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   For a power series 9(z) == Xii,･･`, i.aii, ･･･, i.ziii･･tznin, its Borel transformation

ta[9] is given by :i,,･ny･i.ai,,･･･,i./ii!-･･in!Ciii･･･qnin ([3], [5],- [14], [15]). Borel

transformation is linear and has following･properties.

                           '     M[rp¢] = ca[ep]# ue[¢], fptg(x) = o.,9;io.. f,Xf(x m t)g(t)dt,

      oOc, ta[g)] == ue[(2,--igo).], <;,ta[go] == ueEz,op i 22, oO,g), ],

                                           '
where op+ is the holomorphic part of rp ([1]). Therefore, since

            .illol llil÷(iog x)#n=:: r&"rt t)xt, r is Euier constant,

we may define

(a) ta[log z](ag) =log ag+r,

and by (a), we can define Borel transformation of many-valued analytic functions

([1]). This is used, for example, to give an explicit formula of the solution of

constant coefficients linear partial differential equations with finite exponential type,

meromorphic or many-valued analytic Cauchy data ([1], [1]').

   We note that since the inverse of Borel transformation of a function f is given

bY SR...e"tf(2t)dt ([2]) [2]) and Soooe"tlogztdt :::logz-r, which is the base of

Volterra's theory of logarithm of the functions of composition ([18], [18]'). Hence,

(a) has been essentially used by Volterra.

   The purpose of this paper is to extend Borel transformation for non-analytic

functions (or distributions). Since

     ua[eaZ](C) = fo(ivi- 1 V2a4), fe(2) is O-th Bessel function,



if 9EiY(Rn), the space of rapidly decreasing Coa-functions, and the Fourier trans-

form LS;7- [9] of 9 satisfies ].9-[9](x)1=: O(e- iixiii,2'6), llxB- oo, for some s>O,

then we may define ca[9] by

     ra [9] (X) = I..fo(V rm4rr V-1 XiC-i) ''' fo(Vm4rr tvX -1 xn6n)Y[9] (e)dg,

because pa = Y*[Y[9]]. Then, since to denote O-th Hanl<el transformation of f

by Ho(f), f is a function of 1-variable, we have

                                   /-loo .     2TV-1 He(g(4.i2-1)!x2) (V-E-) == j, fo(V-4rcv-1 ge)g(odc,

we may define Borel transformat.ion of T, an element of the dual space of a suit-

abie function space F, by

(b) ma [T](f) == (2TV-i)nY[T] (H(o)(f( 4.£i2-T) lx2) (V?)),

                                                           '                                             '
               '            H(o)(g(X))(6) == IR.,.Je(Xi6i) ''' fe(xnen)xi ･･･ xng(x)dx,

            f(4TJ( 2-i)lx2 == f(4xe2-i, ･･ny, 4zitlii2-i)!xi2 ･･･ t.2,

            g(v?)=g(ve,,･･･,vg-.), (H(o)(f(4.i;2--1-)lx2)(v?-)EiF.

                                                 '           '
To give exact meaning of (b), we define and treat function space Y(Rn, -1) and

related spaces in ss 1. Here Y(Rn, -1) is the space of rapidly decreasing holomor-

phic functions on Rn. In g2, we study Hankel transformations of these spaces and

show that to set

                                A
     ca/=ilRn,+ -- {H(o)(Y2(R", -1))nYo(Rn,+),

     .S;"2(Rn, -1) = {f(2i2, ･･･, zn2)lfEY(Rn, -1)},

     A     .SJOo(Rn,+) = f1 f is a raPidly decreasing even function and flxi -- o,

                   i=1, ･･･, n},

we have ,

        y(Rn, -i) == {H(o)(g( 4. lli2-i )lx2) (v?) 1g Eii ta/=i Rn,+}.

                                             '                                                                 '
In g3, we define Borel transformation of TEi(Y(Y(Rn, -1)))" as an element of

(ta/=iRn,+)". Borel transformation of the element of other'sPaces (defined in g1)
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are also defined. The necessity of the use of other spaces is follows from the fact

that ca[T] is not always differentiable as the element of (ca/gRn,+)". In g4, first

we define the product fT of a many-valued analytic function f and Te<.9'(.9"(Rn,

-1)))" and define its Borel transformation. Using these generalized Borel trans-

formation, we show the explicit formula of the solution of Cauchy problem given

in [1] is also applicable for non-analytic data in g5. .

   We note that in our definition of Borel transformation, ta[6Ck)]= O for all

fellO, 6(O)=S. But if we use other type of function space, ta[6(le)] may not be

::dia)1 to O in general. In fact, since we have by du Bois Raymond's formula ([4],

                                       '
         f,OOudu S.,90(x, N)g(uivix2 + Jy2)dxdy = 2rrgD(o, o) l,OO I: g(s)ds glLt,

                         tt                                        '                                                '                                   '

if JR,190(x, Y)l(x2+ Y2)-if`dxdY < oo, f(r,e) is the'function of bounded variation on

(O, oo) for all 0, f(r, 0) ::= 9(x, Y), and its total variation tends to O, r-O, uniformly

in e, and ･g(r)V7 is bounded on [o, oo), IoOO I:g(s)sdst-idt< oo and especially have

by Neumann's forrnula ([19]) ,1･ .
                                                            '

            J,OOudu IR,90(x, Y)fo(uVx2 + y2)dxdy = 2Tgo(o, o),

                                           '            S,OOudu l,oo i:rr g(r , o)Jo(zar)rdrd o == 2rrg(o, o),

ca[6(le)](f), for suitable L should be

     ue [6(k)] (f)

                                             '                                                    '                    '     =: (2xv-oi+fe(-i)le l,/=iOO I:..slefe(vT4rrAvf-i agg)def(c)dc

                                                                 '
     == (-i)le+i(tvt-i)h(2z)le I,oou2le÷idu I:oo.1'o(uiv"-5i-)f(A/i. i v)dv 4 =:: iZ.i i e=u2,

                            '                                                                    '
     = (:Il)leleiiii, i)le (2z)le loOQwdzv Iee..Fle(zv s)f(M4.i le+iv'g7)s-fei(k+i)ds, uh+i = w,

                        '                               '                                                           rple+t .= s,

                                                    '                                         '                         t/because Y[6(le)] = (-2TV- 1 6)le. Here Fle(x) = Jo(h+iVle' ) and assume f(h+t,vt'g7 )

is 1-valued as an analytic function on C. Then, to denote KR(r, e) the Poisson

kernel on {sllsl<R}cC, we have



     ta [6(k)] (f)

     - /ru].. (-ILkiti(i),i)k (2rr)k J,OewdwI,R-C Ji" K.(r, o)F,(.,)f(k'2?gC r, -l;)

                  . ･ r-let(le+i)drde,
where c>O is arbitrary. Hence by du Bois Raymond's formula, if f satisfies suit-

able condition, then, it must be
                                                  '

      = (i)hile'SLIrtii-), i)le )(2n)le i,i-m..r-k!(le+i)f (v-i h"i4'V.i r ) S,r I: Fk(s)sds glLt.

          '
Especially, by Neumann's formula, it must be

(d) ta[6]==-S/=Ico, 6/=ioo(f)==lim f(V-lx).
                                        X-,+oo

But, since our testing function f used in this paper always satisfy

                  dle
                     f(V-IX) =O, le == O, 1, 2, ･･･,            lim
            X.+oo dXle

ta[6(le)](f) is equal to O although we use (c).

         ss O. Review of Boret transformation in analytic category.

    O.-e. Usual Borel tramsforwaatiom. Let 9(z) ==:ii,･･･,i.ai,,･･･,i.ziii･-･2nin 'be a

germ of holomorphic function at the origin of Cn, then its Borel transformation

va[9] is defined by

 ma ["'](C) ==,,,n,, ,.,"･,i".ii'i･,i'l gii' ''' Cni"

       = (2rctvil'o" ItztE-t,,･.., 1z.E..,.zff[4)2. eXP('Si' + ''' -1- Si.7)dzi ''' dz"'

Here9is holomorphic on {2Ilzil<si,i=1, ･･-,n} ([5], [15]). For example, we

have (cf. [7])

(2) ta [1 -l a2](ag)=eac,

(3) ta[eaz](e=Jo(,vi'-IA/2ac), f,(z)=,il.i, (i.;))," (g)" is o-th Bessel ft{nction,

(4) ta [log (2 + z)](C) == r+ logC- Ei (--S-),

                              r is Euler constant, Ei(-g) =J:e-tt-idt.
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   By definition, Borel transformation has following properties ([1]).

(I)t ue [ap + b¢] - ata [g] + bta [e], ta [pip] =- te [g] # va [¢], ta [g (g)･ di]

     = ta[go] (g) ta[gb], oO.., ue[sD] ==: va[(2imigo)+], I,`ita[go]dci = ta[zigo],

     c;ita[go] = ta [zig) + 2zi 60x90i ].

Here, f#-g(x) = on!a2t ･･･ ozn joX f(x - t)g(t)dt, (f (E9 g)(a, ･-･, 2n+m) == f(2i, -･･, 2n)g(zn+t,

･-･ ,zn+m) and (ip)+ is the holomorphic part of the Laurent expansion of 9.

   It is also known that to denote 0n the ring of germs of holomorphic functions

at the origin of Cn with the local ring topology, Exp(Cn) the ring 6f finite expo-

nential type functions on Cn with the #-multiplication and the induced topology

of the local ring topology of 0n, ue gives a topological ring isomorphism between

on and Exp(Cn) and we have the following commutative diagram.

                            C(-2xV tl)
                     (gyRn)* -0n
                            i];}>×. -'ev,lma

                                   X Exp(Cn).

Here (gRn)" is the space of compact support distributione, t(cr) is given by

      `(cr)(T)(Z) == (2x,vii=i)nTc[(i-a,c,k).l(i-at.c.z.)]' (a) := (a"''"cr")'

and ,..r is the Fourier transformation.

    o.-1. Extensiom of Borel tramsforrnation. We have the following formulas

             (a + 1) (b + 1)
                         ga+b, Re. a> -1, Re. b> -1,(5) 2a sc zb ==
               (a +b+ 1)

(6) ]ii.Iot/lill:(logx)tvn=: D?itilit)xt, r is Easler constant, x, t are real positf:ve.

Hence we may dfine

                 1                      Ccr, a is not a negntive integer,      ta [Za] =(7)
              r(1 + a)

(7)' ta [z-･ m] == O, ml l,

(s) ta[log z](g) == log4+ r.

By (8), we get



                       '               '1     va[(-1)m--i(9)                      z-m log 2](s") = C-m, m l 1.
               (m-1)! .
                                       '                tt tt   Since we know

                      ... K-nr A
                   Gal(lenlkn) = Ze･･･@Z, Z = Iim[Z!mZ],
                                        -                            ' "'t
                                             '
where kn is the qutient field of e7n and fen is its algebraic closure ([12]), we may

define Borel transformation on %n by (7), (7)'. Moreover, to denote the completion

of %n[logk,･･･,log2n] by the topology '
                                                      '                                      '
(*) lim fu =f if and only if for any 6i>O, ･ny･,5n>o, there exist Ei, Ei', i= 1, ･･･,n,

   sasch that 6i >..Ei>si'lll o, and {T"(fm)} converges uniformly in zvider sence on

   D(Ei,A.8 i', '･･, En, En') to n*(f), Where D(Ei, Eit, ･･･, sn, sn') = {z l si > I zi l > 6t', i m- 1, ･--,

   n}, D is the zaniversal covering sPace of D and T is its Proiection,

by fn, Borel transformation is defined on fn and has following properties.

(I) ta [aop + b9] = aue [9] + bva [P]i tw [9di] =ne [9] # va [¢], ue [9 (g) ¢]

     = ue [g)] (g)･ ca[sb], o-O,,ta[go] = ta [2i-igo], ciue[gD] = ue [zigo+ 22ia/llg/1].

             t tt                '
   Note 1. As an operator,. we have ta[z"k]=6(fe) (cf [2]).
                                                  u
                                            /   Note 2.･ To set ' '
                            tt                                                '                        '     ma-i[zcr](C) = r(1 + a)ga, a is not a negntive integer,

     ta"i[z7m](c) == i.-iiilMii c-miog,<, m =L i, 2, ny･･,

ueHi is not continuous ina. But, since we get

     tw-1[z-m+E] == 1"(1 -M + 8)C"M+e = ,r,(m - s) sln x<th - E)'C-Mte

     = I"(m - s) slnz(m nd's) 4-M+ r(m - s) srti8n .(m . E) q"m logq+ O(E),

                             'and (rc!I"(m - s) sinz(m - s))C"mEleerta, ta-t is continuos as the map mod. feer ca.

                                                     '                 gl. Pretirninaries on function sPaces. ･ '' '"

   1.-1. Tke space Y(Rn, "V=1) and related spaces.. We set Rn,+ :={xERnl

xi ;-}l O, ･･･, xn lil; O} and define, (Rn,+, qV1)cCn by

(io) (Rn,+, pv-i- ) = R",+ueile' /=iRn,+u...ue27Li/ :iRn,+.
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   Definition. VVe set Y(Rn,+, PV1) the sPace of those holomorPhic .functions f

on (Rn,+,PV1) such that

                2h -            f(e-[fi] /-iu) 1Rn,+EY(Rn,+), O :El k ;;$ P - 1,

where Y(Rn,+) is the sPace of raPidly decreasing fr{nctions on Rn,+, with the follow-

ing toPology

(*) Iim.fin ==:f if and only if each ln is holomorPhic on U((Rn,+, pVT)) (not depend

   on m) and {fin} converges uniformly to f on u((Rn,+, p,vi'iJ)). ･

                                                                      '
                                                '   Lemma 1. Y(Rn,+, PV1) is comPlete.

   ProoL If {.fiit} is a Cauchy series of .9"(Rn,+, PV1), then for any (ii, ･･･, in),

Oii+'''+infu102iii･･･Oznin converges uniformly to Oii+'''+imflaziii･･･Oznin, where f is

holomorphic on U((Rn,+, PVI)). Hence

limiiun-.oo(Oii+'''+inflOziii ･･･ aznin)(e-(2leIP)"Hiu) =O for any (ii, ,.., in) and therefore

fe .9(Rn)+, PV 1 ).

   If P = 2q, then we set (Rn, +, PAvt -i-) = (Rn, qAv-,-`' -1). Especially, if q = 1 or 2,

then we denote (Rn, -1) and (Rn, ,vi-1) instead of (Rn, i,vt-1) and (Rn, 2V-1).

We set also

     Y(k)(Rn,+, PV 1 ) = {flf := 2ilei ･･- 2nleng, ･g e Y(Rn,÷, PtV 1)}, (le) == (ki, ･･ny, kn).

   Lemma il. Y(Rn,+, P,vi1) is dence in L2(Rn,+, zv(P-i)dw) by the inclusion map

.9'(Rn,+, PV1)if-flRn,+, where L2(Rn,+, w(P-i)dw) means

{f] fR.,. If( ZV) l 2(ZVi ''' Wn)(PHi) dWi ''' dwn < oo}.

   Preof. Since P(z)e-zPEY(Rn,+, P,v'1), if P(z) is a poiynomial, and Laguere

functions form the o. N. -basis Of L2(O, oo) ([7], [20]), we have the lemma.

   Similarly, since Hermite functions form the o. N. -basis of L2(-oo, oo) ([7],[20]),

we have

   Lemma 2'. Y(Rn, q,vi-1) is dence i,n L2(Rn, [wl(q--i)dw) =

{fi IR. If(W) 12],tVi''',Wn l(q"i)dzvi ''' dwn < co}.

   Lemnta 3. VVe set

                      '            Ale,, -･, k. = {zl ei` 2rr/=i < arg 2i < eki )+ l 2ta/=i, i = 1, n} ,

                          OS.ki<=.P-1, i

            ek,, ･･･, k.={n-dimensional chain in tak,, ..., k,, zvhich joins

            (eS' 2rr/=ioo, ..., e¥2ff/fioo) and (ek'p+12"/ny., ,.., ek'ip+12rr/g..)}.



Then for any TE(Y(Rn,+, P,vi1))", there exists (not untque) a system of functions

{Tk,, .･･, k.}, such that each rle,, ,.., le. is de.lined and holomorPhic on "le,, .,., k. and

(11) T(f) =fe,,;,,,h.I,,..,., ,.rlei, ''', len (2)f(Z)dX,

            each 6le,, ･･･, k. is taleenin the domain on which f is holomorphic.

   Proof. By lemma 2, L2(Rn,+, zvP-idw) is deRse in (Y(Rn,+, PV1))* and if Tci

(Y(Rn,+,PtvX1))" can be regarded to be an element of L2(Rn,+, wP-idw), then the

lemma is true for such T.

   Since we may rite for arbitrary TE(Y(R,i,+, PV1))'

                                                        '
        T(f) = lim Tm(f), T"tEL2(Rn,+, wPmidw), fEi.9"(R",+, PAui"i-),

              t'2-oo

and Y(Rn,+, PV 1), is dense in C(K), tlae space of continuous functions on K with

the uniform convergence topology, where K is an arbitrary compact subset of

{(e/-ieixi, ･･･, e/-iOnxn)lxi>O, ;-･, xn>O}, by the map f-flK by lemma 2,

there exists a system of type (n, O)-currents {ale,,･･-,k.dzi･･･dzn} such that each

afe,, ･･･, k. is defined and measurable on tile,, ･･･, k. and

         T(f) ==k,,;.,,le.I,,,,,,,,,.6fei' ''', len(X' Y)f(2)dZ, 2i' = ti+ ,v/-1yi,

                                               '
by Riesz' theorem. But since f,ale,,-･-,le.(x, pt)f(z)dz == O if r' is an n-dimensional

chain in Ak,, ･･･, le. such that Or =O and f is holomorphic, ak,, ･･･, k. is a weak solu-

tion of the equation Oa fe ,, -･-, le .!Ok = ･･･ = Oaki, ･･･, k.102. = O. Hence we have the

lemma (cf. [13], [20]).

                                                              X- IZ -N
   lr2. The space Y(oo)(R"n,+,p,v/1). We set C* =C-{o}, C*n = C*×-･･× C*n
and also set

     R*n=RnnC*n, R*n,+=Rn,+nC*n,
     Cn -C*n == iWn, Rn ww R*n = Xn, Rn,+ -R*n,+ == Xn,+,

     (R*n,+, PV'i-) = (Rn,+, PAvX"ir)nC*n, (Rn,+, PVT) - (R*n,+, pv'-i')

     = (xn,+, PA,/ 1 ).

    Definition. Letfbeafunction such that . ･
( i ). f is holomorphic on u - (xn, ", p,v7'-l ), where u is a neighborhood of (Rn, +,

     PV1) in Cn.

(ii). f(e-(2klP)n-iz)IR*n,+EY(R*n,+), o$fe;SIP-1, where .S;0(R*n,+) is the sPace

     of rapidly decreasing functions for xi - oo and xi -- o, i -- 1, ･･･, n.
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Then the set of all these functions with the toPology

(*) lim fu =fif and only if there exists a neighborhood U of (Rn,+, PV1) in Cn

   and a neighborhood V of (R"n,+, PVI) in C*n such that both are indePenctent

   with m and UDV, and {fu} converges zaniformly to f on any compact subset of

   U - (Xn,+, P,vi 1 ) and converges uni.fbrmly to f on V,

is denoted by Y(..)(R"n,+, PV-il).

   As in 1.-1, if P=2q, then we denote .go(..)(R*n, qV'=ll), etc., instead of

.9(oo)(R"n,+, PV1), etc,.

   Lemma l'. Y(.)(R"n,+, P,Vl) is comPlete. ,

                          - rnx   Lemma 2". Y(..)(R*n,+, P,Vl) is dense in L2((c, oo)×-･･×(c, oo), (wiP-i-c2P
wi-P-i) ･･･ (wnP-i-c2Pwn-P-i)deut ･･･ devn) fbr any c> O.

y(.(](rRO.O,f;, pTvhltt)!Ol.ifOY.Il>for.om the fact that for any poiynomiai p, p(a)e-zp-cz-pE

  '   By lemma 2", lemma 3 is also true for Y(..)(R"n,+, Piv/-i).

   1.-3. Relations between Y(Rn,pVl) and Y(Rn,p'Vl). By definition, if

Pi =P2r, then we can define the maps

     iPip, : Y(Rn,+, PiV-i-) - .9P(Rn,+, P2V-i-), iPip)(f) = f,

     1'P2p, :Y(Rn,+, P2,vl1).Y(Rn,+, Pi,vl 1), (f'P2p,(g))(z) =g(2r), 2r == (2tr,･-･,znr).

   By definition, we have

           iPip,(Y(le)(Rn,+, PiV 1 ))cy(k)(Rn,+, p2V 1 ),'

           iPib,(Y(oo)(R*n,+, PiV1))cy(.)(R*n,+, p2V1),

           1'P2p,(Y(k)(Rn,+, P2tvi 1 ))cY(ler)(Rn,+, PiV1 ),

           dP2p,(.SJO(co)(R'",", P2ivt 1 ))CY(.)(R+n,+, PrV 1 ).

In the rest, we set

(12) yr(Rn,+, P2Vl) =jP2p,(Y(Rn,+, P2Vl)),

            yr(le)(Rn,+, P2,vt-i-) = yr(Rn,+, P2VT)nY(le)(Rn,+, Pi,vi-ir).

                                               '                 . .t. /.. /   By the definitions iPip, and 1'P2p,, we may define the limit spaces lim[Y(Rn,+,

PV1);iPq] and lim[Y(R,i,+, PV1);dqp]. But these limits are both equal to {o}.

   Note. We define rrr :Cn-Cn by rrr(z) == (x)r =(kr,･･･,anr). Then rrr* =iP2p, as

the map on Y(Rn,+,P2VT). Similarly, we define the map rr.,cr:Cn-.C*n by

ff..,cr((zi,L･･,zn))=(eatgi, ･･･, eevttgn) and set rrco ==T.o,i, Then we have the following
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                           rrcosr
                     cn - C*st
                      l iii}iiiiiili i[IGi'l rrs

                             ttcommutative diagram ･ ･

 ･ By definition, we have T.-i(R'n,+)= UNEzn(Rn+'2rrV-IN) and rc..-i(R*n) =

UNEzn(R"+T,v"-IN), N=(M, ･･･,'Nn). We set

      NEU,.(R" + 2TVHIIV) == (R", 2TVrmIZ"), NUEz.(R"+ TV-i7tV)=(R,r, rtivi-lzn).

    Definitiore. Let fbe an entire function on. Cn such that. f(z-2TV-IN)IRnG

y(Rn) for any IVEZn. Then we denote the set of all those ft{nctions with the

                                       '
          '(*) lim nn =f if and only if {.ftn} converges uniformly to f on any comPact szabset
    m-oo
    of cn and there exists a neighborhood U of (Rn, 2T,v!-IZn) such that {.thi}

    converges uniformly to f on U,

by Y(Rn, 2rcA/-IZn).

,i.,,Wwe ealhSaOv2et Yig(R"' 2T'VirmIZ")=Too"(Y(R*e,', 1)n.g{r(Rn, 2nv-lzn). Then,

' ' yla(Rn, 2xv-izn)=T.' ,p*(yS(R*n,+, i)n.so(Rn, 2T,v,`-izh), ' '
we may consider Ylt(Rn, 2nV-IZn) to be a kind of limit space of the inverse

system [Y(Rn,+, P/vt 1 ) ; i･p].' Simiiarly, Y(Rn, 2xV-IZn) can 'be considered to be

a kind of limit space of the .directed gystem [Y(Rn,", P,vi1);iPq].,

                g2. Prelimin'aries on ffankel transformations .

    2.-e. "ankel transfor'lnations. tet Jv(2)･==X,O.O,..o(-1)n(z!2)v+2m!in!I"(p+m+1) be

v-th Bessel function and assume v to be a real number and vll -112. Then (v)-th

Hankel transformation H(v)(9)(E) is defined by

`'3'
 .f"i･sil(.9,Yl,',l.'',Sl'il`･tiil･Ij',i",l,L,ip,ll':'･..i;,'tj'11i':'.v)ili'"11 ''

                    9(Xl,''',Xn)dXl''' dXn, '(v) = (Vl,i'',Vn). .

    By Hankel's formula ([10], [19]), for suitable 9, we Pg,ve ,. ' .. '

,(14) .･ .H(v)(H(v)(9(x))(e))(x)=9(x).. , , ･. .
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Especially, we know ([8], [9], [17]) ' ･ '
                AA(15) , H(.)(Y(Rn,+))=Y(Rnl+), ･ ' , 1
(l5)' .. H(v)(LP(Rn,+))=LP(Rn･+), 1;i$P<oo, IIH(.)Il=1,

where .li))(Rn,+) is the space of rapidly decreasing even functions.

   Since we know ([19], 3.2)

                                   tt
                              ..       . f, {2"fv(z)}.r z"fv-i(z), f, {z-vfv(z)} = -z-vf,+i(z),

                  '
we ge, for example, if rp and 91xi both belongs in .l?(Rn,+), etc.,

d6) ' isilr,H, (v)(ip)(4)-.-gi2H(v)+i,(S)(g),' ' '

       t tt  . , . H(.) (, oO.9, )(6) = -H(.) (S.) (g) - H(..)-ii(xig) (e). ,. , ,

Here (v) ±li means (vi, .･･, vi-i, vi±i, vi+i, ''', vn). '' ･･'

   rpy the asymptotic formula of Bessel functions ([19], 7. 21, 22)

     J,(z)N(.-27)i!2[cos (x - XZ - f) (i + o(t,)) H '

                                         '                                                  '         - 4v2s- 1 sin(X - vzT12-T14) (1 + o(r2t,) )], 1arg z1 < rr, I 2' 1.co ,

     J,(2) tv e(v+i!2)n/;, (rr-2z)if2[cos (z + Xrr '+ f) (1+O(i2)) - ' 1

                                                t tt         - 4v2s- i sin(z - vf12-414) (i.+/o (t,))],, . o< arg 2< 2f ,, 1zl-oo, . , ,,

                                          tt                                                 '
Hv(9) is holomorphic on,the,domainKHRe.Cl<c} if op(x)=O(e-cx), x.oo and if

9(x)'-t=O(x-v-3tl-ee-cx), s>o, x-oo, then Hp(9) is continuous on {4] IRe. Cl==c}.

Especially, if 9(x) =O(e-xi"e), 6>O, x. oo, then Hv(9) is an entire function.

    Since Hv(9)(O) = 1/2vr(p + 1) Iocoxv+i9(x)dx, to set 2(v) = 2vi+'-'-vn,

r((v) + i) =: T(vi + i) --･ r(vn,+ 1), we h9. ve . ･ .., . ' 1'' ..'.l･.

(17)' H(v)(90)(O)=2t,)r((1.)+1)fR,..x(")"gO(x)dx, '' , ' L .

                                                   '                                    t tt. t. .. t.ttt. t. ./. tt
(17)' H(v)(90)[Gi--o = 2.c, .(.1 + 1) S..,.xi",t.1 ' ,llf,i(fvj(ti.&')eiT"'Xi'"j't)90(X)dX･
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In the rest, we set

      (H(")iop)(Xi) = fR.-.,,, ,].Ifi(fvj'(Xj'gti)&'-VjXJ""t)P(X)dXi ''' dXi-idXi+i ''' dxn.

                                                       tt                             '                                                                      '
    We note that by the second formula of (16) and (17), to set Y(Rn,+)=={fl fis

written as g]Rn,+, where gE.9'(Rn)}, we also have

(ls)" H(,)(y(Rn,+))=y(Rn,+).

    2.-1. Hankel tramsforxnations of the spaces Y(Rn,qV=) etc.. Since we may

consider .9"(Rn, qA/-1)c.9"(Rn,+), we have by (15)" and (17)'

                                                          '
    Lemma 4. Ilf fEY(Rn, qivi=l[) and foOOxivi+i(H(v)if)(xi)dxi -- O, i -- 1, -･･, n,

then H(v)[f(x)](re-(felq)a/-i(xP))lx(P)EY(Rn,+), where (x#) =:: (xi, Pi, ･･-, xnPn), x(P) =

xpti ･･･ xnPn and r is a real number.

    Lemma 4'. if fEY(.)(R"n, qV;) and Socoxvi+t(H(v)if)(xi)dxi--O, i=1,･･-,n,

then H(v)[f(x)](re-(le/q)n/-i(x"))!x(P)E.s;o(R*n,+).

   JProoL By assumption, for any (lei, ･･･, len), 9(x)lxilei･･･xnlenEY(..)(R"n, qAvi=Ji).

Hence by (16), Oki+'''+lenlaxiki ･･･ OxnlenH(v)[f(x)](O) = O, if ki >... 1 for some i. On the

other hand, H(v)[f(x)](O) = O by assumption. Hence we have the lemma.

   Lemma 5. lf 9GY(Rn, -1) satisyies

(ls) S,/"'co(H(v)iop)(xi)dxi -nt o, i -- 1, ''', n,

then to set g(x) =H(o)(9(62))(x), we have

ag) H(,)( g(X2!4.X,V'-i) )(va Eiiy(Rn, -o,

 '

            g(x214.rr,V-i) =g(X'2!4rrV-.ls,1'.'i.X,"2!4TYwwi), v? == (veny,, -･･, venvn).

             '                     '                                                         '    '                                                    '                                                              '   Proof. Since we have

            loooxv+i f(:Xle) ax = tcri-(v+2)ik loooyv/lef(y)dy,

we ge H(o)(q(g2))lei--e=O, i -- 1, ･･-, n. On the other hand, since we may consider

7'P2p(Y(R",÷, PV-iJ))c3)(Rn,+), we have

                                    .A                   H(v)(dP2p(Y(Rn,+, PV 1 ))) c y(Rn,+),
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                            'we have the lemma by (15).

   Definition. We set

                              '   '
(20) ta/ :iRn,+ =:{H(o)(7'24(9))IPeY(Rn, -1), ioOO(H(o)i9)(xi)dxi = O, i -- 1, ･･･, n.

   By definition, we have

                              A     ta/ :rRn,+ = H(e)(Y2(Rn, -1)) n Yo(Rn,+),

           AA           .S?e(Rn,+)={flfGY(Rn,+), f]xi=e =o, i -- 1, -･･, n.

   Lemma 6. VVe have

                              '(2o (H(,) (g(X214.r,V=i)) (v?) ]gE va/ riRn,+] =y(Rn, -o.

   ProoL Since we get H(o)(H(o)(.9"2(Rn, -1))) =Y2(Rn, -1), and by definition,

we have

              {f(,vie)1fEY2(Rn, -1)} == y(Rn, -1),

we obtain the Iemma.

   Similarly, to set

                                                         '           tw/=IRn,+(OO) = {H(o)(j'2i(ep))l9EY(oe>(R"", -1)

                    fo/-iOO(H(e),g)(xi)dxi -- o, i -- 1, ･'', n},

we have by (16), (17)

ag), H(,)(g(X214rcx,V-i))(v?)ey(.)(R*n, -i)), gGta/=rRn,+(oo),

and since z2j'2i(Y(..)(R"n, -1)) c 7'2i(.9"(oo)(R"n, -v-1)), we also obtain

   Lemma 6'. VVe have

(2i), (H(,) (fgl(X214.T,V'i)) (,vi-E-) EgE ta ,/=i Rn,+(oo)] ==y(..) (R*n, -i).

By (16), (17), lemma 6' and (19)', to set

        .9'(.)(Rn) == {flfeY(Rn), f vanishes with order oo on xn},

we get



(22) ta.tgRn,+("e)cY(..)(Rn).
                                                            '
   Note. Since e-(xP+i/xP)>O on R+, to set c(v) = H(v)(nl'rm.ie"(xiP+ilxiP))(O), c(v) is

positive and not equal to,O. Hence if fEH(v)(Y(..)(R"n`+, PVI)), then we may

set

                                                     '
     f(g) = g(e) + £(,O))H(r)(,rrZ',e-(xtP+ilxiP))(g), gEy(.)(R*n,+, pv-ir).

        '
           li e-(x,P+ifxiP))(g) is an entire function, because le-(xP+ilxP)]= O(e-xP),Here, H(v) (ll
           z=1
11x"- oo.

   2.-2. Fourier transformatiom on Y(.)(R)n. Since we know

                 tt t tt                          '            Y(oo)(R")-{Y[f]lfEiY(k{"), f..X(M)f(X)d" ==O,

                  1 (M) = (Mi, ''', Mn), Mi ll; O, ''', Mn ll; O},

we get

                                         tt                            '                          '                                                    '
            Y(.9"(..)(R")) =: (gl-g E! Y(R"), f..x(M)f(x)dx = O,

                      (M) == (Mi, ''', Mn), Mi ll O, ''', Mn lll; O}.

Therefore, if P(x) is a polynomial, then P(x) is equal to O as an element of

(Y(Y(..)(Rn))". Hence to define indefinite integral operator I(ii,･･･,i.) by

     i(i,, ･･･, i.)(h)(x) == IZt.. ･･･ IX-'i..(X' (E. 1')li)-,il'.1 ((",i,t I ,t:l`"-'' h(t)dt,

                                                    '
we get

                              '
               I(i. ･･･, i.)(Y(Y(oo)(Rn)) t, ..E7(Y(co)(Rn)). .

                                'Hence I(i,,･･･, i,,) is defined also on (Y(Y(..)(Rn))'. Therefore we hav'
e

                                                          '                                                 '                                                        t/t
              Otl+'li'+ln
(23) oxlii ,.. ox.i. : {Sl(J7'(co)(R")) =:= Y(Y(oo)(R")), .

                                              t tt tt              Oii+ ''' +i,t
            oxiii ･･･ ox.in : (L9?'(Y(oe)(R"))' == (g(y(..)(Rn))*.

                                           tt
   On the gther hand, although Oii+'''+in!Oxiii･-･Oxnin is 1 to ･1 as the maps

Y(Rn)-Y(Rn) and Y(.)(Rn)-Y(..)(Rn), but they are both not onto, and we
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(*) TE(y(Rn))" implies 6i-"fei･･･eh-knTE(Y(5.0,'ii,;.`I'o"iitii.Y(R")))", lei'rrm`:-ii, ･･･,

   TE(Y(.9(..)(Rn))" imPlies grki･･･gnHknTG(Y(oxO,ll".ii'xi';i.Y(ny")))", ig.i:lil

   --   ¢i, "', len :SI Zn. ･ '
,.Y ll?tL"o,BY..,dke.fit:'tio'On.'.af.ZE.b(f,i(.oo)(R'i))*' then' erki '''gn-fe"TE(y(..)(Rn))* for

                                  tt t tt tt                                 t. /.                                                             '          LS7[I(ii, ･･･, i.)] = (-2nV tDii+'''+in erii ･･･e.-in.

   2.-3. The spaces ta/ riRn,+(k). Lemma 7. We,.set . . ,

(24) ta/=rRn,+(k)={H(o)(7'24(g))lgEy(fe)(Rn, -1), I:qOO(H(o)ig)(xi)bxi = o,

                                                      '                      i -- 1, ･-, n}.

Then we have
                                   '
(2s) va/=IRn,+(k) ={flfEm2=rRn,'i, o21:il 'o'l't.f,. EE ca/;[Rn･+, ii {. ki, ''', in :Hfg len}･

                t ttt tt                           '                         '
                                                             '   i'roof. If gGY(i)(R, r-1),.then .,, ...

                          -t          2nvx H, ( g' (X214.rr,ivi m i) ) (v?)

           .. I,-'OOJe(ivi-4rc,V=tl c6)g'(C)dC

           = [Jo(v-4rrv-i ce)g(et=-,'oo - IgH'Oe (& f, (v-4Tv=i 46) ]g(ed,y

           - - Sl =iOO (8e fe(V -4TV::71 q6)] g(C)d4 '

           = - Sg (I:'OOJo(V-4flV=l C6) g(edO

           = - d-de (2rrv= A, (g("2i4.T,V=i)) (lt),

because we know

                            '(26) . 2T,v,'gH,('g(X214.T, " i) )(v?) = lliiOOf,(,v,'-4rcvri 46)g(ag)dc,



since 2T,v!-1 Ho(g(x2!4rr,v'-)lx2)(,vi?) =:: 2T,vt=Ei l,OO lo(xV'eT){g(x214zV-1)/x2}dx.

Hence we have the lemma.

   Corotlary. if TE(.9-(ta/=iRn,+(le)))', then &-ii･-･en-inTE(Y(ca/=iRn,,(k+j)))*,

ii ;:S ji7 ''') in ::ll in.

   Lemma 7'. 11ffEita/;[Rn,+(oo), then Oi!+'''+ittf/Oxiii･･･OxninEca/=i]Rn,+(oo) .fbr

anN it >= O, ･･･, in >-- O and if TE(Y(ta!=iRn,+(co))*, then gt-ii t-- gn-inTE

(.9'(ta/=iR",+(oo)))', ii l O, ''', in l; O.

   Lemma. 8. 9Ve have

(27) {H(o) (g(X2!4.rr,VHi)) (,vx?) ]gEii ta/=iRn,+(k)} = y(2le)(Rn, -o.

                                                          '
   ProoL This follows from (16) and Hankel's formula.

   Nete. By definition, we have

(*) P(z) vanishes as an element of Y(Y(2le)(Rn, -1))*, if P(2) is a Polpmomial

   SUCh that P(Z) =Zi,S2leh･･.i.$2k.Cii, ･･･,inZli"''Zni';･

            g3. Borel transformation in non-analytic category

   3. -1. Borel transformation of the elememts of (LS7'(Y(Rn, -Z)))". Definition.

   Let T be an element of (Y(Y(Rn, -1)))", then we define its Borel transforma-

tion ue[T] by ･
(2s) ta[T](f) -(2rcV=i)ny[T](H(o)(f(X2/4.rc,V-1))(,or'g)), fEEue/=iRn,+,

where Y[T] is the Fourier transform of T.

   By definition, ta[T] is an element of (ta/=iRn,+)', and since ta is linear, we

have a homomorphism ta : (Y'(.S;"(Rn, -1)))".(ca'/=iRn,+)". For this map, we

have

   Theorem 1. ta is an isomorPhism. That is, we have

(29) te :(Y(Y(Rn, -1)))* 2! (ta.!x/Rn,+)".

   Proof. By lemma 6, to set

(3o) H(o), t12(f)(6)==(2Tivf=i)nH(o)(f(X214.X,V-1))(,vg), fiD ta/=iR.,,,

we have
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                 H(o), i12 : ta/=IRn,+ =- Y(Rn, -1).

   On the other hand, we know that Y : Y(Rn, -1) 2: Y(Y(Rn, -1)). There-

fore we have the theorem by the definition of m. . ･' ' ' .

                                        tt                                       t tt /t   Note. By (26), we may set

(3o)' H(o), u2(f)(g) . ..
           =: S/=:[..,, fo(V-4rc'vil :ICi6i) ''' fe(V-4rrV;ilCnen)f(QdC.

   3. -2. Borel transformations of those T wkick satisfy 1Y[T](x)l =0(e- itxH ii2+e),

e>O, I[xll-oo. Lemnta 9. Let 9oEY(Rn) be holomorPhic on (Rn, VTI) and

satisYies ,
                  '
(31) IY[go](x)1=o(e-iixiiif2+E), s>o, [IxV-oo,

then we get as an elenzent of (ta/=iR,],+)",

(32) ta[Tg]=Tca(,),

where Tep and Tip are defined by

(33) Tg[f] == J..9(X)f(X)dX, fEY(.SJ"(R", '1)),

           Tip[g] = I/.iR.,,¢(x)g(x)dx, geiue/:iRn,+.

                                           '
   Proof. Since we have by (3)

(3)' va.[e2ff/-xe](e = fo(V-4n?vX-gi6i) ･･- Jo(V-4TAv,r =iilCnen), .

and since [fo(Vbl == O(elglt/2'e), for any s>O, ]21 - oo, we get by (26) and (32)

           (2rcVq)n S..y[¢](eH(,) (f(f214.T' ,'vi-i 'liJ))(,,fs)d6

                                        tt
                          tt           =f/=i..,,(l..--9J[9](6).1(o)(ivi-4rrV--i(e)de)f(c)dc

           = L riR.,+(l..Y[sb](g)uev[e2rr,/=ive](c)dg)f(edg

           = L=i.,,,,ta o[-9-"(y[g])](c)f(edc '

                      tt t                   tttt           = f/=i..,.9(C)f(C)dc.



This shows the lemma.

., Lemnta 10. (i). If Y[T] is a function such that L9-(T) is holomorPhic on

(Rn, V-1) and satisj7es (31), then ta[T] is an entire junction.

   (ii). Ilf' Y[T] is a fotnction and satis17es

                                                    n(34) [Y[T](g)l=o(e-<c･/igi>), 1igll. oo, <c, V161>=: citviIgii,
                                                   '                                                   l=1
                             '                             '                                                       '
then ta[T] is holomorPhic on the domain D g･iven by

                           ci            D= {6[(Re. Ci)2<T+ ciIIm. Cil, i- 1, ･･･, n}.

Here, a .function is regnrded to be an element of (ta/:IRn,+)" by (33).

   Proof. Since we know for x- oo, x is real,

            lJe(x) [ = ,v! .?.L(lcos (x -sgn(x) f) [ + o(-i;-)),

            [fo(V-lx)]= .?.1 (Ve2x + e"2x + O(i)),

we have the lemma by lemma 9.

   Note. For these class of T, we may define its Borel transformation by

(28)' ue[T](C) == S...9-[T](g)f(o)(V-4rcV-ICg)de.

   3.-3. Borel transformation of the elements of (Y(Y(2k)(Rn, -1)))" amd

(L9'(Y(..)(R'n, -1)))*. Definition. Let T be an.element of (Y(Y(2le)(Rn, -1)))*

or (LS7-(Y(.)(R"n, -1)))', then we define its Borel transformation ta[T] by

(28)' te[T](f) =- (2rcV-1)n[T](H(,) (f(X2!4.T,VMI))(vme")),

            fE! ta/=IRn,+(h) if TEi(.9i(Y(2le)(R", -1)))",

            fEta/=iRn,+(OO) if TE(.9'(Y(..)(R'n, -1)))".

    Theorent 1'. VVe have

(29)le ta : (Y(.9"ek)(R", -1)))"=(ue,/=ilRn,+(le))",

            ta : (.-S7-(LS)"(oe)(R"", Hl)))' = (ca/=IRn,+(oo)).

   Proof. Since we get by lernma 6' and lemma 8
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                   H(o),i/2 : te/=Rn,+(h) {!X Y(2le)(Rn, -1),

                   H(o),v2 : ua/IRn,+(oo) {ll{ Y(oo)(R*n, -l),

we have the theorem because Y : Y(2k)(Rn, -1) =- L9-(Y(2fe)(Rn, -1)), Y :

ge(..) (Rn, -1) IY(y(..)(R*n, -1)).

   Since .SJO(2k)(Rn, -1)cY(2j)(Rn, -1)cY(Rn, -1), ,(]')<(fe), to denote T(k)*,

T(i')(le)', ca[r(fe)]" and me[T(i')(le)]* the maps induced from the inclusions, we have

the following commutative diagram

 (Y(Y(Rn, -1)))*di/')" (Y(Y(,,L)(Rn, -1)))* r(i)(k)".(.9'"(Y(,k)(Rn, -1)))*

   {)Ecaf X--s'-------or-ltaY" zlue '
 (ta/=iRn,+)*st[r(i)]* (es',/=iRn,+(j))*pt[r(V)(k)]* (ue,/:iRn,+(le))*,

          SXNXXN-NNSpt./---

but by definition, we have, for example

(35) ker. ue[T(le)]*

     = [i.il.}1 jiskeij"i (g) T(ei, ･･･, ei-. ei+,, ･･･, 6.), i, ii, Ti, tii El (Y(y(Rn, -1)))*].

On the other hand, we can not define T(oo)' and ca[T(oo)]" because we get

     va/=iRn,+n ta/=iRn,+(oe) = {o}, y(Rn, -1)ny(..)(R*n, -1) = {o}.

   Lemma 9'. Uitder the same assumPtions as lemma 9, (32) is true regnrding ca

to be the maP (Y(Y(2k)(Rn, -1)))*-(ta/=iRa,+Cle))"' or (Ls;;7-(Y(oo)(R*n, -1)))"-

(tw/"Rii,+(OO)*.

   We denote by wrn the space of real analytic functions on Rn and let f be an

element of wrn. Then we define the maps i, i(k) and i(oo) by

               i(f)(op) == f..f(X)P(x)dx, opeY(Rn, -1),

               i(k)(f)(gO) = SR.f(x)gp(x)dx, goG.go(2le)(Rn, -1),

               i(oo)(f)(P) = I..f(X)9(X)dX, PE:Y(oe)(R"", -1).

We denote the domains of i, i(le) and i(oo) by wrn(o), wrn(le) and ?tn(..). By definition,

                                    '?tn(o)c?'Cn(j')c S)In(le) if j'



   Theorent 2. The following diagrams 'are commutative

   (y(y(Rn, -i)))*-ISIII.(ta/=i/Rn,+)" (y(y(2k)(Rn, -i)))'-(tw/=iRn,+(k))"

     . ii . i･1 ･i,,,1 . t,,,･i
                                         21n(k) - ueLS}(n(k)],         wrn(o) - ta[?tn](o)],
                                             '                     '   (Y(.S;"(co)(R"", -O))' -Sl-; (w/"R.,+(oo))*

        i(oo)1 . i(oo)'1
          ?(n(..) , ca [wn(.)],

Here, ta,in the under lines are the usual Borel transformation and i', i(k)' and

                              '                            '            i'(g)(di) = l,,.i..,.･g(x)gb(x)dx, el)Eiita/"R.,,

            i(le)'(g)(¢) = l/=R.,.g(x)¢(x)ax, ipEtw,/=iRu,+(h),

            i(oo)'(g)(¢) == S/.i.,,,g(X)¢(X)dX, ¢Eue./;[Rn,+(oo)･

   ProoL If f belongs either of wrn(o), wrn(fe) or wrn(.), then to set

                   f,==(Y*[e-c(xi`+"'+xn`)])*f, c>O,

fc satisfies the assumptions of lemma 9 or lemma 9'. Therefore we get

     ta[i(fc)]=i'ta[fc], fEwrn(e), ta[i(k)(fc)] =i(le)'ta[fc], fc Ei utn(k),

     ta[i(oo)(fc)] == i(co)'ne[fc], f C wr"(oo),

by lemma 9 and lemma 9'. Hence we obtain the theorem because limc--ofc = f.

   Note. i is a monomorphism. But feer. (i(le)) and feer. (i(.)) are both not equal

to O.

   3.-4. Properties of Borel tra"sformation. We have

(36) ta [aS + bT] =atw [S] +bta[T], ta [S (E9 T] = tw [S] op ue[T],

where a, b are constants, for the Borel transformations of (.f7-(Y(Rn, -1)))",

(Y(Y(2k)(Rn, -1)))* or (Y(Y(..)(R*n, -1)))", because H(e)(g(E9h)=H(e)(g)(g>

   Theorem 3. Let T be an element of (Y(ta(Rn, -1)))*, then
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?.i.'i.I`l{l'lik"i,aXaiAh''icZXz2ivtae [T] iS dej7ned to be an eiement of (ta/=iRn,+(le))*, i, s. k,,

(37) ' oxO,'i;.!'o"i'.'in ta[T] == ta[xiii ･T' xn''n]'

where Oii+ -'' +inloxiii ･･･ Oxnin [T] is dev7ned by '

         (a.O,'ii,"1 .'I'o".':i. ta [T]) (f) [=: (-i)i" ''' '`" ca [T] (o21'i', i'i'.'i.)'

                                                        '
   Proof. For n= 1 and fE ta/=IR+(t), we get

             ca[T]( ddf. ) = (2zv-i) ta[T](H,(f'(X214.X,V-i))(,.i?))

                        == -2ffVHI[T] (k(He (f(X2/4.T,V-1)) (v?))

                        = - [f] (H, (f(X2!4.T,V-1)) (v?)),

Hence we obtain the theorem by lemma 7.

    Corollary. As the element of (va/=IRn,+(le))", tw[xiii ･･･ xnin] = O if ii ;El ki, ･･･,

in <-- fen, and for some 7', ij' 7<: leti.

    Proof. This follows from the note of 2. -2 and the definition of tu/=iRn,+(k).

    Theorem 3'. IllC T is an element of (.9'(.sJ"(..)(R*n, -1)))*, then ta[T] is

in,linitely dWizrentiable as an element of (ta/gRn,+(oo))* and (37) is hold.

    Proof. This follows from the proof of theorem 3 and lemma 7'.

    Corollary. As the element of (ca/=iRr,+(oe))", [P(x)] == O, P e C(xi, ･t･, xn).

    Theorem 4. Let P be a (holomorPhic) .11vtnction and T an elenzent either of

(.S;7'(Y(Rn, -1)))*, (Y(Y(2k)(Rn, -1)))" or(Y(Y(..)(R*n, -1)))* such tlaat pT is

dev7ned to be an element either of (Y(Y(Rn, -1)))", (L97-(Y(2fe)(Rn, -1)))* or

(Y(y(.)(R*n,-1)))*. Then we have

(38) ta[9T] == ca[9] ts ta[T].

Here s#T means Onlaxi--･Oxn(S*T), where S*T is tafeen as an element either of

(tw,/=iRn,+)*, (s;gy/ :IRN,+(k))* Or (S',/aRn,+(co))*.

    Proof. By definition, we have '
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    tw[rpT](f) = (2xVtl)nLg7"[gT](}I(,,(f(X214.",V=1))(v-g>) '

            = (2nV=i)n(y[g] (2g y[T])(H(o) (f(X2!4.rr,Nl-i)) (ve + m,

where Ve +u == (Vgi +qi, ･･･, Avi6n + rpn). ' '
   On the other hand, since we know ta[fg]= va[f]#va[g] for usual Borel

transformation, we obtain

       fo(ivi-1 V2(a +b)C) == es'[e(a+b)v](q) = ta[ean](q) # va[ebv](q)

                      =- fo(v-1 v2aq) wo(v-1 v2bq),

that is

                 '                       '
(3g) Je(Av/c4(ei+g2)) -- Jo(v'ccgi)# Io(vccg2).

Hence, if g belongs either of ca.!=iRn,+, ue/-RN,+(le) or tw,/=iRn)+(DO), we get

       2.,.,t=-i[ H, (g(X2i4.Z,'vi rm i)) (,vxe, + 6,)

       'L l:=iOOf,(v-4iv;[ c(et + e2))g(q)dq

        = lg-ioo(f,(v-4.v=i4e,) # f,(v-4Tv=4e2))g(c)dq

                              tt t                                                  '
        = - fgrioO fg f,(v-4.v=1(q - .)6,) f,(v-4rcv=riT6,)dT d:'q(q) d(.

                                           .t            '
Then, since

                                    '
    sgHi･co fg=JiOO,(e,)ip(&) fg-ioo Sg J,(v-4.v :ri (g - T)e,)f,(V-4Tv-re2)dr

           d2iC) dcd&d2 ''' '
                                      '
     ,.. jlli-'OO I,` (illHiOO.1,(vim4Tvfi (4 - T)&)go(et)d&)(j:-iOOJo(V-4Ttvf-1T62)

           gb(c2)d<l2) dT ddgiag) d4,

if 9 and ip both rapidly decreasing on A/-IR+, we bbtain the'theorem.
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   Note. By lemma 3 and lemma 3', if T belongs either of of (ca/xRn,+)',

(te/=Rn,+(k))" or (tw,/=iRn,+(oo), then to set

        ,4Ei, ･･" e. = {21Im.zi >O, sgn Re. 2i = Ei, Ei = ± 1},

        6E,, ･･･,e.;c:the n-Chain in As,,･･･,e. ZVlaich 7'oins (EiCt,-･.,Sncn)

                  and (eioo, .,･, Gnoo), c= (ci, ･･･, cn) El R*n,+,

there exists a system of functions {Te,, ･･･,e.} such that each rE,, ･･･,e. is holomor-

phic on AE.･･･,E. and . ･
               T(f) = lcit,o e,Z, ,", e. S,- ,,,",, ,.;,Tei' '''' 'e"(Z)f(2)dX'

In this case, to define 9#re,,･･.s.;c bY

                                           '
         9' # Tei, ''', en;c(2) = oz, .O.l'o2. I(a,,,,,..,, ,.,.)9(2 ri Cl)rEi, ''', En(t;)dC;,

z G AE" ･･･, en, We have

                                '                     '
         (9 # T)(f) = lci-M.e ,. pu,. ,,, S,,.",, ,.,,P # Te!' '''' en(2)f(Z)dZ'

                           'Hence we may define P#T by

    , pe#T == 1,i-M,o{P#rei,･･･,e.;c} 2'f T is dofned by {rE,, ,.･,e,,}.

                   ss 4. ,P'ro[luct by the elements of En.

   4.-1. Borel transformation of the e}ements of C't+(L9'(.9'(Rn, -1)))". Let

fn(D(Y(Y(Rn, -1)))" be the direct sum of fn and (Y(.9'(Rn, -1)))", then we

set in fne(Y(Y(Rn, -1)))* -
                                                               '                                                       '
(4o) fnn(Y(y(Rn, -1)))* == {fe(-Tf)1fEtn, TfE(Y(.9(Rn, -1))i.},

where Tf is'given by Tf[op]= IR.f(x)9(x)dx and assume Tf is definecl as an

                                                     'element of (Y-"(Y(Rn, -1)))".
                                                              '                                                        '                                                          '   Definition. We set

(41)'
 fn+(f(Y(Rn, -1)))* = (fne(Jl;i'`'(Y(Rn, -1)))*)1(tnn(J;7-(Y(Rn, -1)))*).

   Similarly, in ta[fn]+(ta/-Rn,+)", we set

(4o)' ta[fn]A(tav･=iRn,+)" = {9<D(-Tg)l9ES'[En], TpE(te/IR",÷)",



                                   tt          '  '
"vhere Tg(g) = L=iR.,.9(x)g(x)dx, and set

(41)' va[fn]+(ta/=IRn,+)*=(ta[fn]e(ue/=iRn,+)")!(ta[tn]n(ta/=IRn,+)').

   By definition,we may consider rnn(.9-V(Y(Rn, -1)))' to be a submodule either

of fn or (Y(Y(Rn, -1)))" and by theorem 2 and corollaries of theorem 3 and
                   Atheorem 3', to define va : rnO(Y(.9"(Rn, -1)))' -> ue[fn] <D(ca/-iRn,+)* by

(42)t ta [9 G) T] == M[9]Oue [T],

where ta[9] and ue[T] are the Borel transformations in fn and (Y(Y(Rn, -1)))*,

we have

            te" [fnn (Ls;7'(y(Rn, -1)))*] = mu [fn] n(ue,/-iRn,+)".

Hence to denote the class of feT in t"+(Y-(Y(Rn, -1)))" by f+T and the

class of caOS in ue[fn] +(ue/ riRn,+)" by 9+S, we may define

   Definition. PViz de77ne Borel transformation ta : fn + (L9-(Y(Rn, -1)))* -

ma[fn]+(ta,/=rR･i,+)" bY

(42) ta [f+T]= ta [f]+ ue [T].

   Similarly, we clefine fn+(Y(Y(2fe)(Rn, -1)))", f,t+(Y(Y(..)(R*n, -1)))*,

ta[en] + (to/RRn,+(le))* and ca[fn] + (ta,/ ri[Rn,+(oo)* and the maps ta : fn + (Y

(.S;d'(2fe)(Rn, -1)))*- ta[fn] + (ta/=IRn,+(k))" and tw : en + (Y(.9'(..)(R*n, -1)))*-

ta[fn]+(ta/=Rn,+(oo))*. By definition, the maps T(k)' and T(i')(h)* are extended to

be the maps e(fe)* : fn + (Y(Y(Rn, -1)))"-･fn + (L9-(Y(2le)(Rn, -1)))* and e(i)(le)* :

rn+(Y'(Y(2j)(Rn, -1)))".fn+(Y(Y(2le)(Rn, -1)))*, d<k, and we have the

following commutative diagram.

        mfn+ (Y(Y(Rn, -1)))" T=" ue[fn] `1- (ca,/ riRn,+)" -
                ie(i')* =. ue [T(i)]*l

   e(le)* tn + (L9'"(Y(2y)(Rn, -1)))*'z-' tu[fn] + (ca/=Rn,+(,'))*                                                           ta [e(k)]*
                 lto)( le )* = ta [t(s')( le )*]1 /

        -fn + (.9"'(Y(2fe)(Rn, -1)))"V ca[fn] + (tw/=IRn,+(le)). e

   By theorem 2, theorem 3 and theorem 4, these generalized Borel transformations

also satisfy

(II) ue[aa+bP]=aca[a]+bta[P], a, bare constants,

            taaop P] == ts[a] op ta[P], ta[aP] == tw[a]#[P], if'aP is dqj7ned,
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        o.O,ii;.l'.' a'.i';i. ta [a] = ta [xiii ･l¥･ x.in ]'

                                               '        a E En + (.9"(Y(..)(R*n, -1)))* or a E En + (L9-(Y(Rn, -1)))*,

        '        ta[xii, .g. x.i,,] E (ta/ii iRn,+(le))', ii ;;iii ki, ･-･, in i$ len.

   4.-2. Replemishment of the vanishimg part of f't. By definitions, there are

maps 1 :, fn-En + (L;`vT'p (S;0(Rn, -1)))", l(le) : fn-En + (Y(Y(2le)(Rn, -1)))", 1(oa) :

                         A -.fn-en + (f(Y(..)(R*n, -1)))*, i' : ta[f,n]- ma[rn] +(ca/;R.,+)*, t(le)' : va[fn].

tw[fnl + (ue/=iRn,+(k))" and l(..)' : ta[fn] - ca[fn] + (ta'/ riRn,+(oo)" and the dia-

grams

                   (ta ,/=iRn,+)* - ta [f"] + (ta ,!=iRn,+)*

          (yfyfdtllll-[.,moj)'*1i-t.+(tay/(y(R.,-i))11*'l

           t 1ta/va[S}In(o)] { bl ta[t.]

           sw(e). En
                   (ta,/t=rRn,+(kD" - es'[fn] + (tavt=iRn,+(k))'
         (.-(.ta,l;1,Intl,(R,, igk)i)'* nd tn + (Ls7tav/(y(2le)(Rn, -i)))"1 f(le･"

          1,,,;).ff.lxue･t [wr"(lett . ,,,,lm va[fe]

         wrn(fe)                                      fn
                                '                           '
                     (uev'=TRn,+(oo))* , es' [f"] + (ne/=TRn,+(oo))*
         (y(Lgo(co):t/111/I-Io))*itt)'rn+(,.s7--(yX.,(R*n,nyi))))*1f(oo"

         1,,.,,. ta taF?I"(o7'] , ,-,.,,, 1:. ta[tn]

                       tt

                               '                                                        '
                   ' tL A' AAAare commutative. But, although i and t are monomorphisms; i(le), t(le)', t(.) and

At(eOec)[oarrgpnaOctesinOnOMOrPhiSMS･ In these cases, to set (direct sums are taken as c-

                                                  tt
              fn=in(le)+leer. t(le), tn == tn(.)+leer. i"(.), ' ' '
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                                                         t. Nwe have (although En(fe) or en(..) are pot determined uniquely by ker. t(le) or ker. t(..)),

                                 ... /(43) q. Ffn] = ca[fn(le)] <D leer.?'(le)', te[fn] = ta[fn(..)] (l)ker. i(.)'. .

   Hence to define the rnaps va : leer. 2'(le)e(kn + (Y(.9P(2k)(Rn, -1)))")-ker. ?'(fe)'

                                 AA(D (te[{n] + (ca/gRn,+(le))") or va : leer. t(..)e (In + (Y(Y(.)(R*n, -1)))*)-her. t(..)'

O(te[fn] + (va/xR,,,+(oo))*) by

                                                               '
                                                  A         ue[f e}･ (g+ T)] - ue[f] e ma[g+ T], f E ker. t(le) (or feer. i(.)),

                       t tt         /t
         g -l- T E fn + (Y(Y(2le)(Rn, -1)))* (or fn + (Y(Y(.)(R*n, -1)))*),

                          '                                                              '
the following diagrams are commutative

                  - ･･ 1･ ta･ ･ ･ ,
           en(fe) '. -, ta[fn(k)]
,,11.,･t,fj8,iL,E7,if'(IYL',.(2iV"i:1,･[,l･,'j't･Iiii-l',,/L,r,,,;.:,,,//s?//I?i:i,f'c//"";gL'R:,,,,,,,c,',

                                 ttt tt tt t
                             ta
    { ,tn+(tll(i,(/(.g"(oo)(Rl'f, Li)))") '- ' ',21i,ii. i'.i' be' [S'("/ffdifza'l'R"''(oo"' ,i'

  leer. ?'(.)O (fn + (Y(Y(oo)(R*n,, -1)))*)- leer. t(..)' <D (ua [En] + (ca/ :IRn,+(co))").

                               tt                                                           'Here, tand t' are defined as natural inclusions and l and {' are the maps to the

:ef,:"g.ta,lt2',fi z,i-lll,"jP,fi,!illr,,1i.li]e,'.IXiS:ll,llilbtVil,,11,iix,.tg,;;?m;t7tirediagrams

             ･･ '･ l ue- ---I ,, ･- 'll -l ta --･ 1'. ' . . .,･1.I

            o - ue [fn] ](k), leer. f( le)"o (ca [fn] + (va ,/=iRn,+(le))"), ･

                                   tt tt t t t ttt ttt t                                                           '                              tt t
            o-c. ZSteggOO .) feer. "i(.)o (fn + (ycr(y(..)(R*n, -1)))*)

         '･lue .lta'' ',
            o ---- [fn]ttt )' leer. 1'(..)' <D (cas[fn] + (s;y/;R.,+(oo))*).

Here the maps i(le), i(k)',, 7'(.e) and i(.)' are defined by
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                              AA               1'( fe )(f + g) = f + i(h)(g), f e feer. i(le), g E fn(k),

                              AA               ]'(oo)(f + g) = f+ t(..)(g), f E ker. t(..), gE fn(.),

               i(le)r(g (D ¢) = ep e) g(le?t(ip), g E leer. {(k)', di ff ta[fn(le)],

                              AA               7'(oo)'(ipe¢) == 9Ot(..)'(di), op E feer. i(..)', diEva[rn(..)].

   4. -3. Borel transformatien of the elements of en(Cn+(LfiT(Y(Rn, -1)))").

We set

(44) fn(fn + (Y(Y(Rn, -1)))*)

          = C" X (fnn (yr(y(Rn, rl)))*)(t'i + (f(Y(R", -1)))").

   Since we may set

                            '
     T(f) =::: ii-rMo e,,;.,,e.I-,,,,.,.,,rEi' "''en(2)T(2)dZ, f EE L9-(Y(R", -t)),

              '                                                           '
for any TE(f(Y(Rn, -1)))", where TE,,...,e.(z) is defined and hoiomorphic on

dsi,･-,Ett = {2]Sgn(Im. zi) = i, i = ±1}, 6s,,-･,e.;c ::= Rn+V-1(8ici, ･･･,encn), c E R*n,+,

and 7(z) is given by f(Re. z), we may define 9T by

(45) ･ 90T={gOre,,･-･,E.]8i -- ±1},

where T corresponds to {re,,",,e.IEi=±1}, although 9T cf (Y(Y(Rn, -1)))".
Then, since T corresponds to {Tip;E,,･･･,e.}, where rip;ei,･r･,E. are given by

                                             '
         r¢;1,--,1 =･=:- ¢IAI,･-,1, rip;ei,･-,en ::= O, (81, ''', Sn) :iL (1, ''', 1),

we heve

(46) ' 9Te= Tpdi,
                                                   t.if Tgip is defined. Therefore, we may identify 9(E9 T and gT.

              tt   '    Similarly, we set '
(44)' M[f n] #(ta [fn] + (ta /=iRn,+)")

                                                   '            t= ta [f"] Q (ta [fn] n (ta,/fi.,,,)*) (ue [f"] + (ta i/fi]R",+)")･

                                             tt                       '                                                       '                     '
Then, using the correspondence S-- {aEi,-,E,t, SEi(ta/=iRn,+)*, asi,-･,en is defined

and holomorphic on {zllm.zi<O, sgn(Re.zi) =ei, si=±1}, we define f#S by

(45)' , f#S= {f#oEi, -･, s.l8i=±1},



and we have, by the note of 3. -4,

(46)' f# Tg == Tf#g,
if Tf#g is defined. Therefore, we may identify fXS and f#S in this case.

   We define ta : En(En +(.9'(.9'(Rn, -1)))") - ue[fn] #(ta[fn] + (ca,/=rRn,+)") by

                     ta[opT] == ta[9] # ta[T].

Then, to define i : fn + (Y(Y (Rn, -1)))* . fn(rn + (Y(Y (Rni -1)))*) and i' :

ta[fn] + (ta/::iRn,+)*. ca[fn]#(ta'[fn] +(ca/;Rn,+)') by i(f + T) == 1(f + T) and

i'(9+S) = 1#(9+S), where 1 is considered to be an element of En or ta[Cn], we

get the following commutative diagram

                               ca
        fn(fn + (L9"(Y(Rn, -1)))*) . ca [fn] # (ca [En] + (ue ,/nRr,+)")

        fn + (Y(Y(Rn, -1)))* - av [fn] + (ue/ riRn,+)*.

   Simi!arly, we may define {n<En + (.Se-'(Y(2le)(Rn, -1)))*), En<En + ('L9-(.9'(.)(R*n',

-1)))"), ca[en] # (ca[tn]+(va,/-Rn,+(le))*) and ta[r,i] ti (va[tn] + (te/;IRn,÷(oo))*) and

the Borel transformations ta :fn(fn+(Y(Y(2le)(Rn, -1)))*) -÷ te[fn]#(ta[fn] +
(ta /gRn, +(k)") and ta : fn(fn + (LS;7' (Y(.)(R*n, -1)))*) - ta [fn] # (ta [E n] + ･ '

(ta/-Rn,+(oo))*).

   By definition, we have

   Theorem 5. The sPaces fn(fn+(Y(Y(Rn, -1)))*), en(fn + (Lf;7N'(Y(2h)(Rn, -1)))*)

and tn(fn+ (.9-'(Y(.)(R"n, -1)))*) are fn-vector sPaces and va[fn]#(ue[cn] +

(ta/=iRn,+)*), va[fn]sc(ue[fn]+(ca,/ rlRn,+(k))") and va[rn]#(ue[fn]+

(ta/=R.,+(oo))*) are ca[En]-mocintles and therefore C(2i, ･･･, zn)-vector sPaces, and

the Borel transformations between these sP4ces are satis]ly (II) of 4. -1.

   4.-4. [Mhe space (ta/=Rn,+(oo))*b and related BoreR tramsfermatRon, Since leer.

I'(fe) is not a fn-vector space for any (le), we can not extend Borel transformations

      Aof leer. i(h)e(fn+(.-fi7(Y(2fe)(Rn, -1)))") to the Borel transformation of some ln-

                                 A･vector space. But, for the space leer=(od)e(fn+(.9-(Y(oo)(R*n, -1)))"), we can

           beconstruct a C(zt, ･･･, zn)-vector space which can be considered as a kind of extension

of leer. {'(..)O(fn + (Y(.9'(oo)(R"n, -1)))') by the following manner.

   Since L9-(Y(co)(R'n, -1))cY(Rn), we get C[2i, ･･･, 2n]nY(.9(..)(R'n, -1))

== {o}. Hence we have

   C[xi, ･･･, 2n] + Lf;7(Y(oo)(R*n, -1)) =:C[zi, ･･･, an]O LS;T'(Y(oo)(R*n, -1)).
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   Definition. VVe set

(47) (ta/=iRn)+(oo))*b = ue[(C[k, ''', 2n] (D L9-(Y(oo)(R"", -1))))".

   We define fn + (C[zi,･･･,zn]OY(Y(oo)(R"n, -1)))" and ta[tn]+(ca/=iRn,+(oo)"b

similarly as in 4. -1. The inclusions from fn and va[tn] into

fn + (C[zi, -･･, 2n] CD Y(Y(oo)(Rn, -1)))' and ue[rn] + (ta/=IRn,+(oo))"b are denoted

by i(oo),b and i(oo),b'. Then by definition, we obtain

   Lemma 11. 2'(..)(fn) isaC[2i, ･･･, zn]-modul. That is, if ipGen and TgE

(C[2i, ･･-, xn]<{D L9'(Y(oo)(R*n, -1)))' is doj7ned, then .fbr anpt polynomial p(m, ･･-,

xn) (or more general, for any algebraic, junction a(zi, ･･･, zn) which has no･Poles and

branching Points on Rn), PTg=Tpp(aTg=Tap) is defined to be an element of

(C[m, ･･･, zn]eY(Y(co)(R"n, -1)))*.

                         N   Coroltary. leer. i(oo),b is a C(gi, ･･･, zn)-vector sPace.

   By this lemma, we decompose fn as follows

(4s) rn == tn(oo),b+ ker. l'(.), b,

                         AN           fn(.),b and leer, i(.),b are both C(zi, ･･-, an)-vector sPaces.

                                               AThen, as in 4. -2, we define Borel transformation ca : leer. t(co),bCD (fn + (C[zi,･-･, 2n]

eY(y(..)(R*n, -1)))") - ker. Ai(..),b' + (ta[fn] O(ue/ :iRn,+(oo))'b) anCl by (48), this

                                          .Z'Xs+e.--'Borel transformation is extended as the map ta:C(zi, ･･･, an) (ker. t"(..),b' e (C[2i,

                               N                                              A
･･･
, zn] ({D Y(.S;"(oo)(R'n, -1)))") - ta[C(zi, ･･･, 2n)] tt (leer. t(..), b' O(ue[tn] (D

(ta/=iRn,+(oe))*b). Then, since the inclusion maps 7'(.),b:"ln->leer.t(..),b(D(cn+

(C[2i, ･･･, 2n] <{D .9V(Y(co)(R'n, -1)))") and 1'(..), b' : va[fn] -ker."i(..),b'e(va[fn] +

(ca/=iRn,+(oo))'b) are both monomorphisms, we have the following commutative

diagram with exact lines

                                                             '       .  o.En tt/ bcf(2t;l'S]")r;-211i, ･･･, zn)(ker. 2'(.),be (tn + (c[zi, ･･･,7n] e(.9-)Y(oo)(R*", -1)))")

  o ..r,. Iil:/Zen] 71(oo)'b ca[cf(E,i]-xiirrsli, ･･-, 2.)] k`it7er. i(c2),b' (D (va/nyRn,+(oo))"b)-

   Theorem s'. va : cl(2t;ISr)');'gli, ･･･, gn)](leer. 1'(..),be(fn + (c[zt, ･-･, 2n]oy(y(co)(R*n,

           /'N A-1)))") - ue[C(zi, ･･･, z,i)] sc (feer. t(oa), b' O(ta,/ :IRn,+(co))"b) satisL17es (II) of 4. -1 and

                                             NAoii+･･･+inT/Omii -･･ a2nin always exists as an element of C(zi, ･･-, 2n)(leer. i(.),be(tn +

                                                          N
(C[zi, ･･･, zn]OY(Y(co)(R"n, -1)))") for anY ii >pt. O, ･-･, in ll O if T clE C(zi, ･･･, zn)

(feer. t(.),be(rn+ (C[zi, ･･･, zn]OY(Y(oo)(R*n, -D))"). ' '
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          S5. Borel transformation and inverse Boret transformation

                         of non-analytic functions.
                                                           '
    5. -1. Non-analytic functions as the elements of (Y(Y(Rn, -1)))" aitd

 (te/=iRn,+)*. Definition. Let f be a fatnction on Rn, then zve de]ine the elements

 cr(f) and P(f) of (Y(.9"(Rn, -1)))* and (va/=iRn,+)' by

 (49) a(f)[g] - f..f(x)g(x)dx, gci Y(y(Rn, -O),

               '
          '
 (49)' P(f)[P] == f/=iRn,+9(2)( (2Ti-1)n fR. (xi - 2i):lfllx. nd 2.) dXldZ' PEi cavi=iR"'",

if the integrals in the right hand sides always,exist.

    By definition, we obtain

                                           '
    Lenzma 12. ILIC f is measzarable and for some fe >o, l(1 + 1lxll)-kf(x)l is bounded

on Rn, then ev(f) is defined. P(f) is dejined if fEi Li(Rn), or for any Ei>o, ･-･,

8n > O) f(X)1(Xi+8iVml) ''' (Xn + 8nV-1) E Li(R").

    Note. We may also consider av(f) or P(f) to be an element of (Y(Y(2fe)(Rn,

-1)))", (Y(.90(oo)(R"n, -1)))', (C[zi,･･･,2n] CD Y(Y(oo)(R'n, -1)))*, (te/;iRn,+(k))",

(ue/=IRn,+(eo))* and (ta.i=IRn;+(OO))"b. If there are nescessity to specify these, we

denote ev(le)(f), ev(oo)(f), ct(oo),b(f), P(fe)(f), P(oo)(f) and P(..),b(f).

    Since we know for finite exponential type f, ue-i[f] is given by

                                     '              '                                       '                 '
                   ue-'[f](z) - f..,, e-tf(zt)hrt

           '
                tt([2], [9], [11]),' and since

     f,Oee-t J:.. efma(2, a6dt - -l;- I,eOe-s/z fee. efrm(g), deas, --ii- <arg z< -li-,.

                       = -} l,T ooe-s(z J:.. g+(6), deas, g< arg 2< 3-,Z,

                                  '
for fGLi(-oo, oo), we define toHiEP(f)] by

(50) va-i[P(f)](xi, ･･･, xn) .
        .= 1xi .l.x.l fR.,+ e-XSi[Xii IR.,+ (& - (sgn. x,)si;.[9e. th sgn. x.)s.)dedS'

Then, since cak[11(e ± 2t)](C) == 11gethtC/e, and for compact support f,
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                                                              '
                                                        '
        I,OOeHt S:..f(g) -i-etc/fdsdt == i:..f(e l,O.Oget(c/g-i)dtde .

                             = Si .. 6'iii6)c dg･ if Re･ (-[l- - i) <･o,

        J,OOe-t fee..f(6) -}-e-tciedgdt - -ff.. gl-(8)ag de, if Re. (-f- + i) > o,

we have

                              '
(51) ra[ue-i[P(f)]]-P(f),
            '
            '
or, in other word, the following diagram is commutative

                                                '                                   '            '                                        '                                    ue                    (Y(Y(Rn, -1)))'- (ta/=iRn,+)*
                        . . ...iX IP '

                                        Li(Rn).

                                                          '
On the other hand, by the definition of cr, to set M(Rn)={f[f is measurable on

Rn, ]Q+Ilxll)-lef(x)1 is bounded on Rn fbr some le>o}, we have the following

commutative diagram

                    ttt t             (J;7(Y(R}i, -1)))* blF(ta,/=ilR,,+)*K i' uetM(Rn)n0n]

                 ia /'y
             M(Rn)- M(Rn)non

Here, to' : M(Rn)n0n- ma[M(Rn)n0n] is the usual Borel transformation.

'' ' Note 1. Since ca'[M(Rn)nOn]cExp(Cn), P cannot definedif O;fE ue[M(Rn)

n ifn.

                               tt                                         tt
   Note 2. We have same commutative diagrams for the maps ev(k), fi(k), etc..

   5. -2. An application. It is shown in [1], that if P(alOz) is a constant coefli-

zai,its iinea;;(/;,:a;`Lakd,1,ff,.elle iie-:,,;PfiI?tli.O ,i?tl:iOIIIrl.. .'p.,(sfl,L,･ ･･i･ oZ.)･

                                                                '
then to set p(z) = ll,S.=i(zi - ai(z2, ･･･, zn))ri, ai E cr(Et;INrrT;"E;i, ･･･, z.), define vector

((1 - zia(z2"i, -･･, zn-i))-i) and matrix T(:i;, 111', :g) by ,
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            ((1 - 2i a(z2-t, ･･･, a.-i))-i)

          == ((1 - 2i ai(z2-i, ･･･, zn-i))"i, ･･･, (1 - 2i ai(z2-!, .･･, xn-i))-ri,

            (1 - 2i a2(Z2-t, .'', 2n-1))"1, t･･, (1 - Zl as(22-i, ,･･, zn-1))-rs),

                   t) ----}-------) 1) le ----------!-) 1

                   1, --.-....--..e Cl} rla17 a2: ........., Cl: rsas

                   12,...t........) C2s ri612) a22) ..-,....', C2s rsas
     T (::l llll .rs,) - ...,""...,,.,",,..-.,.-....-"."-m

                   ---------------t----･--}------------;------------

                   ---t--t-----t-----l----------t---i--------------

                   iMmi, ,.....) cmJriaiM"i) a2M-"i) .-.-.., Cm,rsasM-i ,

                         (le + K)i)(le + S)i - 1) -･･ (le + 1)
            cle ,pi -- (ww 1)Pi -'i (pi - O! ･ '

                        /tt      '
then the solution of Cauchy problem

                 '
(53) P(illtT)U == O, U(O, Z2, ''', Zn) = gi(Z2, ''', 2n), oOzU, (O, Z2,''''Zn)

                             OM-lu            = th(22, ''', 2n), ''', ozim-i (O) 22, ''', Zn) = g)n(Z2, ''', 2n),

is given by

                                 '(54) u(2) = ta[<((1 - ai(C2-i, ･･･, Cn-i))-"i), ueHi[T(:ll l[Ii .'g)g](4) > (z),

where g= (gl, ･･･, &n) if {gi} satisfies suitable condition. Hence by the commuta-

tivity of the diagrams in 4. -3 and 4. -4, we get

   Theorem 6. IllC gi, ･･･, gin satis.fy either of the conditions

(55) T(:i,I III; .'g) P(g) G (ue [cn-i]#(ue [En-i] + (sr ,/=IRn-t,+) *)m, .

(ss)(..) T(:',: lll; .rs,)p(..), b(g) E (ue[cf(2,IISI)r;V2I2, ･･･, z.)]# (ker. "i(.), bt o(va/=iR.-i,+(oo))*b)m,

where P(g) = (P(gi), ･･･, P(gh,D), P(co),b(g) = (P(co),b(gi),･-･,P(co),b(g)}t)) and (R)m means

m-direct sum of R, then the solution u(x) of the equation (52) with Cauchy data

(53) is given by (54) as the element of ta[fn]#(ta[fn] + (ta! :rRn,+)") or

                                                            '
ue[C(zi, ･･･, zn)] # (leer. i(oo), b' O (ta/=iRn,+(oo))"b).
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   Note. If P is a system of constant coeflicients linear partial differential differ-

ential operators, then by the normalization theorem ([16]), by the change of vari-

ables, P is equivalent to the system of operators

(s2)t pi(Ejl.7) =- oO,M,,;, + l)i, i( o,O,,,････) o,O.) oO,M,,X,i, + ･-･

                    + Pi,mi( a20k,, , ''', ozO.), 1 ;:S i `.`..: h,

and the solution of (52)' with Cauchy data

             Oki+･･･+lehza
                       (O, -･･, O, gh+1, ･･･, Zn)(53)'
            Ozlk! ･･･ 02hkh

            = tg;le,+1,---,kh+1(Zh+1, ･･･, Zn), O :.S; ki .S mi - 1, 1 ;:;l i <... h,

is given by

(54)' u(z) = M'[<(1 - agiai(4h+i-i, -･･, CnHi))-i, (1 - g2o2(Ch--ri, ･･･, 4n-i))-i,

            ･･･, (1 -4hah(Ch+ri, ･･-, Cn-'))-i), ue-i[T(:llll 11Il .ri,lgi) (g)

            ･･･ <Eii) T(ZZ;1', lll; :h,;gf)(gi, ･･･, gh)>],

              st       Pi(z) = II (2i - ai, d(zh+i, ･･･, zn))ri,j, 1 <-- i <= h,

             s=1
       ((1 - 2iai(zh+i-i, ･.･, zn-i))-t)

       = ((1 - 2iai, i(zh+i-i, ..-, 2n-i))"i, ･･･, (1 - ziai, i(2h+i-i, .･-, zn-i))--ri, i,

       (1 - 2iai,2(zh+i-"i, .,･, znHi))-i, ･･･, (1 - 2iai, si(2h+i-i, ,.･, zn-i))-ri,st),

       gi == (gl, t, ･･･, gv, ,n i), 1 ;:$ i <x h,

if {gV, i} satisfies suitable condition. Hence we get

   Theorem 6'. The solution of (52)' with data (53)' is given by (s4)' as theelement

of ue[gn] # va[In] + (ta,/=rRn,+)") or ta[CN(zi, ･--, zn) sc (ker. i(oo), b' e(ta,i=iRn,+(oo))*b)

if {glr, ,'} satisLfies either of the conditions

(ss)t T(Z:llllill:',lgl)X-･･(E9T(:Zll･, lill :2Ig2)(P(gi),･･･,P(gih))

                                           h         E (va [fn-h] # (ta [fn-h] + (ta/qR.,,) *)Zi.,M`,



              '      '(ss)(.), T(:lll･, llll .r`,lgl) (E9 ･･･ @T(:Zlll :ll :2'lg:)(P(-),b(gi), ･･･, P(-),b(gh))

       CIi (ca[Cavth+i, ･･･, 2n)] # (ker. ?'(..), b' O (tw/qR.-h,+(oo))*b))Zi.LtM`.

                       '
Here, in (54)', gl means P(gi) or P(oo),b (gi). ' "
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