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A Simple Expression of BER Performance in DPSK/OFDM
Systems with Post-Detection Diversity Reception®

Fumihito SASAMORI™®, Shiro HANDA, and Shinjiro OSHITA, Members

SUMMARY In this letter, we propose a simple but accurate calculation
method, that is, an approximate closed-form equation of average bit error
rate in DPSK/OFDM systems with post-detection diversity reception over
both time- and frequency-selective Rayleigh fading channels. The validity
of the proposed method is verified by the fact that BER performances given
by the derived equation coincide with those by Monte Carlo simulation.
key words: DPSK/OFDM, post-detection diversity, Doppler frequency
shift, delay spread, closed-form equation

1. Introduction

Orthogonal frequency division multiplexing (OFDM) has
intensively been studied because of the advantages of high
spectrum efficiency and resistance to frequency-selective
fading. Differential phase shift keying (DPSK) is widely
used on the benefit of robustness and easy implementation
over fading channels. DPSK/OFDM systems have the merit
of applying differential modulation either in the time domain
(DMT) or frequency domain (DMF) depending on the con-
dition of fading channels [1]. Meanwhile, diversity tech-
niques are also effective against the fading. Post-detection
diversity reception is attractive because a complicated co-
phasing process is not required [2]. Theoretical analyses
for DPSK with post-detection diversity reception have been
conducted with accuracy but complexity [3], [4].

In this letter, we propose a simple but accurate
closed-form equation of average bit error rate (BER) in
DPSK/OFDM systems with post-detection diversity recep-
tion over both time- and frequency-selective Rayleigh fad-
ing channels. A closed-form equation can be helpful in
design and development of wireless systems, because it is
important to have a quantitative understanding of influence
upon BER without any time-consuming simulation. A sim-
ple equation can be easily applied to BER analysis in ad-
vanced systems [5].

2. System Model
At a transmitter, a binary data sequence is converted into

OFDM symbols with DPSK applying differential encoding
in the time or frequency domain (See Figs. 1 and 2 in [1] for
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Fig.1 Block diagram at receiver in equivalent low-pass system.

a detailed transmitting process). OFDM symbols are sub-
jected to both time- and frequency-selective Rayleigh fad-
ing, and are added with white Gaussian noise (AWGN). The
fading channel is simulated using the Jakes’ model [6]. It is
assumed that inter-symbol interference (ISI) caused by de-
lay spread can be completely avoided with guard interval
(GI), which is longer than the maximum multipath delay.
Figure 1 shows a block diagram at a receiver, where N is
IFFT/FFT size, T is OFDM symbol duration including GI
duration T, and data symbol duration 74, and « is a GI factor
(= T,/T,). A desired binary data sequence is demodulated
by only deciding the signal v which is produced by com-
bining the output v,, from each time- or frequency-domain
differential detector. M branches combining with mutual in-
dependence is assumed in this letter. In this point, the space
diversity in Fig. 1 can be replaced by the time or frequency
diversity at only one receiver [5], if the fading correlation
among DPSK symbols can be neglected.

3. Statistical Analysis of BER Performance

We have derived a closed-form equation of BER without any
diversity technique [1]. In this section, we will extend the
previous work to obtain the BER expression including the
post-detection diversity reception.

3.1 Closed-Form Equation of BER
A signal v,, (m = 1,2,---,M) in Fig. 1 is an output from
differential detector in an arbitrary subcarrier at an arbitrary

branch #m. In the previous work [1], the signal v,, has been
expressed as

1 2 2
Um = Z {|Zr_m + Zd_m| - |Zr_m - Zd_ml }

1>

1
200 =73, (M

where z,,, and z4,, are reference and demodulating DPSK
symbols, respectively. A binary data sequence can be ob-
tained by deciding the signal v which is given by summing
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up all signals v,,:

M M
Um = ( 2 V 1.m Z r _m]
=1 m=1 m=1

(Vl -1r). )
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DII4

||l>
—_ 3

The BER P}, in the binary DPSK (DBPSK) can be expressed
as

Py, = Prob(v < 0) = Prob(r; < 1)

=f P(Fl)f p (r2)dradry, 3
0 |

where p(-) is a probability distribution function (PDF). In
order to calculate (3), it is necessary to clarify the PDFs of
ri and rp. Since both ry, and r,,, in (2) have Rayleigh
distribution, both r| and r, have Gamma distribution [6].

Now we will derive the mean values and variances of
r1 and r,. From (2), the mean values E [r;] and E [r,] can
be expressed as

M
Elnl= Y E[7},]=M{202 (1 +p)+207

m

I
—_

Elr]=

M=

Eln,|=Mpci-p+202}. @)
1

3
I

In the above equation, o2 and o2 mean the variances of the
signal over Rayleigh fading channels and the AWGN, re-
spectively. p means the fading correlation between adjacent
DPSK symbols in the time domain (DMT) or the frequency
domain (DMF). Assuming the Jakes’ model, p is given by

—L___ forDMF, )
1+{27(1+a) )

{10(271 foTs) for DMT
p =

where fp and o, are the maximum Doppler frequency and
the rms delay spread, respectively. We should note that fp
and o; have no influence upon DMF and DMT, respectively.
We now define

22202 (1 +p) + 2072

32202 (1-p) + 207, ©)
Based on the characteristic of Gamma distribution, the mean
values and variances of | and r, are given by

E[r] = Ma'i2

E[ri-Eln)’|=Ma}  (i=1,2). (7
By using Gamma function I'(:), the PDFs of r; and r, can be
written as
FM-1 .
i 7 :
pr)=——"—e 7 (i=1,2). (8)
r(M) (o)
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By substituting (8) into (3), the BER can be solved as fol-
lows (See Appendix for the derivation method):

1
Py= ——
(M -1)!
M-1-m
~ QM -2 - m)! ( ) ©)
_1— 2M—-1-m"
o 01T ()
2
3.2 Approximation
From (6), 0'%/ o-% in (9) can be rewritten as
o2 (Q+pI, +1
L _ % Ty 2 0?/0’5), (10)

o2 (1=p)Tpy + 1

where 02/02 and T';,, mean the carrier-to-noise power ratio
(CNR) and the ratio of energy per bit to the spectral noise
density (E,/Np) on a received signal per branch in the case
of the DBPSK, respectively. It should be noted that I',, in-
cludes both inter-carrier interference and intra-symbol inter-
ference, which is mentioned later. I, and p generally sat-
isfy I, > 1 and p =~ 1, then those facts yield 03 /o3 > 1.
In (9), we consequently get the following approximation:

o2 M-1-m
91
(05) 1

o2 2M—-1-m o2 M’
ERTENER

7

1

(1)

which becomes irrelevant to m. Moreover, by using the fol-
lowing formula:

= 1 (m+k+ 1)

Zx(x+1)~-~(x+k)=k+—27(n_l)! -, (12)

x=1
the summation term in (9) can be rewritten as

SeM-2-m)!  @M-1)
M-1-m! M

(13)
m=0

By substituting (11) and (13) into (9), we finally obtain a
simple closed-form equation of BER:
M -1)! 1
M!(M-1)! (s M:

( ) ( _E N 1)

73

= (14)

We should note that the expressions (9) and (14) in the case
of non-diversity (M = 1) coincide with that of the previous
work [1].

Figure 2 shows the BER performance without GI over
quasi-static fading channels, that is, without any inter-carrier
interference and any intra-symbol interference (I'y,, = ew,

p = 1). From (10) and (14), the approximation result can be

obtained as follows:
M -1)! 1

P - , 15
P MM = DI 2 (T + DY (>

which indicates the same performance in the case of single
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carrier systems. Besides approximation and simulation re-
sults, the performances of pre-detection MRC in the case of
M = 2,4 are simultaneously shown:

1
) —
b-pre = DTy + DM

From (15) and (16), it can be theoretically verified that the
BER performance of two-branch (M = 2) post-detection
MRC is about 0.9 dB inferior to that of pre-detection MRC
(2].

(16)

3.3 Interference Analysis

We have investigated two kinds of interferences [1]: inter-
carrier interference I, caused by Doppler frequency and
intra-symbol interference (interference to the quadrature
channel) I; caused by Doppler frequency or delay spread
in the case of DQPSK only. The /, and I; have been derived
as follows:

(7TfDTs)2
- ’ 17
6(1 + @)? 0
0 for DBPSK
Iy = | Sl for DQPSK(DMT) (18)

{m(1 + a/)‘;—:}z for DQPSK(DMF).

When combining the signals of M branches which are mu-
tually independent on Doppler fluctuation, the signal of one
branch also suffers from inter-carrier interferences of the
other (M — 1) branches. Since the fluctuated angle 6 by
Doppler shows an uniform distribution on [0, 27], the inter-
branch interference I, can be calculated as

1 (7 2
= 5> (VI cos6) dox (M- 1)
0

(M- D)(nfpT,)?
T 120 +a)?

I

19)

By using Gaussian approximation [7] and taking the
relation between Ej, /Ny and CNR into consideration, I, in
(10) can be obtained as follows:

for DBPSK
TEN

Iy = 20
EN L for DQPSK, (20)

E A
r‘ﬁ 21 +1+1,)

where (1 + @) means the loss of energy when removing GI.
Finally, substituting (5), (10), (17)—(20) into (14) leads the
approximate closed-form equation of the BER. This method
can simply calculate the average BER from the following
parameters: Iy (Ep/No), fpTs, 0¢/Ts, M and a.

The DMF and DMT are sensitive to delay spread and
Doppler frequency, respectively, then we evaluate the influ-
ence of them in Fig.3 with (14) and simulation. As for a
delay profile model, an exponential decaying model is as-
sumed. From both approximation and simulation results,
the performances of DMF and DMT begin degrading at
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0-/Ts = 2x 1072 and fpT, = 3 x 1073, respectively. It
is found from Figs.2 and 3 that the analysis in Section 3
agrees with Monte Carlo simulation. In order to make the
validity of analysis steadier, numerical evaluations over typ-
ical channel models should be also conducted.

4. Numerical Evaluations over Typical Channel Mod-
els

The BER performances assuming IMT-2000 vehicular chan-
nel A and ETSI/BRAN channel A are shown in Fig. 4 (See
[1] for detailed simulation parameters). Irrespective of fre-
quency selectivity, the DMT has a disadvantage over severe
time-selective fading like IMT-2000 vehicular channel mod-
els. In other words, the DMF is attractive for mobile com-
munications. But the DMT is attractive for fixed communi-
cations like ETSI/BRAN Channel A. The proposed simple
equation can precisely and quantitatively express the above
characteristics.

5. Conclusion

We have proposed a simple closed-form equation of the av-
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Fig.4 BER performances over typical channel models.

erage BER in DPSK/OFDM systems with post-detection
diversity reception over both time- and frequency-selective
Rayleigh fading channels. It has been confirmed by the nu-
merical evaluation that the proposed equation can precisely
express the characteristics of BER performance.
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Appendix: Derivation Method of (9)

In the process of integration in (3), the following formula is
utilized:

n M A=, |
_r _r a’r n!
fr"e adr = —ae” ¢ _— (A-1)
m

= (n—m)!

First of all, we conduct the following integration:

f p(ra)dr;
r

(A-2)

where Gamma function can be rewritten as I'(M) = (M —1)!
if M is a natural number. By substituting (A-2) into (3) and
rearranging it, we obtain

I o ()
Py =
b I'(M) (U%)M (U%)Mfl r;) =1
8 fm F%M_z_me_(#Jré)rldrl ) (A-3)
0

-1
By defining n = 2M -2 - mand a = (1/0} +1/03) ",
the integral part with respect to r| in (A- 3) can be solved as
follows:

00 ) n m' yn—m’ |

_n a n!

f rle”«dry =a —— =d""n), (A-4)
0 m'=0

because 0" = 1 only if m’ = n. By rearranging (A-3)
with (A-4), we obtain (9).
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