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                              Introduction.

   As was announced in the introduction of I of thls paper, we treat the inte-

gration of by(Ri)"g(t), t is a variable, in this paper. But, since bLsi"(Ri)"g(a)

is a probabilistic distribution on Ri, we treat the integration ･(in some sence) of

Lt(t), a probability distribution valued function on S, a measurable subset of R',

in this paper.

   In g4, we first treat the integration of log.9J[pt](t), or in other word, the

integration of by(Ri)"g(t) (cf. g3 of I). Then, since hy(Ri)'g(t) can be con-

sidered to be a function of 2-variables and b.s;fi}?-(Ri)'g(t, O)=O, we can reduce

the integration of bLs;7-' (Ri)"p, to the integration of Alexander -Spanier 1-cochain

by(Ri)'g(t)(S-t)=:=did,q(t, s) (cf. 15) and we have

            Sl¢drp=9(t)-9(a),

under the suitab!e condition about g. We also change this to the integration of

Y [b g(Ri)'g](t) by using the product integral (cf. [17]).

   Next, we consider direct integration of h.E;;r(Bi)'g(t), or st(t). For this pur-

                                                            7
pose, we define the *-product integral of pt(t) on [a, b], denoted by *-j[.,bft, bY

               A            ("- f [a,b]tt)(f)

                                7)1            = ia,i.ilZ-1 'a,i .r,olRt'''fR, f (M. .. o(ai+i nv ai)ti) dpt(ae')to･･･drt(am')t.,

            a=ao<ai<･･･<am<ain+i=b, ai.slai'<ai+i.

Then we get
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               A            ("- i [., b]bY(R')'ip) (t) "9(b)-g(a),

if g(t) is (right) Borel derivable on [a, b] and Brg(t) is Riemannian integrable on

[a, b]. In general, if E(pt(t))==iR,sdpt(t)s exists for tE[a,b] and E(pt(t)) is Riemannian

integrable on [a, b], then we have

              4            'ts- l [., b]Lt==6f:E(.(t))dt, the Dirac measure concentratea

                                at i2E(pt(t))dt.

By this reason, we define the *-product integral of pt(t) on S, a measurable set

of Ri, by

              t'-SL            'tc- fspt==6fsE("(t))dt, the Dirac measure concentrated

                              at f,E(pt(t))dt,

if E(y(t)) exists almost everywhere on S and E(pt(t)) is Lebesgue integrable on S

   In g6, we also consider the *-product integral of those pt(t) that do not have
E(pt(t)) on S but for some a, O<ev<1, fR,sadpt(t)s exists alrnost everywhere on S.

But, since we can show that under this condition,

            lim. h-cr(L9-'[,a(t)](h)-1)==c,a,
            ll-+O
            lim. h-cr(Y[y(t)](h)-1)=c..,
            h-+-O

both exist, we consider the *-product integral of those ,a(t) that the Fourier

                                                                   'transformation Y[pt(t)] of pt(t) has the form '

            Y[y(t)](s)=1-2TV-le.,.(y(t))scr+o(scr), sll;O,

                     =1-2rtV-le.,"(pt(t))scr+o(1s1a), s<O,

                   scr=lslcreexz/-i, of s<o,

almost everywhere on S. Then we can show that, if ea,,(pt(t)) and ea,-(pt(t)) both

absolutely Riemannian in'tegrable on [a, b] and f is the Fourier transformation

of a holomorphic function g such that

             ooslii'(s2)e-2rr/=lstdsta:-}I has the mean value in            lo

                                  S,ecr,+(pt(t))dt-direction,
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             k./ ri..sliL'(s2)e'2T/=istdsta:':ii has the mean vaiue in            i

                                       S,ecr,-(pt(t))dt-direction,

we have

                               n(h)                                  hti)dFt(a+0eh)t,'''            igved unl ig'u,2d fi I.,'''f.!'(i･Iil.=1,

                               ･･･dpt(a+(n(h)+en(h))h)t.(h)dh

            =: a 1 i [fS ea, +(pt(t))dt] i:'l'ft' a.

            eMarg.(f2,.,.(,,(t))dt) [IoOes!:'Z!icr(s+, )e-2"/=lis`ds tzfi. ] +

            +. ! i[I: e., .(pt(t))dt] ri-lrfta.

            eMarg.(f:e.,-(.(t))dt)[IOm..,/=i..s!:'igcr(s2)e-2rr/=ids t}F:-t'ii]

Here, n(h)means [(b-a)/h], the integer part of (b-a)/h, ei, O $lli-s{ n(h) are real

numbers such that Oin-< 0i<1, and Me[g] is the mean value of g in e-direction,

that is

            Me[g[]=gij, zmab Tie Ii",'T)eg(t)dt.

Therefore, if ea,.(pt(t)) and ecr,.(pt(t)) both exist almost everywhere on S, a measur-

able set of Ri, and both Lebesgue integrable on S, and iff is the Fourier trans-

formation of a holomorphic function g (defined on suitable domain of C') such

that

            SoOOs!{'i!icrg(s:)e-2n/=rStds tziC-Lii has the mean value in

                                    f,ea,+(pt(t)) dt -direction,

                     '             Om..,,/=i..s!:L'g(sil')e-2"/=IStds tZi{'II has the mean value in            I

                                           f,eer,-(pt(t)) dt -direction,
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then we define the ;k -product integral of pt(t) on S by

            ("' -Is F`)(f)

            :== .li [I. ecr, .(p(txdt] ri-Jftcr.

            eMarg. (f,.., .(.(t))dt) [Sks!:':igcr(st)e-2za/gstds ti:.lfi.] +

            +al i [l. eat, +(pt(t))dt] i'-'.

            "Ma rg. (f,e., -(.(t))dt) [IO- oo,/ =il. ,-,. s!iiL'(sk)e-2rr;/ =istds til:-lrl

We note that if ecr,.(pt(t))ecr,-(pa(t)) (=e.(pt(t))) almost everywhere on

write simbolically (cf. [16])

               A            (" - fs )(f)

            ==: S.,9(r)eXP･ (m 2TV - 1 J. ecr(pt(t))(dt)ara)dr,

or, in other word, we may set

                  '
            f.,9(r)eXPi (-2rtV-1 l. e.(pt(t)Xdt)crra)dr

            =.I i [f, ecr(it(t)) dt] i-:-Licr.

            eMarg. (J,e.(.(t)) dt) [(lrsL':5gcrp(s2)e'2rr/ riistds÷

            +IOm..e/ :iiarr l'a'op 1 ) cr                      sTMV (si)e-2rr/=iStds tZF:-ril].

Here, f=Y[g] and g is assumed to have these mean values.

    Since this paper is the continuation of l, the numbers of

references e'tc. are continued from L Theorems, formulas and

I are refered by their numbers in L

    g4. integration.

    11. Let IT(t, s) be a (continuozts) function of 2-variables such

            F(t, O)=O.

]
･

 S, then we may

g, formulas

references etc.

that

and

 in
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Then, to set

(41) ¢F(te, tD=F(to,ti'to),

diF defines an Alexander -Spanier 1 -cochain of DG, the intersection of D, the

open･ set on which F is defined, and to -axis.

   Lemnta 16. if F is dlfferentiable in s, then

(42) i:di.-fZ{liE/(t, o)dt,

     '

if [a, b] is contained in Do. Here, the integral in the loj)f hand side is the integral

of the Alexander-SPanier 1-cochain diF on the chain r: [a, b].[a, b], the identity

maP, and the right hand side is the Riemannian integral.

   Proof. By assumption, we get

            F(t, s)=eis:iilt, o)s+oasD, sso.

Hence to set a=ao<ai<･･･<am==b, we have by the definition of the integral (cf. [15]),

            fb di.

            Ja

                      77Z
            = lim. =F(ai, (ai.i-ai))
              lai+1"ail-O i--1

            == [.,i,ifz.lh, E-, ].llil.. I ({IIF/(ai, o) (ai+i-ai)+o( i ai.i-ai i ))

            = ia,i.i,mpa,t-,e i.ilil.. ii {liFll(ai, o) (ai.i-ai) ,

             -JZ {lie/(t, o)d,.

   Definition. if iny(Ri)"p(t) exists for all t, a ;s;t =<b, then zve set

            d,g(t, s)=(by(Ri)+p(t))(s).

   We note that by the definition of hLg-･(Ri)"g(t), drg(t, s) is defined on [a, b]

xRi and we have

(43) d,g(t, O)= O.

    Example. If g is differentiable on [a, b], then
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             drg(t, s) =fl;/t(t)s.

    Theorem 8. if ip is continuous and (right) Borel derivable almost everywhere on

a St ;sllb, and Brq(t) is Riemannian integrable on a =<t ;$b, then

(44) ildid.op=g(t)-p(a), t:sgb.

    Proof. By assumption and theorem 7, we have

            drop(t, s)=Brop(t)(S-t)+O(1Sptt1),

almost everywhere on [a, b]. Hence, to set

            [a, b]e,a=={tl tG[a, b], ldrp(t, s)-Brop(t)(s-t)1<e,

                           if 1s-tl<o"},

,"Te have

            f: Zu,>,[., b],, 6(t)dt=:bma,

for any E>O. Here zE is the characteristic function and the integral is the Rie-

mannian integral. Therefore, by the same calculation as in lemma 16, we have

            f2 ¢drop == fl Brg(u)du,

because Brp is Riemannian integrable by assumption.

   On the other hand, we know (c£ [9], g46)

            I2 Brp(u)au=g(t)-g(a),

holds almost everywhere on [a, b]. But, since St.Brp(u)du and g(t)-ip(¢ are both

continuous by assumption, we have the theorem.

    12. If g is an Alexander -Spanier 1 -cochain with the value in R", the mul-

tiplicative group of non zero real numbers, (or in C*), then we can define the

               Aproduct integral j,g of g on r, a singular 1 -chain, by

            T                            771
               g= lim. flg(r(ai), r(ai+i)).
              r lai+z-ai] -O i--1
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                    AA   By definition, if I,gi, z=1, 2, or l,,g, i-nd1, 2 are both exist, then we

                                       thave

            A AA             l, (9i92) =:(S,9i)(I,92)'

            A AA             lr,.r,P==(Jr,9)(ir,P)'

   Lemma 17. if g is (an R* -valued) 1 -cochain of Ri, r is the identity maP and

p is smooth in s, then

(`5) T, g=T, ("-I]'iS(ti t)dt)'

where the integral of the right hand side is the usual Prodztct intagral of ps(t, t)

   Proof. By assumption, we have

            p(t, s)--1+-Zit;-(t, tXs-t)+o([s-t]).

Therefore, we get (45) by the definition of the product integral.

   Corollary, Utcder the same assumption, we have

            A(45)' f,9=eXP' (l, "ll/Ie(t' t)dt)'

   Proof. Since we know

            A             f, (i'-Zl/(`' t)d') ==eXP' (f, `lll'IL(`･ `)d`)･

because gs(t, t) is a scalar valued function, we have the corollary.

   If p is .97J(Ri) -derivable on [a, b], then we set

                                                '                             '
(46) brg(t, s)==(Y[by(Ri)'g(t)])(S).

   By definition, if drg(t, s) exists, then we have

                       -1
(47) drgo(t, S)= 2.vmllOgbr9(t, S)･

   Since brg(t) is the characteristic function of some probability ,distribution on

Ri, we get



(43)' brg(t, O)=1.

Therefore, to set

            dibrep (te, ti)=br9(te, ti-to),

as in nol, dib.ep defines a C" -valued AIexanded -Spanier 1 -cochain. Hence we

            "
can consider j,¢brg'

    ZIheorem 8'. Illr g satisy7es same assumPtions as in theorem 8, then

            A(48) j[.,,] dibrp ==exp･ (2.il-1(g(t)-g(a))), tSb･

   Proof. By assumption and theorem 7, we have

                          -1
                               B,if<t)(s-t)+o(ls-tD.            opbrp<t, S)=1+
                        2TAvl - 1

Hence we have

            AA            I [., t] ip brp = l [., ,](i+ 2flii>Li Brop(M)da),

by the same reason as in lemma 17 and theorem 8.

   Then, since we know (cf: (45)')

            A            i [a, b](1+ 2n71- 1 B'g(u)du)

            == exp･ ( 2.ii>Li Il' Brp(u)du),

and llBrop(u)du=g(t)-g(a), we obtain the theorem.

   13. If g(t) is .s-'(R') -derivable on a, b, then b.s;7-(Ri)"op(t) is a probability

distribution valued function on [a, b]. To construct directly the (indefinite> integral

Of b.scr(Ri)'p(t), we define

   Definition. Let pt(t) be a Probability distribution valued junction on [a, b]. Then

the * -Product integral of pt(t) at L denoted by

   X"'N
(" - I [., ,]pt(f), iS dojned by

               A(49) (" -i[a, b]pt)(f)
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                      17Z
             = ( lim ll*(p(ci,i-ci)'pt(ci'))(f),

              lci+1-cil-O i=o

            a=:ce<ci<･-･<Cm<cm.i=b, ci.::$;ci'<ci,i,

ijC the limit of the right hand side exists for any partition of [a, b]. Here ll M *vi

                                                                 i-o
means vo :tsvl*,,.*vm.

   Since we know

             7n            (i･Iili.. lo"(p(ci.i-c,)"pt(ci')xf)

                        Jl･l            = fRi ' ' 'IRi f (i.Illi.. lo (C'"i- ci)ti) dpt(ce')te' ' 'dpt(c.')t.,

                   Awe have that, if (*-i[.,b]pt)(f) exists, then

                           '
               A(49)' (;' -f[a, b]pt(f)

              /lt
                               nz            = lc,.IZ,'IZgcl. lu,o IRL'''fR, f (i=o (Ci+i-Ci)ti dpt(co')t,t･･dpt(c,.')t,..                                         )

   Lemma 18. :k -Product integral has the following ProPerties.

                                     A(i). I]f f is a constant function c, then (* - J[., b]pt)(f) exists for any tt(t) and

(so)i (*･ -T[., bftxc)=c･

(ii). L]C Ft(t) has the exPectation E(pt(t)) for any t, and E(pt(t)) is Riemannian integrable

                     A   on [a, b], then (* - f[.,by)(t) exists and

(so)ii (* -T,., ,, ptxt)=:IZ E(pt(t))dt-

                                            A(iii). if y(t) satishes the assumPtions of (ii) and (* - f[.,bl)(e-2rr/;[t) exists, then

    using same notations as in (ii),

               AA(50)iii (" - I [., b]pt)(e-2TV"=1`)= I [., ,] (1 de 2TV=iiiE(ge(t))dt)

                                          '
                              := exp. (I: -2TtvifiE(ge(t))dt).



104 AKIRA AsADA
   Proof･ Since IR,dpt(t)=1 for any t, we have (i by (49)'. By (4g)', we also

obtain

                    77Z            jRi'''IR,(i..o(Ci+i-Ci)ti)dpt(co')t,･･-dp(c.t)t,.

              11Z            =i=, (Ci+i- Ct)fR,tdpt(c,t) ,ll.fifR,dtt(cjt)

              }n
            ==(c,,,-cDE(pt(c,t)).

              i--1

Hence we have (ii>. Similarly, sifice we get

                                 711            SRi'''SRieXP' (-2TV-i (i.Iii.. Io (Ci+i-ci)ti)dpt(co')t,･･･dpt(cm')t,.

              i?l            = ;.ili., lo fR,e'2rr/=i(ci+i-ci)tdpt(ci,),

we obtain (iii). Because by (the proof of) theorem 7, we have

                             '
            fR,e-2rr/=i(Ci"-Ci)tdpt(ci,)

            =1-2xV-1(ci,,-ci)Ept(cit))+o(lci.,-ci[).

   Theorem 8". Under the same assumPtions about g as in theorem 8, we have

               A(i)' (" ww f[., ,]bY(Ri)"g(U))(t) exists and we have

               rtN(51)i (*- I [., ,]by(Ri)'ep(u))(t)-- ep(s)-p(a).

               A(ii)･ ("-S[., ,]by(Ri)'sD(u))(e-2T'/=i`) exists and tve have

               A(51)i' (*- f [., ,]by(Ri)tg(u))(e-2Z'/=")

            =eXP. (m2TAvl -1 iS. Brg(U)dU.

   Proof. By assumption, byJ(Ri)'g(a) has the expectation, and we have

(52) E(by(Ri)"p(a))=Brg(a).
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Hence we obtain (i) by (ii) of lemma 18 (and the proof of theorem 8).

   Similarly, by (52) and (iii) of lemma 18, we have (ii).

   14. Lemma 19. For any integer k}lll, tve have

(53) mle-le!.,Ck == O(mk-i).

   Proof. Since h!mCk:=:m!1(m-le).i'==m(m-1)･･･(m-k+1), we get (53).

   Lemma 20. Let f<t) be (Riemannian) integrable on [a, b] and set F(s)=IZJF<t)dt,

then

(s4) j! Il flj･･･f12 f(t,) ･･･f(t,)dt,･..dt,-{F(,)}i.

   Proof. Since IS.f(t){F(t)}k-idt =11ke{F(t)}le, we have (54) by induction.

   Zheorem 9. 11f pt(t) has the 1'-th moment at,(pt(t))= fR,sidpt(t)s for j'-fgk and a ;:{lt

$b, and assume that, each aj(pt(t)) is unij?)rmly bounded on [aAb], 1$i .:$gle, and

a, (ge(t))==E(pt(t)) is Riemannian integrable on [a, b], then (* - f[.,b]Ft(ti) existsfor 7'

<le and zve have

               A(55) ( 'ts- f [., ,]pt(ti)={LSZ[g)(b)}i･

Here, .SJO(pt) is given by

           y(pt)(s)-fS.E(pt(t))dt, s$b.

   Proof. Since we know

            (i!l. ] CiUi) ti -- ir il;,-fij.ci,･-･ciJui,･･-ui J･+

                  + X Cii"'CiJ'Uii'''Uij,
                    i.=ip, fOr SOMe cr,B

we get

           SR,'''SR,(pu, (Ci+i-Ci)ti)idpt(c,)t,･･･dpt(c.)t.

           =it : (Ci,+1-Ci,)･.･(CiJ･+1-CiJ-)e

               i17A･･･tiJ･

           "IR,'''fR,tii'''tij'dpt(co)to･･･dLt(c,n)t.+
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          ' + . = (Cil+1-Cil)'''(CiJ'+1-CiJ')"
             i.==ip, for some cr,B

           efR,'''SR,tii'''tij'dpt(Ce)to'''clFt(c,.)t.,.

Then, since each Ft(ck) is a probability distribution, for the

hand side, we get

           fRi'''JR,(tii'''tij')it7`'`''-iJdP`(CG)to'''dpt(cin)t.,

           =E(Ft(ci,))･･･E(pt(ci,･).

Hence we have

             lim. IIIil]] (ci,+i-ci,)･･･(ciJ･+i-cij)e

           lci.icil-O ill･･･"iJ.

                   efR,'''JR,tii'''tij･die(co)t,･･･dpt(c.,)t.

           = lim. I2III] (cii+i-cii)･･･(cij+i-ciJ')e
             :Ci+1-cil-.O ill･-･7Cij

                   eE(pt(ci,))･･･E(p(cij))

           -I:ilj･･･I12E(,(tD)-･･E(,(t,))dt,･-･dt,

           =1+,{Y(Lt)(a)}i, .

by lemma 20. 0n the other hand, for the second term we

            IIR,'''IR,tii'''tiJ'dF`(co)to'''dFt(cm)t.1

            = 1ayi(pt(tri))'''evy,(pt(tr.))] :SIM,

           Vl+'''+VM=j, (Lrl, ''', Tm)C(il, ''', iJ'),

for some constant M, by assumption. Because, each pt(ci) is

bution. Hence we get

            i . = (cil+1-ciD･･･(cij･+1-ciJ･)e
            i.==ep, for SOIJ2e cr,B

            "IR,'''lR,tii'''tiJdpt(co)to･･･dpt(cm)t.I

first term of this right

get

a probabilistic distri-
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            $, . = lci,+1-ci,i-･･Ici,･+1-cij･IM.
              Ia==lp, fOr SOMe a,B

Then by lemma 20, we have

              lim. = (Ciin-Cii)''･(cij･+i-Cij･)e
             ICi+1-Cil-O i.=ip, fOr some cr,B

                     efR,'''IR,tii'''ti]dpt(co)to'･-dpt(c.)t.

             =o.

Therefore, we have the theorem.

    g5. Generalization of *-product integrals.

   15. Theorem 10. If pt(t)=6p(t) and g(t) is Riemannian integrable on [a, b], then

   A(* - f [., b]pt(f) eXZStS for anY continztozts f and we have

                A(56) " -l[., b]tiip(t)=OJ2e(t)dt'

         AHe}'e, * - f[., b)ee(t) means the element of C(Ri);k whose valtte at f is

    A(" - l [a, b]6"(t)(f).

    Proof. Since we know

             SRi'''JRif(pu. (Ci"i-Ci)ti)o"e(co),to'''6p(c,.),t.

             =: f (]Ii.ii] (Ci+i-Ci)9(Ci)) ,

we have (56).

    Corollary. if g(t) is (riglzt) aPProximatelN derivable at any Point of [a, b] and

AD g is Riemannian integrable on [a, b], then

                A(57) * 'i[., b]by(Ri)"9(t)=ti(q(b)-op(a))･

    To extpnd (57) for (right) Borel derivable g, we show

    Lemma 21. Let f(t) be gr'ven by f(t)==iR,g(s)exp(-2rcV-lst)ds, gELi(Ri), then

(*-f[.,b]pt(f) eXists ijC st(t) has the exPectation E(pt(t)) for anN tE[a, b] and E(pt(t))

is Rimannian integrable on [a, b]. Moreover, we have
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(58) (" -li"[., b]F`(f) == f (l: E(pt(t))dt)'

   Proof. By assumption, we have

                     7JZ           IRi" 'Ini f (i.Iili.. le (Ci'i - ci)ti) dl`(ce')to' ' 'dpt(cm')t.,

                               ･J･Jt           =IR,'''IR,fR,g(S)e-2rr/q(i･III.,]o(Ci+iMCi)ti)Sdsdtt(cet)t,･･･du(c.t)t,.

                                Jll           ==fB,g(S)IR,'''JR,e-2rr/ri(,1=o(Ci+i-Ci)ti)Sdu(co')t,･･-dpt(c,.,)t.,ds

                   ??t           = IR,g (s){. l.lofR,e"2n/=(ci +i-ci)tsdpt(cit)tds.

   Hence by lemma 18, we have

           (* -3"[., ,]tt(f)=S.,g(s)exp(-2ffVri (i: E(pt(t))dt)s)ds

                       = f(I2 E(st(t))dt).

   By lernma 21, we may consider

               A(58)' ' " -l[., b]pt== 6f2E("(t))dt'

if Ft(t) satisfies the assumption of lemma 21.

   By (58)', we generalize the notion of *-product integral as follows.

   Definition. Let tt(t) be a Probability distribution valued real variable junction on

S, a measurable set of Ri, such that E(st(t)) exists almost everywhere on S ana E(pt(t))

is (Lebesgzte) integrable on S. Then we dofne the *-product integral of pt on S,

            Adenoted by :k -fstt, by '

               A(59) ' -ist` == 5J,E("(t))dt'

                                           'Hk?re, l,E(pt(t))dt is the Lebesgue integral of E(Ft(t)) on S.

   Exainple. If pt(t) is given by b.sr(Ri)"g(t), where ip(t) is (right) Borel derivable

almost everywhere on [a, b] and Br(g)(t) is measurable on [a, b], then

               A(60) * Mi.bY(R')"9(t)=6J,B.(g)(t)dt'

                '
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if Sc[a, b] and measurable. Especially, we have

               A(60)' * - i [., ,]bY(R')"9(t)=ti(ep(s)-- ep(a)),

almost everywhere on [a, b], s ;:l{b. We note that, by (60)', we get

               A(51)i' (* - J [., ,]b yJ (Ri)'g(u))(t) =pa(S)'g(a)･

    16. Theorem 11. * -Product integral has the following proPerties.

(i). 117C pti and g2 are both * -Product integrable on S, then pti*iLt2, gr'ven bN (pti*pt2)(t)

=pti(t)*pt2(t), is also :ts -Product integrable on S and we have

               A AA(6i)i ;ls -f.(pti:spt2)==(:k -i,Fti)*(*-I,Ft2)･

(ii). if ge is * -Product integrable on S, then pc', gr'ven by (pc'i`pt)(t)==pc"(pt(t)), is also

    * -Prodztct integrable on S and we have

               AA(61)ii 'tr' -i.S)c"Lt=Pc"("-i,P`)･

(iii). if Si and S2 are disjoint and p is * -Product integrable both on Si and S2,

    then pt is * -Product integrable on SiUS2 and we have

               A AA(61)iii ' - j' , u, pt=(* HI, t`)"(" Hf, P`)'

                  1212
(iv). 11f' {pt.} is a series of Probability distribution valued fttnctions on S such that

pt,(t) converges to a Probability distribution tt(t) almost everNtvhere on S in the * -weale

toPology as the elements of Clxl (Ri)" and there exists a Lebesgue integ7table function

g(t) on S such that IE(p.(t))1$lg(t) for all p on s, then pt is * -Product integrable on

S and we have in the * -weale toPology of Clxl (Ri)",

                   AA(61)iv lim, ･" -l, ptv=" HIs t`'

   Proef. Since we know E(pi*pt2)=E(xti)÷E(pt2), we have

               A            'ls - Is(pt1*pt2);=6(f,E(g,(t))dt+fsE(",(t))dt)

                        == (6f,E(",(t))dt) * (6f,E("2(t))dt)

                            AA                        == (' - j s th)"(" ' j . pt2),
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        '
which shows (i). Similarly, since we know E(pc'lspt)=cE(rt) and 6ca=pc"(6a), we have

(ii) and since 5(a.b)=6a*6b, we get (iii).

   To show (iv), first we note that E(pt(t)) exists almost everyxKrhere on S and

Lebesgue integrable by assumption. Then, by assumption, we have

            liM, ･ f.E(ptv(t))dt=f,E(t`(t))dt･

Then, since lim.vf(a.)== f(a), if lim.vav=a and fECIxKRi), we obtain (iv).

              A   Note. If *-f,ge is defined to satisfy (iii), (iv) of theorem 11 and

               A(a) ･ * -f[., b]pt=af[., b]E(p(t))dt'                                      if E(pt(t)) is Riemannian integrable on

                             . [a, b].
                     A(b) .l(zl{ge;o*-lspt=6, m(S) means the Lebesgzte measure of s, then

                                                                A                                                           ' * -isPt is* -f,pt should be equal to 5c for some 'c. Because by (iii) and (b)

                                              Ainfinitely divisible and by (iv), (a) and (b), IY[* -i.st]l==1 (cf･ [7], [8]･

                                            A   To consider the (generalized) derivation of * -I[.,tft, we first note that,

since 6a+b=6a*Sb, we get

            6a-il*=6-a, where 6a-il* means the inverse of tia by the convoltttion

                       Product.

Hence we obtain

            (gzr'1,{;･ ull'{2L/3z･ ji (pt")"i(6F(a,t)*(SF(a)-l] ,)dt)(f)

             = gri.m, . 'g-{zL?g. IS, f(t-'(F(a+t)-F(a)))dt

            -(by-(Ri)"F(a))(f).

Here the limit of the left hand side exists if and only if F is (right) .s7"(Ri)

-derivable at a and fG .9"(Ri).
    Especially, if I7 is given by the indefinit integral F(t)=Ilg(u)du, then since

we know .

            by(Ri)"F(b)=6g(b),
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almost everywhere, we get

                                 AA            (g;ff･ l-g-m,･ fi (pt")-i((" - f ,., ,.,,pt) * ((* - f ,., ,,pt)mi i*)))(f)

            -f(E(pt(b))),

almost everywhere. Hence, if pt(t)=b.gr(Ri)'g(t), then we have

                                 rt's            (gzL/e･ -ik- iz-'l?i･ li (pt')-'((* - S ,., ,.,,b y (Ri)"op)"

                                  A                            *((" ' f [., b]bL9"("i)'p-il,))xf)

             == f(Br(g)(b)),

almost everywhere.

    17. Since we get

                A            (* - f , pt)(eT/=it) .. ev!=if,E(p(t))dt,

we define by (50)iii,

   Definition. 111e E(pt(t)) is Lebesgzte integrable on S, a measurable set in Ri, we

dqline the Product integral of eV-1E(pt(t)) on S by

            A(62) f,(1+iVnyE(pt(t))dt)=e'/=if,E("('))d".

   Similarly, if p(to, tD is (a representative of) an Alexander-Spanier 1 -cochain

defined on sorne neighborhood of S, a measurable set of R', then for suthciently

small s, we may consider a function Fp(t, s), tGS, by

(63) F,(t, s)=g(t, t+s).
                                             '
Moreover, by the definition of Alexander -Spanier cochain, we have

   Lemma 22. (Br)sll,(t, s)ls=-o does not dePend on the choice of (the representative

of) p･

   Definition. pve dofne I,g by

(64) J,p==J, ((Br)sFg(t, s)ls- e)dt,

zvhere the rig)ht hand side is the Lebesgue integral on S.
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   Note. Although g is an Alexander -Spanier 1 -cochain on a topological space

M, i£ r is a singular 1 -cochain on M given by r: I.M, then to set

            r"g(to, ti) = g(r(te), r(ti)),

we have

(6s) Lr"g= S, 9･

by the definition of the integral. But since r'"g is anAlexander-Spanier1-cochain

on I, we can define Fr*p and (Br)sFr,i,op(t, s) and we have

            LT"g== L((Br)sFr*ep(t, s)ls-to)dt,

if the left hand side and right hand side (and (Br)sFr,p(t, s)) both exist. Hence,
although i, rp does not defined in its original sence (cf. [15]), if (Br)sFr*e(t,' s)ls=o

exists and Le･besgue integrable on I, then we define S, g by

                                             '
(66) i,p=Ii((Br)sFr"p(t, s)[s=-o)dt･

   Similarly, since we know to set

            Fe(t, Si, ･･･, Sp)==g(t, t+Sb ･-･, t+Sp),

            tE1iP-{(ti,･･･, tp)]O;E{ti-Sll, 1;:$li.:SlP}, siEIP, 1;slliMfgl{P,

we have

    ` 'i Iip Fq

            =fip((Br)s,,'''(Br)sppJfiiep(t, Si, ''', sp)Is,--･･:-sp=-o)dti･･･dtp,

            si=(s,,, ･･･, sip), 15i;s{;P,

if the both sides exist, we can define I,rp by

(66)' f,9

            =jip((Br)s,,'''(Br)sppFr"ep(ti si, ''', sp)Is,--･･･=-sp=-o)dti･･･dtp,

                         '                        '
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            r*g(to, ti, ･･･, tp)== g(r(to), r(ti), ･･･, r(tp)).

   Moreover, if SclP is Lebesgue measurable, then we can define f,(,g bY

(66) lr(s9

            =f,((Br)s,,'''(Br)sppFr*ep(t, Si, ''', sp)ls,-=･･--sp-o)dti･･･dtp,

if (Br)s,,'''(Br)sppFr:kq(t, Si, ''', sp)]s,-･･･-sp-e is Lebesgue integrable on S.

    g6. Generalized*-product integrals. ･
   18. In this S, we consider the problem to genealize the notion of " -product

integrals for those pt(t) that does not have E(pt(t)). For this purpose, . we first prove

   Lemma 23. Let ev be a real number such that O<ev<1. Then tve have

(67) L9TJ[pt](t)-1+ct.+o(]tlcr), tJO,

Cf (and only if) IR,ltlcrdrt exists.

   Proof. By assumption, to set

                                   tt  . x.(st)(t)=ftm..sadpt(s), scr=[slcr, s2iilO, sllO, sa:=:ls]crean/=i/, s<O,

                                                     /za(pt)(t) is continuous and bounded on Ri. Then, since

                                           '                 1･            hn-crJ7i,tndpt(t) '
                 Ml,

            =:hn-crjh,tn-crtcrdpt(t)

                   -7,

                             1 1･                                          m            == hn-cr [tn-ax.(Fe) (t)]JE i - (n - ev)hn-af h , tn-cr-ix.(pt)(t)dt,

                              - ---                             -h h
                                                  tt                                                          '
lim.h.-ohn-"

ili(b)h) t"dpt(t)==cn,a(pt) exists and lcn,cr(pt)1 is uniformly bounded for all

n, n}ll, and the convergence is uniform in n. Because, since

            lim. x.(pt)(t)==O,
            t--oo

            fZIM..' Xcr(S`)(t)=Ea(pt)==ff..tcrdpt(t)'
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there exist positive numbers A=A(E) and B:=B(e) for given E>O, such that

            Izcr(pt)(t)[<e, if t<B,

            lEev(pt)-xcr(pt)(t)[<E, if t>A,

and we have

                      !
            l(n-a)hin-alhiitn-cr-tx.(pa)(t)dt-

                       -                      -hl

                        i
            - (n - cr)(h,n --afiii 1 tn-cr-ix.(pt)(t)dt [

                        -h-2
                                         '
                         !1                         m-            =t(n-a)h,n-a(Ih,i+l-h,2)tn-cr-iz.(ptxt)dt)+

                         h2 Mhr

                              !
            +(n-a)(hin--cr-h2n--ev)ih2itn-ev-iz.(pt)(t)dtl

                              -h-2

            ;:i{l4E,

if 1/hi, 11h2 }ilA and -11hi, -1!h2 SB (hi;lzh2).

   On the other hand, if .f<h, t) is bounded and continuous on Rix[O, 6] for

some 6>O and lim.h-ef(h, t)==O (for any fixed t), then we have

                          i(68) Stl"k. h-cr[(i;+j:Mk)f(h, t)dpt(t)]-O.

Because by assumption, to set

            xa,f(p)(h, t)=It-..satf<h, s)dFt(s), .

za,f(pt)(h, t) exists and continuous and bounded on Ri×[O, 6] and we have (for any

fixed t)

            lhtLveo･ za,f(h, t)=:o.

Then, since we have

            h-crf:, f(h, t)dpt(t)

            =h-afi t-crtaf(h, t)drt(t)



we

lim.

we

(67)r

(69)
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         ==h-cr[t"crza,f(pt)(h, t)]:,-h"af:, t-cr-izat,f(pt)(h, t)dt,

get lim,h-･..fiOe!hf(h, t)dge(t) =O. Similarly we have

h-,oo
flLihf(h, t)dpt(t)=o and we obtain (6s).

Then, since

         lim. h- exC Y [pt](h) - 1)

         h-e

         == ltlrtno･ h-cr (See..e-2Z/;ishdpt(s) - i)

         == ftLm,･ h-cr (I℃..(eM2rr/gsh - 1) dge(,))

                  11         -fy-m,.h--cr(IITx(e-2i"=iSh-odst(s)+(I:,+II-k) -                                              (e-2rr/-iSh ww 1)dtt(s))

                  2-         -itL,zi,･ h-cr (j2i                    (e-2"/-iSh-odpt(s)) by (68)

                         -1         =lt2n,･ h'cr (tl.,( -2rt.V., -i)"hn II' isndpt(s))

                      -1         == Sg-'{fz･ N,.,( '21i, -i)"hn-a [, +,,ndge(,)

             (-2rtV.1)ft         =tLi n.r                       Cn,cr(pt)}

have the lemma.

Nete. Similarly, under the same assumption, we can show the expansion

        LE7[Ft](t)==1+c'ta+o(It1cr), tt O.

In the rest, we set

                              '                  1        ecr, +(pt) == 2.v . 1 l,i-M.･ ,h-ex(Y [pt](h) - 1),

                  1        ecr' '(pt) = 2Tv - i,tLM: ,h'a(Y [ite](h) - o.

Nete. if h<O, we set h-a=lhl-crearr/=Ti. Hence eat,+;eat,- in general.

115
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   By definition, we have

(70) eB(Lt)=O, if e.(pt) exists and fi<cr, O<cr, P<1,

Here eB(pt) means eB,+(Lt) and eB,-(st).

                                    '   Hence we have ･
   Lemma 24. ecr,+(pt) and e.,.(pt) do not exist if e.,÷(ps);O or eev,-(pt)7kO and r>ec,

O<r<1.
   Definition. For a Probability distribution pt on Ri, we set

(71) cr(Lt)=s,uP.{PRee,+(pt)1=O and leB,..(Lt)1==O, O<P<1}.

   19. Lemma 25. Let a=co<ci<･-･<cm<c,n,i=b be a Partition of the interval

[a, b], ct a real number such that O<a<1, then

                                   771
(72) lim. ma.x. (l ci+i-ci P"cr)=lci÷i-cilcr = b- a,
            Ici+1-cil-o t i--o

if and only i]C the Partition satisfies

                   max. (1 ci+i-ci 1 incr)

            lil" i(73)                                  =1.
            ici÷i-cy-oMZz'.n. (ICi+i-cili-cr)

   Proof. Since we know

                            7?1
            (in,ax. (1 ci.i-ci I i"cr))X l ci.i- ci l ev

             1 i--O
              V71
            ;lill=[ci+i-ci[ (:=b-a)

              l=O

                             IJZ
            >-- (miigt- (ci+i-ci l !- cr))i ..ol ci+i- ci l ev,

we have the suthciency.

   Conversely, to set

            Ck,e=a, ck,i=a+(b-a)k-c, O<c<1,

            ck,i==a+(b-a)fe-c+(imo(b'a)(lei-k--Cl, 2;si.s{fe+i,

we have

                                         '                               k
            (max. G ck,i.i-ck,il i-cr))= l ck,i+t-ck,i1 cr

             i i=o
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             =(b-a)i-atk-c(i-cr)(b-a)a(fe-ca+(fe-1)le--cr(1-k-c)cr)

             == (b- a)(k-c+k(i-cx'i-cr) + Et-cr((i- le-C)evi(?s le-a(i- le"c)cr) .

Hence to get (72), it should be lim. le-..le(i-c)(i-cr)==l. But, since

fnin.iIcle,i.i-cle,il=(b-a)(1-k--c)1fe, we get

             max.Gch,i.i-ck,i1i'cr)
              i                                ==k(1-e)(1-cr)(1-fe-c)cr-1,
             min. (l cle, i+i-cle, i I i-cr)

              i

(73) is necessary to get (72).

   In the rest, we assume ge(t) is aprobability distribution valued function defined

on [a, b] and satisfies the fo!lowing conditions (i), (ii) and (iii).

(i). a(tt(t))fO for any t.

(ii). e.(,(t)),,(pt(t)) and ea(.(t)),-(y(t)) both exist for any t and the .fttnctions ea(t,(t)),,(ge(t))

    and e.(ge(t)),-(lt(t)) are both absolutely Riemannian integrable on [a, b].

(iii). To set eve(Lt)==infL tE[a,b]a(pt(t)), ae(pt)7LO, and for any t, zve have

            Y[st(t)](h)==1-2TV-le.(,(t)),.(pt(t))ha(u(t))+o(hato(p)), hiO,

                      =1-2TV-lea("(t)),-(pt(t))hcr("(t))+o(lhlao(p)), hSO.

   Under these conditions, if p(t) is given by the Fourier transformation of an

entire function with suitable conditions about the degree of increase at oo (in some

(suitable) direction), that is g(t):==fR,f<r)e"2rr/=it'dr, where .f<r) is the entire func-

tion with the above condition. Then we have

                      n(h)            SRi'''IRiip(i..ohti)dpt(a)to'''dpt(a+n(h)h)t.,,,

                                - n(h)            ==SR,'''IR,IR,.IC<r)e-2rr/-i"(iM=ohti)drdpt(a)t,･･･dpt(a+n(h)h)t.,,,

                    n(h)            = IRi f(r) ill..o fR,e-2rr/=i"h'dy(a + ih)(t)dr, .

Where n(h) = [b(-a)/h]. In this last formula, we get by (iii),

            SR,e'2rr/=i'htdpt(a+ih)(t)

             =1-2ffAvl-lea(pt(a.ih)),,(pt(a-i-ih))ra(p(a+ih))hcr(g(a+ih))+'

            o(1r[aD(p)IhIao("))

             =1-2TV-lecr("(a,ih)),,(Ft(a+ih))hcr("(a+ih))-ircr(p(a+ih))h+
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            +o(]hIcro(p)-i1r1ao(pt)]h]),

where E is either + (if h>-.O) or - (if h <O). Hence we have

            n(h)            ill=o jR,e-2n/=irhtdpt(a+ihxt)

             A            = j [., b](1-2Z'vl-lecr("(t)), e(pt(t))hor(g(t))-irev(ll(t))dto

            eeo(lhlcrO(")-11rEaO(U))

            =exp. (-2rrV rlj: ea("(t)), eev(pt(t))hcr("(t))-irev(pt(t))dt +

            + oG h 1 ao(pt)-i i r 1 cto(pt))).

Here, .e is same as above and rat= [rlcrecrrr/-i if r <O.

   By the above calculation, we get

                     n(h)            f.,･･･I.,g(i.Z..,                       hti)dpt(a)t,･･･dy(a+n(h)h)t.(h)

            = foOef (r)exp. (- 2rr,vxiny l: e.(.(t)), ,(Ft(t))ha(g(t))-ira("(t))dt +

                                                    '
                        +o(hcre(pt)-ilr]ae(p))dr+

            +JO-. oo f(r)exp. (-2TV nyS: ea(.(t)), -(Ft(t))hcr(p(t))-ircr(g(t))dt+

                        +o(]h[cro(u)-i1r]ao(")))dr.

Here, hlO in the first term of the right hand side and h<O in the second

   To calcu!ate the limit of this formula, we assume that pt(t) satisfies (iv).

is a constant a, O<ev<1.

Then, since we have

            l,OO f(r)exp. (-2rtV=lhcr -i I: e., .(pt(t))dtrcr + o(ha-D)dr +

                                       '            + jO- ..f(r)exp･ (2 rrV-hcr -i l2 e.-(Ft(t))dtrev + o( l h t a-i))dr

            - -k Igyqt-' f(qt) exp. (-2rV :-Tlhcr-tjZ e., ,(pt(t))dtq+o(hct- !))dq+

                      11            +jO..,an/=i qJa-'f(q-crM) exp. (-2TV- r:iri2 e., -(pt(t))dtq+oa h E cr-i))dq

                                   '

term.

a(pt(t))
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we obtain

                   n(h)           fR,'''fR,9(i=,hti)dps(a)to'''dpt(a+n(h)h)t.,,,

           =: kl,OOqk-' f(qt) exp. (2rrvqha-i I2 e., .(pt(t))dtq+o(ha-i))dq+

                     11           +I:.../=T, qi-'f(qff) exp. (-2zA,l=ha-i f: e., -(pt(t))dtq+

           +o(Ih1cr-i))dq.

Here jO..,arrV= means the integration along the line {eatr/=Titlo;$;t<oo} and J:

and IO..,arcV=i] both mean lim･ A-.oo,e-o Ifand lim･A-oo,eoo fl,anivi=i･

   But, since we know that to set arg.c= 0, we have

           g,L/ll･ -il-etL?g･ ii g(hcr-ic)dh

           =:6tL,n,selg: Cki:'-,cr' g(n)uif(cr-i)--idu

           .,.tt.?ab;ttli","T)" ChiS-i)g(u)uv(ev-i)+tdu,

we may set

                       n(h)(74) lt-'.le:i･ f.,"'I. ,{o (i,Ill..1, hti) dFt(a)to･･･dpt(a+n(h)h)t.,h)

              '
           =. I i [I: ecr, ,(pt(t))dt] ii'lrEaMe . [fr sl mx iy -'[g](s i)em2rr/=ist d,tzil.:i] +

           hY . l l [f: ecr, -(F`(t))dt] r:'lficrMe - [Sk,../=I sk Mi .s7" -i[q] (st)e-2r/=is`ds .

           etEil':i],

                                                    tt
where Me[g(t)] means the mean value of g(t) in 0-direction, that is

                                               '
           Me[g(t)]=tt-abl?litli","T)eg(t)dt,

and 0+ and e- are given by

           e. ==arg. f2 e.,,(pt(t))dt, o- =arg. f: e.,.(p(t))dt.

                                             '
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    20. Definition. We denote by Ma,e.,e" the function sPace given by

             Mcr,e-,e-=={flf= L97"[g], where･ g satisy7es the following conditions

                      ("). and (')-},

(*). fl]Osl'i'igevw(se)e-2rr/=istdstcrumcr-i has the mean valzte .in e. -direction,

("':)- Sk,../=sV'crg(st)e-2rr/gStdstiEg'rTi has the mean value ino-direction.

    Note. Since O<a<1, lim.e-o Sge exists if g is regular at O. Here, si!cr:=rlsiifa

if s>O and in the second integral, s'1cr means -lslila.

    Definition Let pt(t) be a Probability distribution valued junction dofned on S, a

measurable set on Ri, and satishes the following conditions (i) and (ii).

(i). a(pt(t))==ev, a constant not eqztal to O or 1 almost everywhere on S.

(ii). ea,.(pt(t)) and ecr,-(pt(t)) both exist almost everywhere on S and (as the fttnctions on

    S) they are both (Lebesgne) integrable on S.

Then we deY7ne the generalized * -Product integral of pt(t) on S, also denoted by

    A* -ispt, to be the element of the dual space of

Mcr,arg.Jsea,+("(t))dt,arg.f,e.,.("(t))dt given by

                A(75) (:k -I, pt)(f)

             == . l l [S, ecr, +(tt(t))dt] ii'LiaMa rg. f,e., .(g(t))dt [l:s!:':gev .gy -i[ f](si) e

             . e-2il/=ISt dstll{-ri] +

            ev l i[S, eev, -(pt(t))dt] r:'lrZEcr Marg･ f,e., -(u(t))dt [iZ,../;[s!i'iE!cre

            . y -1[ f](s i)eH2rr/=iS` dstag-:Ti] .

                    A   By definition, * -Isis linear but since arg. (a+b) may not be equal to arg.

a+arg. b and although we get

            a(Ftl*pt2)=a, iLl`' ev(Ftl)=cr(Lt2)=a,

            ea,+(ge1*pt2)=eat,.(pt1)+ecr,+(pt2),

            ecr,-(pt1*pt2==e.,-(ge1)+ea,-(pt2),
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(a+b)it!O-cr);aY(i-cr)+bY(i-a), we can not obtain qorresponding results of theorem

11 for generalized * -product integrals.

   If 0.=e" in the definition of M.,e.,o., then to set 0=0., we denote Ma･,e

instead of Mcr,e.,o-, that is Mcr,e is given by

            Ma, e = [ f l f == Y [g] , where g satiskes the fo llowin.cr condition(")},

(:i;) (S:-t-k,..,/=i])siJ':gag(se)e-2"/=S`dstii{'!ii has the mean value

                                              in 0-direction.

   We assume Lt(t) satisfies the above (i), (il) and the following condition (iii),

(iii). ea,.(pt(t))=ecr,.(pt(t)) almost everywhere on S.

                                          AThen to set e.(pt(t))=:ecr,.(Lt(t)), we can define * - S.Ft to be an element of the dual

space of Ma,e as follows:

               A(7s)' (" -I s)(f)

                                        '
            == . l l [f,ecr(pt(t))dt] ii'ltffcr Ma rg. f,e.("(t))dt [ (l,OO + f:,au/ .i) s"d' a.

            . y -- i[ f](st)e-2rr/=iSt dst fig-ril] ,

            fEMcr,e.

   Note. Since we may write simbolical!y,

               A            ( "wn S [a, b]pt)(9)

                                          '
                          n(h)            == SZ-'Z.13' [SR, ' ' 'f.,9 (n, =, hti) dps(a)to ･ ･ ･dpt(a+ n(h)h)t.,,,

            = foOOf(r)exp. ( -2T,v'gl: e.(.(t)), .(Ft(t))(dt)cr(g(t))rev(u(t)))dr+

            + IO- .. f(r)exp･ (- 2TV-S: ecr(pt(t)), -(Ft(t)).(dt)cr("(t))rcr("(t)))dr,

            P-= L9Y[f],

if ps(t) satisfies the conditions (i), (ii), (iii) of no19, we may write

if pt(t) satisfies the conditions (i), (ii) of no 20,

(76) I,Oef(r)exp.(-2TAvx=I,e.,.(Ft(t))(dt)crra)dr+ . .
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            + jO- ..f (r)exp. (- 2TV nyJ,eev, - Cce(t)xdt) cr ra) dr

            =. E i [f,ecr, +(pt(t))dt] ri'Licr Marg. f,e., .(.(t))dt [IOoos!:':Lgcr y -i[ f](st) .

            eem2ta/=iSt dstEFI-IIi(]+ '

            +. l l [f,ecr, -(pt(t))dt] i:'IZicr Marg. J,ecr, -- ("(t))dt [IO..,an/=i s!:'EEEcr e

            e Ls7" -i[f](st)e-2re/gS` d,t E{.i],

            f EMcr, arg. Jsea, +(p(t))dt, arg. f,ea, -("(t))dt.

Especially, if pt(t) satisfies conditions (i), (ii), (iii) of no20, we may write

(76)' jZ]..f(r)exp･(-2TVrll,e.(Ft(t))(dt)arev)dr

            =. ll i [Jsea(pt(t))dt] ii'IZiev Ma rg. f,e.(g(t))dt [ (Ioco + Ik,an/=i[ ) s!i'ifiev e

            eY-i[f](st)e-2rr/=iS` dstZ:-!i], '

            f G Mcr, arg. f,ea(u(t))dt･

By (76)', we may also set

(77) Y[g](i,f(t)(dt)a)

      '            ==ff.g. (r)exp･ -2rrV :'il,f(t)(dt)ar)dr

                                                       '            == i g .[I,f(t)dt] ii'lffcr Marg. f,f(t)dt [ (I:+ IOoo,..>.i ) s!:'iga e

            y -i[ri2-Z2at g ((sgn. r) l r t a)](se)e -2n/=is' dst fi- ] ,

gYxlsetrseagndiSftlse(gieabSeSs3fuef)UilnCtteigO?:bSiUeCgnthsa.t the mean vaiue in the iast formuia
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