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Performance Analysis of Hermite-Symmetric Subcarrier Coding
for OFDM Systems over Fading Channels

SUMMARY  Orthogonal frequency division multiplexing (OFDM) has
great advantages such as high spectrum efficiency and robustness against
multipath fading. In order to enhance the advantages, an Hermite-
symmetric subcarrier coding for OFDM, which is used for transmission
systems like the asymmetric digital subscriber line (ADSL) and multiband
OFDM in ultra-wideband (UWB) communications, is very attractive. The
subcarrier coding can force the imaginary part of the OFDM signal to be
zero, then another data sequence can be simultaneously transmitted in the
quadrature channel. In order to theoretically verify the effectiveness of the
Hermite-symmetric subcarrier coding in wireless OFDM (HC-OFDM) sys-
tems, we derive closed-form equations for bit error rate (BER) and through-
put over fading channels. Our analytical results can theoretically indicate
that the HC-OFDM systems achieve the improvement of the performances
owing to the effect of the subcarrier coding.

key words: OFDM, Hermite-symmetric coding, maximum ratio combin-
ing, frequency correlation, closed-form equation

1. Introduction

Orthogonal frequency division multiplexing (OFDM) [1],
[2], which is applied to wireless LAN, digital terrestrial
TV broadcasting, terrestrial mobile communication and so
on, has great advantages such as high spectrum efficiency
and robustness against multipath fading. In order to en-
hance the advantages, many elemental wireless technologies
have been combined with OFDM, for example, space-time
(or space-frequency) coding for diversity [3]-[5], adaptive
modulation [6], [7], forward error correction (FEC) [8]-[10]
and multi-input multi-output (MIMO) [11], [12].

We have been focused on a simple kind of coded
OFDM with a repetition code on the frequency domain,
which is based on IEEE 802.16 protocols [13],[14]. The
repetition coded OFDM (RC-OFDM) scheme brings many
good results, such as inter-carrier interference (ICI) cancel-
lation [15], [16], blind channel estimation [17], and bit er-
ror rate (BER) improvement owing to diversity gain [16],
[18]. In [18], we have introduced the RC-OFDM systems
employing diversity combining and higher-level modulation
with such a simple structure as one pair of transmit/receive
antennas. All subcarriers of OFDM are divided into two
regions (low and high subcarrier frequencies), then PSK or
QAM symbols are duplicated with half the subcarriers spac-
ing. Due to both double bit energy and frequency diversity
gain, BER and throughput performances are much improved
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as compared with those in the general OFDM systems on the
conditions of the same carrier power and the same bit rate.
Moreover, we have derived simple closed-form equations
for BER and throughput to theoretically verify the effective-
ness of the repetition coding.

On the other hand, characteristics of the Fourier trans-
form can be also utilized to enhance the advantages of
OFDM, since OFDM modulation and demodulation are
conveniently performed by fast Fourier transform (FFT) and
its inverse transform (IFFT) operations. For example, the
half-symbol transmission techniques are very attractive in
that the duration of the guard interval can be virtually and
flexibly extended to half the OFDM symbol duration for
large multipath delays [19], [20]. Moreover, an Hermite-
symmetric subcarrier coding for OFDM, which is used for
transmission systems like the asymmetric digital subscriber
line (ADSL) [21],[22] and low data rate mode of multi-
band OFDM (MB-OFDM) in ultra-wideband (UWB) com-
munications [23], is also very attractive. The subcarrier
coding is based on the fact that the Fourier transform of
real-valued input without imaginary part becomes Hermite-
symmetric. The imaginary part of the OFDM signal can
be forced to be zero, then another data sequence can be
simultaneously transmitted in the quadrature channel. In
high data rate mode of the MB-OFDM, convolutionally en-
coded bits are modulated by QPSK or dual carrier modu-
lation (DCM) [24]. The DCM symbol with 16QAM con-
stellation is mapped onto two individual subcarieers with
50 subcarriers separation (without Hermite-symmetry) and
Viterbi decoder is used in the receiver, which is classified
into the RC-OFDM.

In this paper, in order to theoretically verify the ef-
fectiveness of a combination of the repetition coding, the
characteristic of the Fourier transform, and the simultane-
ous transmission of the two data sequences with the aid of
a phase compensator over fading channels [25], we derive
closed-form equations for BER and throughput of wireless
OFDM systems employing the Hermite-symmetric subcar-
rier coding, which we call ‘HC-OFDM’ hereafter. Because
of the dual channel transmission, higher-level modulation to
keep the same bit rate like the RC-OFDM systems is un-
necessary, while double carrier power is consumed. There-
fore, the signal power per channel in the HC-OFDM sys-
tems should be reduced by half in order to keep the same
condition. But, by enhancing the analytical method in [18],
it can be theoretically and quantitatively indicated that the
HC-OFDM systems achieve the improvement of BER and
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throughput performances owing to the frequency diversity
gain and the dual channel transmission. The derived equa-
tion of throughput can be also utilized for verifying the ad-
vantage of the HC-OFDM systems when applying the adap-
tive modulation.

From the standpoint of a simple transmit diversity tech-
nique to easily provide the same diversity gain as maxi-
mum ratio combining (MRC) with only one receive antenna,
the space-time (or space-frequency) coding for OFDM with
multiple transmit antennas is attractive [4],[5]. Those are
classified into space diversity scheme, since the channel co-
efficients of successive time slots (or subcarriers) are almost
the same. On the other hand, the Hermite-symmetric sub-
carrier coding, which is classified into frequency diversity
scheme, is also attractive in that only one pair of trans-
mit/receive antennas is required in spite of the limited di-
versity gain which depends on the frequency selectivity.

The remainder of this paper is organized as follows. A
principle of the Hermite-symmetric subcarrier coding and
a system model of the HC-OFDM systems are described
in Sect.2. Closed-form equations for BER and through-
put are derived for the purpose of theoretically verifying the
effectiveness of the HC-OFDM systems over fading chan-
nels in Sect. 3, and the performances are evaluated in Sect. 4.
An additional performance evaluation with error-correcting
code is conducted in Sect. 5, and the paper is concluded in
Sect. 6.

2. Hermite-Symmetric Subcarrier Coding

2.1 Principle of Subcarrier Coding with Hermite Symme-
try

We briefly introduce a principle of the subcarrier coding
with Hermite symmetry [22]. Complex baseband OFDM
symbols {s,} using Ny-point inverse discrete Fourier trans-
form (IDFT) are generally expressed as

N[]_l

in
Sp = Siexp| j2r—|, 1)
>, siexp{in] (

i=0

where §; is a complex symbol in the i-th subcarrier. The
Hermite-symmetric subcarrier coding is based on the fact
that the Fourier transform of real-valued input without imag-
inary part becomes Hermite-symmetric. Concretely speak-
ing, if {S;} have Hermite symmetry such as
N,

SNd—i:S;<7 (l.=1727"'77d_1)’ (2)
the OFDM symbols {s,} become real numbers. That is, we
can rewrite (1) as follows:
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Fig.1  Concept of subcarrier coding.

Now we define the complex symbols {S;} as
Si=Ri+ jli, “)

where both {R;} and {/;} are real numbers, then {s,} can be
expressed as

Sp =80+ S n, cos(nn)
2

Na g

+2 R;cos|2n— | = I;sin|2n— | ¢ . 5
R o

Therefore, if Sy and S y,/2 are real numbers, imaginary part
of the OFDM symbols {s,} can be forced into zero. It should
be noted that the average power of the OFDM symbols {s,,}
remains constant whether the complex symbols {S;} have
Hermite symmetry or not.

Figure 1 shows a concept of the subcarrier coding,
where N, is the number of subcarriers. In general OFDM
systems, PSK or QAM symbols {D;},1,.. y, with guard
subcarriers are input into IDFT (IFFT) ports {S;} like
Fig. 1(a). Figure 1(b) shows the repetition coding scheme
[18]. The symbols {D} ;-1 »... n,/2 are duplicated with N./2
subcarriers spacing at a transmitter and the two symbols are
combined with MRC at a receiver to acquire the frequency
diversity gain. The information bit rate is reduced by half
owing to the duplication, then the higher-level modulation
should be considered in the RC-OFDM systems to keep the
same bit rate. On the other hand, in the Hermite-symmetric
coding, the symbols {D;};-»3.... n./2 are duplicated and con-
jugated, then those symbols are input into IDFT (IFFT) ports
{S;} with Hermite symmetry like Fig. 1(c). In order to keep
the symmetry, the following rules are necessary:

e Sy in (5) should be zero because of a guard subcarrier.
e A real-valued BPSK symbol can be input to Sy,/2 in
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Fig.2  Comparison between three OFDM systems.

(5). But, for simplicity, Sy, is set to zero (null-
subcarrier) in this paper.

® Sn,-n,2 should be zero (null-subcarrier), because
S (v,+n.)/2 which is the symmetric pair of S ,-n,)/2 1S
one of the guard subcarriers.

The information bit rate is reduced by more than half (pre-
cisely speaking, (1/2 — 1/N,) times reduction). But, if the
coherent detection is ideal, another symbols {D;.} =23, N.J2
can be transmitted simultaneously in the quadrature chan-
nel, that is, the imaginary-part of the OFDM signal in (5).

2.2 System Model

Figure 2 shows the comparison between three OFDM sys-
tems on the conditions of the same carrier power and the
same bit rate, where C; and C, are transmitted and received
carrier powers, respectively, and M, is the modulation level
of the general OFDM systems. C;, C, and M, are assumed
to be fixed in the three systems. As explained above, the bit
rate per symbol R in M-PSK or M-QAM can be expressed
as

log, M (for OFDM)

1
R=1{3 log, M (for RC-OFDM) (6)

2
(1 - ﬁ)log2 M  (for HC-OFDM).
In order to keep the same bit rate, the modulation level M
must be
M, (for OFDM, HC-OFDM) )
| (M,)?  (for RC-OFDM),

then the power efficiency in digital-modulation is degraded
in the RC-OFDM systems. In the HC-OFDM systems, ow-
ing to the simultaneous transmission of two data sequences,
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almost the same bit rate per symbol R can be maintained in
the case of large subcarrier size N.. Therefore, the modula-
tion level and its power efficiency in the HC-OFDM systems
are the same as those in the OFDM systems. But twice the
digital signal processings of modulation/demodulation are
necessary to send two data sequences, and a phase compen-
sator is indispensable to correct the imbalance between 1Q
channels caused by carrier frequency offset and fading [25].

As for the carrier power consumption, since the aver-
age powers of {s,} in (1) and (5) are the same, the trans-
mission with both IQ channels in the HC-OFDM systems
causes to consume double carrier power. Therefore, the sig-
nal power per channel should be reduced by half in order
to keep the same condition as shown in Fig.2(c). Though
the symbol energy for demodulation at a receiver is also re-
duced by half, our analytical results mentioned later can the-
oretically indicate that the HC-OFDM systems achieve the
improvement of BER and throughput performances.

Figure 3 shows a block diagram of HC-OFDM sys-
tems. At a transmitter, a binary data sequence is converted to
digital-modulated symbols {D;} ;3. n./2, which are paral-
lelized by serial-to-parallel (S/P) conversion and are coded
by the Hermite-symmetric subcarrier coding scheme men-
tioned above. The coded symbols {S;}i=01... n,-1 are con-
verted to discrete OFDM symbols {s,,},=0.1..- ~,-1 by OFDM
modulation (IFFT). After parallel-to-serial (P/S) conversion,
guard interval (GI) insertion and digital-to-analog (D/A)
conversion, generated OFDM signal is transmitted with
half the carrier power in the I channel. Another data se-
quence is modulated in the same way and is simultaneously
transmitted in the Q channel. The OFDM signal is sub-
jected to Rayleigh fading and is added white Gaussian noise
(AWGN). The fading channel is frequency-selective, but it
is assumed that inter-symbol interference (ISI) caused by
multipath delay spread can be completely avoided with the
GI, which is longer than the maximum multipath delay. At
a receiver, after analog-to-digital (A/D) conversion, the two
OFDM symbols are compensated by a phase compensator to
correct the IQ imbalance. A data sequence is demodulated
by reversing the process of the modulation as follows: GI
deletion, S/P conversion, OFDM demodulation (FFT), co-
herent detection, subcarrier decoding with MRC, P/S con-
version and data decision. Since the OFDM signal is af-
fected by multipath fading, the channel estimation is neces-
sary for the purpose of phase compensation and coherent de-
tection [25]-[27]. In order to theoretically evaluate the opti-
mal advantage of the Hermite-symmetric subcarrier coding,
the perfect channel estimation is assumed in this paper.

3. Performance Analysis

In order to verify the effectiveness of the Hermite-symmetric
coding over fading channels, we will theoretically derive
closed-form equations for BER and throughput in this sec-
tion.

The average BERs with Gray-mapped M-PSK or M-
QAM in the OFDM and the RC-OFDM systems over
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Fig.3  Block diagram of HC-OFDM systems.
Rayleigh fading channels can be calculated by [18] Table 1 Values of 4, and B;.
i ‘ Modulation | A; | B;
1 1 BPSK 1/2 1
Py=Ai|l- (for OFDM), (8) 2] QpsK 1/2 12
1+ 3 8PSK 1/3 | sin(n/8)
By 4 16QAM 3/8 1/10
N, 6 64QAM 7/24 1/42
5 A 1 L+ ‘PB (7)‘ 8 | 256QAM | 15/64 | 1/170
b — 4 -
Ne 1
2lon (3) | 1+ e
102 T T
1- |.OB N7 ‘ E HC-OFDM (16QAM) ]
( : ) (for RC-OFDM), O} or/Ts = 0.001 N, =192 |
\/1 * {1-|os(%)|} BT, 4 } 0-/Ts = 0.002 I'=30dB ]
’ T =1/4 ]
) ik EA} o, /T, = 0.005 o=y
r &~ : _ e
I, = —— (for OFDM, RC-OFDM), (10) = v} or/Ty = 0.01 R
1+a o PR
= o A
where I is average carrier-to-noise power ratio (CNR) of 5 ' /Y
received signal, « is the ratio of GI duration T, to data sym- < 104 Ee o » / '_
bol duration T (@ = T,/Ty4), and then I'; in (10) means the IO AN o ]
CNR after GI deletion. |op(l)| is the absolute frequency cor- A AT =
relation between symbols with / subcarriers spacing, which R i S L St A
can be derived from any discrete-time power delay profile N T
model. The values of A; and B; (i = log, M) in each modu- 10 0 20 40 60 80
lation are appeared in Table 1. Symbol number j
On the other hand, the BER in the HC-OFDM systems Fig.4 Average BER of each digital-modulated symbol in HC-OFDM

can be calculated by modifying (9). The subcarriers spac-
ing between two symbols to be combined is always kept to
N,/2 in the repetition coding in Fig. 1(b). But the subcarri-
ers spacing between the symmetric pair of symbols varies as
shown in Fig. 1(c), which results in varying the BER. Fig-

systems (16QAM, N. = 192, T" = 30dB, a = 1/4).

ure 4 shows the average BER of each symbol {D};->3.... n,/2
in the case of 16QAM, N, = 192, T = 30dB and @ = 1/4,
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where simulation results are plotted with symbols and an-
alytical results are with lines. It is found from the figure
that the BER varies depending on the frequency correlation
characteristics, which is shown in Fig. 3 of [18], at any rms
delay spread o, normalized by OFDM symbol duration T’
(= Ty + Ty). That is, the average BER is more degraded
around the center of all subcarriers because of less frequency
diversity gain. For the purpose of easy comparison, we cal-
culate the BER in the HC-OFDM systems by averaging the
BER in (9) as follows:

Ne

My
- A S 1 1+ |op(2D)
e DN Lt ey 1 ]
2 =1 + o5 CONET,
1 = |pp(2l
P20 (for HC-OFDM).
1 + 1
{1=lpp(2DI}B:T's

1)

As shown in Fig.2(c), only half the carrier power can be
used for demodulation as compared with (10), then I'y in
(11) should be defined as

Iy = A+ (for HC-OFDM). (12)
As well as the RC-OFDM systems, full diversity gain can-
not be achieved because of frequency correlation between
subcarriers, but we will theoretically verify the advantage of
the HC-OFDM systems despite half the carrier power and
the imperfect diversity gain in the next section.

When the frequency spacing and/or the rms delay
spread are very large, that is, when two symbols with MRC
can be considered to be mutually independent, the maxi-
mum diversity gain (the minimum BER) can be achieved
in the RC-OFDM and HC-OFDM systems. Then the BER
becomes [18]

3
2B,

(1+5)

Finally, the average throughput in terms of bits per sec-
ond per Hertz can be calculated by

1+

pb_min = Ai 1- (13)

_ R(1-Py)P
S=( b)

I+a (9

where 1/(1 + @) means the loss by GI insertion and D is
a packet size (the number of bits per packet). It should be
noted in the throughput analysis in the upper layer of the
OSI model that the packet size is assumed to be set irrel-
evantly to the number of bits per OFDM symbol, and that
an optimal bit interleaver is assumed to randomize burst bit
errors.

We have been derived closed-form equations for BER
and throughput in terms of CNR I', while the equations can
be changed in terms of the energy per bit to noise power
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spectral density ratio Ej, /Ny by [28]
E,/Ny =
»/No log, M
r
(for OFDM, HC-OFDM)
log, M,
= (15)
—— (for RC-OFDM).
2log, M, (For )

The evaluation in terms of CNR is useful in that the through-
put performance comparison between systems with different
bit rate when considering adaptive modulation [7], then we
use CNR for the performance evaluation in the next section.

4. Performance Evaluation

We theoretically verify the advantages of the HC-OFDM
systems as compared with the conventional ones. In order
to justify the theoretical analysis in Sect. 3, performances
obtained by Monte Carlo simulation are also evaluated. Ta-
ble 2 shows the simulation parameters, and Table 3 shows
the two cases of the subcarrier modulations to be compared
on the same conditions. In the simulation, a tapped-delay
line channel simulator is considered as the fading channel
[29], and each channel tap is simulated using the Jakes’
model [30]. An exponential decay power delay profile is
assumed [31] in the multipath fading channel model.
Figures 5 and 6 show the average BER and throughput
performances over Rayleigh fading channels when the sub-
carrier size N, = 192 and the normalized rms delay spread
0:/Ty; = 0.01. Simulation results are plotted with sym-
bols and analytical results by (8), (9), (11), (14) are with
lines in the figures. In Fig. 5, the two kinds of performances
are simultaneously shown as reference: in the case of HC-
OFDM with higher-level modulation in the I channel only,
and in the case of HC-OFDM attaining the maximum di-
versity gain by (13). It is found from Figs. 5 and 6 that the
HC-OFDM systems can outperform the conventional ones
despite half the carrier power in (12). The performance
of the HC-OFDM systems with higher-level modulation in
the single channel is slightly degraded as compared with

Table 2  Simulation parameters.
Modulation PSK, QAM
Detection Coherent (ideal)

64,128,256,512
48,96,192,384

FFT point size Ny
Subcarrier size N,

Gl ratio a (= Ty/Ty) 1/4
Packet size D 100
Noise AWGN
Fading Rayleigh fading

Channel model

Exponential decay

Table 3  Subcarrier modulations to be compared.
Mod. level M; | OFDM | RC-OFDM | HC-OFDM
case I 4 QPSK 16QAM QPSK
case II 16 16QAM 256QAM 16QAM
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Fig.5 Performances over Rayleigh fading channels (case I, N, = 192,
o-/Ts = 0.01).

the RC-OFDM systems, because of less frequency diversity
gain. But the HC-OFDM systems with both IQ channels
can achieve the improvement of performances owing to the
power efficiency in digital-modulation as compared with the
RC-OFDM systems.

Figure 7 shows the average BER performance as a
function of o/Ty; when N, = 192 and I' = 30dB. It is
noted that the performance of the OFDM systems is irrele-
vant to the rms delay spread, then only analytical result is
indicated in the figure. Moreover, the BERs with the max-
imum diversity gain in the RC-OFDM and HC-OFDM sys-
tems calculated by (13) are simultaneously indicated as ref-
erence. It is found from the figure that the HC-OFDM sys-
tems can outperform the conventional ones at any rms delay
spread. The BERs in the RC-OFDM and HC-OFDM sys-
tems at o/T; = 0.002 in Fig. 7(a) are close to each other,
because the RC-OFDM systems have the advantages of fre-
quency diversity gain. But, by comparing the BERs with
the maximum diversity gain, the HC-OFDM systems have
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the advantage of power efficiency in digital-modulation.

Figure 8 shows the average BER and throughput per-
formances of the HC-OFDM systems with 16QAM when
0./T; = 0.005 as parameter of subcarrier size N,.. Enlarg-
ing the size N, with the same OFDM symbol duration T’
causes the OFDM bandwidth to broaden, which improves
the performances close to the maximum ones by (13) and
(14) because of increasing the frequency diversity gain.

Finally, we would like to emphasize in Figs.4-8 that
the simulation results confirm the theoretical performance
analysis in Sect. 3.

5. Performance with Turbo Coding

As an application of the HC-OFDM systems in a practical
situation, we briefly discuss the additional effect of error-
correcting code by the simulation. Apart from the computa-
tional complexity shown in Fig. 2, the HC-OFDM systems
can outperform the conventional ones as shown in the pre-
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vious section. Among them, the OFDM systems attain the
worst performance on account of the lack of diversity gain,
but the performance is expected to be drastically improved
by the error-correcting code. Therefore, we will especially
focus on the comparison of the OFDM systems including
coding gain with the HC-OFDM systems including both di-
versity gain and coding gain in this section. We use popular
rate-1/2 turbo code which consists of two recursive system-
atic convolutional encoders with constraint length of 3 con-
catenated in parallel. Generally, when the signal strength in
an interleaved sequence fluctuates rapidly, the effect of cod-
ing gain is enlarged, then we will evaluate the performance
in both fixed and mobile situations.

Figure 9 shows the average BER performance as pa-
rameter of the normalized maximum Doppler frequency
fpTs when N, = 192, M, = 4 and o /T; = 0.01. The code-
word is interleaved within 100 OFDM symbols and 192 sub-
carriers (100 x 192 digital-modulated symbols). It is found
from the figure that the HC-OFDM systems largely outper-

10 15 20 25 30 35
Average CNR T [dB]
(b) average throughput versus average CNR

Fig.8 Performances of HC-OFDM with 16QAM (o /T = 0.005).

form at low Doppler frequency, and that the performances
of all systems are improved as the Doppler frequency be-
comes larger. The improvement is almost saturated when
fpTs = 0.3, and the HC-OFDM systems still have the ad-
vantage of about 0.8 dB at BER=107> over the OFDM sys-
tems because of the additional advantage of the frequency
diversity gain. On the other hand, the performance gain
against the RC-OFDM systems is always large on the chan-
nel condition as shown in Fig. 9 because of the power effi-
ciency in digital-modulation.

Figure 10 shows the average throughput performance
as parameter of the modulation level M, when N, = 192,
o./Ty; = 0.01 and fpT; = 0.1. The HC-OFDM and
RC-OFDM systems attain the same throughput in the re-
gion below 5.7dB on the average CNR, then the HC-
OFDM systems have the disadvantage that twice the modu-
lation/demodulation processings and the phase compensator
are necessary as shown in Fig.2. But the HC-OFDM sys-
tems can outperform the RC-OFDM systems in the region
above 5.7dB for the same reason in Fig.9. On the other
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hand, the HC-OFDM systems attain the maximum through-
put in lower required CNR at any modulation as compared
with the OFDM systems. Therefore, the HC-OFDM sys-
tems have the advantage when applying the adaptive modu-
lation.

6. Conclusion

In this paper, we derived closed-form equations for BER
and throughput of wireless OFDM systems employing the
Hermite-symmetric subcarrier coding. The subcarrier cod-
ing can force the imaginary part of the OFDM signal to
be zero, then another data sequence can be simultaneously
transmitted in the quadrature channel. Because of the si-
multaneous transmission of the two data sequences, higher-
level modulation to keep the same bit rate is unnecessary,
while double carrier power is consumed. Therefore, the sig-
nal power per channel should be reduced by half in order

IEICE TRANS. FUNDAMENTALS, VOL.E95-A, NO.12 DECEMBER 2012

to keep the same condition. But our analytical results theo-
retically indicated that the HC-OFDM systems achieve the
improvement of BER and throughput performances despite
half the carrier power and the imperfect diversity gain.

In order to evaluate the optimal effect of the Hermite-
symmetric subcarrier coding, the perfect channel estimation
is assumed for the purpose of ideal phase compensation and
coherent detection in this paper. Actually, an accurate chan-
nel estimation is necessary for the HC-OFDM systems to
completely separate IQ channels. Moreover, MIMO tech-
niques are necessary to realize higher spectrum efficiency,
for example, to cope with a rapid increase of smartphone or
tablet in recent years. As future works, we would like to
evaluate performances of the HC-OFDM systems consider-
ing the actual channel estimation and MIMO situation.
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