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1. Introduction.

In [1] we have defined A'x-spaces and A's,~maps, and considered some of their
properties. The purpose of the present note is to give certain complementary facts,

In §2, we show that A’s-notions are homotopy-categorical, and A’s-notions
are categorical.

In §3, we consider conditions for a map of A's-spaces having the vanishing
generalized Hopf homomorphism to be an A’z-map. Our main theorem is as follows,

Theorem 3. 1. Let f: 87 ——Y be a map into an A's-space. If H(f)=0,then f
is an A's-map.

We use the same notations and defintions as in [1], in particular, we work
in the category of based spaces having the homotopy-types of CW-complexes and
based maps.

2. Categories &7 's and &7 's.

As easily seen, A's-spaces and A's-maps constitute a category & '

Definition 2. 1. Two A's-maps fo, f1: X — Y are said to be & 's~homotopic,
in notation : for=f1(_.97's), if there exist a homotopy F=H{fv,/1) and a homotopy
H(F): XXIX]——YVY satisfying the following conditions :

H{F)| X xIx{0}=H'2(fo), HF)|I X XIx{1} =H'(f),
H(F)|Xx{0}xI=(FVF)ott'y and HF)|X x {1} x I=yoF.

An A'smap F: X
homotopy-inverse £ such that we have gof~1 (&7"'s) and fo8~1 (."2).
Proposition 2. 2. Let fo: X—Y be an A's-map, and f1: X—Y is a map
which is homotopic to fo. Then, we may define H's(f1) so that it holds foo=f1 (7 "2).
Proof. Put F=H(fo,f1), then the homotopy H'z(f1) is given by

»Y is an Y 's-homotopy-equivalence if there exists a
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(F(1=30VF(3 1-30)o'x(x)  for 0=t=

! 1 1 2

H's(f1)={ H's(fo) (x,3t—1) for §§t§§,
#y(F(%,3t—2)) for %gtg 1

Let Go be the homotopy for fo in (3.2.2") of [1], then the corresponding homotopy
Gi1 for fi is defined by the followings :

Golx,25—1, 3t—1) for Lésél, létéﬁ
2 3 3
! 4 ! ' 2sl st !
(F( 3 1=£)xF( ;1=¢))oD' x(x,5) for s:_itz_ﬂt_’ t:%
G (x,8,8)= ) s —os'y
S —
F(x,1—25) X F(x,1—2s) for =7 tzﬁ_i_S__&
SI_ ’ S, ' ,
D y(Fl,1),8) for s=IEETLIEL 2L

where s’ and ¢ run from O through 1

Now, let X and Y be simply-connected CW-complexes and f: X——Y be a
cellular homotopy-equivalence. Since the mapping cylinder M s is a simply-connected
CW-complex and zx(Mys, X)=0 for all =2, X is a strong deformation retract of
My. Let r1: Mf—— X be the retraction, 1 : X —— My be the inclusion and Di=
H(i1o71,1). On the other hand, ¥ is a strong deformation retract of My, letve: My
——Y be the retraction, i2: Y —— My be the inclusion and De:=H ({2073, 1). Then,
we have f=#g0i1, and f' =#ioi2 is a homotopy-inverse of f, moreover we have F=
H(f of,1)=r10Dso(i1x 1) and F' =H(fof ,1)=rsoDio{iax1). Define Fe: X XI X —
Y by Fe(%,s,t)=r0oD(Di(i1(x),s),1), then F( satisfies the following conditions :

FlX XIx{0}=foF, F@|Xx{0}x[=Fo(fx1),
Fl(x,0,0)=(fof of){x) and
FolXXIx{1}=Fe| X x {1} xI=/.

By abuse of language, we say that two homotopies foF and F'o(fx1) are homotopic.
Similarly, we have that two homotopies f oF' and Fo(f x1) are homotopic. In
these situations, we say that {f, 7, F,F'} is nice.

Proposition 2.3. Let f: X ——Y be a cellular homotopy-equivalence of simply-
connected CW-complexes with a homotopy-inverse ' such that {f,f ,F=H(f of,1),F
=H(fof",1)} is nice. If X is an A'-space, then we may define an A's-structure of
Y such that f is an _o7's—homotopy-equivalence,

Proof. Put y=(f\/f)ot/yof and D'y=—(F XxF')ody-(fXxf)oD xo(f x 1),
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then {#'y, D'y} defines an A's-structure of Y, i.e., we have D'y=H(dy,jvol'y).
Moreover, we have H’z(f)z;(fvf)O#’XOF and H's(F)=(FVF)#xof x1).

Define G(f): X xI XTI ——Y xX by
t

(X PoD'xFiE1—1), =

; ) for %§s§1,0§t§1

G(f)(x,s,8) = dyoF{x,1—25,2—2f) for ¢=s+ =, 0<s

IA

o= N
A

dyoF(%,1—2s,2t—48) for (=Zs+-—, 0=s
where F(z is the homotopy from foF to F'o(fx1). Then, G{(f) satisfies the condi-
tion (8.2 2" in [1], and f is an A's-map. Similarly, G(f') is defined and 7 is an
A's>-map. As easily seen, we have f of=1(.%'2) and fof =~1(.%"'s), thus fis an
57's-homotopy -equivalence. '

Proposition 2. 4. A's-spaces and A’a—mafs constitute a category 7.

Proof. It suffices to define a homotopy H's(8of): X x Ksx ] — Ws(Z) satisfying
the conditions (3. 2, 1~3) in [1] for A's-maps f: X —Y and &Y — Z.

Let H's(f) and H's(&) be the homotopies for f and &£ Subdivide 7 x I into four
domains as in the following figure.

3
(0, 7{)

(111)

1
(0, jf)

Define H's(8of)| X x (1) using Ws(€)oH's(f) and H's(gos)|X x (II) using H's(&)o(f x 1).
Next, define H's(8of)|X x(III) using (H'2(8)\V&)oH's(f) and H's(8of)X X (IV) using
&V H's(@)oH's(f). Then, these maps coincide on the intersections of domains,
therefore we may define H's(8of) all over X x Kax I. By the construction, H's(gof)
satisfies the condition (3.2 1). Since f:and & are A’s-maps (3. 2. 2) is obvious, and

(3. 2. 3) will be seen easily.

3. Generalized Hopf Homorphism,

At first, we recall the‘deﬁvniti()n of the generalized Ho})f’ hoﬁnorﬁorpﬁism H(f)
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in §4 of [1]. Let X be an A’s-space, then any map #:X — Y VY is represented
as u=(u1 X uz)ody, and since there exists a homotopy D'x=H(dx,jxotx), We obtain
U= (1 X ug)odx (1 X Us)ojyolf x = fyo(ur\Vue)oll x, L. €., jyu:[ X;YVY})—[X; Y XY]
is surjective. Then, we have the following exact sequence ([1],Lemma 4. 3):
O——»[CX,X;YXY,YVY]*E[X,Y\/Y]T[X,YXY]——»O.

And we have the isomorphism ¢:[CX,X; YV XY, YVYI=[X; QYy=QY .

Let /1 X ——Y be any map A's-cogroups. Put fo=(fV f)ot!y and fi=Hyof.
Then, there exists a [£']1€[CX,X; VY xY,YVY] such that r,.[8']=[rf1]—[ro].
Define H(f)=%[& ]1=[&]. If fis an A's-map, then H(f)=0, and if H{f)=0, we
have a homotopy H'e(f)=H/(fe, f1).

We attempt to consider these situations more precisely. Put F' =—(fX f)oD'x+
D'yo(fx1), then we have F'=H(jyofs, jyofi). Define homotopies F'=H(jvfo—
jvofe, jyofi—jyofe) and F" =H(x, jyofi—jyofs) by F'=F'—jyofy and F"=-"jyofyo
N'R-IrF”, respectively. Then, there exists a homotopy F: X X I— Y VY such that
we have jyoF=F" and F(x,1)=r1(x)—fo(x). The above map £ is just a map defined
by &x)=F(x,0). Therefore, H(f)=0 implies the existence of a homotopy Ng:X x I
— QY *QY such that Ng(x,0)=+ and Ng(¥,1)=8(x). Then, we may define H's(f)

Jyfy

(dyfiyfy ) Hiyfy

X+ igfy
@

Uy fy =iy fy Y Hiyf,

. s [ ijO
Iyly F Gy fy Y Highy) Tyfy X i
3 i
(5) W |
(A fiy £y Y iyt i
Y /Y0 Y'o (l) AYf
]
A+ ((fyfy )iy fy) dyf+x !
|
) (6) ) !
?
JEN3

Uyt T ay £+ S, Fofy G R Figh) Ty %
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=H/(fo, f1) by the followings:

H'2(f)=FooE' L +((Ng-+F)+fo)+ Vo (f1\ (—fo) V. Fo)o M x5
"1.‘(f1+f0°NIL)”._f1°E,R.

Now, consider the above diagram (the thick line segments represent the
homotopy jyoH'2(f) and the broken line segments represent the homotopy F'):
Squares (2)~(8) are homotopy-commutative by the similar argument as in Proposi-
tion 2. 8.

If X is a suspended space, say X=SZ, then the tetragon (1) is homotopy-
commutative. In fact, if we define E'c:SZXKsxI—8Z hy

E’C(<a,z>,t?s):
2a (1+s)t
e <a<<
<1+s’ z for 0Zae= 5
2 2
1+s 2

then, we have E'¢|SZX{0}xI=H(x+1,1), E'¢|SZx{1}xI= H{l1+%*,1) and E'(|
SZ%x Ksx{1l}=1sz. Moreover, E'¢|SZXKsx{0 }defines a homotopy E"=H(x+1,1
+#) such that

{2a,z> for O§a§—2t—
E"Ka, 2>, t)= ( <t, 2> for %éaé%t—
{2a—1, 2> for }%§a§1

Finally, we obtain a map G:SZXIXI—SZ satisfying the cnnditions §(<a,z>,

£, 0)=Vso(1VreV1)eM'ys(Ka, 2>, ) and GKa, 2>, t, 1)=E"Ka, 2>,t). In fact, G is de-
fined by the followings:

GKa, 2, t,5)=
4(1—s+st)a 1-+¢+st—s
<Qg<——-
Firsios ® for - 0ze=—
{1—s-+st, 2> for %gaél—tﬁ%{m—st
{—4a+2+t,2> for wéaéw

4 4
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<St, Z> for Méaéw
4 4
4 (L—sfa+3st—2—¢ 2+t+s¢
Z <<
(AU o ZHEEY 20y

Thus, we have the following
Theorem 3.1, Let f:SZ——Y be a map into an A':-space. If H(f)=0, then f
is an A's-map.
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