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                            Introduction.

   Borel transformation is originally defined by

          m [p(o](z)

                            '                                               t/tt           tt tt tt           == "(12rr 71p1)" Iic,[..c,,,-,t,),i=.,.ep(O c,.l.g. eXP' (?1 +'''+{･ :-ll dqi"'d4n,---                                                      )

                    '                          '                        .t                                  'where g is holomorphic on {ag1 K,1-h<e,, i--1, ･･･,n}, and it has following properties.

          M [ag+bip] =- aM [g] +bca [¢], ta [g ･ ¢] -: M [ep]# ta [¢],

          ue [9opdi] - va [9]op ta [di],

                                               '               '          oO,, ca[9(4)](Z)=va[Ci-ig(C)](2), if 4i"'g(C) is holomorphic at {O}, the

            t

          origin of Cn,

                                          '
where (f#gl(z) is given by O"/Ozi･･･az.J,X' ･-･i,X"f(2--t)g(t)dti･t･dtn, qnd (pa(g)¢)(<i, ･･･,

4le,s) is given by ep(Ci,･･ny,Cfe)ip(Cle.i,･･･, agk+s). .
   But, although p(4) is meromorphic at {O-}, va [p] is defined by using a path r,

given by {Cligil=ei, l=1,･･･,n} such that g is holomorphic on r (the existence of

such path is shown in [1], cf. Lemma 1 of this paper). Then this definitign.dQgs

not depend on the choice of r, if r defines non vanishing e!ementof H{o},c,,z (U'-

YU{zl zi･･-zn=O}, R), the n-dimensional compact carrier local homology group

of U-YU{21 2i･･･2n=O} at {O} with the coeMcients in R. Here, U is a neighbor-

hood of {O} and g has poles on Y ([1]). In [1], we show this extended Borel

transformation also has same properties as above. Moreover, since we get
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           tep..:lr/ iog (x)#n=: aeMfl) xt,.r is Euier's constant,

to define

           ta[log 4](z)=log z+r,

we can extend Borel transformation for the functions which involve log2i, to

have the above properties ([1]). Then, since we obtain

                        1
           ma [Ct](z)=                            zt, tlnegative integer,
                      r(1+t)

           va[C-n log 4](2)=:(-1)n"i(n-1)!2-n, n;lll,

we may conside any meromorphic function or algebroid function can be expressed

as a Borel transformation image ([2]). Hence, using this extended Borel trans

formation, we can solve Cauchy problem with the meromorphic data or the

problem of division for the category of meromorphic functions for the constant

coeMcients linear partial differential operators ([2]).

   In this paper, we use extended Borel transformation for the construction of

elementary solutions on polydisks of linear partial differential operators with

holomorphic coeficients and show the following theorem (cf. [9], [11], [13]).

    Theorem. For6F(Si,･･･,6n), 6i>O,･･･,tin>O, nZ2, we set

           r(6)={2I1zi+he2]<Oi, 1zi-lez21 <62, lz31<63,･･･, 1znl<an},

           r(b) == {2I12i + fez2l == bi, I2i - k22I = 62, 1a31 = 63, ･･･, lznI == 6n},

and assume P(z, O/Oz) is given by

           P(z' lll,J)= aOzM,m+Pi(Z' iS,l;' ,' ''" oOz. )o2it;i +'''+Pm(Z' lj:,El' '.''' 62n)'

           Pi (z' Slt;;;2' ''" o:. ) =j,+4..+,･.siai'J'2'''in(z) aza2';2+. 11iL' J'2 , '

             ai,i,,･･･ti. (z) is holomorPhic on P(b) .

Then there exists an anatytic function E(x, C) on r(6)xr<g) such that to set

           Ef(z) = l, (,)E(z, C) f(Odg,

Ef has the following ProPerties.

(i) Ef(2) is holomorPhic on r(6) if '.f<z) is holbmorphic on r(6) and

             continuous on r(6),

(ii) P(z, lll,J)JEif(z)=fl2), zer(6), if flz) is holomorphic on r(6),

                                    '
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                    o                                    Om-t
(iii) 1!if(z)lzi -=o== att Efl(z)Iz!-o='''= oz,.-t ny(Z)lxi=o=O･

   Similar result for the domain r(6,S') given by '

          P(6, ti,)=={z]6,,<]z,+fez,1<6,, 6,t<I2,-lez2I<fi2,

            ' 63t<I231<63, ''', 6n'<IZnl<6n},

where 6it+62t is suthciently small, is also shown.

   The outline of this paper is as follows: In g1, we give integral formulas for

inverse Borel transfOrmations of meromorphic functions and Borel transforma-

tions of the functions which involve log 2i. The starting point of these formulas

are the fact that

          ue[log (C+2])(z)==r+log (z)-Ei(--ill-), Ei(-2)=j:e-t t-idt.

Hence, if flz) has poles on Y and r is a (representation of) an element of n-

dimensional compact carrier local homology group H{o},c,n (U-YU{zl2i･･･zn=O},

R) of U-YU{zlzi･･･2n=:O} at {O} with coethcients in R, of the form

          r==r(e)={z1Izil=Ei,･･･, 1znI=en},

then to set Fm(X) =Xle"-.;ole!Xle, we may define inverse Borel transformation of f

(with respect to r) by

              -1               Ef(Zi, ''', Zn)](Ci, ''', Cn)          ca r

                                              n            ="ii-oo,lil･i' ,u.-.. (2rrvl- on f,f(2i' ''', 2"),I.I.E,[Ci-' exp(Ht9, )log ci

              +zi-i Fmi (ilit-)]dzi-･･dzn.

   On the other hand, if g(s") is given by

          g(Ci, ･･･, 4n)=:gb(Ci, ･･t, Cn)

            + = gr.･･･, ik (Ci, ･･･, s"n) log Ci,･･･log Cik,

             ISii<--<ik$n

where each gt(C) or gr,,･･･,ik (q) has singularities only on X then we may define

its Borel transformation (with respect to r=r(e)) by

          -ig rEg(C;i, ''', CIn)](2i, ''', Zn)

            =ei-o･ "',leinM-o,ei<iAiie.<IA.l (2rrvl-1)" f,(,) {gZ'(Cl)

            + 2 gi,, ･･･, ik(O log (Ci,+2i,)･･･log (Cik+2ik)}

             1$ii<･･-<ik$n
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            gtr,..lc. eXP (gm'i +'''+tei'i)dqi･･-dCn, Re.Rixi>o, ･･･, Re.2.2.>o.

Then, for same rE H{o},c,n (U-Yu{z12i･･･zn=O}, R), we have

           Lop r[YtZi' r'l[f(2)](C)](Z)=f(Z).

   InSl, we also calculate '. . .
           )- ri -i [ .,, 7ile,,,, ].((i, C2) =:: . fets",},i- ,O-g Ei, , ri c{ts" H ci 1･> 1 le H c, 1 },

          'va r2-i[2,i.1le,,,, ](Ci, 'C2)== lele,[2,,10mgc[,2 , r2ctc11c,l<lk11c,1} . .

   In S2, we construct the elementary solution of a constant coethcients ope'rator

on r(6) as follows: Since we know ' ･, , .. .. ,.
                    '                   t tt           flZ)= 2k(2rc-vi-･:-o"I, (6) {(zi-ci)2-le2(z,-f,4)l}(z,-c,)..,(z.-c.) dsl'''ds""'

                                   tt t             t t. tlt .....t . .                  t.
            2Er(6), flg) is holomorphic on r(a),･/･･./ . - ･･-

                                               '
       .., Br(z)=ma,[.(t",).feC2(20,f.52-iO.,¥,5t,'iii.agO,¥g"](zi,.

           P(O==Ci"i+Pi(C2,''',(n) CiM"i+･･･+Pm (C2,･･･,4n), deg. Ple:!Sle.･

                                                       '    Here the representation of r is contained in .,

      . Dr'=£C1 l4iPi(q2nti, ;'', 4n-i)1t'''+lCl'iPm (C2-i, ''t., gn-')1<1}.

Then Br (g) should be an elementary solution of P (O/02) on M(r(6)), the space

of all holomorphic functions on r(6) with the normally convergence topology,

We treat detailed properties of Br(2) in g2 and show .

                       O om-i                         Br(z)Izi-o::=:'''=           Br (Z)1uri-o == o2i o2i.miBr(Z)lzi-o=O･

It is also shown that BT(z) is defined on (some covering of) ''

C." T{Zi.Zir' .it221).I.Z.IIB,L'i;･,:O,]. i:,#O,,101. :,1 h]X'i. ?. 1･, T", el,,9.l?i9･ .f9 Set

where the branch of B,(z) is taken to coincide original Br(2) on Drnl"(5), P-if is

the elementary solution of R on .V(r(6)) with the O -Cauchy data,
                       /    We note that for the usual Cauchy kernel 1/2i･･･2n, we get ta lai[1/2i･-･2n](C)

=::IogCi･･･log<n/Ci･･･Cn (since H{e},c,n (U-talziny･･zn==O}, R) ,=R, we need not to

denote r) and to set B'(z)=[1/P(C"'i). IogCi･･･log4n/agi･･･Cn], we have
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1'
. ' .1 ". '..1 B'(z)1a,L' e2' oO., B'(z)12,Le=-･･･=:i' 521n.Hny"2,B'1(z)]2,-o-o, .

b"t iO.MHgi/30,Z`::5'(li2Z3IZit=hO,Cah".igXlt.Ppeh:,q",a.i,tffi',2･6.t, .p,rators. For a hoiom6rphic

coeMcients operator P(z, O/Oz), we set P(a/Oz) =P (O, O/a2), hnd set

           P(z, EilzT) ==p(:s62z)+Q(2, 51tr)･

               '                      tt                        '                                                                '                                       ' t ttThen, on Lgf'(r(5)), the operator QP-i is a compact operator and it is shoWn

 ' ' yQp-I'Il,,,l,::=o((b,+tiL)]mlD,･'llSII-7Vi.iil)=,si2. ' ' '' '

Therefore, if 116'11 is small, we may set

           Ef(z)==(P-i(I+QP-i)-if) (F), on 1"(6t),

where (I+QP-i)-i is defined by the Neuman series. Then, by virtue that we

consider only in the category of holomorphic functions and Fredholm theory, we

can show that (I+QP"i)-i can be continued on r (S). Therefore we have the

existence of E on r (5). The existence of E on r (6, fi') is also .shown by the

saiMe'method.. .. ''' . ･.....'' ,'. '
    We note that the existence of E on r (O) also gives'following integr'al expre-

ssion of the holomorphic solution of P(z, O/az)u=::O on r (6) (cf. [6], [3i]).

    Theorem. IllC u(2)G..gyf(I-(6)) and P(z, O/02)bl==O, then u(2) is written

             u(zt, ..., zn) - -
             =iliii]-i,' ziiui (z2, "'',,zn)-L(,) E(2, c) [p(4, iili-){i,Ililli,i <i`ui (42, ''', cn)}] dc,

                                   tt                   '                                                    '                                           '             ui,･-･, um E!..sY(1"(6) n{212i=O}).'' ' ' ''

                                                        '                         '    'T' rieg6 may by l6ielt6d to soin6 tihaiytic probiems' of hnalytic edu5ti'onS (cf.1'

[5], [10]). We also hote that using other integral kernels for the expression of

holomorphic functions, we may calculate .elementary solution$ -Qf holomorphic

coeficients linear partial differentjal equations in the category of holomorphic

functions on other types of domains (cf. [3], [4],' [8], [12], [14], t15].

                '              '         S1 Borel transforrnations aRd inverse Borel transformations of

            germs of meromorphic functions

    1. Lemma 1. Let f (2) be a.meromorPhic .Letnctions on U, a neighborhood of

the origin of C", tlaen there exists a neighborhood V of the origin of C" zvhich is

contain' ed'in U and a real (2n-1) '-dimensional (real 'analNtic) subvariety l" of V



such that V-r has finite number of connected components and if D is a connected

comPonent of V-T, then Di{O} and f (z) is expressed as a Laurent series on D

for each D.

   Proof. By Weierstrass' preparation theorem, we need only to show the lemma

for the functions of the form

                                  1          f (z)
                (ZnM+gl (Zl, ''', Zn-1)ZnM'1+'''+gbet (al, ''', ZnHl)) '

where each gi is a meromorphic function and to show the lemma, we use

induction aboutnand･m, '
   Since the lemma is true if n=1, we assume the lemma is true for (n-1)-

variables meromorphic functions. Then, if m==1, we get

          f(z)=zn-i(1+z-1.gi (2i,''', znL.i))-i, IZnl>lgi (2i Zn,''',i)l,

                                                         '
          f (Z) -- g,(z,, ･l･ , z.-,) (i +g,<z,, ･Zl･', z.-,>) '

               1Zn<Igt (2t,''',Zn-i)l･

Hence to denote Vt and r' the neighborhood and subvariety determined by this

lemma for gi (in Cn-i) and take e to satisfy V'xBecU, where Be ={2nl Ixnl<e},

we have the lemma for f(z) by setting

          V= V' xB,, 1" == r' × Be U{zl ]Zn 1 =: l gi (Zi, ''', 2n-i)l }･

   If the lemma is true for m$fe-1, then to set

          znk+gb (Zb ･･･, Zn"i) Znle-S+'''+gle (Zb ''', Zn-i)

            =Znle+gls(Zb ''', Zn-i)h(Zi, ''', Zn), gh(Zt, ''', 2n-1) 7EO,

the lemma is true for (glsh)-i by inductive assumption (we may assume the exis-

tence of gls because if gi =･･･==glle =O, then the lemma is true). Then, since

          f<2)=2n-k(1+2n-hg)sh)-i, IZnlk>1({]Sh)(2i, ''',Zn)l,

          .f<z)=:=(gkh)-i (1+(gth-i2nle))-i, IznIk<](glsh)ai,･･･,zn)1,

if Vt and ri are the neighborhood and subvariety determined by the lemma

for gth and V'cU, then we have the lemma for fl2) by setting

         '
          V=Vt, r=:rtu{z1 [znIle=](glsh)(zi,･･･,zn)]}.

   Corottary 1. Let Ybe an analytic subvariety of U, a neighborhood of {O},
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the origin, of C", and {O}EY) then there exists a neighborhood li of {O} in U and

a real (2n-1) -dimensional real analytic subvariety r=ry which contains VnY and

                  ln m
(1) V-r==UDi, {O}GniDii DinDj=¢, i:fL
                 i==1 z=1

where each Di is a relative comPlete Reinhaldt domain, such that there exists a

meromozPhic .IEanction f on U with Poles on Y whose Laurent exPansion is distinct

on each Di. Moreover, to denote H{o},c,n(U-Yu2izi･･･2n=O}, R)*, the subgrouP

of H{o},c,n (U-YU{zl zi･･･zn==O}, R), the comPact carrier local n-dimensional homology

groeeP of U-Yu{zi zi･･-z.==O} at {O} with cocnjicients in R, generated bN the class

of those cycles r such that

(2) r=={2I lzi] =ei, ･･･, [znl =en},

we have

(3) m=diM. H{o},c,n(UHYU{Z1 2i'''2n==O}, R)*

            l$diM H{o},c,n(U-YU{Zi Zi'''Zn ==O}, R).

   Proof. By the uniqueness of Laurent expansion on a relative complete Rein-

haldt domain and lemma 1, we have the first assertion. Hence we get m$dim.

H{o},c,n(U-YU{zl zi･･･znO}, R)*. On the other hand, if the class ofacycle r with

the form of (2) does not vanish in K{o},c,n(U-YU{2]zi･･-zn==:O}, R), then by using

Cauchy kernel and the chain r(e, et) given by

           r(e, e')= X (-1)'i-"k{zi l2ii]=ei"
                  {ii, ･･･, ik}U {ii, ･･-, )'n--k} -= {1, --･, n}

                  '''iXikl=Eik, [Ziii= eiii, ''', (Zv'n-kt ==ein-kt},

where ei>Ei', i=1,･･･,n and r(e)=={zl I2i]==Ei, i=1,･･･,n} and r(et)=i{z[ I2il=eit}

are both belonges in the same class as r, r defines a Laurent expansion of any

meromorphic function f with poles on Y. Hence r is contained in Di for some i

and if rand ri both contained in same Di, then r and rt must contained in the

same class in H{o},c,n(U-YU{gl zi-･･2n=O}, R). Therefore we have m;ldim

H{o},c,n(U-YU{Zi Zi'''Zn==O}, R)*.

   Coroltary 2. Using same notations as corolltzry 1, if f is holomorphic on U-Y

(may not be meromorPhic on U), then f is exPanssed as a Laurent series on each Di.

   2. Lemma 2. lf Re.RC is Positive, then zue have

(4) lim M[log (2+R)] (()=log C+r, r is Euler's constant,
           eeO

and this conver,gence is uniform on {gl ICI>E, 0=< arg C2;.$0t} for anN e>O,



0>-nj2, 0t<rr12 ifarg 2==constant.
                                               ttt
･ ･. ProoL Since log (z+2) =Jog 2+log (1+2!2), we get

           va [!og (z+2)] (ag)==log 2-#.,.l/. (-i)".

On the other hand, since we know ,

           Ei(-5)=r+iog(-ii-)+S.,.l,.(-'S-)"･

                   '    '  '                           '
where Ei (-C)==Ire-t t-idt ([7]), we have

                                           '
           va [log (z+2)] (ag)=r+log 4-Ei(--ii-)･

Since Ei(-C12) tends to O uniformly on {Cl IC]>e, 0 ;.:{arg. CRSO'}' for any e>O,'

e>-rt!2, 0t <r!2 if argt 2=constant and 2 tends to O, we get the lemma..

    Coroltary, if Re.2C is Positive, then we have ,
(s) <tlr,n, [2-n log (z+2)] (c)"･ 1-.l)i")I,i, 4ne,,

and this convergence is unijbrm on {Cl I41 >e, 0$arg. ag2:.Set} for any e>o, e>

-x/2, et <T12 ifarg. Z==constant. , , .
 . Note. In [1] and [2], we show that to difine , .. . .. .,.'

                                                          t tt
' '' va [fog z] (c)==iog (+r, va [z-n iog z],ge= 1.-III)iii,' c-"r ..'

Borel transformation can be extended to have same properties as usual Borel

transformation for the functions which involve iog 2. Hence (4)' and (5) may be

written

(4)t lim va [log (z+R)] (O == .rg. [log x] (C), if Re. Rq>O,
           x--o
                  'ttt

(5)} Z,zLx,' M[z-n log (2+2)] (C)-= ta [2-n log z] (C), if Re. 2c>o.

6efinF.eX,lbjyll,M,g.?i;'2,.t2oi.i,/..ei;ejcZ',,HWh2}i,i,:,lkuM-.eyY;.Ra,//,W:,isY,i}tiC8".lai".elt,ie,,S"P,la,ri:.tl,O;,S.:'･

(represented by the chains of) the form of (2), Fm (X) is a Polynomial of the form

                  77t
' ''' Fm(X)==le!Xfe, ' ' ',                  k=O ' ･' ''                                                tt                                                                  tt
then, for a germ of qnalytic .fr{nction with singularities on Y at {O} (that is, a

germ at {O} of a holomorPhic fttnction on U-Y) of [3]),' denoted bN f(z), tve

dojne its inverse Borel transformation Lnj ri-i[f(2)] (4) with resPect to ri, by ..
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(6)-' ･- ･･ 'ca .rim![fai,. ･･`, Zn)] <Cb ''', Cn) . . , ,..

                                            V･l             =m,li.tr.l..-.,.. (2T,.tlri)n l,llf(gi, ''', ･2n)i--,[ts"i-' exp(-g,li ) iog qi

' ' '' Vi-I Fmi (:l,')]dg t':;; dFn;. ', 11' 11' '1i' ' ''"i. .' ;/,' :. .' 'ii

   By definition, we may set .-''. //.

(7) ta ri-i[f(gi, ･･･, 2n)] (Cb ･", Cn)

             =:90(gb'''･', gn)71"lg,<X...<ik$.･ 19ii,-･･, ik '(gi, ''',, Cn). iOg Ci,-.-･log Cik,

where go (4) involves only positive (may be equal to, O) powers .of 4i,･･･,Cn and to

divide {1,･･-,n} ={it,･:`]ih}U{1'b･･･,jn.le}, each gi,,･･･,'ik'(C) involves only negative

powers of Ci,,･･･,4ik and only positive (m fy be equal to O) powers of qi,,･･･,(i'.-k

g:.C'tfa'll'',a,:vL:a9"I,.2,l.,1i9nr,iltSke,6u,s//,1,geafi'n,Lt,i::,,2`A6R..zrsta"s`ormatio"?.ta-i[fl

   We also set '. ' ,'.../,./''.･ ･･.., .･ -.･,,
                                                           ttt                                                     tt                                                        .t
(7)"' ' '' ' ''"6.litt)h f,,f(zi, ''','zn),fil',[Ci-' exp(t,//II':)iog Ci '1 ','' il 1 ','i" , 'I''''11･'. .,'

                                  +2ii-'l¥.i'.-t(//i)]dei''ld2n

                                               '                                                       t tt             =goeMt' '"'M" (C)+ig, <=."<i,s. gOii･'''･ ikM"'"' 71. r, S,<.).,. IO{i;, CitrT 'i9g Cik'

                                                                 '
,T.hS2',,2a,-8.P.,:.pt'6'i"a'X'5C'.O,r ,9.i,;g･ik M"''"m" (g) g, o,,pverges op,tt",p,.y. on

(8) 9e(C)F,h,,(i.ljl.,.ebo9eMi!)'", M"(9, /･-･ .･ /11 ･. i.1, ./

           9i,,･･･,ik'(ag)±･ '-liM gi,,...,ik',ni,･･･,Vnn <ag), ''-'･'/ '' ,-･' 'U'-'.･.,, ./..-., ･i･'.

                    In!t".TMn--)oo                                                                   t. .t/1 /....
as formal Laurent serieses. For simple, we set

           ta r,aimi,' ', mn [f(Z)] (4) .･ r. '. /'./' '･i' .. 'v. . ' , ,'

             =gDofnw",mn(()+ : '･ 'gei,,".,ik Mii''',"in(4) log･(i,･･,log gik.

                          1$ii<-･<ik$n
   Definition. Jve denote 'the' leprqsentatlv2'' ot ri' '}bn' tainedi'ni thb 'bowl' ' '
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{21 llzll <S} by ri<6>. Then, if g(C) is a (germ of) .function at '{O} of the form

          g(C) = gt(4)+,{i,<X,-<i,s.gii,･･･,ik (g) log qi,i'･･･log cik,

where each gt(C) or gi,,,,.,ih (C) is analytic at {O} with singularities on Y, we

define its Borel transformation ta ri [g(C)] (z) with respect to ri by

(9) va ri [g(O] (z)

            ==:Aio,･･han-e, Ii<Mmin, (Ail,-･･,la.1) '(2rrVtll)" Iri<6>gt((;)'

            +isi,<=,,,<ilslSii'"i'ik(C) 10g (Cii+2i'I)"'' IOg (4in+2in)}c,..1.c.

            eXP(tlll, +'''+tt/,)dgt･･･dCn, Re, Rizi>O, ･･･, Re. 2.z.>o.

   By definition and lemma 2 (cf. [1], [2]), we have

   Theorem 1. We denote by Di the (gernz of) Reinhaldt domain which containes

ri, f a (germ of> analytic function on U with singularities on Y, then

(10) liM ta ri[ca ri"imi, ･･･, ,n. [f(a)](C)](Z)= f(2).
          'tnl--oe,...,nln-.co

EsPeciallpt, if each go(C) or pi,,...,ik (C) determines a (germ of) analytic junction

at {O} <with singttlarities on Y), then '. ' -

(10)' ta ri [va ri"[f(Z)] (C)] (2)=f(2).
                                     '                                '
   Note. Originally, (10) or (10)t is shown (by using Laurent expansion) only on

Di. But, since so set '
                                   tt                                                  '                                                       i
          va ri,avt･A. [g(C)] (2) '' '.

            = (2.vlny)n i,,<,>{gh(ag)+:gii,･･･,ik ((;) log (Cii+2ii) log ((;i.+Ri.)}

                        t
            c,..1,q. exp(g-,' +･-･+2-1,)dgi-･･dCti, 6<mii .' (l2iI,･･･, ]2.D,

var-az,･i･,A.[g] is holomorphic on C" (cf. [1]), and (by the calculus of residue)

we have
                                                       '                                                                   '          ma ri, xb･--, x. [g](ze+h)

                                                       '                                                 '                                                   tt                                --            = ji)o¥･･･, i.io di .t -l･]'n.r (a.O,i)';.liis:,]il'. ta ri,ai''"' a" [g]Iz :ao) hte'i ･･･ h.in,

                                       '                                      tt/
(10) or (10)' is hold on any domain on which f is defined.

   3. In this nO, we give some examples of inverse Borel transformations.
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Later, example2and note will be used. .
   Example 1. Let Ybe given by {21 xiz2=O}U{zi zi=z2} in C2, then we have

           dim. H{o},c,2 (U-Y) R)*=2,

and its generators Ti and r2 are given by the representatives ...･

           ri=={zH2il:::ei, ]z21=e2}, r2=:£zl lzil=e2, lz21==ei}, ei>e2.

The corresponding Reinhaldt domains Di and D2 are

                                                              '
           D,={zl l2il>Iz,l}, D2=Czl I2il<l22I}.
                                                              '                                               '
   If f(z)=11(zi-z2), we have . ,
           f(z)= Xzl-(n+t)22n, on Dl, f(z)=:rXzln22-(n+1), on D2.

                nlO                                           nlO

Hence we get -
           ue rimi[z,lz,](cb c2)== Ct,iO+gci', va ,,-i[g,la2](c,, 4,) = - g2,i+Ogcq,2.

   Example 2. If Yis given by {g] ziz2=O}U{z] zi=±z2} in C2, then we also
have

           dim. H{o},c,2(U-Y) R)*==2, ,
and its generators ri, r2 and their corr' esponding Reinhaldt domains Di, D2 are

same as example l. .
   If fl2)=11(2i2-z22), then we have

           f(2)== tfote21-2(n+1)722n, on Dl,

           f(a)== - = 212nz2-2(n+1), on D2.

                  nkO

Hence we get

                                '(ii) Lrg ,,-i[ z,21222 ](4i, c2)= [i22iO-g4Si,

           Ler2-1[2121222](ql, ag2)=i22210pg4Ct22. . , ,

                                                                '

   Note. Similarly, if Y=={z] zi22=O}U{zl zi =±lez2} in C2, then dim H{o},c,2
(U-Y) R)*=2 and its generators and their corresponding Reinhaldt domains D!,

D2 are given by .. .                                                                        '
           rt={zH2i1 =sb lz2]=62}, r2={21Ixil=e2t 172l=ei}, ei>1le]e2i

           Di={zllzi>]kllx21}, D2={zllatl<1le]Iz2}. ''
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Then we get /,. ,
('

ii')''"' '" tarii'['i,,"-'',,,i'i ](cl;'ti)==: kS'}l,.611"iEY' ', ii' , ,,

           -9.r2Tl[,?i/I2i2 .](4i･ ,F2>t /i5i,IO-g/gll,I･,...,. ,.. ..,

   In general, if Y={zl 2i･-･ze=O>U{//l 2t=±hz2} in C", then dim H{o},c,tt

(u-z R)* =,2,rm-a,n,1 l:?,g-nee,",frliO,i2g,1' 11i,1･･.,/e,,Fl･l//･fU'B･ I-rm,'.i,

           r2={zl lzil=e2, 1221=:eb 123]=e3,･-･,lznl =:en},i i/' /'

             ' ei>1lele2, e3, ･･･, ebe are arbitrary. '"' '･-"'i'i ･"1

Then we get
(ii)''
 ･ -- eny,,,"i[(zlgek2z,i2') ･z,...2. ](q" '42',45' '''' C") '･' '/ '' '' ''

             -Ci log Ci ,log- C3･-:log Cni ; . , .,

                (le2c22-q,2)C3･･ny4n '

                                         '           Lnjr2;i[(2i2-.-k2z212.),2a..,z.](4b 42, 'gs,':'', 4n)

              kq2 log q2 log C3･･･ log agn

                (le24,2-Ci2) C3･･･Cn '

We note that, for example, if f(2) is holomorphiq on D, ,where D=D (tib･･･,6n)

={zl lzi+fez21 <6i, l2i-lez21 <62, lz3[ <53,･-･, lxnl <6n}, then we have for 2ED,

           f(Z) == 2fe(2Tili>L i)n irci+he2t -= 6i,''icl ik'le 2t L' '6'2',' 'i }3i li i:' '6 '3l 1･･,'ie1r - fin

                 {(z,-g,)2tk2(z,-{S)} (z3-cB)･･･(zn7.c?). d.il''11.9i . . ' ' '', ･,

    4. sinceglil)e lil<ineoMwentarY SOiUtions of consta".g cog.;,cients opprators

    ''i,..''''''''P(ill,r)tar[t(c)](z)-tai[fo(4'.of(e)]'(z)l''i.. .i'

                                                     '
if P(O!Oz) is a constant coethcients linear partial differential operator, w6'' have

('i2) P(EII,r)ttis)'r[(ii'(4-i)iL'l.,.caILitiY'iz)]'(c)]'(z),lf(,). i''''i'
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Here, to take Y.to be'the .union- of the polar'varieties.of･P(z-i) 'land.f(2) and

:fl8 ZR'6',i:A.M'i2}t'dr,.iS.ia. goer",e,r,apt,O.rd,Oft,Hr.{o}'c'"(U-Y, R)* and we denote by D,,

   Lemma 3. Let Y be a subvarietpt of C" given by

          y ={la1 p(z-i)==o}J{zL '2i'Ilzn=O}u{2I zi=:±fez2},

and denote L the hJ{Persurfoce of Cn ge'ven by ,zt--O. Then, f?r any 2eELnU,

there is a relative complete Reinhaldt domain D, in' U:ry such that zoED- r and

DrfiL contains some non-empty oPen set of L. Moregver, we can take the Path r

corresponding to D, to satis.fly ifT is gt'ven by {]zi1=ei}×{lz2l=e2}.×･･･×{]Zn]=

en}, then

`i3)/. I,ZIM,:ft=gO,,ilfi,IO,il,ln..?,IO:11:(llF.YL)..su"ii'hereL!''11(ell

                                 tt t tttt tt
and for this r, we have ''

(14)
 tar-1[(z.12Tk2i,,2)a,..,/x'.'](F" C2' C3' ''"C") ",./

                          '
              feC2 log C2 log C3･･･log ag.

                (le24,2-C!2) 43･･･Cn '

                                             tttt /tt/
   ProoL Since U-Py=Z7 and dim. H{o},c,n (U-Y)*<oo, we have the first

asS,?r2ih08.',Th,:."",8i:C,e,Rg,'g,O.Pe8i,W?･.he,V8.t3,Z,:･X.COg,d,,it･2SZrg,'g"s.:`,k,S.'/jfafieS

of n03, we have (14).

   Example. If P(z) is given by 2im+Pi (z2,･･･,zn)'zi"2Hi+･･･+Pm(z2,-･･,zn), then

Dr is the Reinhaldt domain containning of the domain D given by

                t tt          D={21 .IZiPi (Z2"l, ''', 2n-i) [.+'''+IZi'Yl]Im (Z2mi, ''',2n-i)]<1}.. .. .,,

                                                           t ...t
Hence Dr contains L-{(O, 22,･･･,4n)lx2･･d2n==:O}, that is DfiL is open dense in L.

   For simple, we denote by G(ag), Gr(4) or Gr,k(C), the right hand side of (14).

    Lemma 4. Lf P(OIOz) is gn'ven by

          P(EII,J)=oO,M,-+Pt( oZ, ･ '''･ a2. )oglni:i' +``'-; ]Pm'( oZ'1'･."1"L';''a' g. )･

then we have
                 .. t., . ., ..,. 1.
(is) a2f.h,ig. r[(?(l'-iiS'9,.r,fC).].(?',.i,fl//..or..O',,9i.ig;,,ig,-"

where (oo!ozioif medns f afad' f is determined bY' lemma 3.
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Proof, First we note that, since Gr(4) does not involve log agi, we

      o.O,lele va'r[ (p(ag1-,)) Gr(4)](z)lx,-o, '

                               '
        =z2-o･"'･An-o elCIY,in.(ta2i,.-.;iA.i) (2rtvl--1)"l･,<,> (p(cl-i)) <i-k

                                   '                             '        leag2 i:7:2i,'-Rgl',',ti8. F,2Cf "2"' ,,. .l,. exp(g-: + ･ - ･ + 2ili) dci' ' ' dgn･

           '
        Re.22ag2>O, ･･･, Re.2n4n>O. , ･

   to set

       (p(cl-,)) 4tm(k+i)=cim-(le+i) ･ 1

                     '
                  =:(IM-(k+1)

      l,,,, (p(4i-,)) ct

        exp(21 +･･-+?/')dci･･･d(n

             '
    ' =:frn-<6>[IEciimei

        4,
              (C3･･･qn)2

  rn-i<6> is the path given

              1 leC2

have

     '

Hence,

                              1+agiPi(42-', ''', Cn-i)+'''+CiMPm(C2'`', ''', gn-i)

                              (1+R(Ci)),
                                                       '
we get

                       Fle leq2 1og (42+22)･･･ log (qn+2n) 1

                             (le2ag,2-agi2) ag3･･-Cn Ci'''gn

                          ag,m-(le+i)(1+R(Ci))(le,ag,,le-c,2) dCi]

                                     '             log (C2+ 22) ･ ' ' log (Cn+2n)exp(g-,2 + ･ ･ ･ + t4i'ii) d42･ ･ ･ dCn,

                                                   '

where by {Iag21--ZgCx-･-×}lqnE=en} if r<6> is given
by {Iqil=ei{×}l42l=e2{×･･t×}lqnl =en}. But by (13), we obtain

          l,<,.(p(c-i))4i-le iRgk2ZCS2"-2t,'ij'i?F.,2Cf'.2")<,.lc.

           exp(2tl +･･･+2/;:) dct･･･dg. .

           == el,tLMo ir.-,<fi> [Slc!l-ei 4iM-(le'i) (+R(C')) (le24fH ag,2)dCi]. . ,

                                                        '                      42 10g (g2 lt,R.2?ft'.1)8g (ag"+R")exp (t9, + ･ - ･ + ?/) d42' ' ' dCn･
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But, if le, lllm -k and (ag2, ･･･,Cn)Grn-i<6>, then we have

          ,l,i-{.{Z, fl,,1..,,4iM-(h'i)(1+R(4')) le2ag,2le-c,2 d4i=O,

because IC21=e2>O (and fixed) and on rn-t<6>, we have IR(Ci)l=o (IgiD.

Therefore we obtain ･          J,,,. (p(t-,)) ci-le leag2 '27;gCg,'-2g',3c'i,9F.iZ"'2"),,.'l,.

                         t/ tt            exp(g-',+･･･+tei'i)d4t･･･dag. =o, ol!llle;$lm-1. ,

This proves the lemma. '

   5. In the rest, we denote tar[(11P(C-'i)) Gr(g)](2) by P"tGr(z), P-tGr,h(z),

Br(Z) Or Br,k(Z). .
   Lemma 5. 0n Dr, Br(z) is merombrPhic and does not involve log zi for all i,

1 f{gi -<n.

   ProoL Since we may assume

          l (;iPi((;2"'!, ''', Cln"i) I +'''+ ] CIiMPm (4I2-i, ''', Cn-') [ <1,

to consider the Laurent expansion of 1!P(C-t) on Dr by the example of lemma 3,

the Laurent expansion of 11P(C-i) on Dr should be the form

          p(cl-t) =itLi2le ftLto'''2)ee.,{:oaini, in2,"', inn Cimi 42m2'''4nmn.

On the other hand, the Laurent,expansion of 421(le2C22-qi2) on Dr is given by

          (le2c25!c,2)=pa12tep.oCi2mk-2m+i. ･

Therefore, the Laufent expansion of (1!P(Cmt)) (g21{(le2C22-Ci2)) (11C3･･･Cn). (1!Ci･･･

Cn)} should be the form '
                                                l1                    C2
          P(C-t) (le2ts"22 -Ci2)C3'''q..nCt'''Cn ,.

                                       '
            = = :Iii:] ''' = bm!,tn2t･･･,mn C;tMiC;2nt2.･,C;nMn.

              mlkle m2$-l mn$-! .
Hence we have the lemma, because Gr(C) does not involve log Ci and ta [q-klog4]

 =(-1)le-i(11(le-1).,)2-k if k;-;)1.

k, leLleon,ti?8 s6et' We aSSttMe deg･ P==m, that is deg. p, ;ili for aii i. Then, for any

          A= Ak=:{zki== #lex2}.U.{xl 23･･･2n=O},
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Br,h(z) is defined on (some･ covering of) Cn-Ak.

,..tl:'.:O,Odf'..B.i,2iX".iM,,P/rfl"ii),B(rilegeLS,dg,fi:.eS,a8ggt.O.-,iZi5',,W.e,.a,9i'lllA"M,:,,BrlZ.ii

ge.,fd' 6:.Ii.,'li?..S"g･ti.S.i"Cteh.?TfiL iS OPen denSe in L, we can .choose ve.c.gf.,gp oi,･･･re.,e.

(i). IlO`1]=:･･･==ilO'11=1, Pe (e') IO, ･-･, Po(0"):iLO and 0`,･･･,0" are linear indePendent

(Oi:.)e.reC,e:Il?enrZ,?.1,t[S.IhS,(hfiOLM.Ogeneous) maximal degree part of p.

(iii). Te set ei--{(zOJb zOJ2+eJ2,･･･, zeJn+6Jn)1 zffC,} 0J=(0Jb,,,,eJn), g)=::(O,6]2,･･･,

                            ttt t ttt t ttejn), we have zoEfti-=iej. ･ . .. . . ,, .,･ .,. .
   Then, on each eJ'nD, (the analytic continuation of) Br,k(2) is the solution of

                                                        t tttt                                                    tt tt ttthe ordinary differential equation ' ･ ' , ･ ' ' 'i'' -

            tt tt t tt t t/ . . t.. t ../ /../t t. / tt lt // t. .. . tt t . t.
(l6) ?(eil:2'''" 0"nddz )U (7)i(z,2-le2x,12) z,･･･z.[.e!"

                                               '
with the Cauchy data

                d                           dm-t
(16)t U(O)= d, U(O)=-･･=d,.",U(O)=O･

But,-si.nce 'we have. '
                         tt ttt tt t                                  tt tt                                                           '                              '          P(0ji ddz , ''', 0jndd2)= Pe(o"i, ''', ejn)ddzM. +loaber order term,

                          ttt/                                       '                                                  '                    t t tt /ttBr,k(z)lei should be coincide to the unique solution of the equation (16) with the

data (16)t by･lemma 4 and (i). Then,- since (16) is a constant coefficients linear

ordinary differential equation, its solution (with the data (16)') is defined on

(some covering of) ei'-ednAle, Br,h (z)lei continued a'nalytically fQ zo for any i

3e,2rZf,02e.,',:"fiZ,e,va,';e,z･,/'i,//,,ek.attg."g,iYzaC?S,rl.gnV.e.S,st.g,e',B.'si9Zl,gZ,S,Oi:,M[,i-.,

Since ze, is arbitrary if zelAk, we have the lemma.

   In the rest, we set

                                                       '                                         '                                           '                                               t t t ttt          M={21 z,+lez,=O}, Yl,={zl z,-fez,=O}, Yi--{zki=O}, i>=3.

                                            .t                    t. ttt. t. t. t .t .                                       .t .                     tt ttt /tBy definition, Yi, ･･･, Li are crossing normally at'{Q}' and Alet'Ui-1'iY).

   6i We set zbi±=zi+lez2, 'w2=:zi =- lezE,' w3==z3, ･･･, 'wn=ken, a'nd' regafd c" to' b6

(wb･-･,w.) -spac e; Then we set ., ..., ., ., ,...,li,.i.1,1 .,.ill' '''."'/ ''

          S=U{wil im. wi--O, Re. zvi.<HO}xcn-ii,
             i--1

            Cn-li is (wb ･-･, wi"1, wi+b ･･-, wn) -sPace. "
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Then, by definition, we have

          SDAk, dim. S=:2n-1, dim. (SnL)=2n-3, it!(cn-S)={o}.

We choose the branch of Br,k(z) on C"-S to satisfy

                                      OM-1                     o
          Br, le(z) 1 zi =-o ozi Br, le(z) I zi -=o== ''' = ozi...i Br, le(Z) l xi =-e=O,

where zEL-KnL. We note thisr Br,le(z) coincide to tar[(1!P(ag-i))Gr,k(4)(z) on Dr

by lemma 5.

   For real positive vectors a==(6b ･･-,6n) and e=(eb･･･,en), we set

          r=r(ti)={wiI lwiI ==6i}× ･･･ ×{wnHwnI =6,z},

          I"=T(ti)ri-{wil lwil<6i}×'''×{WnHtVn[<6n}･

          r, = r(6) , ={tvil I tvi I =6i, O;$argL wi<rt - ei, O).argL wi> - rc+ei} × ･･･

            ×{tvnl lwnl =6n, O;;larg;wn <rr-en, O>=arg;wn>-ff+en}.

The correspondence domains and paths in C-space are also denoted by the same

notations. ･
   If fl4) is holomorphic on some neighborhood of r (in C"), the'n we define

J,Br･le(z-s")fledg by

(17) f,Br,h (2-4) f(C) dC ={z-' ,M,･ l, Br, le(Z-g)f(C)d4･

                                s
   By lemma 6 and the definition of r, there exists a constant M such that

          suP. IB,,k(2)]$M, for any r.
          aEr

Hence j,Br,le(z-g)f(C)dC always exists and the convergence of the right hand

side of (17) is uniform on K, if K satisfies Br,k is bounded on UzEle {z-r},

which is satisfied on some (small) relative compact neighborhood of r(6') if 6'<6,

that is 6'i<6b ･,-,6'n<6n, where 6' =(6'i,-･･,6'n). Therefore we have

(i8) agO,ii',1-i".t:i. J,Br･k(Z-ag)f(C) d4=f, o.O,iil;'ii",ti"i. Br･h(z'ag)f(C) dC･

if zEr(o).

   Theorent 2. if f (z) is holomorPhic on P(ti), then to set

          (P-if) (Z) = 2fe(2.-vl- 1)n S,(,)Br･ fe (Zm C) f (C)dag,

we have
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(ig) p(51,)(p-if)(z)-=f(z), zEr(b),, .

            (P- if) (z) l a, -= o= oZ, (P -･ if) (2) l z, - o ==: ･ ･ ･ = s,O ',".-i (p- tf) (z) I ., =ol o,

                                'and this P-if is holomorPhic on r(6). ' . ., .･ - , ･.
   ProoL By (18), we have . ,. . .. .
          P(iil,)f,(,)Br･fe (Z-C)f(4)d4==I,(,)P(Eil,T)Br,le (z-4)f(C)dC, 2Er(6).

                   tt t                                  '                        tt t tt                            '
Hence we have the first equa,lity of (19). On the pther hand, since Br,le is holo-

morphic along L-LfiAfe by lemma 5 and 'Ak=YiU･･･UYn, Whete Yb･･ny,Yn are

crossing normally at {O}, we have by lemma4/'- ,･ .･./ '. '

         1' te'S･ z-yi,･･･, leLy}t[oOii, Br,fe (z-ag)f(C)dCiA'''AdCn] ==O, OSi<=im-1,

          . .. . . .1if 2E!iL and f(O is holomorphic at C=:2. Hence we have the second equality of

(19) by lemma 6 and the residue formula of composed residue ([3], [3]', [8],

[i2]io[ig4e]l' the iast assertion, we first note that p-if is hoiomorphic 'ok ''r(b)-s

by definition. But, since to set ･...., -,''
                                                                      '              V･1
          Se=i--1{wil arg.wi=ei}xCn-ii, 0f(es.･･･,0.), O:SlOi<2F{ 1/ ,

and denoting P-tOf the cgrresponding ,fqnction of P-if obtained by using Se

instead of S, we get same results for P-ief as PmtL and we have

          P-ief(2)=P-if(z), zEr(6)-(SUS,),

by the uniqueness of the solution of Cauchy problem. Since P-tef is holomorphic

on r(6),-Se, P-tf should be holomorphic on P(6) -Ah because we have SnSe=

Ale if eilit, i--1,･･･,n. But by (18), if zEAlenr(6),then P-if is holomorphic at

2. Hence we have the theorem. ,- ･ ･ ･ ･
                                             '
6,>b9,?r9･LiZrY...,.eetTi,-H.(tit'6 ,itb?.)i .,Ce,d,6'r.,(ti.'i, ,6'n) be poszttve., vectors such that

          I'(6, 6')={wtI 6'i<1W!]<tii}×'''× {Wn16'n<lWn]<6n},
                                                              . t. .t t
            r(6' ti')={:i,,,-,i,},{j.pu" ,･.-k}..{i,I･";h}(-1)n-le' ･/･' ･ -

            e{wt,1 ]wi,1==:6i,}×･･･×{wikl 'Iwikl=6ik] , '

            ×{ZVji1 1tVii1==6'J'i}×'''×£Wj'n-kl IWj'n-k1==b'in--k},
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yfdeieefo[.1:)og,lm=ol":,`;.xxlli",,i,sr.f.1¥'l,lhf,:rl(ioep-"by

WT･ hhe,r.e
 Lr,('6hh',,,B"le (Z-4)f(g)dC is defi"ed simii'ariy as f,,,,B,,fe(z-effc)ec..

                                                            '
                                                         '                                         '                                               '(19)r P(EII,T)(P-if)(z) =f(2), zGr(a, S,),

            (P-vC) (z)Ia,-o= oa,, (p-if) (z)l.,-o=,･･･=o2r.M-i,(p-tf) (z)I.,-o=o.

   Proof. Since we know

          f(Zi, ''', 2n)

             = 2fe (2rr-vl=1)" l,(6, 6 ,){(2, - c,)2 - le2(2f, (-t 't ,')'ii Zi,)m k). . . (2. m c.)dg" ' ' dC"'

if zGr(6i 6i), we have the corol!ary by the same reason as theorem 2. ',

- We note that in this corollary, P-if is holomorphic and bounded on r(6, ti')'

"-,S, but may be many-valued on P(6, -O'). ../ ,, , ,,.. .

                                                       ''"' 'i '''''' '' g3 Eieinentary soiutionk'
6f anaiytic c6emcients opei tp.t.g..,1..1,1' ' 'Li(.li

oper7
a'
tollY2fdtehneOtfeorbmY P(Z' O!OZ) an analytic coefiicients linear partial dofferential

                  '(2o)' '' ,p(z･ EII,T)==,Oiil.+pi(2･',O,,･････ o2.)o2',".-:,+'''+Pm(z･ '･oZ･,･`L')' ae,i)･'･

                 '
            Pt(Z' oOz2''''" ae.) :i,+l.li].+i.$iailv ''',in(z) ozO,l-l+,.l'5+z'ii. ,･, ''''

                            tttt /ttt / t tt /ttt
where each aii',, ･-･, i. (z) is holomorphic on some neighborhood of {Ol

  , For this P(g,a!Oz), we set P(O/a2)=P(O, OI02). Then we have i . .

                                                               ttt           p(z･ ijl,T) ==p(Ell,r) 'Q(z･ EII,J)･ '
                                                       tt tt                                                             '                                                  '                               ttt tt tt   .... ..fg.(o･il.I.)==io･f,g,(z･51,T),mpives.atTnost aZ,･･J･.i･',e.i;ii'l' .1.. ..,,,

                              tt   We denote by .-sY(DH) the normed vector space of holomorphic functioiis on

D, that is, the space of holomorphic functions on some neighborhood of D,

where D is assumed to be relative compact, with the norm
                                                        tt
           llfll-saP. If(z)[ (-max. If(z)1).

                xED zEZiJ
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Then, by theorem 2, P has the (continuous) inverse operator P-t on bSY(r(ti)) as

an integral operator. Similarly, denoting .SY(r(6, 6')Is) the normed vector space

of (bounded) holomorphic functions on r(6, e') -S which can be continued analy-

tically on some neighborhood of r(6, 6')-S (may be many-valued) with the

maximal norm, P also has the (continuous) inverse operator P'"i from LsY(r(6, ti'))

to .sY(r(o", 6')ls) as an integral operator.

    Lemma 7. 11f each coeu77cients of P(z, Olaz) belongs in Y(r(s)), then to define

QP-i by

           QP"tf(z)=:Q(z, EII,T) (Ppif(z)) == 2le (2.-vim i)n L(,)Q(2, 51,J)Br, le (z-q) f(q)dC,

QP-i is a bounded linear (integral) oPerator on pa(r(6)) and we have

(21) 1]QP-ill=:O((6i+6,.)1l61D, 1I611 :V'i:ii]]Iai2.

                                       i--1

    ProoL For e==(Ei,･･-,en), ei>O,･･･,en>O, we set 6+e=(6t+Eb･･･,tin+sn). Then,

by definition, if fEM(r(6)), falso belongs in .gf(r(b+e)) for some e. Denoting

P-i defined on Y(r(6)) by P"'t6, etc., that is, to set P-i6 f(z)=(-112k'(2rrV-1)")
Sr(6)Br,k(g-(C) fC)dC, we have by the uniqueness of the solution of Cauchy prob-

lem and theorem 2

(22) P-i6f(g)=:P-t6+,f(z), fGpa(r(ti+e)), zer(6).

Hence Pmi6fis (continued analytically on r(6+e) and) holomorphic on 1-(ti+E).

This shows P-ifEY(r(5)). Hence QP-if also belongs in .9f(r(ti)) by assumption.

    By definition, QP-i is an integral operator and since we have

           Q(z, iil,T)Br,k (z-4)EMc (r(6)Is),' zEr(6),

where .SY(r(6)ls) is defined similarly as ..gY(r(6, ti') Is) and there exists a constant

M such that

           1lQ(z, 51,)B,,k(g-c)1l r(6)1s).M, zEr(6),

OP-t is a bounded operator. Moreover, since Q(O, O!Oz)=O and Q(2, O!Oz) involves

at most OI02b･･･, Om-i/02im-i, to set

           Q (2, illi) = : i,iiili= i2i Qi (x, ijli ) ,

we have
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          Qi(z, Eilzr)Br,k(z)Iziro==O, i=' 1, ''',n,

by lemma 4. Therefore we get

(23) Q(z, ijl,T)B,,k(2)=O(zill2I]),' 2i.O, 2-O, 1]zll-Vi.Ill..1,]2i12･

Hence, if fELsY'(r(6)) and 6'<fi, then by (22), we get

           l[iP-i6, fllp(E,)=IIP-'6fl]r(6)=O((6i'+62') [16'l1),

because wt=(2i+22Y2. But, since to define r: pt(T(b))..g/(I"(6')), 6>6', by r(f)

:=flr(6'), r (Y(r(6))) is dense in pt(r)6')), we have the lemma.

   Corollary. ILIC in (20), each Pi (z, a!Oz) satisfies

(24) aiJ'2,･･-,i. (Z)==2ti-ibii･-･,in (2), bij'2,･･･,g'.(Z)GY(r(6, 6')),

                                     bii,,,,.,i. (z) is holomorphic if zi, 22.0,

then, to set

           p(z･ EIIi) = p(iil,7) 'Q(z' EilzJ)'

tvhere P(OIOz) is a constant coqfiicients oPerator and involves Om/Ozim and Q(z, O!ez)

is a variable coofcients oPerator and involves at most OIOzi,･･･, Om-i!02im-i, QP-i

is a boanded linear oPerator defined on M(r(6, 6')) with the value in M(r(6, 6')ls)

and we have

(21), llQP-ill=O(6,+5,).

    Proof. First we note that, if fEM(r(S, 6')), then QP-if should be (many

valued) meromorphic on ['(6, 6') with poles on Ln r(ti, 6'). But, since we have'

                                             4(25) Q(2, 51,T)Br,h(2)]ai==o== O,

by lemma 4 and the fbrnz of Q(z, O!Oz), QP-if is (many valued) holomorphic on

r(S, 5') by the same reason as above. Hence QP-Sf mapsM(r(6, S')) intosu-(r(b, 6')ls).

Moreover, by (24), we have

           [Q(z, Eill)Br,k(z)[=O(l2iI), zEiil"(6, 6').

                     '

Hence we obtain (21)' by the same reason as above.

    s. Lemma 8. if P(z, alOz) satisy7es the assumPtions of lemma 7 and either of

tii+62 or llall is szdi7ciently small, then there exists an integral operator E==Ep,,(6)

                  Afrom L9f(r(ti)) into LsY(r(ti)), the completion of st(r(b)), such that
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(26) P(z, £)(lif)(z) :f(z), fGS/(r(6)), 2er(ti),

             Ef(z)1a,-=o= o02,Ef(2)1z,=-o==･･･= o2rlii, Ef(z)iz,-o==o.

                            t ttt tttttt tt/t                       '    preoL By (26), if either bi+b2 or ll611 is sufliciently sma!1, thek we have i

                            '                                                tt           IIQP-ill<L .
IlrhoelllefLO.Ill]ift',r(t6h))einNteoUll.:Ia:l;(61)eraifiSd=toms-g:(mi)m ((?"i'-i)m converges as an operat6r

                                                       '                                                                     '                                                              '                                                                '                                                          '                       oo           (I+QP-i)-i= =(-1)m (QP-i)m, ･ '
                      711=O
                                                 '                                          '                               '                            '
we have (I+QP-i)(f+QP-i)-itl, the identity map of M(r(6)). Hence to set

                                                               '           E=P-i(I+OP-i)-i, .,
we have
                                               '                                            '                                          ttt t
           p(2, 5})(Ef)(z)=(p(5L)+Q(z, 5}))(Ef)(z)

                      '                                        '
              . ' ' =(P+Q)(P-i(I+(?P-i)-if)(z)=f<z), ,
              '                                                                         '         'tt ttt ttt t

for fE LsyX(r(ti)), zEiir(6). Moreover, since (I+QP-i)`if is holomorphic on r (6) and

continuous on r(e), we have - ･
           ew(z)1z,-o= oOz, "Ef(z)l,,==o=:･-･= oOz',".-,l, Ef(z)l.,..o==o,

                                                                       '    We note that since we may consider P-i to be an operator on L".V(P(6)), this

                                          AE can also be regardedto be an operator on M(r(b)).

    Corollary. if P(z, O/Oz) satisfies the assumPtions of the corollary of lemma 7

and assume each bii,,...,i. e.sY(l'(6, S')) where 6i'+52' can be taken arbitraly small,

and if 6i+ti2 is stdiciently small, then there exists an integral oPerator E=EP,r6,6,ls

.flrom .V(['(6, 6')) into ..tw(['i, 6')Is), the completion of Y(I"(6, 6')ls, such that

(26)' p(2, ijli)(Ef)(z)=f<z), fey(p(fi, ti')), zEr(b, ti'),

                      t tt                           '                   '              '
             Ef(z) 1 zi -o == oD. ', Ef(z) I ai-o == ' ' ' == o2 r,.-ii, ltyT(z) 1 ei =to=o,

                tt
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･ ' Proof. First we note that by the de'finition of P-i, ･we can- define P-i for
･the elements of Ls.Y(P(6, 6')ls), and ehis extended P"i is also a bounded opera-

tor. Hence, we can extend P"i't6 be a bounded linear (integral operator fr' om

.Y(I"(6, 6')[s) into M(r(6, fi')1,) and for this extended P-', the corollary of

LeaMveMa 7 iS alSO hOld･ Therefore, by (21)', if 6i+62 is suthciently small, then we

           [I(?P-iH <1,

where P-i is considered to be an operator on .Sf(r(6, 6')is). Hence, by the same

reason as above, we have the theorem.
          A    Note. pt(P(6)) is the space of ho!omorphic functions on r(S) which are conti-

nuous on r(b). On the other hand, usY(r(6, 6')ls) is the space of those holomorphic

functions f on (i(b, S')'-S such that to define v(f) by v(f) (wi, ny･･, wn)== f<wi2,･,･,wn2),

rc/2<argL wi<rr12, i--1,･･･,n, v(f) is extended to be a continuous function on. '

                                                                '                             /t      ' {(wi,･･･, tvn)1 6'i<[wil<6i, --li-;s{arg. zvi.::ilg, i--1,".,n}. .

                            '
    9. Theorem 3. if each coofcients of P(2,, O!Oz) belongs in .ygY([i(6)), then there

exists an integral oPerator E from L.gY(r(G)) into .Gf(r(6)) such that (26) is hold.

..Proof. We set IIQP-i",ll=A6,. Then, if [Rl<(A6,)-i, the Neumann series

X (-1)"R" (eP-i6,)" convrges on ..Gf(l-(b')) and equal to (I+201)-i6t)-i. Hence

  nlO
to set

          Es,,A=PTti(f+R(?P-ifi,>'"i,, 6';$lij, . ,

E6,,A satisfies (26) as an operator from .sY(r(6')) into .Sf(r(6')) for the differential

operator A(z, a/6z)=P(01az)+IQ(2, a/az). Moreoverj by the definition of Ea,,A,

there exists an analytic function Ea, (2, C, 2) on P(6')xr(6')×{21 12]<(Aa,)-i}

such that E6t (z, C, Z) is bounded op r(O')x r(?') for any (fixed) 2 and

(27).,. E6',af(2)=j,(,,)Iili'(2, ag, 2)f(C)d4',, . ,,, ,

But, since QP-i6, is a compact operator on tw(V(6')), by the theory of Fredholm,

Efi,(2, C, Z) can be continued on whole R-spa℃e as an meromorphic function ([16]).

On 'the other hand, by the uniqueness of the solution of Cauchy proplem (of the

operator P(OIOa)) and by theorem 2, we have ''･
                                                                tt
(2s) E,,(z, q, 2)Ir(6t')xr(6t')×{aHRi<Al

                                            1
            =E,"(z, ag, R)1r(6U)×l"(6")×{R] 12I<A,,}, 6}l;6'le".

                     '



Therefore, if 121 is small, then E6t (z, C, 2) is continued analytically on r(6)xr(6)

                                        iand bounded on r(b)xr(6). On the other hand, since E6, (2, C, 2) is holomorphic

at 2 =1 ifl16'H or ti'i+6'2 is sufficiently small, E6 (2, 4, R) is holomorphic at 2==1.

Hence, by the theory of Fredholm, to set

(29) Ef(2)-f,(,)E6(z, 4, 1)f(4)dag, 2GT(fi), fELM(P(6)),

we have

           P(z, iill)Ef(z)=f<g), 2Ep(6).

    On the other hand, since we have by lemma 8,

                         oo           E6,Af(Z)lai-o== Dz,E6,A ]C<Z)lxi-to=:'''== oz,,.-., E6,x.f<Z)1zi-o=O,

if IRI<(A.s)-i, we obtain

                      oo                        Ef(z) l gi =-o ='''=           lif(2)]zi=o==                                              Ef(2) l 2!-e =O,
                      OZI                                        02iM-1

by the theorem of identity. Therefore, we obtain the theorem.

    Corollary. if P(z, O!Oz) is the form of (20) where each aii,,...,j. (z) satishes (24)

and tii satisfies the condition that 6i'+ti2' can be taleen arbitrary small. then there

exists an integral oPerator E from .Sbti(r(fi, 6')ls) into .fif(r(6, 6')']s) such that if

feMtm( , )), then (26)' is hold.

   ProoL Since to set

           P"ies-e,a'+e'.IC<z)=2le(2.-vl-on I,(,la,,,,+,,)Br,k(amg) f (C)dC, e, e')-O,

we may define (l+2QP-i6-e,fi,+e,)-i::=.)e(-1"2"(QP-ia-e,6,+e,)" if IZI<Il(?P-i

6-e,at+e,ll, and we have
                                      i
           E"-e,"'+e',af(2)=f,(,-,,,,+,,)Efi-e,6'+e' (Z, g, 2) fls")dg,

where Ea-e,6,+e,,a==P"i(f+2QP-t6-e,6,+e,)-i and E6-e,6,+e, (z, 4, 2) is analytic on

Z"(6-e, 6'+e')xlTi(6-e, 6'+e')×{IZI l21<llQP"t6nye,6,+e,II} and bQunded on r(6-e,

S'+e'). Therefore, by the same reason as above, we have the corollary.

   Note. Since we know that if u(z) is holomorphic and P(2, OIOz) u(z)==O, 'then

to set v(2) =u(z)-=l.Z-oiziiui (z2, -･･,zn), where u(z)=Xl."M--oiziiui (z2, ･･･, xn) +O(12ilm),

v(x) is the solution of the equation

           p(z, SlzJ)v(z)=-p(z, EII2J)tA' oiziiui (z2, ･･･,2n),

with the data v(2)ia,-o== (OIOzi)v (x)Iz,..o==･-･=(ammi!Ozim`'i) 1z,..o==O. Hence if P(z, O!Oz)
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satisfies the assumptions of theorem 3 or the corollary of theorem 3, then we

have on'P(6), or on P(6, b')

(3o) u(z)=i..oigiiui (z2, ･'･, xn)mE [p(4, 51i) (i,ili=. loi4iizai (42, ''', s"n)]](2), '

ifP(z, Olaz) u(z)--O, uEii,.sY(l"(6)) and ut,･･･,unEi..of(Z"(6)AL) or uE.gYf(r(6, a')),

Ui, ''',UnEi .SY(['(6, 6')nL).

   We denote the formal adjoint of P(2, OIOz) by P'(x, OIOz). Then, since

          Ir(6)[ogO,'illliil'iii'i.i;iik{F(Z' C) f(C)}]dCiA'''Ad4n

           =:loyi,,...,yik,(s) res･ yiv,..yik(oci,e,".i,i';i'.iS'iii;.,k-IF(2, e

           f(q)dg,A･･･Adag.),

    . OY}f",Y)ik r(6) ={ZVl Wii='''==ZVile=O, [Wj,E=6j,,'",iZVj.pki

         '
           =6dn-k,{il, ''-, ik}U{1'1, ''', 1'n.k}={1, ''', n}},

we can rewrite (30) as follows:

(31) u(zb ･･･, xn)

            =tL' ill' oiziiui (22, ''', zn)-i,(,)[P'(4, iilz)E(2, C)](l/--oiCi iui (42, ''', 4n))d4

           +i$ii<=-･<ik$nioyii,--, yikr(6) reS' Yiv'H,yik[Pii,--',ik(ag, ijlc/) '

                  7n-1           (E(Z, C) (i.Illi.. l, Ciizai (42, ''', Cn)) dC iA･･･AdCn] , E(z, q) == Eo(z, q, 1), .

where Pi,,i･･,ik(C, OIOs") is a differential operator determined by P(z, OIOz) and it

has following properties.

(32) Pii, ･･･, ik(C, il}) ==o, if p(z, 51i)does not involve

    - aPPiii+"'+?nik
           a2i,Mti...ozikMik if Mii )-1, ･･･,Mik>=1,

(32)' degx Pi,, ..,, ik (s", X)$M-k,

           ifp(z, iili)does not invoiveogl.I."illl'o+iiiihtik if mii+･･･+mik>M･



26

[1]

[2]

[3]

[3],

[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

                            AKIRA ASADA

                              References

AsADA, A.:Some extensions of Borel transformation, J. Fac. Sci. Shinshu Univ.,

   9 (1974), 71-89. . ,
AsADA, A, : An explicit formula of the solution of constant coeMcients partial diffe-

   rentiar equation with the meromorphic Cauchy data, J. Fac. Sci. Shinshu Univ.,

                                                                '

AsADA, A. Currents and residue exact sequences, J. Fac..Sci. Shinshu Univ,, 3

   (1968), 85-151. . '' ･ '
AsADA. ; Integral expression of analytic solutions of analytic differential equations,

                                                  '   Sci. Report of Osaka Inst. of Tech., 8 (1962), 1-50.

BocHNER, S. : Analytic and meremorphic continuation by means of Green's formula,

   Ann. of Math,, 44 (1943), 652-673.

BoNy, J. M., ScHAplRA, P.:Existence et prolongement des solution hoiomorphes

   des 6quations aux d6riv6e partialles, Inv. Math,, ,l7 (1972), 95-105.

EHRENpREIs, L. : 17burier Aualysis in Several Complex Vdriables, New York, 1970.

ERDELyl, A., ec al. : Higher TV'anscendental Fbunctions, II, New York, 1953.

FuKs, B. A. : Analytic jFle{nctions of Sevei'al Complex Vkeriables, Providence, 1963.

HAMADA, Y.L･: The singularities of the solutions of the Cauchy' problem, Publ. Res.

   Inst. Math. Sci.,5(1969), 21-40. ,..
                                                       'JoHN, F. : Plane VVaves anct Spherical M17ans amplied to Partial Dijrerential E4uations,

   New York, 1955.

Kawai, T. : Construction of local elementary selutions for linear partial differential

   operators with real analytic coefficients, I, II, Publ. Res. Inst. Math. Sci., 7

                                    '  .(1971), 363-397, 399-426. , .
                                 'LERAy, J. :Le calcul diff6rentiel et intbgral sur une vari6t6 analytique complexe,

   Bull. Soc. math. France, 87 (1959), 81-180.

LERBy, J.. : Un prolongement de Ia transformation de Laplace qui transforme la solution

   unitaire d'un op6rateur hyperbolique en sa solution 616mentaire, Bull. Soc. math.

   France, 90 (1962), 39-156.

ToNG, Y. L. L. : Integral representation formulae and Grothendieck residue symbol,

   Amer. J. Math., 95(1973), 904-917. . .
                                                   'WEIL, A. : L'integrale de Cauchy et les fonctions de plusieurs uariables, Math, Ann. ,

   111 (1935), 178-182.

YoslDA, K. : li}ttnctional Analysis, Berlin, 1966.


