfies the condition .

        tt                    '                     onH                                            anH
(c)N izr' .ve (1 + Kx)( 6t. (t, x, g)) =O imPlies fz.'t.?? ot. (t,x, e) ==O, n::{ IV, x7<: 6,

then

              onH
                  (t, x, e) =o, n:S N, x#e.(22)N iZr'l.{l atn

   Proof. Since limt-o(H+ KG + K(G"H)) = limt-o(H+ KH) = O, we have

limt-o H<t, x, e) == O, x 746 by (c)o. Then we get

            Gt'H' == -Gs"H = [-G(t - s)H(s)] ,Zo + G"ca = G"Hg.

Hence we obtain

(23)t H} = -(KGt+ KH'+ K(G*M)).



(23)i shows limt-oH}(t, x, e) =O, x;g, by (c)i, In general, we assume that we have

               Om
(22)n lz-'ti:; ot.II(t, x, e) == O, x;e, miE{n,

                                                       onF
(23)n Hkn)=-(KG(")+nl<H(n-i)+K(G"Hkn))), F(n) means
                                                       Otn ,

then, since Gt"Hkn) =:= -Gs'Illkn) = [-G'Elkn)]g+ G"Hkn+i), we get

           Hkn+i) == -(JS G(n+i) + nKflkn) + KHtn) + K(G:kH(n+i)))

                == -(KG(n+i) + (n + 1)I<IEf(n) + K(G"Hkn+i))).

Hence we obtain (23)n.i and therefore we have (22)n+i if n + 1 .<.. N by assurnption.

   No'te. If (1+Kx)f=O implies f = O, for example, Kx is an operator given by

multiplying a function, then (22) holds under the assumption (21).

   Lemma 9. ILf G satishes (21)N and F= F(t, x, 6) is a solution of the equation

(24) (1+tKx)F(t, x, 6)=-KxG(t, x, 6),

then F also satisfies (21)N if F is continuous on t lll O.

   Proof. Since

            n OnF                                         on-IF            o
(25) bzt iln (1 + tKx)F = (1 + tK") otn + nK" -otn-i ,

we have the lemma by induction.

   Lernma 10. Ilf G is real analytic in t, t>O, and satisfies (21)., I7, a continuous

solution of (24) on tlllO, is also real analytic in t, t>O, and G'F exists, then F

is a solution of (20) if F satishes (c)oo, Conversely, ztnder the same assumPtions on

G, ifa solzttion Hof (20> is real analytic in t, t>O, and satisies (c)oo, then H is

a solution of (24).

   Proof. To show the first assertion, it is su'fficient to show

(26) tK.F(t, x, g) == K.(G*F(t, x, e)).

But since F(t, x, e) == limh-･o iDG(h-s, x, q)F(s -F t, rp, g)cb7, to set

        tKxF(r + t, x, 6) =: II't I.G(r + t - s, x, v)F(s + r + t, rp,e)di7ds + f(r, t),
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f(r, t)= O(r), r.O, and O(t), t-O, and for r>O, f(r,t) is real analytic in t

although at t = O.

   On the other hand, since

           Il""' fD 6o"t9 (r + t - s, x, e)F(s + r + t, rp, e)dvds

          =Il"` S.G(r + t - s, x, v)Oo",{ll (s + r+ t, rp, e)drpds + o(t),

for any n by lemma 9, we get by the same reason an in the proof of lemma 8

                             onG                                               O}2G            onF
                                (r + t, x, g) + nKx                                                  (r + t, x, 6)               (r+ t, x, 6) + Kx
                             Otn                                               Otn            atn

          +Kx(Il'` l.G(r + t - s, x, rp)05Z,F. (s+r+t, rp,edrpds+iil/ i".f(r, t)+o(t) -- o,

because F satisfies (c)oo. But by (26), we also obtain

                            onG                                              enF           onF            ot. (r + t, x, e) + Kx otn (r + t, x) g) + nKx at.                                                 (r + t, x, e)

                                                         '
          -g- Kx(Sl't J.G(r + t - s, x, rp)Oa",{ll (s -i- r -i- t, rp, e)di7ds + o(t) = o.

Hence for any n, (O"/at")f(r, t) == o(t). This shows f(r, t) := O, r>O, because f(r, t)

is real analytic in t although at t=O, for r>O. Therefore we get

(26)' TKxF(r÷t, x, e) =jl.'t l.G(r+t-s, x, v).F'(s+r+t, rp, e)drpds.

Tends r to O in (26)', we obtain (26) which shows the first assertion.

   To show the second assertio?, we note that we obtain

            Mn)                           rn                                          rn                                                        rn            n! r" = -(Kx(G(n)iir/ ) + Kx(llkn-i) (n - o! + Kx(G"uElkn)ii'r/ )),

by lemma 8 (and (23)n). Hence we get

            ]I,..]otlSi:)rn

          ::= -(Kx(,:O,O=oGn(it)r") + rKx(,Mco,.i..o (nH"k'imli))! r"-i) + K'x (G"(,zO,.O.otl!")rn)),

because G and ll are both real analytic in t, t>O, by assumption, Therefore we

have



(27) H(t + r, x, 6) == -KxG(t + r, x, 6)+rKxH(t + r, x, e) + Kx(G"(Hl t=s+r)).

In (27), tends t to O and change r to t, H satisfies (24). Hence we obtain the lemma.

   Corollary. ifG is real analytic in t, t>O, and satisfies (21)co, K}v is a real

analytic coojicients diprerential oPerator (may be degree is O), then (20) has a solution

H which satishes (22).o if (24) has a solution which satisfies (c)oo. EsPecially, if

deg. K:=: O, then (20) has a solution H which satiEYies (22)oo.

      S7. Comstructiort of the Eterxtels of e-tAi,+,k, i=:1, 2, on the cylimder.

    As in g3, we set ai,±,le = s±,k*g±,le and A2,±,le = 9±,h9±,le*.

    Defuition. Eor any s>O, we set on Y× R'

(2s). D., le,E =-51tr + (ule + E)A,

(28)- D-,k,e=(ule+E)'5}+A.

    By definitions, D±,k,e are elliptic on Y× R". Their closures (in L2) g±,k,e and

their adjoints g±,h,e" are defined and we set

             "1, ±, le,e = 9±, k,e*9±, k,e, k2, ±, h,E = e±, fe,e 9±, le,i

Similarly, D±,h,2,e, "i,±,k,2,e, i=1,2, etc., are definecl. Explicitly, they take the

forms

                 '(29)+ Ai,+, le,2,e= - oOu2

, + (-1)ile ule"t + R2(ztle + e)2, i= 1, 2,

                                 02                                                   o(29)-,i Ai,-,h,2,e= '(Ule + G)2 au, - 2feUk"'i(Ule +G)ntti' -Rfeuk-' + 22,

(29)-,2 a2, -, le,R,E = -(ule + 6)2 oOu2 , - 2kule-i(uk + s)-51t7 - le(le - 1)nle-2(uk + e)

             - 2kufe-i + z2.

The boundary conditions for these operators are

                             df
(30)i, +,e . h(O) == O, 2 }il; O, (Tu + 82f) lu=o = O, 2< O, for ni, +k, i, e,

                             df
 (30)2,+,e h(O) =O, 2SO, (zirt+82f)lu=:o= O, jR>O, for A2,+,le,R,e,
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                            df
(30)i,-,e fA(O) ==O, RlllO, (8-Efi.T+2f)Izi=o=O, 2<O, for rii,-,h,R,e, k<1,

                                                 for d2,-,le,2,e, le lll1,

            f2(O)=O, 2$O, (8Z(/+2f)iu=o=O, 2>O, for 24-,k,2,e, k<'1,
(30)2,.e

                                                 for gl,-,le,2,E, le }il 1.

   To construct the elementary solutions of the heat equations associated to

rii,±,le,2,e, we set '
                        02
(31)+ di, +, le,2,E =- ou2 +E212+K,

            K' == Ki,+,k,R,s == (-1)`k2ule-' + Z2(u2k + 2Euk), i -- 1, 2,

                         02
(31)- di,.k,R,e=-82 ou2 +a2+K, K= Ki,-,le,2,e, i=1, 2,

            Ki,-, le,2,e = -(u2k + 2euh) oOu2, - 2feule"'(ule + e)51t7 - 2leuh"i,

            K2,-, k, R,s= -(u2le + 2Euk) oaa22 - 2leukmi(enk + 6)-iiltT

            - le(le - 1)ule-2(ule + s) - Rleule"i.

   The fundamental solutions of O/Ot - 02/Ou2 + s2Z2 (and O/Ot - E202/Ou2 + 22) with

the boundary conditions (30)i,.,e, i= 1, 2, (and (30)i,-,e, i -- 1, 2,) are given in [4]

and they satisfy the assumptions of lemma 10. Hence we may construct the funda-

mental solutions of O/Ot -Ai,+,le,2,e, i=1, 2, (and a/0t-"i,-,le,2,e, i=1, 2,) with

the boundary conditions (30)i,+,6, i=1, 2, (and (30)i,-,e, i=1, 2,) by lemma 10. In

this g, we treat O/at - di, +, k, 2, E, i = 1, 2.

   Since Ki,+,le,A,E, i=1, 2, are the operators of order O, the solutions of the

equation (24) is given by

            F(t, za, v) = Fi,+,k,A,e(t, u, v)

               .. m{(f.i)lk,2-tf)lki,221Uilees8,US)},G,tti)U/}V), i -- i, 2.

                                       '
Here, G== Gi,+,2,e(t,zf,v), i=1, 2, are the kernels of the fundamental solutions of

O/Ot - 02/Ou2 + s222 with the boundary conditions (30)i,+,e,i -- 1, 2, given by ([4])

     Gi,+,R,e(t,u,v) := IL-]leiiilt (exp( -(U47I V)2) -exp( -(U4; V)2)],

                   2 lli O, for i -- 1, 2 ;S{ O, for i= 2,



     Gi, +, a,e(t,u, v) = e,v" ,eZ2.2tt (exp( -(U47 V)2 ) -iu exp( -(U4; V)2 )]

                   -E121eelAI(""") erfc. ( :,v+,-tV +8M1 ivf71,

            erfc(x) == v2". I.ooe"G2de, 2<o, for i -m 1, 2>o, for i= 2.

Hence lime-oGi,+,R,e == Gi,+,o in HS for any sliilO, where Gi,+,e means the funda-

mental solution of 6/6t-02/Ou2 with the boundary condition (14)+. Therefore we

have

     {zL/zl, Fi,., le,,,,(t,u,v) - -I(m11)tiill2{U/leun-"i);l.lk22.2u,2-fe,}+Gi; ,+i g(,titu･v) , i rm- 1, 2,

where the right hand side is the solution of (24) with G=Gi,+,e and K=Ki,+,le,R

=(-1)ile2ukwni+22u2k, i=1, 2. Then, since

(32)i 1 + {(-1)'feZule"i + ,k2u2le}t :Sl l + {(-1)'le,Zule-' + 22(u2le -i- 2Euk)}t,

(32)ii 1+{(-1)'k2ukHi+22u2fe}tl1, kl:!{ 1, or fe>1 and (-1)t2 >= O,

(32)m 1+{(-1)ik2uh-i + R2u2le}t }li l- t(fe ; 1) (le Illi 1)(h"i)!(h'i) 1212i(le+i),

                          (-l)t2 <O, fe > 1,

we obtain

   Memawaa Xl. (i). if le ;Ell1, or le>1 and (-1)'A}llO, the fundamental solutions of

the equations 0/at - rdi,+,le,2,E, i = 1,2, with the boundary conditions (30)i,+,e, i= 1,2,

tend to the jundamental solutions ofthe equations O/at-Ai,+,h,2, i=1,2, with the

boundary conditions (14)+ in llS for any sll:O and this convergence is zaniform in 2.

(ii). Uk>1 and (-l)iR<O, we set L2c (or IISc) the subsPace of L2 (or HS) sPanned

bN {ipRl[21<C}, then the fundamental solution of O/Ot-`di,k,R,e with the boundary

condition (30)i,+,e tends to the fttndamental solution of the equation a/at-Ai,+,le,i

with the boundary conditi(m (14). in L2c (or HSc) on the interval

(33) 2( le til i)(le-i)/(le'i) c-2!(h+2)>t ki; o,

                     '
and this convergence is uniform in 2(if IRI <C).

   Proof. By (32)i and (32)ii, to show (i), we only need to show the uniformity of

the convergence in 2, But, since Gi,+,2,E tends to O at least in the order of exp

(-s222) becouse erfc (x) == O(exp(-x2)), we have the uniformity in 2.
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   On the other hand, by (32)i and (32)iii, Fi,+,le,2,E is continuous on

O;sllt<2(2/(le-1))(le-i)!(k"i)121-2!(k'2), we get (ii).

   Corollary. (i). ILf leIS;1, denote the feernels of exp(-tAi,+,le,e)-exp(-th2,+le,E)

and exp(-ttii,+,k) -exp(-tg2,+,le) in L2 byF+,le,s(t,y,u) and F+,fe(t,y,zt), we have in

L2

(34)i lim F+,k,E(t,y, u) = F+,k(t, y, u), O glll t< oo.
           e-O

(ii). ILIC fe > 1, denote the kernels of exp(-tAi, +le,e) - exp(-td2, +,k,e) and exp(-ttit,+,k)

- exp(-td2,+,k) in L2c by F+,le,e,c(t,y,u) and Ii"+,k,c(t,y,u), we have in L2c

(34)ii 4im,o F+, le,e,c(t,y, u) = F,, h,c(t,y, u), o i!{ t<2( fe 2 i )(h-i)'(h'i)c-2/(fe + 2).

   On the other hand, since limt-e l7i,+,2,e(t,u,v) = O, u;v, for 6lllO, to set

           I,OOIy.F+,h,e(t,y,u)dydu == F,,k,,(t), le$1,

           I,ooSvF+,le,E,c(t,y,u)dydu = F,,k,,,c(t), le >i,

we obtain

(35)i IZrr'l,l3 F+,k,e(t) = !-im, I,OOi.{Gi,+,e(t,y,u) - G2,+,e(t,y,u)}dydu, fe ii;ll 1,

(35)ii i,l.t,t?, F"-,k,e,c(t) = l,tr'e,? joooIy{Gi,+,e,c(t,y, u) m G2, +,e,c(t,y, u)}dydu, fe > 1.

Here, Gi,+,E and Gi,+,e,c are the kernels of exp(-tdi,.,e) ofl L2 or on L2c, where

tii,+,e mean - 32/au2 + E2A2 with the boundary conditions

(36).,, (Pf )(y, O) - O, (I - P)((z3.T+ A) f] (pt, O) = O, i= 1,

(36).,, ((I- P)f)(y,O) =O,P(-EII.T+ A) f] (y,O) == O, i= 2.

   Then by [4], to set G+,e(t) = locolyGi, ., e(t, y, u) - G2, +,e(t, N, u)} dydu and

G÷,E,c(t) := loOOIyGi,+,e,c(t,y,u) - G2,+,e,c(t,y,u)}clydu, they are both defined on

O,<.=t<oo and we get



(37)i f,OO{G.,e(t) + {i-}tS"idt = -2,Jlli-}ir(s + Li;)8"2Srp(2S),

     '(37)ii JoOOG+,e,c(t) + {l-]tS-idt = -2sil> . ['(s + Lll")8-2Svc(2s),

                                                  '
where h=dim. ker. A, rp(s) is the rp-function of A given by

X#o, AE spec.A sign Rl21 -S and vc(s) == Xx =o, AE spec. A, rxf<c sign RI2l -S. Hence, if

G+,e, G+,e,c, F+,fe,e and F+,k,E,c have asymptotic expansions at t-->O of the forms

(38)i G+,e(t) =Z a+,"t,et"`!2, F+,k,s(t)== b+,nt,k,etM/2, klS{ 1,
                     M:)-jl                                            fnl}l-n

(38)ii G+,e,c(t) ==: X a+,,n,e,ctM/2, F+,fe,e,c(t)=: b+,m,h,e,ctM/2, le>1,
                      jn}l-)t                                                "t)l-n

we have by (35) and (37)

(39)i v(O) == -2(2a+,e,s+ h) = -(2b+,o,k,e+h), le l!;I l,

(39)ii vc(O) = -(2a+, e, e,c + h) = pm (2b+, e, k, e,c + h), le > 1,

   Therefore we obtain

   Proposition 2. (i). if le:ll1 and G.,e, F+,k,E have asymPtotic exPansions of the

form (38)i, then their c(ffcients of the terms of order O do not dePend on s and fe.

    (ii). Illf fe>1 and G,,e,c, F.,k,e,c have asymPtotic exPansions of the form (38)ii,

then their coeU77cients of the terms of degree O do not dePend on s and le and their

limits at C- oo exist.

   In the rest, we set these constants by a+,o and a+,e,c. Hence we get

(39)it v(O) :=: -(2a+,o+h),

(39)ii, rpc(O) == -(2a+,o,c+h), lima+,o,c=a+,o.
                                c--oo

     g8. Construction of the lcernels of e'tdi,-,k i=1,2, on the cylinder, I.

   Lemma 12. The fundamental solutions of a/Ot - s202/Ou2 + 22 with the bounclary

conditions (30)i,-,E, i=1,2, tends to the fundamental solution of O/Ot+u2 on (t,u)

- sPace if u> O.

   Proof. Since the fundamental solutions are given

                        1 e-R2t         Gi, -, 2,e(t,u, v) = +i}- v4i rt:-[exp( -({fit V)2 ) - exp( n<Zs;t V)2 )],

                   2210 for i=1, ZSIO for i=2,
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        Gi,-,2,e(t,u,v) = -i- [ J37--i2tt [exp[ -(U4sl ;t V)2] + exp( -(a4s"t V)2]]

                  - l,l [elRlle(""V) erfc･ (2", ,v+,,:I;+ iZ(V7]],

                  2<O for i-- 1, 2>O for i=2,

and

         I21 i,OOenve("'v) erfc. (2UEil ll:+ IRlV'T]f(v)dv

                                         '
       == 21Z1 V7j ,O,Ol,, ,.7e2]A 1 /7 W erfc. {w + 12lV7} f(2sV7w - u)dw,

        f,ooe2Ia1 /7 w erfc. {w +l2ltvi7} dw = 212 i,,i-t (e-I"I2` - erfc･ (l2ltv/7),

we have

(40)i lim Gi,.,2,e(t,u,v) =e-'2ttiu, uXO,
        e-O
        lim Gi, -, R, E(t, O, v) = O, R 21; O for i= 1, 2 :;ll O for i = 2,

        e-,O

(40)ii lim Gi,., R,E(t, u, v) =e"R2t6., u;o,

        e-O
        lim Gi, -,2,e(t,O,v) = {e'22t + erfc. (l2I,vi t )}6o,

        e--O

                       2<O for i-- 1, 2>O for i=2,

in (Cci)", the dual space of compact support Ci-class functions. Here, 6" means

the Dirac measure concentrated at {u}. Because we get

        {tLtllo l.OO12,ne"W2f(2EAviLl'to-u)dw ,

       :={Zlr,n, f:!2,/7e2lAlT/i W erfc. {w + I2IVLi-} f(2EV7w - u)dw ==: o,

                         zt 7L O, f E C.i.

Hence we obtain the lemma.

   Corrolary. Let HL = H2,e = lll,2,e be a solution of the equation

                                      '                 '                                          1 a2         a2                         1(41) o-t,Hi,A,k,e(t,U,V) - tuthen,2,k,E(t,U,V) = - 7 bltil,Gi,.2,e(t, za,V), i= 1, 2,

and assume Ge +GE"Hk and lime--o GE +Ge"M both exist and H} tends to a solution



of 02H2/Ou2-H2/tu2le =-(eHa2t/t)6t{(2). Then the .fhrndamental solution of O/Ot-

(u2k + E2) e2/eu2 -y A2 given bJy GE+G,"H} tends to a fundamental solz{tion of O/Ot -

u2feo2/au2 -i- R2 on u>O if Iimt-.oHL(t,u,v) = u2h6u(2). IIere, GE == G2,E means Gi,",R,e.

   Proof. First we note that HA is given by e-22tHb Hb if ,H6 exists. Then, since

tzt2hHb,uu - He = -nt2k5z{(2), we have u2kHb,uu = Hb,t and therefore

(42) u2feHh,ut`-Hll,e=22H2.

   On the other hand, since we get by (40)

            l,zlftfno G2,e + GR,E*Hh,s = e-22tbzt + lg e"R2(t-s)llh(s,u,v)ds,

we have

            (gt - u2le oe.2, + R2)(l,it,,Gz,e + GR,e"Ha,e)

          == Ha(t,u,v) - u2lee"R2ts.(2) - u2ke-22tlg eR2sHR,.,,(s,u,v)ds.

Hence 6/at{e22`(O/at - u2k62/au2 + 22)(lime-,eG2,e + G2,e"HR `e)} = O by (42). Then,

Since to set

             gt - u2k oOu2, + R2)(l,i-moGx,e + Gx,E"Hx,£) = e"R2t･ c,            (

C is given by limt-,o{HR(t,u,v) - u2fee-R2tfiu(2) - u2fee'22t lg e22sH2,t{u(s,u,v)ds}= limtm.o

{HLi(t,u,v) - u2le6u(2)}, we obtain the corollary.

   To solve the equation (41), we set

     yi(t,u) == vaA!i2..,fe1(Vwutl- IUI'"i), y,(t,u)=vuntylll,",fe1(V-tl IUIMlele), fell,

                                                '
     yi(t,u) == Vurm-u-'/lf`+1/4, y,(t,u) = ,v'll.zt/ilt+ll4, le .., 1,

where 1lt and YB are ev-th Bessel function and i9-th Bessel function of the second

kind. Then yi and y2 are the solutions of the equation d2y/du2 -y/tu2k ==O ([iO],

[18]) and their Wronskians W(yi,y2) are given by

            w(yi,y2) =- 2(i -.vle)Vuat -i, h-, w(yi,y2)=Vi+l, h -- i･

Hence a solution of (41) is given by
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(43) ,u},c(t, u, v) = --l-Ge(t, nt,v) - 71-, li` ,vLkg(t,u, w)GE(t, ev,v)dzv,

                    1        g(t, U, ") == vv(y,, y,){yi(t, v)y2(t, zt) - yi(t, u)y2(t, v)}.

   By (43) and (40), we have

(44) l,igs HE,e(t,u,v) = -e-22`(6-t" + Y<Y,,i2V)g(t,u,v)], u>O, v>o, in (Cci)".

In other word, lime-oit,e(t,u,v) tends to a solution of the equation

a2HIOu2 - H7tu2k = -(e-"R2`/t)6zt(2) in (Cc2)" if u>O.

   Defiwition. For le>O, zve set

                                           l-fe                                          w            (Tkf)(ev)= f({1 -k)v}i/(i-k)), v == 1m le , le 7- 1,

            (Tif)(w) = f(e"), v == log. w, fe == 1,

and define the subspaces ewk of the space of cotinuous funnctinons in v-space by

        cSirfe == {flTh(,,,f,-Ir)(w) is continuous on O :i{arg. w ${ -li-, holomorphic on

                                                               '
            O<arg. w<g, w4O, ITle(vf=,-)(re/=ie)1 =o(e"ri'e), r--> oo, for

            some s> o, w == re/ =ie, o :;{ o$ g}, le : 1,

        ori = {flTi(vt/ir)(w) is continuozts on O i:ill arg. w ;Sl rc , holomorphic on

            O<arg. w<rr, lTi(-i;)(re/=ie)IEV(O,oo)}.

    We denote by Y the Laplace transform and by Hv, the v-th Hankel transform

given by Hv(f)(x) := Iocox""y"'7v(xy)f(y)dy, Re. v }l -1/2. We know that Hv(Hv(f))

=f if f is Coo and rapidly decreasing at oo ([2], [6], [18]).

    Definitiom, We dqlfne the subsPaces El7k of the sPace of conitinuous ]ietnctions in

t-sPace by

                                              .
            flf7fe ={glg == H,,l,"fel(f)(V-tl), fffmfe}, k=l,



            fyi == {glg == y"i(f)(V-ti), fem,}.

   Mle and 9le are both considered to be topological vector spaces (not complete)

with the uniform convergeRce topology. Then we obtain by (44) and the corollary

of lemma 12 -
   Lemma 13. There exist fundamental solutions EE of the equation iil/T-(ufe2+82)

02/au2+22 (with the boundary conditions (30)i,-) which tend to a fzandamental solution

E of O/Ot-u2le02/0u2+22 in (EYfe)"(Eb(.Sif9k)', and this E satisfies

(45) Supp. EcRi x {(za,v)lu ll; v}.

   Proof. By Hankel's inversien theorem ([2], [6], [18]), 6za is approximated by

the solutions of 02H/Oa2 - H/tu2le [=: O in (..9Jk)*op(-k)". On the other hand,

(e-22/t2v2le)g(t,",v) is a solution of 02Hle"2 - Hltu2le =O. Then, since

        g<t,u,v) -- e(iunHii Vtzafevh [sin(V=t-i rl le <ui-le - vi-le)l

            + [ii-k･liv-z7(ufe-i - vk-i)cos(VIIIT i l fe (zaimk - vi-k))+･･･], k;i,

        g(t,u,v) = VttlV4 [(Jl;.)/iit+ii4 - (-;;-)/ift+ii4], k .. i,

lims-o(Gs + GE*[(-e-a2t/t2v2fe){1 - Y(u -v)}g(t,u,v)]) is defiiied as an element of

(L9-le)" (E9(cEZI'k)" if u>O. Hence we obtain the lemma.

   Corollary 1. There exist fundamental solutions Ei,e of the equations O/Ot-

(ufe + E)202/Ou2 + R2 which tend to a .i2etnclamental solution E of OIOt - u2k02/Ou2 + R2

in (ffe)" (E)(.Sif'k)', zvhich satishes (45). -

   Proof. By lemma 10, a fundamental solution of O/at-(ule+s)2o2/ou2+a2 is

obtained from Ee by solving the equation

            02Hl,e "1,e 1 02Ee
             Ou2 2tuleh t au2'

The solution Hi,e of this equatioR is given by

     Hi,e,c(t,u,v,) == -} ii` gE(t,u, tv>EE,ww(t, tv,v>dw,

     gle(t･u･v) = (,-X,V),.-,'t- , Aii2.kE (Villl,} V,'iile',') yl,l,-,[(ViE,} :iik/i)
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        - A, [,-k[ (V s,l :'ik ii ) yl, i,.,i (,,/ E,l Zilk !k' ), k t 2,

     gb(t,u,v) = V 12itU2VEt ((.I;")/ii4+i/8et - (.s;)/ii4+iisst}, k .. 2.

Hence lime-eHi,e,e'Ee == O by (45) because lime-oge(t,u,u) = O.

   Corollary 2. There exist fatndamental solutions E2,e ofthe equation O/Ot-di,.,le,a,e

on (t,u)-sPace which tend to a fatndamental solution E ofthe equation O/at-u2k02/Ou2

+Z2 in (Yfe)' op(ewfe)" and this E satishes (45).

   Proof. By lemma 10, a fundamental solution of O/Ot-di,-,k,A,e is obtained from

Ei,s by solving the equation

         dtlli?hi･e - i - kt{2uhip(i2k+.,ti-i･,:(i-+ily)k'2(zale + s)} Hb,,,

           1 OEt,e 2u + 6i, 2(k - 1)(uk + s)
       =rm7 ou - 2u(uk+s) Ei,e, 6i,2==O, 62,2:=L

A solution of this equation is

(46) Hli,i,e,c(t,u,v)

       = -Ii` [exp IZ i - kt{2Xkt-i2le+xle6-i',?:le+- kiE))X/le"2(Xle + e)} dx] ･

         [-l- alllit e (t,w,v) - 2W + Oi,w2((kwiil I})(,W) le + E) E,,,(t,w,v)]dw.

Hence in (Yk)" (El)(Mfe)*, lime-,eHh,i,e,e'Ei,2=O by (45) and we have the lemma.

   Note. The fundamental soiution of O/Ot-u"fe02/Ou2 is given in [8] (cf. [8]',

[9]). It takes similar form as our solution.

    g9. Construction of the kernels of e-tAi,H,k, i=1,2, on the cylimder, II.

    By the corollary 2 of lemma 13, we obtain

    Lemma 14. There exist fundamental solutions Fi,-,h,s,c of the eqzaation O/Ot

-Ai,m,k,e zvhich tend to a fundamental solution Fi,.,fe,c of O/Ot-Ai.-.k in (Yk)"(Eg>

(Mle)"opHSc(Y) for any C>O, and these fundamental solutions satis.fly

            Fi,.k,e,ci1(Yle)* (Eli> (Ei?'k)" op llSc(Y) = Fi,-, le,e,c,

            Fi,-,k,ct](Yle)* op (xale)* (g) HSc(Y) = Fi,.le,c,

if Ct > C.



   Proof. By (46), the convergence of Ei,e == Ei,e,2 to Es == Ee.2 is uniform in 2 if

IRI iEll C. Hence we have the lemma.

   Corollary. There exist fundamental solutions Fi,-,k,e of the equation e/Ot-

Ai,H,k,e densely def7ned in (Yh)" (29(,%'k)"XHS(Y) which tends to a fundamental

solution Fi,-,h of O/Ot - tii,.,le densely deY7ned in (L9-h)" (E9 (XPk)" (2b L2(Y).

   We denote the inclusion from Yfe op rwle (21i) HS(Y) into HS(R"xR'×Y) by ih,s.

The dual of ife,s is clenoted by ile,s", and set

(47) ker.ife,s" -- .sfr"-k,s.

If sllln+1 (dim. Y=n-1), then fk,s;O. But, since we know

            C,, ((1 - k)/2)oo c XPh*, fe < 1, C,, ((h-,)!,co C Mfe*, le < 1,

we have

(4s) Cc,[2le],oo(RxRxY)n.fk,s=O,

Here, Cc,[2k],oo(RxR×Y) is considered to be a subspace of IIS(R"xR"×Y).
   In (Yh)" (2g) (,;i}?'le)" op llS(Y), lims-etrace [exp (-t4,., le,e) - exp (-td2, -, le,e)] coin-

cides to lime-ol,OOIyGi,-,E(t,y,n) -G2,-,e(t,y,za)}dNdu, because lime-o(Ee -Gs)(t,y,zt)=

lime-}oHi,E(t,u,ze) == lime-,oHli,e(t,u,u) = O. Hence we get

(49) l,ij/zlo trace[e-tdi,-,k,e - e-t"2,-,k,a] == -puE.,.,.A, #o Sig2iiaerfc.(12I,vi7), k<1,

                                              signR                                  == puE,,,,,A, #o 2 erfc･(12IV7), le }ill1,

because Gi,-,E(t,N,u)=-g-Gi(t,y,u/E), where Gi(t,Jy,u), i=1,2, are the kernels of

a/Ot-di, i=1,2, with the boundary conditions (36)i, i=1,2 (cf. [4]). Therefore,

to set

        F-, k, e(t) = Sooo Iy(Fi, -, le,e(t, Y, u) rm F2, -, k,e(t, y, u)] dN du,

if F-,le,E(t) has asymptotic expansion at t -÷O,

(50) F.le,e(t)A"X b-,m,k,etM/2,
                            inln

we have by (49)
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(51) v(O)=lim-(2b.e,k,e+h), k<1,
                        e-O
                     .= lim (2b",o, le,E + h), fe }lll 1･

                        e-O

   Summarising these, we obtain

   PropositioR 3. ILIr F-,fe,e has asNmPtotic eepansion (50) at t-O, then lime-ob..,o,k,e

exists and we have

(52) limb-,o, le,e == ao, k<1,
                   e-O

                           = -ao, k lll 1,

zvhere ao = a+,o is determined by tAe asymPtotic empansion of G(t) at t-O given by

                   G(t) fiv Z] amtM12.
                        ?714-n

Here G(t) means I,Oaly{Gi(t,y,u)-G2(t,y,u)}dydu.

                 S10. Ikdexes of degenerate operators, E.

   Let X be a reai analytic n-dimensional compact Riemannian manifold with

boundary Y and D == D+,k or D.,le be first order differential operators defined on

Coo(X, E) and map it into Coo(X, F) such that on a neighborhood Yxl (I = [O,1]) of

the boundary of X

                   D+,k = a(8t + ufe A) , le > o,

                   D-, le = a(u le -2iltT + A) , k > O.

Here, zaEX is the (real analytic) normai coordinate, a==aD (du) is the bundle

isomorphism E-F, A==Au:Cco(Y,Eu).Cco(Y,Eit)-Coo(Y,Fzt) is a first order

selfadjoint elliptic operator on Y which is independet of u.

                A   We denote by X the double of X. Then D+,le and D.,le define differential

operators D+,le and Dff,le both defined on Coo(X,E) and map it into CO (X,F). They

            Aare elliptic on X-Y but degenerate on M

   Definitiom. We devine diX7;erential qPerators D+,le,E and Dm,le,E on X by

     D+, k,e = (& + (uk + 6e)A), s>O, on Y× g, D+, le,s = D.,k, on X- Y× I,



     D. fe,e == ((u le + se) 8t + A), 6> O, on Y× I, D-, h,E := D. k, on X- Y× I.

Here e = e(y,u) is a Coo-function given by e(y,u) == ei(u) where ei(u) is a Coo-function

on I such that

        o :;{ e,(u) :g 1, e,(u) = 1, osu :{ g, e,(u) = o, g$u$ 1.

   DefinitioR. For O<s'<1, we set

        ules, = zale, if le is an even integer,

        zales'=ule, za lll:E', uke, == uh(1-ei (-tt,-)), O$u;i{E', if le is not an even

                                                      integer,

and define differential operators D+,le,e,e, and D..,fe,e,e, by

     D+, le,E, et = a (8t + (u lee, + se)A) , on Y × I, D+, fe, e, e, ==: D+, k, on X- Y × I,

     D. k, E, st = a ((ufeet + se) 8t + A) , on Y × I, D-, k, e, E, = D. le, on X- Y × I.

                             AA   By definitions, the operators D+,k,e,e, and D-,k,e,E, defined from D+,k,e,et and

D-,le,e,et on X are Coo-coflicients elliptic operators on X. Hence under the boundary

conditions Pf(O,y) ==O, for D+,k,e,et and D.k,e,et, k<1, and (I-P)f(O,y)==O,

for D.,k,e,, lelll}1, they have finite indexes and there exist differential forms

a+,k,s,e,(x)dx and cr-,k,e,e,(x)dx on X such that (cf. [3], [4], [13]),

(53)+ index D+, h,e,et = Ixa+, le,e,e,(x)dx - h +2V(O) ,

(53)-,i index D-, le, s, E, == fx a-, k, e, et (x)ax - h +2rp(O) , fe < 1,

(53)-,2 index -D., fe,s,s, = fxevm, le,s,er(x)dx + rp(O)2- h, le im2}) 1.

Here, index"D means the index of D with the boundary condition (I-P)f(o,y);O.

   Lemma 15. Uhader the boundary conditions Pf(O,y) :=O, for D+,k,s and D",fe,E,

k<1, and (1-P)f(O,y) == O, for D",k,e, fe21, D.,k,s and D.,fe,e havefinite indexes

and we have

(s4)', lndex D+,k,e=index D+,h,e,Et,
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(54)'-,i index D-, le,E=index D. fe,E,E,, k<1,

(54)'.,2 index-D-,k,e=index.D.,k,e,E,, klll l.

   Proof. Take a to satisfy s>a>E' and

         2(uleEi + E) >= ufe + s l.il: uket + 8, O :i{ u l:l{ a, for D+,k,E,E,,

        ufe 2+ e lli ule,,2+s ll ule 1+ s, O$u ;;{ a, for D-,h,e,e'･ '

Then, since on Y× [O,a], the equations D±,fe,ef == O and D±,le,e,e,g==O reduce (on

each eigenspace of A)

         d        rZiirfi, le,e + 2(uk + E)fR, le,, ,.. o,

         'SltrgR, k, s, E' + 2(U leet + S)g2, k, e, E, = O, for D+, k, e, and D+, le, e, et,

         (ule + 8) -SIifR,-le,e + 2fa,-h,e = O,

         (UleE' + 8)m2Ztlg2,-k,E,et + Zg2,ek,e,E, =O, for D-,le,e and D..k,e,et,

the equations D±,k,e,e,g=O with the boundary condition g(a,y)=f(a,y) have

unique solution on Y× [O,a] if D±,le,ef=O by the choice of a. Moreover, since

f(U,Y) =XAIoh,±k,E(u)ip2(y) if Pf(O,y) ==O and f(u,y)=:Asof2,-k,s(U)¢2(Y) if

(I-P)f(O,y)=O on Yx[O,a], thisgsatisfies Pg(O,y)=O if Pf(O,y)=O and

(l-P)g(e,y)=O if (I-P)f(O,y)=O. Therefore, since D±,fe,E,et=D±,fe,E on some

neighborhood of Y× {a} in X, to define a function g on X by

            g== f, on X-Y× [O,a], g=g, on Y× [O,a],

g is a solution of D+,k,e,et on X with the boundary condition Pg(O,y) ==O (or

(I-P)g(O,y)=O). This shows dim. ker. D±,k,e,e,}lidim. ker. D±,k,e. Similarly,

we get dim. ker. D±,k,e,s, l:{dim. ker. D±,fe,e and we have dim. ker. D±,le,e,e, =

clim. ker. D±,k,e. By the same reason, we have dim. ker. D±,fe,E,E," == dim. ker.

D±,k,e. This shows the lemma.

                 g11. Xndexes of degenerate operators, gX.

   Leinma 16. (i). thider the boundary condition Pf(O,y) =O, D.,le has finite index

and for su.fiiciently small E, we have

(54). index D+,le == index D+, le,e.



(ii). Uitder the boundary condition

(Ble) Pf(O,y)= O, for D-,hf=O, lim(I-P)(uhg(zt,N)) ==O, for D-,le"g=O,
                                 u-O
D-,le has finite index for le<1, and for su17iciently small s, we have

(54)-,i indexkD ..,k =: index D", le,e.

Here indexkD means the index of D with the boundtzry condition (Bfe).

(iii). Uitder the boundary condition

(B-h) (l-P)f(O,y) =- O, for D.,kf =O, limP(ufeg(u,y)) =O, for D.,le"g == O,
                                      zt -rO

D.,le has finite index for fe }ll1, and for szdi7ciently small s, we have

(54).2 index. feD-, le = index..D-, k, e.

Here index-leD means the index of D with the boztndary condition (BHle).

   Proof. Let s<1/5 and take b to satisfy 1-s>b>3s. On Yx[O,b], the

equations D±,le == f=O and D±,le*g=O reduce .
                                                               '
        zitl?fa,le +2uhfR,le =O, for D+,k, ukz£tlfA,"fe +2fR,.k=O, for D.k,

         d        d-t g2,h - 2Uleg2,k == O, for D-,k*,

        ule ftg2,-k + (leule-i - 2)g2,-le = O, for D.k".

The solutions of these equations are

         fA,le ,= c2e-(21k+1)uk+i, f2,-le = cRem(2il")kU'"le, le l1, fR,ml -- c2u-R,

         ga,le = c2e(A!le+t)uk+i, gR,"le = c2bl-ke(211-k)U'"k, le 7L 1, g2,1 ==: c2uRml.

Then, since

      o< e(21fe+1)uk+i l:;{ e(R/k+1)(uk"'+s) {fl e(2/k+lxt{+e/k÷1)('lk+i))k+i, 2 lill o,

we obtain (i).

    To show (ii) and (iii), we use the inequalities

     o :{ exp(ioUvledill e) :!{ e(x/i-le)tt'-k :s{ exp(i8+a(b'k'e)vledi} 6), k<i, R}i;;o,
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     ,ul-lele <ig`,,df ,, l.,.<I,",d+v,, .<b,

     iblkle > i:(b' fe' e) vkdl s, iog b> li(b' i' e) v d+V 6 , o < p(b, le, E) < b,

where .a(b,le,E) is the twice of infimum value of these a thet satisfy Io"+cr(1/(vle+s))

dv>f,(s/vk(vfe÷E))dv, O$n;Illb and therefore linz,-,oev(b,k,s) := O. Hence we get

(ii). On the other hand, since lims-oP(b,le,G) =2il(imfe)3b,le>1, lime-,oP(b,1,s)==tvlb,

to take b< 1/3 and set

            ek(u) = e(c(k)u), c(k) < 2i lh 3b, le > i, c(i) < gvi,

            D., le,Ek = a((ule + 8efe)sl]tl + A),

we have for suMciently small s,

                   index.D-, le,ek = index-hD-, fe, k lll 1.

But since index-D-,le,ek := index-D-.,le,e by the same reason as lemma 16, we get (iii).

   Lemma Z7. To set '

            LLle == {O}U{f]D-,fef=O, f(O,y)lO, Af(O,y) == O},

            iLle* == {o}u{fID-le*f :- o, f(o,N) 7eo, Af(o,y) =o},

            dim. H)le =hfe, dim. flfe*==hk*,

we have

(i). hk ;ill h, and hle* ;s{ h.

(ii). Ilf D-,le is a real analytic coc177cients operator, then hfe dbes not dePend on

   D-,le and hle* dePends only on fe.

(iii). To set indexoD the index of D zvith the O-boundary condition, that is limtt-,o

   f(u,y) =:O, we have

(55) indexoD.le == index.kD-,h-(hle-hle*), le }ll;L '

   Proo£ If feHle (or H]le*), then f(u,y) =:ifi(u)ipi(y), Aipi(y) == O, on Yx[O,1].

Then, since D-,le and D.. k are first order elliptic operators, unique continuity is

hold for the solutions of Dr,le and D-,h", we get (i).

   If D-,fe is areal analytic coeflicients operator, then above fi(u) are constants

for all i along any integral curve of real analytic normal vector field of Y starts



from a point of YL By the same reason, Hk* is determlned by le and we obtain (ii).

   Let D-,le ==O and Dm, fe* g= O, then to set f=XA$ofR(u)g62(y), g==] ]isog2(u)g6R(Y)

on Yx[O,1], we get

               limf2(u) == O, R>O, limg2(za) ;=: O, 2<O.

               U-O 1{-,O
This shows (55).

   By(53), lemma 15, lemma 16 and lemma 17, we obtain

   Proposition 4. (i). Uhader the boundary condition Pf(O,y) --O, D+,k has finite

index and we have

(56)+ index D., le == fxct., le,e,,t(x)dx - h +2n(O).

(ii). Uhader the boundary condition (Bk), D-,h, le<1, has finite index and we have

(56)-,i indexleD-,k=Ixa.,h,e,e,(x)dx - h +20(O), k> 1.

(iii). Uhader the O-bondary condition, D-,k, le 211, has finite index and we have

(56)-,2 indexoD.,k =:: Sxa-, fe,e,E,(x)dx +'rp(O)2- h - (hle - hk,), fe }ll L

Here hh i:l{h, hle*i:SIh and if Dm,le is a real analytic coefficients operator, hh does

not depend on D.,k and hh* depends only on le.

                                        aA             g12. Fundainental solutioEiS Of LbTt                                          + id.

                                  AAAA   We denote the ciosed extensions of D±,k and D±,le" by en±,k and S±,fe*.

Then set

               A AAA AA               dl,±,h=9±,k*e±,k, di2,±,le == 9±,fe9±,le*.

                    AA AFof simple, we denote ti instead of Ai,.,k, etc.. By definition, A is elliptic on

X-(Yx[-1,1]). On the other hand, ni,+,le and ai,-,k, k<1, iun-1, 2, have
smoothing operators in L2(Yx[-1,1]) by lemma 7, (i), and Mil.k, le}l}1, i-rm1,2,

have smoothing operators in Hk[2le],)[2le]'"2"[Y× [-1,1]], by lemma 7, (ii). Hence

we have (cf. [3])

   Lemma 18. (i). di,+,h and nti,.,le, k<1, i=1,2, have Parametrixes in L2 (X).

(ii). di,-,k,, fellil, i=1,2, have Parametrixes in llk[2le]t)(2le]"2n(X). Here

Hk[2k],)(2fe)"2'i(X) is the Sobolev sPace of these .functions on X that vanishes on Y at

least order [2le]'.
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                      AA   Corollary. (i). O/at + Ai, ,, le and O/at + tii, ., fe , k < 1, i = 1, 2, have fundanzental

                         AA Asolutions with Cco-kernels on (X- Y) × (X- Y) × (R'- {O}) in L2(X).
          A(ii). O/at+rii,-,le, kllll, i=1,2, have fttndamental solutions with Coe-feernels on

(X- Y) × (X - Y) ×(R' -{O}) in Hk(,k],)2h'+[2n](x).

                                                       A
   We denote the kernels of the fundamental solution of O/Ot + idi,±,le by

Fi,±,h(t,x), i=1,2.

   By the definitions of Af)',±,le, on Yx[-a,a], we have

                AA(57)+ ti2, +, le == a.(di, +,k+ 2k lu]k-!A),

                AA(57)H ti2, -,k= a.(di, ..,le -k(le - 1) lul2fe-2), fe <1,

                         A                    := a.(di,-,h ÷k(fe - 1)1u]2k"2), le lli 1.

Here if± are bundle isomorphisms. Hence by lemma 10, to define a Coo-function e2
   Aon X by

        e2(u,pt) == e2(u), O i:;I e2 ::ll l, e2(bl) = O, juI :il -ii-,

                               e2(u) = 1, lul ll} 7 on Yx [-1, 1],

                  A        e2 == 1, on X- Yx[-1,1],

we have

        F±,k(t,x)e2(x) "v F±,k(t,x) + H±, le(t, x), lim H!i,,fe(t,x) = O,
                                         t-o

        F±,k(t, x) =: F,, ±, le(t,x) - F,, ±, le(t, x).

Then, since fk (E9 orle (29 IIS(Y) UHk(2k])tS(X) if s lll [2fe]' + 2n and if f satisfies O-

boundary condary condition and D.,hf == O or D",k"f =O, then fG-k (g> orfe (E9 HS

(Y), le }l1, we have by proposition 2, proposition 3, proposition 4 and lemma 18

   Theorem (i). For D+,fe, there exists a diferential form a+,k(x)dx on X such that

(58). index D+,h= Ix a+,h(x)dx - h +2rp(O).

(ii). For D-,le, le<1, there exists a dzltferential form a-,le(x)dlt on X such that

(58)-,i . index feD", le = fxa", le(x) dx - h +2rp(O).

(iii). For D",k, kllli1, there exists a dtlfferential form am,k (x)cix on X such that



                 '
(58)-,2 indexoD-,fe == Ixa.,k(x)dx+h+2rp(O).

   Proo£ We only need to show (ii). But since indexoD-,h==O if fe<1, we have
indexleD.,le ==indexleD-,k+indexeD-,le, and by lemma 2, we have indexoD-,fe=

IxPh(x>dx - (h+rp(O))/2)for some differentlal form Ple (x)dx on X and indexhDA.,le --

lxrk(x)dx for some rfe(x)dx, we obtain (ii).

   Corollary. Let s>s'>O and E is szffciently small, then

(59)+ lxa+,k(x)dx == Sxa+,le,e,e,(x)dx,

(59)-,i Sxct-, le(X)clv = lxa",k,e,e,(x)dx, k<1,

(59).,2 fxa-,k(x)dx = fxa-,k,e,E,(x)dx - (hfe - hk*), k}l l.

   Note. Jf we consider

                   D(-k) = a(s2t7 + za-kA), on yx [o,i],

instead of D-,k, index D("k) exists if fe<1 and we have with suitable differential

form a(-k)(x)dx,

    '
            index D(-le) = lxa(Hfe)(x)dx - h +2rp(O) , fe < 1.

On the other hand, since we get D(mle)'=a-iD(nle)a" on L2[O,1] (Ei)ker. A, to set

            Hkh) = {O} U {flD(-le)f = O, f(O, y) l O, Af(O, y) = o} ,

            Hkh*) ={O}U{giD(Hh)"g= O, g(o,y) :7!O, Ag(O,y) =O},

Hkle) is isomorphic to Hkk:k). Therefore we have

(60) indexmD(-le) == indexoD(-k), fe }llL

Hence we get with suitable differential form cr(rle)(x)dx on X

            index-D(mk) =: Sxa(-le)(x)dx + r'h -2rp(O) , fe k 1,

and for this cr(-fe)(x)dx, we have



if e and

structed
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            lxcr(-le)(X)du =: fxa(--le),e,e'(x)`ix, le lll l,

s' are sufficiently small. Here ct(-k),e,et(x)dx is the differential

for Differential operator D(-k),e,et given by

            D(-k), e, E' == a(6Zt7 + ule, ,A+ se) , on Y × I,

                   == D(-k), on X- Y× E.

form
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