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                              Introduction. .
   From the point of view of the geometry of microbundles, the corresponding

notion of the differential forms in the geometry of vector bundles, is the Alexander-

Spanier cochains (cf. [3], [4]). For a differential form g, one of the most impor-

tant fact is to able consider the integration of ep on an (arbitrary) differentiable

singu!ar chain. Therefore, it is natural to ask whether we may consider the

integration of Alexander-Spanier cochains on singular chains or not.

   The purpose of this paper is to give a definition of the integral of Alexander-

Spanier cochains on singular chains and prove some of its properties such as

Stokes' theorem.

   In fact, if f<x, y) is a funct ion on f2 =- {(x, y) IO :;{l x$ 1, O SI yS 1} such that

                   .f<x, x)=O, .f<x, y) is smooth t'n y,

then We may set

                   .f<x, y) - A(x, x)(y - x) ÷ O( iy - xl ).

Hence we obtain

             1 n'            !,Jfly(X, X)dY==: i.,i.e'Wa,it..o N,..,"f<ai, "i+i),

            O == ao < ai < -･･ < a. < a.+i == 1･

This shows that for an Alexander-Spanier 1-cochain f<xo, xi) on X, a topological
space, and a singular 1-simplex q, op:I->X, it is natural to define i,a)f(Xo, xi)

by

                                 n            Spa)f(XO' Xi):==1.,.ltiM.',I-,,N.=,f(9(ai), 9(ai+i))-

Similarly, for an Alexander-Spanier s-cochain f' == flxe, xi, ･･･, x,) on X and a



(qubical) singular s-simpiex q, g : IS-X, we define !,a,)fS by

            s                fs
             g(IS)

                        j'1 "=: nl, ''', 1's == i1s
            == liln. = f<op(al,ti1, -･･, as,i,),
             [ ai,j'i-i-ai,jiF'O tii=o, ･･･, i,=o

              g(al,h+1, a2,y'2, ･･,, as,y,, ,.･, g(al,j'l), ･--t as-l,i,-1, as,i,+D),

            O == ai,o< ai,i< ･･･ < ai.ni <ai,ni+i =.' l-

.The integration S, fS of fS on a singular s-chain r is defined as usual. Of course,

S, fS may not be exist in general. For example, on Ii, give fi by .f<x, y) =

tv'rx-yl and tal<e g to be the identity map, then we have

            !,a,) f<X, Y) = liM ='V'1a,+i - a,l = oo.

On the other hand, on I2, give fi by f(x, y) ==lx-yl==tvi(xi-yi)2+(x2-y2)2 and

ip(x)=(x, xsin(1/x)), x--O, ep(O) == (O, O), we get

            !,a,) flX, Y) == the length of the curve qai) .. ...

But there are examples that show the existence of S,fS for non -smooth fS and r.

   The outline of this paper is as follows:In gO, we review the definition and

properties of Alexander-Spanier cochains (cf. [1], [2], [15], [16]). The definition

of the integral is given in ss 1. Some elementary properties of the integral are

also proved in g1. g2 is devoted examples and show some classical integrals such
as Stieltjes integral (cf. [7]) and Helinger integral are written as S,(i,)f(X, Y)

with suitable choice of f<x, y). Then we prove the Stokes' theorem

            SQ,fs - S,(6f)s+i

for this integral in g3 under suitable assumptions about f and r. Here O, it tlae

coboundary homomorphism in the Alexander-Spanier cohomology (cf. [1], [2],

[15], [16]). We note that, if s==1, then this is trivial, because Of<x, y)=f<y)-f<x)

and

            S,(iiif[" liM' X("f<9("i+i)) rm JF<ep(ai)) ==] .f<g(1)) - f<g(o)),

in this case. In g4, we treat the volume elementv=v(xe, xi,･･･, x.) with respect

to a metric r on X. Here, v is given by
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            V(Xo, Xb ''', X.) =r(Xo, Xl)r(Xo, X2)'''r(Xo, X.),

and X is assumed to be a CW-complex. The existence of the volume element

shows that if X is a topological manifold and dim. X2216, then the structure

group of the tangent microbundle of X is reduced to the group of germs of

Lebesgue measure preserving homeomorphisms of R" as an Hl,(n) -bundle if X

has a metric which is invariant under the operation of the connection of X (The-

orem 5). Another application of the volume element is the definition of (singular)

integral operators on a (compact) CW-complexX. For example, if k(x, y) is a

continuous function on XxX-d(X), ti(X) is the diagonal of XxX, such that

            Ife(x, y)i=o(r(x, y)i""), n== dim. X,

                                            'then J(k)[f]= !xk(x, y)v(x, xi, ･･･, x,,) is defined for any continuous function f on

X and J(k)[f] is continuous on Xl Since l(le) is a compact operator on C(X), the

Banach space of continuous functions on X with uniform convergence topology,

if k is continuous on XxX, we may define the symbol o(I(k)) of I(le) by

            a(4le)) is the class of fe mod. C(XxX).

Similarly, we can define integral operator l(le) as the map

            I(k) : r( 2'P,])- r(L9),

where 2Lttand Lsf/ are the vector bundles over X, r( tt") and r(..g-) are the spaces

of their (continuous) cross -sections. These shows us the possibility of the exten-

sion of the theory of elliptic complexes for CW-complexes. In fact, if X is a

topological manifold, then we can define the symbol a(I(k)) as the bundle map

            a(I(k)): p*( E)R)--, P*( 2'ii

where P"( 2'pM) and P"(Ls-) are the induced bundles on the tatal space of the tan-

gent microbundle of X of 2e and LSeh . These are statedin g5.

   I would like to thank Prof. Uchiyama who teach me examples of the classi-
cal integrals which reduces to the fOrM Of !,a,)flX, Y)'

   The outline of this paper is announced in Proc. Japan Acad, Vol. 47(1971),

59-63, under the same title.

                     ssO. Alexander-Spanier cochains.

  1. For a topological space X, we set'

                                   ･""-s+IA
(1) d,(X)=(x, x,･･･, x)lxGXcXx･･･xX.



We' often denote A(X) instead of Ai(X). We denote by E}t a topological vector

space (over R or C).

   Definition. Two ee-valued junctions f and g on U(A, (X)), a neighborhood of

A,(X), are called equivalent if

            f 1 urA,(X)) == g l urd,(X)),

                                                '
for some neighborhood V(A,(X)) of 4(X) and the equivalence class offbpt this relation

is called the germ of f (at A,(X)) and denoted by f or simPly, f:

   Definition. A germ offat ",(X) is called an (ee-valued) Alexander-Spanier

s-cochain.

   By definition, the set of all Alexander-Spanier s-cochains of X forms an R

(or C) vector space. If M is a ring, then it is also an ee-modul. It is denoted by

CS(X) or C'(X, sc).

   We call an Alexander-Spanier s-cochain f is continuous, regular or alternative

if a representation f of f is continuous or satisfies

            f<xo, xi, ･-･, x,)=O, if xi -- xj for some i, d (i 7G j),

or

            flXa(O), Xa(1), ..･, Xa(s)) == Sgn (a)f(Xo, Xb ･･･, X,),

            a E Ss+1.

   Similarly, if X is a Lipschitz manifold (cf. [13]), smooth manifold or an

analytic space (may have singularities), we can define a Lipschitz continuous,

smooth or analytic Alexander-Spanier cochain as above.

   It is known, that to define the coboundary homomorphism a : C'(X)-CS"i(X)

                                      '
            6jC<xe, xi, ..., Xs+i)

              s+1
            =X(-1)if<xo, xb .･-, xi.-1, Xi+1, ..., X,+1),

              i--o

we obtain

(2) H'(X, sc) ct B,(X, sc)/4(X, 9t),

            BS(X, 9})== leer. [a: C'(X, St)-C'"i(X, S-v)], Z'(X, 9t)==bCS-i(X, 91),

if X is a normal paracompact space ([2], [15], [16]). Here H'(X, 9") is the Cech

cohomology group. We note that (2) is true although we restrict CS(X, za) to the

group of continuous, regu!ar (regular and continuous), alternative (alternative,

regular and continuous) s-cochains on X. Similarly, (2) is true for the group of
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Lipschitz continuous or smooth s-cochains on X if X is a Lipschitz manifold or

a smooth manifold.

 2. If ee isaring, then we can define the product for f"EC"(X, 91) and gSG

cs(X, sc) by

            (fSegS) (Xot Xll '''t Xr+s)

            =.f<Xo) Xl) ''') Xr)g(Xrr Xr+lr ''') Xr+s)-

If fr and gS are both alternative, then we use the alternative product f"AgS

given by

            (frAgS) (xo, xb ･･', Xr+s)

          . =A((f"egS) (xo, Xi, ･-', X.+s))･

Here A(ht) is the alternation of ht E C'(X, 81) defined by

            A(ht)(xe, x,, ･･･, xt)

            ==(t+11)!..li})t+isgn(o)h(xa(o), xa(i), ･･･, x.(t)).

   By definition, if h is alternative, then Ah == h. Hence we get

            C'(X, M) =:: AC`(X, se)+leer. A,

lsngyAmCll12Xtlicl)tifiatth:.s,SPhaCseat?.sffiaeisi aiternative t-cochains of xL we note that, if h

                                                    '                                                     '                                                                     '                                                             '
            h(Xa(o), Xam, ''', Xa(t)) == h(Xo, Xb ''', x,), aESt"i, .

thenhbe!ongs in ker.A. ,
   Definition. if EJt is a (semi) normed vector sPace, then we denote by 1lfSl1 the

(R-valued) s-cochain with rePresentation HfSI1, f' Eii f', where 1lfSIl is given by

            llfSIKXe, Xb -'', Xs)=llfS(Xe, Xi, ''', Xs)ll, .

and llall is the norm ofa in M.

   By definition, if f-S is a}ternative, then 1lfSl1 is a symmetric (R-valued) s-

cochain of X,

   Nete. If M=R or C, then we denote if-Sl the s-cochain with representation

lfSl, fs.fs.

   Definition. VVe call an R-valued s-cochain f'S to be Posittve if some fSGf-S satisies

    . . ]t(xo, xi, ･･-, x,)20, (xo, xi, ･･･, x,)E U(A,(X)), '



for so)ne U(A,(X)).

    By definition, 1lfSl1 (or lfSl) is a positive s-cochain.

                       g1. Definition of the integral.

  3. We use the following notations.

             IS == (t,, , t,)IO;Sl t, ;IS 1, ･･･, O;:S; t, =< 1,

             J=(1'i, ･･･, j',), 1'i, ･･･, ]', are O or natural numbers,

             J+ lh == (7'b ''', 7'k-b 7'k+1, 7'k÷i, ''', 1's),

             dy = (al,i,, ･･･, as,i,), O;s{ al,j, ;sl; 1, ･･･, OSI a,,,i,;${ 1.

    Definition. ILIC fS := flxo, xi, ･-･, x,) is defined on some neighborhood U<d,(X)) of

d,(X) and g: IS.X is a (qubical) singular s-simPlex of X (cf. [12]). then we set

                               J= (ni, ･ ･, ns)(3) S,as)fS =i.iJii+n{,-,virr.o J..ii,il],.,.,,) flop(aJ), pa(aJ+ii), ''', q(aJ+i,)),

if the limit ext'sts. Here {ai, j'i} is a series of real numbers such that

            O == ao,i< ai,i < ･･･ < ai,ni < ai,ni+i = 1･

    Lemma 1. The existence and non-ext'stence and the vlaue of !,a,)f' (ije it exists)

are dePends on the germ of f'.

   Proof. If fS are equivalent, then f"1 vrd,(X)) := gSi V(n,(X)) for some V(a,(X)).

Then taking lai,ji+i-ai,dii sufficiently small for each i and i, (op(aJ), g(aJ--i,),

･･･ , g(aJ+i,)) belongs in V(A,(X)) and we get

            flop(aJ), q(aJ+1i), ･･･, 9(aJ+1i))

             == g(q(aJ), g(aJ+1!), ･･･, ep(aJ+1,)).

This shows the lemma. ･.   Definition. We dofne the integral !,a,)fTS ofanAlexander-SPaniers-cochain'fS

on a (cubical) sing"lar simPlex ep:I'.X by ･

(4) S,(I,) f's= !,a,)fs,

where fS is a rePresentation of fS.
   Definition. ILf !,(i,)f-S exists, then we call f7S is integrable on g(IS).

   Similarly, we call f` is integrable on ep(IS) if S,a,)fS exists, where fS is a func-

   Definition. UM is a (semi) normed vector sPace andfS and 1lf'11 are both in-
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tegrable on g(IS), then we call f' is absol"tely integrable on q(IS).

   Similarly, we define the absolute integrability of fS, a function on U(d,(X)).

   Note. If M=R or C, then the absolute integrability of fS follows from the

integrability of lfSl.

   By definition, we get

(5) S,a,) (ofS+ Pg S) =: aS,a,) f' + PS,(I,) gS,

and if fS is absolutely integrable on g(IS) and ip(IS), then

(6) Seas)+gous)fS i= S,as)fS + Sip(is)fS'

   By (6), we define

   Definition. Lf' r == =aigi(IS) is a (qubical) singular s-chain on X and fS is abso-

ltttelN integrable on each opi (IS), then we dqline the integral SrfS of an Alexander-

SPanier s-cochain fS on r by

(7) S,fS =:evi !,,as)fS'

   For the integration on r, we define the integrability and the absolute integra-

biiity of fS on r as above. Then we get

(5)' S,(crf`+PgS) == aS,fS+PS,gS,

                                             'and if fS is absolutely integrable on ri and r2, then

                         '
<6)' !,,+,,fS=Sr,fS+Sr,fS'

  4. Theorein 1. ILIC ep does not dePend on ti and fS satislies

            .f<xe, xl, ･･･, x,)=O if xo =: xi,

then S,(i,)fS is equal to o.

   Preof. By the assumption about op, we have g(aJ) == ep(aJ+ii) for all .L Then

by the assumption about fS, we have

            f(q(aJ), 9(aJ+ii), ･･･, 9(aJ+i,))= O,

for all J Hence we have the theorem.

   Corollary. ILf f' is regular and g(IS) is degenerated (cf [12]), then
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(8) S,(,,)fS == O･

    Note. To get this corollary, it issufficient fS to satisfy

            ]C<xo, ･･･, x,) = O, if xo = xi for some i.

    Theorem 2, ILf fS is alternative and absolutely integrable on pa(IS), then

(9) S,(,(Is))fS == Sgn(O)S,a,)fS, aESS･

Here a operates on IS by

            (tb '''r ts) := (ta(1)e '''t ta(s)).

    Proof. To show the theorem, it is sufucient to show

(9)' S,(.,jas))fS := -!,us)fS' iS7"

            Tij'(th '''7 ti7 ''') tb '''l ts) = (tll '''r tjt '''1 th '''t ts).

But since we have

            (ill, '", Ns)
              = f(90(riJ<aJ)), 90(Ti,<aJ+1i)), ･･･,q(TiJ<aJ+li)),

            J= (O, ･･･, O)

                   ･,. , gO(T,J(aJ"-IJ)), .･･, g)(TtJ(aJ+ls)))

              (Jt!, ''', Vts)
             : Z] fl9(aJ), ep(aJ+1i), ･･･, q(aJ+lj, ･･･,
              J-= (O, ･･･, O)

                   q(aJ+li), ･･･, ep(aJ+1,)),

we get by the alternativity of L

            =f(9(TiJ･(aJ)), gP(Ti,･(aJ-t-ii)), -･･, SO(TiJ･(aJ+i,)))

             J
                                              '
            ==--=f(ep(aJ), 9(aJ+1i), ･･･, 9(aJ+1,))･

                ,J

Hence we obtain (g)'.

   Note. To get (9), it is sufficient to assume fS being alternative oniy in

x,. That is, fS to satisfy only

                                     '
            f(Xo, Xa(1), ''', Xa)s)) := Sgn(O)f(Xe, X!, ･--, X,), aESS.

Xl, -i .
'
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   Similarly, if fS is symmetric in xi, ･･･, x, and absolutely integrable

then

            Se(a(IS))fS = S,a,)fS'

                             g2. Examples.

t, 5theAiS Stated M iiitrOdUCtiOn, if s ::=  1, f is regular and rtep(s), g(t)) is

            !,a,)f(X, y)=Si 66ft (g(s), q(s))ds.

In general, we get

   Theorent 3. ILf f is regular and setting

            .IC<9(t17 '''! ts)) op(tllf "'t tls)p '''r ep(tslt '''t tss))

            = g(tl, ''', ts, tlb ''', tls, ''', tsl, ''') tss),

            Os{t,1$1, i-- 1, ･-, s, 1' m- 1, -･, s,

g is smooth in each tii, then

(10) S,(,,)fS

            = S: ''' !: 6t,ce6t,, t,,. .. t, dti･･･dt,.

   Proof. By assumption, we get

            g(tl, ''', ts, tll, t2, ''', ts, ''', tl, ''', ts--1, tss)

                 6Sg
            =6tll ･,. 6t,, (tl' '''' tS' tl' '''' ts, "', tb ''', ts)(tn-tl)(t,,"t,)

              + O(ltii rm tiYtss - ts1)t

Hence we have

                                                  '            !qas)fS

          = liM :f(q(aJ), 9(aJ+i]), ･･･, 9(aJ+i,))
            laJ+ii. -aJl-O J

          = lim. :g(aJ, aJ+1i, ･･･, aJ+1,)
            1aJ+ii-aJ1 --O J

                             6'g          =:]1aJ//MiiLaJ1-...o:IF] 6tii.･- 6t,,(ai,h, ''', as,is, ai,di, ･･･, as,i,,

       87

 On go(I'),

smooth in



88 ･ AKIRA AsADA
                   , ..･, al,yl, -･., as,1',)(al,j'1+1-al,dl)..･(as,J',+1-a>,1-,)+

                 +=o(lal,yl+1-al,j'li.･･las,i,+1-as,J-,D

                   J

            == !i ''' SI ot.91g6t,, t,,= t,dti ･･･ dt,･

   Co}'oltary. Ilf X is a smooth manijbld, fS is a regular smooth cochain and g is
a smooth singular claain, then S,(i,)fS exists.

   6. In this ne, we assume X=li and ep is the identity map and denote Sp flxo,

                                                          'Xi) inStead Of S,a,)f(Xe, Xi)･

   We give some examples of classical integrals which are written in the form
SJ, f(Xo, Xi)･ I owe these examples to Prof. Uchiyama.

   (i). Taking f(xo, xi)=g(xe)(xi-x,), we get

            S,,f(xo, xi) == S:g(x)dx,

                                       '
where the right hand side is the usual Riemannian integral of g(x).

   (ii). Taking f(xe, xi) := g(xe)(h(xD - h(xe)), we get

            S.f(xo, xi)-=Sigdh,

where the right hand side is the Young-Stieltjes integral (cf. [7]). It is known

that setting

            to(t, g) -= suP.Ig(x)-g(y)l, te(t, h)=szaP. I(x)-h(y)l,

                   ix- J,l$t ix-yl $t
 if Si(w(t, g)to(t, le)/t2)dt exists, then Sl gdh exists.

    (ii)'. If we use alternative 1-cochain f(xo, xi) given by

            f(xo, xi)==;(g(xo) + g(xi))(h(xi) - h(xe)),

instead of g(xe)<h(xi) - h(xe)), then

            S,,f(xo･ xi) -L!:gdh.

Here LSi gdh is the Lane-Stieltjes integral ([9], [14]).

    (iii). Setting

                      (gi(xi) - gi(xo))(th(xi) - g2(xe))
            f(Xo, Xi)= h(x,)-h(Xo) '
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where if h(a)= h(b), then gi(a)=gi(b), i=1 or 2 and set fla, b) = O, we get

                                          '
            S,, f(xo, x,) - S: dA(,x¥.h,(x) ,

where the right hand side is the Hellinger integral. It is known that to set

            df(x) -= flx + 6) - f(x), o" > O,

if h(x) and k(x) are bounded decreasing continuous functions on I and for any

6> O, we get

            (dgi)2$aheidfe, (dg2)2StigeAfe,

then S:(dfi(x)dh(x)/dh(x)) exists. '
   Note. For X=JS, taking q to be the identity map and denote Si, fS instead of

s     fs, we obtain
 q(Is)
   (i)'. Setting xe ;= (ti, ･･･, t.), xi -- (ti,b ･･･, ti,.), i= 1, ･-･, s and

     ' f(Xe,Xl, ''', Xs) '
            = g(xo)Pi(xl - Xe) ･･･ P,(X, - Xo), Pi(Xi - Xo) = tii - ti,

we have

            !,,fS =- !:･･･ S:g(ti, ･･･, t,)dt, ･･･ dt,.

Here the right hand side is the Riemannian integral of g:

   7. In this no, we assume that X is a metric space and denote its metric by

r=r(x, y).

   By definition, r(xe, xi) defines a positive 1-cochain of X. We also denote it
by r･ Then !,,a,)r is the length of the curve ep(I') by the metric r. For example,

if X := R", r is the usual euclid metric, then setting

            g(t) ::= (fl,(t), ･･･, L,(t)), O;l!l{t51,

r is integrable on g(I') if and only if each L･ is the function of bounded variation.

   Similarly, using r, to define a positive s-cochain vS := v(r)S of X by

(11) vS(xe, xb .-･, x,) ::= r(xo, xi)r(xe, x2) ... r(xo, Xs),

we may consider vS to be the s-dimensional volume element of X with respect to
the metric r. In fact, if op(I') is non-degenerated, then !,a,)vSSO, and S,a,)



vS ==O if (IS) is degenerated. But S,(i,)vS may be equal to oo for non-degenerated

9･

   Definition. lf dim. X== n, then we denote v" by v or v(r) and call the volume

element af X with resPect to the metric r.

   We note that Ar ==Oand AvS ==O for all s. On the other hand, on R", we

may take

            V(Xe, :Vl, ''-, Xn) =: Pl(Xl- Xo)P2(X2 - XO) '''Pn(Xn M Xo)

to be the volume element and for this Z AVXO.

                          g3. Stokes' theorem.

 8. Lemma 2. ILf fS is absolutely integrable on ep(IS), then for any fi > O, there

exist e > O and N == Ar(5) > O such that

(12) 11rtq(aJ), g(aJ+ii), -･･, ep(aJ+i,))11

            ;:il;Nlai,h+i - ai,i,1 ･･･ las, i,+i - as,i,l, ･

            if aJE Isi × ･･･ × IsS and Iai,ii - ai,iil<s, i= 1, ･･･, s,

where I6k is given by

                 ･tnk
(12)t Ibk ==V[bk,i, bk,i,,],
                i--o

            ogbko < bkl < ･-･ < bk2.k < bk2.,k+1$1, =(bk2i,1 - bk2i) > 1 - b.

   Proof. If fS does not satisfy (12), then we can take cki, k= 1, ･･･, s and i=

1, 2 such that OEIIcki< ck2;S{1 and

            lif<9(aJ), tp(aJ+1i), ･･･, ge(aJ+t,))"

            >Nlai,i,+i - ai,h1 ･･- las,d,+i - as,d,l,

            for some aJE K, K=(cii, ci2) × ･･･ × (cSi, c'2),

and the set of such aJ is dense in K for any AL Hence we have

            S,(K) HfS1 1 >Nl c'2 - c'i - al ･･･1cS2 - cSi - al,

for any N and ev. Then since !,(i,YlfSl1;}.l:mS,(K) HfS]i, S,a,) llfSH should be

equal to oo. This contradicts to the assumption.

we hDtg2nitiOn･ We Catl fS is uniformly integrable on q(Is) if for any I,i× ...× I,s
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(13) !, a,)fS = l,ii-n,b S,(i,ix .xi.s)f"

    For example, if fS is regular and .f<ep(ti, ･･･, t,), g(tn, ''', tis), ''', op(tsi, "', tss))

is Lipschitz continuous in tii, i=1, ･･･, s, then f' is uniformlyintegrable on g(IS)
if S ,as) fS eXiStS.

   By lemma 2, we have
    Lemma 2'. Ilf f` ts absolutely and uniformly integrable on g(IS), therp for any

s> O, there exists 6 == 6(s) > O, N== AJ(E) >O and a =a(e) >0 sz{ch that

(14) I]S,u,)fSm.J.ii¥,i]...,.i,,f(90(aJ), cD(aJ+ii), ''', go(aJ--i,))11< e,

             1 If(q(aJ), op(aJ+i,), ･･･, g(aJ+i,))H

            $Nlai,.ii+i - ai,ii1 ･･･ ias,i,+i - as,i,1,

             if aJ E Iai × ･･･ × IeS and 1ai,j,+i - ai,iil< a.

    9. Theorem 4. Let fS-' be a continuous alternative regular (s - 1)-cochain and

r = Xai gi (JS) is a singular s-chain such that

(i). (6f)S is absolutely and uniformly integrable on each gi(IS).

(ii). fS-i is absolutely and uniformly integrable on each si･ngular simPlex of 6qi(IS).

    Then we have

(15) S,(tif)S =: S,, fS'i'

   Proof. By definition, to show (15), it is sufficient to show

(15)' !,a,) (b`f)S = S,,as)fS-i'

   To calculate this right hand side, we set

             ! epa,)(6f)s

                       (lll, ･･', fZs)
           = lim, :El]] {flg(aJ+1,, ･･･, g(aJ+1,))-
             laJ+li-aJ l --bO J== (o, ･･･, o)

                    -f(op(aJ), 9(aJ+i2), ･･･, 9(aJ+i,)) + ･'' +

                    + (-1)kf<q(aJ), op(aJ+1,), -･･, ep(aJ+lkri), ep(aJ+lk+i),

                    , ･･･, p(aJ+l,)) + ･･･ + (-1)Sfl9(aJ), 9(aJ+1i), ･･･,

                    rp(aJ+ls-i))}･

Then, since the limit exists for any partition of I`, we may set ni = ･･･ =:: n, =n



in this right hand side. Then we get

            (11, .･･, ･Jl.)
              = {f(ep(aJ+1i), ･･･, 9(aJ+1,)) - flep(aJ), 9(aJ+12), ･･-,

            J= (O, ･･･, O)

                   q(aJ+1))+ ･-･ +(-1)Sflop(aJ), q(aJ+1i), ･･･, ep(aJ+1,mi))}

                       (k-1)(h+1)
              s (n-1, ･･-, n-1,n, -･,n)
            =={ X f(ep(aJ+i,lh-n), ･･･, q(aJ+i,Ik-:n))}+
             k=-1 J(k) =-(O, ･-, O)

              s (n, -･･, n)
            +Z{ X (-1)kf(ep(aJlfe=-o), g(aJ+iilk-=o), ･･･, q(aJ+ik-ille-o)
             k=-1 J(le)--(O, -･, O)

                   9(aJ+lk.iIk-=o), ･･･, op(aJ+1,1le=:=o))} +

              (n-1, ･･･, n-1)
            + Z] f(q(aJ+1,), -･･, q(aJ+i,))+
               J=- (O, ･･･, O)

              s (1･l,･･･, n)
            +X{ = (-1)k.lf(g(aJ), 9(aJ+i,), ･･･, q(aJ+lk-i),
             le ==:1 J-- (O, -" O, 1, O, -, O)
                      (le)

                   q(aJ+lk.1), ･･-, q(aJ+ls))}.

Here Jk and aJlk-=m mean

            .J)le == (]'ii '''i ]'k-IJ 7'k+ii ''') 1's)J

            aJlk==m=(al,il, ..･, ale-1,)'k-1, ale,7n, ak+1,ik,l, ''', as,is)･

We note that in this notation, aJ+lklk-=m means (al,:ii, ･･･, ak-1,ik-i, ak,m+1, ak+1,.1'k+i

,･･･ , as,i,). Hence we have

            aJ+ik1k==n == aJlk=nt, i,

and therefore we get by the alternativity

            j`<g(a.J+1iih==n), ･･･, op(aJ+lklk=n),･･･, q(aJ+1,lk-=n))

            == (-1)le-if(g(aJ1le-=n+i), q(aJ+iilk==n), ''t, g(aJ+ik-ilk-=n),

                      g(aJ+lk-,1k-n), ･･-, q(aJ+,1,1k-n)).

Hence we have

                        s Oi-lt ,,,) n-1i 7ti ...i n)
(16) lim. [={ = f(op(aJ-nilh-･-n), ･ny ny, g(aJ+islk-,i))}+
            laJ+li,-aJ[-.O k=1 Jk==(o,･-,o)

              S (71,･･･, 11)
            +={ l:i: (-1)kf(q(aJlk-o), g(aJ+i,lk-=o), ･･･, q(aJ+ik-ilk-=o),

             k--I Jk-:(O,･-,O) .
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                  op(aJ+lk.,1k-o), ･･･, g(aJ+1,1le-o))

                  =SO,(I,)fS'"i.

   On the other hand, we get

           (n-1, ･･･, n-1)
              = f(9(aJ+1i), ･･･, op(aJ+1,))+
            J= (O, -･, O)

              s (n,",, 7z)
           +={ = (-1)kflg(aJ), 9(aJ+1,), ･ny･, op(aJ+lk-i),
             k=-1 J=(O,･･･, O, 1, O, ･･･, O)

                        q(aJ+lk.i), ･･･, ep(aJ+1,))}

             Ot--1, ･･･, n-1)
           = X) {f(ep(aJ+ii), ･･･, 9(aJ+1,))-f(9(aJ+ii), pa(aJ+1i+12),

              J== (o, --, e) .
                  , ･･･, gO(aJ+li+1,)) + ･･･ + (-1)kf(go(aJ+lk),

                  9(aJ+lk+1,), ･-･, 9(aJ+lk+lk-i), 9(aJ+lk+lk+i),

                  , ･･･, q(aJ+lk+1,))+ ･･･ +(-1)Sf<Q(aJ",),

                  op(aJ+ls+11), ･･-, q(aJ+ls+ls-1))}+

                         (l-1)(l+1)
              s (･n-1, -･,n-1, vt, ･･･, n)
           +=[X{ X (-1)kf<g(aJ+iklk-n),
             k-:1 l<le J(l)-(O,･-,O,1,O,･･･,O)
                             (k)
                  9(aJ+lk+1ilt=n), ''', 9(aJ+lk+lk-ill-n),

                  op(aJ+lk+lk+i 1 l-,i), ''', P(aJ+lk+ls 1 l-=n))}÷

                      (k)(l-1)(l+1)
                 (･n-1,･･･,n-1,n,n-1,･･･,n-1,n,･･･,n)
           +={ = (-1)kf(g(aJ+ikli-n),
             k<l J(l)-O, -･, O, 1, O, ･･･, O)
                            (k)
                  q(aJ+lk+1,ll-=n), -･･, op(aJ+lk+1,lt-:n))}].

Here aJ+ik+i. means (assuming k < m)

           aJ+lk+ltn
           == (al,il,''',ak.1,J'kul, ak,j'k+1, ak+1,ik.1, ..', am-1,1'm-1, aln,i,.+1,

             am+1, 1'?n-1) '''J as, j's).

Then we set

            s (n--1,･･･,n-1,n,･･･,n)
(17) =[]Iili]{ X (=1)kf(ep(aJ+ikls-n),
           h=-1 t<k J(f)==:(O,･-,O,1,O,-･,O)

                  g(aJ+lk+lilt==n), ･･･, q(aJ+lk+1,ll=n))}+

                 (n-li ,,,t n-1i nen"1! .,.) n-IJ vti ,,.i n)

           +={ X (-1)k]f<g(aJ+ikli-n),
             k<l J(l)-(O, ･-, O, 1, O, -･, O)
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                  go(aJ+lk--11 1 l=:,t), .･･ , co(aJl-lk+1, 1 l=n))}]

              s n (n-1,･･･, n-1, n, ･･･, n)
            =:X = [X = (-1)kf(ep(aJli:-n,k-:.ik+i),
             k=:=l j'k=1 l<e J(l,k)==O,･･･,O)

                  go(aJ-Flill=:n,h-j'k+1), ･･･, go(a.r+1,lt-=n,k=tyk+1))}+

                 (n-1, ･･･, n-1,n,･･･, n)
            +le=<i{ J(k,i)IIil(lo,-,,o) (-i)kf(g)(aJli-n,h-jk+i),

                  q(aJ--1ill-n,k-=ik+1), ･･･, 9(aJ+1,il-n,k==ik+1))}]･

Here aJ[i=-p,k-a and J(i,h) mean

           aJll=p,k=q

            ==(al,il, ''', ai-1,]'l"1, al,p, at+1,il+v ''･, afe-1,j'k-1, ak,a,

             ak+1,j'kul, ..., as,is),

           J(l, le)

            =(j-1, '''t 1'l-1, 1't+1, ''', 1'fe-1, ]'fe+1, ''', 1's).

On the other hand, since fS-i is continuous and integrable, we have

                      s n Ot-1,-･,n-1, it, ･･･, -n)

(18) lim. ==                           [X{ :Ilil]i (-1)kf(op(aJii-n,h-ik+D,
           laJ+li-aJ)--Ok-1 7'k-1 1<k J(l,k)-(O,･･･,O)

                  9(aJ+1iii=-n,k=ik+1), ''', 9(aJd-lsll--n,k-=.ik+1))] +

                 (nHlt ,..J n--t n) ..,s n)
           rl" ]Iill) { Z (- 1)k f(op(aJIi-- n, k-jk+D,
             k<l J(le, l)=(O, -･, O)

                  op(aJ+1iit=n,k-:ik+1), ''', 9(aJ+lslt==n,leL'jk+1))}]

                      s s (n-1, -･, n-1)
                        = [X{ = (-1)kf(ep(aJ12-=n,k=-ik+i),           == lim. =
            laJ+li- aJl -ek;T-! j'k ==1 l> le J(l, k) == (o, ･･･, o)

                  9(aJ--1ill-=n,k-=ik+1), ''', 9(aJ+lsll-n,k-=dk+1))}+

                 (n-1, ,-J, n-1)
           +Z{ X (-1)kf(q](a.rll=-n,k-ik+i), gD(aJ+1ill-n,h-ik+1),
             k<l J(k, i)- (O, ･-, O)

                  , ･･･, go(aJ+1,il-n,k-y'k+1))}]･

Then we obtain by the alternativity

            s n (n.-1, -･, n-1)
           = l: ; [={ = (-1)kf(q(aJli=-n,k===jk+i),
           le-l j'k--1 l<k J(l,k)-(O,･･･,O)

                  gO(aJ+1iit--n,le=-ik+1), ･･', gO(aJ+1,il-=n,k=-ik+1))}+

                 (n-1, ,.., n-1)
           -t-={ : ] (-1)kf(op(aJll-n,k-:ik+1), q(aJ+1ilt-=nk==Yk+1),
             k<l J(k, l)-(O, ･-, O)
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                   , ..., q(aJ+lsll=n,fe=ik+1))}]

              s n (n-1, ,,-, n-1)
            ,..,= = [={ = (-1)kf(g(aJII=-n,k=-jk+i),
             h=-l j'k==1 l<fe J(l,k)-(e, ･-, e)

                   ep(aJ+1ill==n,h==jk+1), ''', 9(aJ+llll==n,le=jk+1), '

                   9(aJ+1, k==n,k==ik+1)) - f(q(aJl l-n, fe-:jk+1),

                   9e(aJ-l-1111==n,k==jk+1), ･'', gO(aJ+lk-lll==n,k==jk+1),

                   g)(aJ+ull-±n,k-j'k+1), go(aJ+lk+ill==n,k=-ik+1), ''',

                   9(aJ+u-lli-rmn,k==jk--t), ep(aJ+IJ+III==tL,k=--jk-Fl), "

                   ep(aJ+is I t=n, k=J'k+i))}].

Then by (14) and the continuity of L we have

              s n Ot-1,--,it-1)
            H= = [={ = (-1)lef(g(aJIi-=n,k-jk+i),
             k-=1 ik =1 l<h J(l, le) -- (O, ･-, O)

                   9(aJ+11]l==n,k=tik+1), ''',

                  (n-1, ･･･, n-1)
            +={ = (-
             k<l J(k,l) :- (O, ･-, O)

                   , .,., ep(aJ+is1g==n,k=ik+i))}]]1

            5 s + 21Vhr,

where N depends on s but a is independent to N. Hence we

                       s 'in (n-]., ･･･,n-1,n, ･･･, n)
(19) laSt.'111,Lax->ok=-ijlk-=i[i:kk{ '('･fe);(O'""O)

                   9(aJ+1ill==n,k==ik+1), ''',

                  (n-1, ･･-, n-1,n, ･･･, n)
            -t-Z{ Z (-1)kf(g(aJii-n,ft-ik-}-i),
             fe<l J(k, t) = (O, ---, O)

                   9(aJ+liIIT-n,h-=jk+l), ''', ep(aJ+ls1l-n,k-j'k+1))}]

            = o.

   On the other hand, since

            (n-1,-･,n-1)
               = {f(9(aJ+ii), ･'', rp(aJ+1,)) - fl9(aJ+ii),
             J7 (O, ･･･, o)

                   , ･.., 9(aJ+11+1,)) + ..･ + (-1)Srt9(aJ+1,),

                   9(aJ+ls+11), ･･･, q(aJ+1,+1,-1))}

             (n-2, J--, n-2)
            = Z} {f(ep(aJ+ii), ''', ep(aJ+i,))-f(9(aJ+i,),
               J-(O,-･,O)

.

'

'

       q(aJ+1, k==)t,k;=ik+1))} +

1)k f( op(aJ l i -= n, k-dk+i), op(aJ+ii l i -= ,k-=jk+i),

               get

         (-1)kf(ep(aJll :n,k-=ik+1),

g(aJ+is k-=n,k=:ik+i))} +

rp(aJ+11+12),

rp(aJ-l-11+12),
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 , ･･･, 9(aJ+1i+1,)) + ･･･ + (-1)SX9(aJ+1,),

 q(aJ+1,+11), .･,, 9(aJ+1,+1,-1))}+

    (k-1)(h+1)
(n-2, ･-･, n-2, n-1, ･･-, n-1)

      X {f(q(aJ+ii[fet-.-i), ･･･,
    J(k) =- O, ･･･,O

 pa(aJ+1,lk-n-1)) - f<9(aJ+1ilk==x-1), ep(aJ+1i+1,lk==n-1), ･･･,

 g(aJ+1i+ls1h-n-1)) + --･ -l- (-1)Sf(q(aJ+1,]k-n-i),

 q(aJ+1,+111fe=n-1), .･･, op(aJ+l,+1,-11k=n-1))}],

we get

(20)

Then,

(18)t

Then,

     (n-1, J･,, n-1)
         = {f(q(aJ+ii), ･･･, 9(aJ+i,)) -f(q(aJ+ii), P(aJ+ii+i2),
       J== (O, ･･･O)

            , ･･･, ep(aJ+1i+1,)) + ･･･ + (-1)'f(9(aJ+1,),

            ep(aJ+1,+11), ･･･, 9(aJ+1,+1,-1))}

                      (le-1) (k+1)
       oi-1 s (n-,t-1,",,n-l-1,n-lsm,n--l)
      =X[X[ Z {f(g(aJ+i!ife-n-i), ''',
       t=-l k-=1 J(le):-(O,-･,O)

            9(aJ+ls]k=n-l)) - f<9(aJ+IJk"T･n-l), 9(aJ+1i+12lk-:n-l),

            , ''', 9(aJ+1i+ls]k=-n-l)) + ''' + (-1)Sf(9(aJ+1,lk-:n-i),

            9(aJ+ls+1i1k==n.-l), "', 9(aJ+ls+ls-i]k==n-l))}]].

since fSHi is continuous and integrable, we have

               n-1 s (vt-l-1,･･･,n-l-1,n-t,-･,n-l)
       lim. X[X[ = {f(g(aJ+iilfe[==n-i),
      [aJ+li-aJ[-O l--l h--1 J(ie)==(o, -･, o)

            , ''', 9(aJ+1,1k==n-l)) - f(ep(aJ+1i1k-n-t),

            P(aJ+1i+12lk=n-l), ''', op(aJ+ls+ls-i]k=n-l)) +

            + ･･･ + (-1)Sf(g(aJ+1,Ik-n-l), 9(aJ+ls+1'ilk-,i-t),

            , ..･, 90(aJ+ls+1,Lllk=n-l))}]]

               nml s (n-l-IJ-.-]nml-1)
    = lim. =[=[ = {f(op(aJ+iilk-n-i), ''',
      [aJ+li-aJl-O l-tl le-=1 J(k)==(o,･･･,o)

            9(aJ+ls 1 k-n-l)) - f(9(aJ+1i I h-n-l),

            9(aJ+1i+121k=n-l), ''', P(aJ+1i+ls]kk-n-i)) +

            + ･･･ -i-(-1)Sf(g(aJ+1,]le-=n-l), 9(aJ+ls+1ilk-=n-t),

            , .-･, go(aJ+1,+1,mllksn-t))}]]･

since fS-i is alternative, we obtain



Hence

where

(19)t

n-1

l=-1
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     s (n-l-1,･･･,n-l-1)
=[X[ = {f(9(aJ+iilh-:n-D, ･･･,g(aJ+i,1le-n-i))-
    k-=1 J(h) == (O, ･--, O)

       - ,IC<9(aJ+1ille-=n-l), 9(aJ+1i+i2ik==n-l), ''', 9(aJ+1i+lslk=n-l)) +

       + ･･･ +(-1)Sf(g(aJ+i,1le-n-l), 9(aJ+is+iilk-n-l), ''',

       9(aJ+is+i,ui 1 le =tn-i))}]]

  n-1 (n-l-li--.,n-l-1)
==[ X [{f(q(aJ+iili-=n-l), ･･･, rp(aJ+i,1i-n-l))-
  l==1 J(1) -- (O,-ny,O)

       -f(9(aJ+ii1i=n-l), 9(aJ+ii+i21!==n-t), "', 9(aJ+ii+is1i==n-l)) +

       +･･･+(-1)Sf(p(aJ+1,11-tn-l), 9(aJ+ls+Iill:-n-l), ''',

       9(aJ+ls+ls-111=n-l) ' f<9(aJ+12I1=n-l), 9(aJ+1111=n-l), .-',

       9(aJ+1,11-n-l))-f(9(aJ+1,I1=-,i-l), q(aJ+1,+1,11-n-l), ･･･,

       9(aJ+12+ls11-n-i)) + '" + (-1)Sf(9(aJ+1,i1-n-t),

       P(aJ+ls+1iht=n-l), ''', rp(aJ+ls+ls-i11==n-l))} + ''' +

       +(-1)k{f(g(aJ+ikli-n-i), op(aJ+i21i=-n-t), ''', 9(aJ+ik-ili-ptn-i),

       g(aJ+1,h-n-l), g(aJ+lk.i'll==n-l), ･･･, q(aJ+1,I1=-n-l)) + ･･- +

       + (-1)Sf(g(aJ+1,11==n-1), 9(aJ+ls+lkil-=n-l), ''',

       9(aJ+ls+ls-i 1 1-n-l))} + ''' + (nd 1)S{f(9(aJ+ls 1 ldn-l),

we get by (14),

        n-1
      II=[Z[
        l-1 k-=1

      :l{ E + s(s ÷

N depends on

 lim.
1aJ+li-aJ1-Ol

9(aJ+i21i-n-i), ''', 9(aJ+i,-ili-=n-i), 9(aJ+iih-=n9)) + ''' +

-i- (-1)S.lf<9(aJ+1ill=n-l), ''', 9(aJ+1i+ls-i[1ptn-t))}]]･

 the uniform integrability and the continuity of f

s (n-l-1, ,-,, n-t-1)
        = {f(9(izJ+1ilk-n-l), ''', pa(aJ+1,lh=-n-l))-
    J(k)== (O, ･･･, O)

-f(9(aJ+1ilk-=n-l), ip(aJ+1il121h-,t-l), ''',

9(aJ+1i+lslle-=n--l)) + "' + ("1)Sf(9(aJ+1,lk-n--l),

9(aJ+ls+1i]k=n-l), ''', 9(aJ+ls+ls-i]k=n-l))]]1 1

   1)IVtt + P,

ebut a and P.are independent to N Hence we

    n--1 s (n-l-lt a"i n-l.1)n". le ."t Jl -- l)

    X[=[ = {f(q(aJ+i,1fe-n-i),
    ,=-l k=1 J(k)==(O,-,O)
, ･･.･, 9(aJ+1,]k-,e-l)) - f(q(aJ+1i[k-n-l),

9(aJ+1i+121k==n-l), ''', 9(aJ+1i+lslk-n-l)) +

+ ... + (-1)Sf(q(aJ+1,lk==n-l), 9(aJ+1,+1iIk=n-t),

get by (ls)r



                   , .･., 9(aJ+ls+ls-i]h=n-l))}]]

            = o.

   By (16), (19) and (19)', weobtain (15)'. There fore we have the theorem.

   Note. In this proof, we use the alternativity of fS-i only in xi, ･･･, x,-i. Hence

we have the Stokes' theorem for those f'-i that are alternative in xi, ･･･, x,-i.

  10. Ifs= 1, then we have for anyf

            !ip (p) 6f =I.,.<t-'ve;, I-,]Iii: f(P("i+i)) - f(g(ai))

                   -f(g(1))-flep(O)). ･

Hence if s == 1 we have
            '

(2') S, (Cif )i =!,,fO'

for any f

   Example. If X=Ii and g is the identity, then for a (Riemannian integrable)

function f; taking F(x) such that

            dF(x)
                 - f(x),
             dx

we have

      '            S,,(6F)(x, y) = F(1) - F(o).

   On the other hand, since we obtain

            (6F)(x, y) == F(y) - F(x) =: f(x)(y-x) + o(ly - xl),

we have

                     '
            S,,(6FXx, y) = S:f(x)dx,

where the right hand side is the Riemannian integral of f<x).

                S4. Volume element with respect to a metric.

  11. If X is an n-dimensional CW-complex, then to fix its CW-contplex structure,
we may consider !xf" for any n-cochain f'i of X. Especially, if the topology of X

is given by ametric r, then we mayconsider Sxv'i, where v" is the volume ele-
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ment of X with respect to the metric r given by (11).

   Note. To define v, it is suflicient that r is defined only on some neighborhood

U(id(X)) of id(X) in X× XL We call such r to be a local metric of XL

   Lemma 3. Ili' X is a ParacomPact toPological manijbld with manifbld structure

{(U) hu)}, hu is the homeomorPhism fram U onto R" by which the manij1)ld structure

of X is given, then X has a local metric r such that

(22) Sha,(i.) V" :iL OO

for all Uand R>O. Here v" is the volume element with resPect to r, and hu,R is

gr'ven by

            hu, ,(e) == lau(2-i6), e E In.

   Proof. We may assume {U} is a locally finite covering of X and take a par-

tition of unity {eu(x)} corresponding to {U}. Then setting

(23) r(x, y)==eu(x)eu(y)]jhu(x)-hu(y)ji, x, yEa
           'U
r is the local metric which satisfies (22). Here llgM is the (euclidean) norm of

e E Rt;.

   Note. Similarly, setting

(24) Vi(xo, xb ･･･, x.)

             == X] eu(Xo)eu(X!) ''' eu(Xn)Pi(hu(Xi) - hu(Xo)) ''' Pn(hu(x.) ' hu(Xe)),

                U
              Pi(g") -= 6i, 6 == (gi, ''', gn),

we obtain an alternative (non-trivial) volume element on X, a paracompact manifold.

  12. Lemma 4. ifX=={U, hu} is a ParacomPac( oriented manifold, then there

exstis a measztre m on X sztch that

(25) hu"(m) and the Lebesg'ue measare of R" are biabsolutely continuous

            each other for any a

   Proof. We denote the Le,besgue measure of R" by tt. Then we define a measure

mu on X by
                            '

            mu(M) - Ft(hu(U n M)),

and to define m by
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             m(M) =: :i; !Meu(x)dmu,

where {eu(x)} is the partition of unity corresponding to {U}. Then m satisfies (25).

   Lemma 5. ILIr X == {(U; hu)} is an n-dimensiolaal oriented Paracompact manifold

tvith a connection t (cf [4]), then X has a measurla m such that '

(i) m is invariant under the oPeration of t,

(ii) m satishes (25),

if and only if the connected comPonent of the identity of the struct"re grouP of the

tangent micrabundle of X is redttced to the grouP of the germs of those homeomor-

phisms of R" which preserve the Lebesgue measure of R" as an H",(n)-bundle.

   Proof. If there exists a measure m on X which satisfy (i) and(ii), then setting

            mu, x = hut x*(m),

we have

            su(x, y)*mu,y := Mu,.,

where hu, .(y) == hu(y) - hu(x) and su(x, y) = hu, .t(x, y)hu, ,-i.

   Then denoting the Lebesgue measure of R'i by pt, we get by the theoreni of

Radon-Nykodim ([8]),

(26)' d,(su(x, y))su(x, y)"d,mu,, =: d,mu, L..

   By (26)', we obtain by (ii),

                             dpMu, x
(26) dp(Su(X, Y)) == s.(x, y)*d,mu,,'

   By (26), we have

                '      tt
(27) d,(su(y, z)su(x, z)-isu(x, y))=1.

This shows the connected component of the identity of･ the structure group of the

tangent microbundle of X is reduced to the group of the germs of the Lebesgue

Mea8UnrethPereoStehreVinhgahnOdlnZOinMteOrtPhhgSI]hlSeaOffoRt"'germsof(Lebesgtie)measiurabiepositive

Alexander-Spanier cochains with the operation of t(x, y) is fine, if (27) is hold for

sv(x, y), then we may set

(28) d,(su(x, y))=fo,.(su(x, y)*fo,y)-i.



                    Integration of Alexander-Spanier Cochains 101

   Since there are measurable transformation gu,. of R" such that

            d9u, x = fb, x,

we construct m as follows: Take a measure mi on X which satisfies (ii). Then

settlng

            ml, u, . = qu(x, y)ml, u, bl,

we have qu(x, y) = ru(x)-iru(y). Then to define a measure mu on U by

         '
            mu = hu, .-i(gu, .;kru(x)mi, u, .),

mu is invariant under the operation of t. Moreover, to set

             mu =: kuvmv,

{feuv} is the orientation class of X (regarding its (Cech) cohomology c!ass to be an

element of Hi(X, Z2)). Hence we may consider mu==mv, because X is orientable.

   Note. In the first ･part of this proof, we need not the orieRtability of X.

  13. Theorem 5. Let X be an n-dimensional toPological maniLfold with connection t.

Then if n;4, 5, the connected comPonent of the identity of the structure group of

the tangent microbundle of X is reduced to the grouP of the gersm of the Lebesgue

measure Preserving homeomorPhisms of R" if X has a local metrie r such that

(i) r(y, z)=r(t(xo, xt)y, t(xe, xi)z),

(ii) SepaA(p,)v't;co for some non-degenerated pau for any U and R > o.

Here v" means the vol"me element of X tvith resPect to r and gu,2 is given by

             gOu,R((tl, "', tn)) =: 9Jv((ltl, "', 2t.)).

    Proof. By (ii), v" defines a measure on X which satisfies (25) because Xallows

the structure of CW-complex if dim. X;4, 5. Since this measure is invariant

under the operation of t by (i), we have the theorem by lemma 4.

    Note. Since a connection t(x,, xi) is written as

             (t(xe, xi)iiV(A(U)))(y)

             = ru(xo, xiXhu-`(hu(y) + hu(xo) - hu(xi))),

              ru(xo, xi) is a local homeomorPhism of X tvhich ix es.xs,

locally (cf. 4), we obtain the invariant local metric of X if there is a local metric

pU,,, of R" such that
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            pU,,,(c-', q) =pU,, ,(gu(s, tXg + q), gu(s, t)(n + s")),

            gu(s, t) == huru(xo, xi)hu-i, si =hu(s)-hu(t),

for any Uand s, t.

              g 5. Simgular integrai operators on CW-complexes.

  14. We assume that X is an n-dimensional CW-complex and we fix the CW-

complex structure of X.

    We denote by 25'and y4vector bundles over X with fibres E and .F. Then

since a CW-complex is paracompact ([10]), we may assume g and .xtirboth

defined by a locally finite open covering {U} of X. The transition functions of

 2's,'and siriby this covering are denotedby {guv} and {huv}. For the convenience,

we assume that the transition functions of g･ and ycrboth operate from the right.

    We denote the space of (continuous) linear homomorphisms from E into F by

L(E, F) and take a collection of continuous maps {ku}, leu((x, y), xi, ･･･, x.):

            (Ux U- A(U)) × V'V(A,,-i(U)). L(E, F) such that

(29) guv(X)lev((X, Y), Xi, ''', Xn) == leu((X, Y), Xi, ''', X.)huv(Y)･

   Difinition. VVe call {leu} and {ku'} are equivalent if for son2e V<A.-i(U)),

            hul(U × U- A(U)) × V(tin-i(U))

            -: leu'l(U × U- A(U)) × V(d.mi(U)), for all U,

and denote this equivalence class by {feu} or simPly, {hu}.

   By (29), if {fu(x)} is a cross-section of e", then

{fu(x)leu((x, y), xi, ･･･, x.)} satisfies

(29)' fu(x)leu((x, y), xb -･, X.)

            =k(x)lev((x, y), xi, ･-･, x.)hvu(y).

   Definitiore. 7)C g(I") is contained in U, then zve dofne the intagral of fbleu on

g(l") by

    tt(30) !,an)vfZi(X)leu((X, Y), Xb ''', "n)

          == liM. =fu(ep(aJ))leu((9(aJ), Y), 9(aJ+ii), ･･･, 9(aJ+i,,))･
            laJ+li-aJl-O J

   Since X is a CW-complex, we may set

            X=III Ii]qi(In), gi(In)ngj(In)cgi(6I'i)ngj(6In) if ilj.

                i
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   Then we define

(31) !.eu(x)fo(x)ku((x, y), xb ･･･, x.)

           =un,N･(in)iip!,ian) eu(x)fogx)leu((x, y), xi, ･･･, x.),

           car. ev(x) c U

   If {V} is a locally finite refinement of {U} and {eu(x)} and {ev(x)} are the

partition of unities subordinated to {U} and {V}, then we have

(32) :ii]S.eu(x)fu(x)leu((x, y), xb ･･･, x.)

           =:21i]S.ev(x)fv(x)lev((x, y), xi, ･･･, x.),

             ft(x) - fo(x)ig vc q

             kv((x, y), xi, ･-･, x.)

            =leu((X, Y), Xi,, ''', Xn)1(V× V-A(V)) × VV("n--i(U))･

   By (32), setting f<x) = {fu(x)} and

le((X, Y), Xi, "', X.)={leu((X, y), xi, ･･･, x.), we define the integral of f)le on Xby

(33) S.f(x)k((x, y), x. ･･･, x,,)

           =¥S.eu(X)fu(X)leu((x, y), xb ･･･, x.),

where {eu(x)} is a partition of unity subordineted to {U}.

   By definition, we have
   Theorem 6. ILf S.f(x)fe((x, y), xi,･･･, x.) exists, then it isa cross-section of fcr'.

   We denote the spaces of cross-sections of g and yeby r(Ef') and r(.scr7, ),

then by theorem 6, we can define the map de), I(le) : r( EY)-r(L9-) by

(34) "l(le)(f)=S..IC<x)fe((x, y), xi, ･･･, x.).

   By definiton, if I(le)(f) and I(fe)(g) both exist, then qle) (af+ Pg) exists for any

scalar a, P and we have

(35) I(le)(af+ Pgi =- ctl(le)(f) + PI(le)(gt

   Note. Similarly, we define IA(k):r( E5')-> I"(Lyc'i,r) by

(34)' 11,4(leXf) == !.An(f(X)le((X, Y), Xi, ''', Xn),

      '
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where A. means the alternation in xi, ･･･, x..

   15. 0n X, we fix a (real or complex valued) n-cochain q(xii, ･･･, x.) and set

(36) ku((X, Y), Xi, ''', Xn)==leu(X, Y)q(Xi, ''', Xn)･

Here {leu(x, y)} satisfies

(2g)U guv(x)lev(x, y) == leu(x, y)huy(y)･

         '
   (29)" shows

   Lentmct 6. Setting le == {leu(x, y)} and dojine Pi : X× X-X, i == 1, 2 by

            Pi((X, Y)) -- X, P2((X, Y)) == Y,

k is a bundle maP from Pi"( 25' )1(XxX- d(X)) into P2:k(Y- )l(XxX- A(X)).

   On the other hand, to define J(le), : r( Eg') -- r(Y') by

(34)" I(le),(f) :::: S.f(x)fe(x, Y)q(xi, ･･･, X,t),

we have

   Lemma 6'. f(le), is de7ined for any bunydle maP

le : P,*( tt )1(X × X- ri(X)).P,*(.Srz, )1(X × X- A(X)).

   By definition, we obtain

    77ieorein Z ILf X is comPact, q is absolutely and unifbrmly integrable on X

and k is a bundle maP from Pi"( 21f') into P2"(Ls-k ) (deij7ned onX× X), then I(k), is

deV7ned for any continuous section f of 21f' and it is･ a compact oPerator regarding

T( Y)and F(ydi) to be the Banach spaces by the uniform convergence toPology.

   By theorem 7, to treat 4le),, it should be useful to treat le mod. Hbm(Pi'"( ES.'),

P2'k(Ye)). Here Hbm(Pi:k(Eg'), P2"(.S7-)) is the space of bundle maps from Pi'(El')

into P2"(.S`tii-) defined on X × X and it is considered to be a subspace of the bundle

maps from Pi'( E.4)1(X × X- ti(X)) into P2"(yr)](X × X- A(X)).

    Lemma 7. There is a (cannonical) isomorPhism

T2i : Pi"( E}7 )l U(A(X)). P2*( [El7)1 U(A(X)), tvhere Ll<d(X)) is a suitable neign'borhood of

d(X) in X× XL

    Since we know

            le mod. Hbm(Pi"([El7), P2'(Jr;h ))=eh mod. Hbm (P,"(E9), Pii`(.sJe')),

where e is a continuous function on X × X such that

            Og e(x, y) ;i{ 1, e(x, y) == O, (x, y) e U(A(X)),

                          e(x, pt) - 1, (x, y) Eii V(a(X)), V(A(X)) c U(d(X)),
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and for ele, we can multiply T2i for any

le mod. Hbm(Pi*( e' ), p2*(.y"')). We denote it by (le mod. Hbm(Pi"( ES'), p2*(.s'Zhr))T2i.

Then we have

   Lemma 8. We can take as the rePresentation of

(le mod. Hbm(pi*( a(;'), p2*(y'-))T2i a bundle maP le' : p2*( 2e )1(XxX- d(X)).p2*(-O

KXxX - A(X)) and the class of le' mod. Hbm(P2"( ES'), P2"(YrrL))is unique. Here Hbm

(p,*( 21S'), Pi'(Y-)) means the sPace of bundle maPs from P2"( El' ) into P2"(,s7V) on

X× X.
   1)efinition. We set

(37) a(le) = le' mod. Hbm(P,*( tt'..･' ), P2* (t-r))'

and call a(le) the symbol

Definition. For J(le),,

of le.

 we

 Ifere

set

fe' is determined for fe by lemma 8.

(38) o(I(le)g) = a(le)

and call the symbol of I(k), (cf [6], [11]).

   16. We take v as q in (36), where v is the volume element of X with respect

to a (loca!) metric r of X.

   By the definitions of v and integral, we obtain

   Theorem Z ILf X is comPact and v is absolutely and unijbrmly ifztegrable on X

and le(x, y) satiskes for some M> O and (x, y) E U(A(X))

(39) 1lk(x, y)]] ;S{ Mr(x, y)1-tls

then Kle). is dojined on r( 21' ). Here

   Similarly, we have

    Theorem 7'. ILf X is a comPact

CW-comPlex and V is given by (24),

HtgH means the norm of rc in

(toPological) manifbld and

then 4le)v is doj7ned on I"(

L(E, F).

allow the structt{re of

e" ) if k(x, y) satishes

(39)t ilk(x, y)11 g 4t(., ,m/ .ax.･. E] hu(x) - h.(y) ] i-n),

for some

   Note.

   If X

space) of

get

M>O and (x, y) E U(A(X)).

 Theorem 7' is true although we use A.(V) instead of VL

is a (topological) manifold, then U(d(X)) allow the structure

(the tangent) microbundle r, and denoting the projection of

(of

 r

the tata!

by P, we

(40) p:ts( Ee, ) == p,:k( Eg' )I U(A(X)), P"(-;nyti ) = p,*(ye)) qd(x)).

Moreover, U(a(X)) - d(X) is regarded to be the associated Thom complex of r.
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Hence we obtain

    Theorem 8. ILf X is a manifbld, then a(le) is the bundle maP flrom p"( Elf' ) into

P"(.gny) on the associated Thom comPlex of the tangent microbttndle of X (cf [s]).
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