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1. Definitions and Notations
Let Za,, be a given infinite series and let s, denote its n—th partial sum.
Let s;, denote the n-th Cesaro means of order a (@« >—1) of the sequences {s,}.
The series Z a, is said to be absolutely summable (C, «), or summable

|C, al, £ {s53=BV, that is to say,
D5 — il <o,
Also, the series Z_‘,a,, is said to be absolutely summable (C, «) with index
k, or simply summable |C, al(k>1, a> —1), if
D mk| sk —sn | |k <loo.

Summability |C, «]|; is the same as summability |C, «f.
A sequence {2,} is said to be convex if 421,=0, n=1, 2

= )‘n - 2n+1 and AZ}‘n = A(A)‘n)
Let f(#) be a periodic function with period 2z and integrable in the sense

------ , where 42,

of Lebesque over (—=, w).
Let the Fourier series of f(¢) be given by

II
M
»

Sty ~ 2+ Z (a,cosnt -+ b, sin nt)
2 n=1 n=0

where we can assume, without loss of generality, that @, =0.
We shall use throughout this note the following notations.

o) = 3 Lx + 1) + flx — ) — 2/},

$au(2) = 2 AL(%).
p=0
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Throughout this note K will denote positive constant which will not neces-
sarily be the same at different occurrences.

2. Introduction
Recently Pati has proved the following theorems.
Theorem A [1: Theorem 17]. if {1,} be a convex sequence such that

En"lx,, < oo, them a necessary and sufficient condition for }_—_,‘ 2,A,(t) to be
summable |C, 1|, when

§, lota = ot ()
is that
STt a st — )] < oo, (2

Theorem B [1: Theorem 2. If {1,} be a convex sequence such that
Zn‘lx,, (logm)VVe < oo, then at every point t = x at which (1) holds, Z‘, 2,A(L) is
summable | C,1].

Subsequently Singh? obtained the following result which generalizes
Theorem A to the theorem concerning summability |C, 1|,

Theorem C [2: §1. 41 If {A,} be a convex sequence such that En‘iln < oo,
then a necessary and sufficient condition for EZ,,A,,(t), at t = x, to be summable
|C, 1|, B=1, when

i
SO lp) [t du = oft), ast —0, 3)
is that

STt 2 [ s,x) — flx) [P < oo

For £=1,it may be observed that theorem A of Pati mentioned above
is a particular case of Theorem C.

Now, in this note we shall show that theorem B of Pati mentioned above
is also generalized to the theorem concerning summability |C, 1.

3. Theorem and Proof

In what follows, we shall prove the following theorem.

Theorem. If {1,} be a convex sequence such that,

SIntillog mire oo for 1<k 2, (4)

and
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2, < Sfor k=2 (5)

then at every point t = x at which (3) holds, > 2,At) is summable |C, 1|, for
every k= 1.

For the proof of our theorem we shall require a number of lemmas.
Lemma 1 [3: Lemma 1. [If {1,} is a convex sequence such that Zn‘lxn is

convergent, then 1, is non-negative and decreasing, ndl, = o(1) and 2,logn = o(1),

asn — oo,
Lemma 2. Under the same conditions as in Lemma 1, for every k=1,
m

Z}A () logn + 1) < o, as n— oo, (6)

The case k=1 is referred to Pati and 2> 1 is referred to Prasad, re-
spectively, where references are given.

Lemma 3 [4: §41 If

[, 1ot du = ot @
then
’ ofnllog m}2} if 1<E<2, ®)
ST = f) = .
v=1 of{n(logn)* 1} if k=2 (9)

Proof of the Theorem. In order to prove our theorem, we have to establish
by Theorem C that, for 22> 1,

SInrt 2 | s,00) — ) < oo
By Abel transformation, we have

m

En 12 | sa(x) — fla) |k

m— 7 e

= EA n NS s, () — flx) [E 4 om ‘Zﬁ,ZIs x) [t
y==]

n=1

m—

—Z{nn—i-l 12"2[5 — flx) [t

n=]

m—1 mn

+7_;, n+1) wkzls x>;k+m1zfn2|s Sx) 1
=

=1, + I, + I3, say.
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By Holder inequality we get at once (7) of Lemma 3 from our hypothesis
(3).

Accordingly, it may be permitted to make use of Lemma 3 throughout in
what follows.

Now, we consider two cases separately for index k.

Case (i): when 1 <<k <2

From (8) of Lemma 3, we observe that there exist a positive number K
such that

28 — flo P <K n(logmh2, (n=1, 2, 3,

y=1}

Therefore, we have

m—1

L=} nmn+ 1} 1;’6215 x) |t

=1

< SV + 1725 K (log n) k2
=K > nt2, 27 (log n)1=#/2 (log n)k—1

~K2n .« (log m)1=%/2 (4, log n)e-

m—1
<K }:‘i, nt 2, (log n) 1=4/2
=
o0, as m— oo,
by virtue of Lemma 1 and hypothesis (4) of our theorem.
Similarly, we have

1 -

IZ<Z‘, (n+ 1) 142 Z‘,{s x) k

m—-1

<K S (n -+ 1)"144 n (log ny/2

m—

<K Z AZE (log myk/e

<K Z‘, 4 (log )
=1
< oo, by Lemmas 3 and 2.

Next, by Lemmas 3 and 1 we have
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"

Iy <m 128, 30| s,(x) — fla) |k
y=1

< Km~ 125 m (log myk/2
< K, (log my2

= 0(1), as m—roo.

Collecting above estimations, we have, for 1 < k<2,

STt | s, (%) — fl) [t < oo

This fact proves our theorem in the casel <4 <2
Case (il): When £ > 2.

From (9) of Lemma 3, we observe that there exist a positive number X such
that

"

21182 — flx) |t < K (log m)

y=1
Hence, we have .

m—1
L <K 3 n 12 (log m)tt

Je==l

nm—1

<K 1n2,(,log nykt

=]
m—1
<K>Yin1,

n=1

< o0, as m— oo,

by virtue of Lemma 1 and hypothesis (5) of our theorem.
Next, we have

ni-1

I, <K 33 47 (logm)kt

n=1

*“;K{ 2 A 4{(log m}t1} + 4, (log m)"—l].
n=1
But, by virtue of Lemma 1,

2 k
)f,,(log myk=t =<_;(J.’£ 19&@_: o(l), as m — oo,

Otherwise, we have
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Sk A {(log myt 1}<KZ,2"2 Ylog n)*2

=1

i

B (4, log n)*
=K2) n{log n)?

by virtue of Lemma 1 again.
Finally, from (9) of Lemma 3 we have

I, < K 2 (log m)t~1

7

o k
_<— K(lﬂl 100 nz)
= log m

=0(1), as m— .

DInTEA [s,(x) — fl@)[* oo

This proves the theorem for the case k2> 2.

Thus, we obtained that at every point { = x at which (3) holds, 2),,A
is summable |C, 1|, for 2> 1

This completes the proof of our theorem.

The author is very much indebted to professors T. Tsuchikura and K. Kanno
for their kind interest and valuable guidance in the preparation of this note.
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