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    Synopsis. This article gives several !<inds of definite integrals, which will be con-

 venient to express polynornials into Fourier series. Examples are added for illustration.

    We take the following polynomial of p:

                   w(p) =ae -= aip+a2p2+-･+arpr, (1)

which isdefined in the interval (O,1>; ao, ai,･･･, ar being constants independent

of p. This polynorrLial may be writteR in the form

                              cx)                       w(p) =Xcn sin nzp, (2)
                             n--1

or in the form

                                  co                       w(p) =co +Zcn cos nzp. (3)
                                  n==1

The present tables will provide a convenient means for expressing equation

(1) into equation (2) or (3).

   For instance, we take simple beams such as given in Figs.ItN,4. Figs.1

and 2 are subjected to "continuous" loads throughout the whole interval (1,O),

and hence Tables ItN-II serve for such cases. Fig.3 is subjected to two kinds

of loads, which is connected at the midpoint of the beam; and hence Tables

III--VI serve for such a case. Fig.4 is subjected to a partial load in a certain

range of the beam; and hence Tables VIIA"XII serve for s･uch a case. Several

examples which follow will serve as illustration.

   Example1 <Fig.l). By the elementary theory of banding of beam, the

defiection w at poiRt x of the simple beam subjected to uniform Ioad q is given

by the equation
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where El is the flexural rigldity, and is

the length of the beam. To get the

put

                  tlli.ilicnsinnarrX..24qEa`i(:

multiply by sin nanv dx,on both sides,

Putting

                       fi = p, du ==

                       a

we have

  (Integration of left-haRd side) =: S," (.O,O.nt-,

                                 qa`
  <Integration of right-hand side) ==
                                24EI

                                 qa4

                                24EI

and hence

                        qa4 .1
                  Cn =2
                       24EI

Fig. 2.
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         supposed

      Fourier

       and intecrrate

          a dp,

      :E] c2n sin ManX) sin fZaffX -- u:'- cn,

         S,a (: - 2tts3 + tl:t`) sin '7.ZX dx

           i         aS            (p - 2p3 + p`) sin nr,pdp,
           o

5o (s) - 2p3 n- R`) sin nffp dp.

x--" lv
     a
  Fig. 4.

    to be a constant throughout

sine series for equation (4), we

,.es3 -i- 2111)･

  . the result fromOto a,

(5)



 In virtue of Table I, we have

                      1
                     - (n = 1, 3, 5, ･･･),
                     7Zr,      S: p sin nrrp dp ...

                        I
                     - - (n == 2, 4, 6, ･･･);
                       nrr

                      l6       i ffT- <nx)3 <n "= 1, 3, 5, ･･･),
      So p3 sin nzp dp ..r

                        }6
                      - 5itirr + <nz>3 (n = 2, 4, 6, ･･･);

                      112                                   48
      i n". - (nrr)3+ (n.>s (n=1, 3, 5, ･･`),
      Sop` sin nap dp ,.

                        112                      rm' iiTT + (nrr>3 (n = 2, 4, 6, ･･･).

Substituting these values into equation (5), we get

             11                                                    48
            ,-,.(1 -2+ 1)+ (..)3[(th 2) × (- 6) - 12} + <nn)s
      qaa

         × (n -- 1, 3, 5, ･->,
cft =
     12E7
             11            iit}T(- l+2- 1) -i- <n.)3[(m 2) ×6+ 12} (n = 2, 4, 6, ･･･>

     qa` 48 4qa` 1  == 12EJ' (nn)5 =: nsEI'fiT, <7Z = 1, 3, 5, ･'･).

Hence the wanted series becomes

           w == 2a4aiiii (: - 2IIiil + illf) =- 4.q,{ii .=i$, II,,,, ... .-i, sin n.rrX. (6)

It wili be seen that the Fourier coeflicient cn is in general given by the equa-

tion

                           i                     cn == 2S, w(p) sin nrrp dp. (7)

   Example2 (Fig.2). The deflection w of the beam of Fig.2is given by
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                   w=36qo"S-I-(7Z-lolilP+3}?). <s)

Referring to Table I, we at once have

                   w"= ;gifli`i ;,l].-l.iMni,)""isin naTX. (g)

Computation work negessary for getting equation <9) is rnerely

 (- 1)n+i;.(7 - 10 + 3) =: O, <- 1)n+i(n}),{(- 10) × (- 6) +3 × (- 20)} = O,

 (- i)n+'(ni.), ×3× i2o ×2× 36qoaiiii == 3,qEa ･(- in),""i, == c.;

and this work is effected ethciently by using small pieces of paper of about 5 mm

× 15 mm size, on respective sheets of which the numerals 7, - 10, 3 are written.

   Example3 (Fig.3). The defiection w for the beam indicated in Fig.3is

given by the equations

                xx3    wi in- g6qo"iiil(25a-4oEr,+!62?) (o<x<ba), (lo)

   w2 = g6qo"b(i " is: + 4olil, - i2ot;t3 + soir - i61ilP) '(ga <x< a). (m

In this case equation (7) becomes

                                '
    cn = 2S: w(p) sin nmp dp = 2Si"' zvi(p) sin nrrp dR + 2Sl w2(p) sin nzp dp.

For two integrals ef the right-hand side, reference may be made to Tables

III and V respective!y. In this way we get

                                  ttl
                         8qa" (- 1) 2
                    Cn = T6EI' n6 <n == 1, 3, 5, ･..).

   Thus we arrive at the wanted series

                                       t(ww-rm1
                   w ;=: £,6qEai;.tll;l3,s.... (-ni6) 2 sin 7i:X. (i2)

e
e
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   Example 4. The present integral tables may be used for converting

Fourier .qeries into its poiynomial. As asimple example, we take the

slne serles

                  W(P) == .x#, 3, s,... (fe.1.,)s Sin n"P (O<P< 1),

and shall find its polynomial. Now from Table I, we can put

                   ZV (,o) =: cro + aip H- cv2R2 + cr3p3 + a4p4,

where ao, cri, ･･･, cr4 are constants to be determined. Referring to Table

                         1collecting same powers of                             we have
                        <nz)r'

            2cro -Y cr1 + cr2 + cr3 + cr4 == O,
            4a2 - 6crs - 12a4 == O, l <n = 1, 3, 5, ･･･);

            48a4 := i, t

            6rmcr,crX12crcr2, 1-cro3, ww cra rO' l (n .. 2, 4, 6, ...);

from which

                     l 11     crO=O, cr1 nd- -g6, cr2=O, a3 =:-li{g, cra={}Tt･

Hence the wanted polynomial becomes

                           I
                   W<P) == {}itr (p - 2p3 -F p`) (o < p< 1> .

This is the reverse of Example 1.

a
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2, 4, 6, ･･･

1, 3, 5, ･･･

2, 4, 6, ･･･

1, 3, 5, ･･･

2, 4, 6, ･･･

ttt
-------t----

s1 pr cos nnp dp
e

o

o

   2
 (7Zrr)2

 2
(flrc)2 l

.

= (- 1)n  2
(nrc>2

r

1

3

n

1, 3, 5, ･･･

2, 4, 6, ･･･

1, 3, 5, ･･･

2, 4, 6, ･･･

s1
o

pr cos nrrp dp

 2
(nz)2

o

    3
  (nrr)2

 3
(12rr)2

   12
+  (71 r, )4

   4
  (OIT)2

 4
(nrr)2

   24
--F
  (nx)4

 24

(nn)4

=: (- 1)n[ 4
(7Zrr>2 ww

 (:.4),]

 5
(nrr)2

   60
+  (nrc)4

240

(nrc)6

 5
(7ZZ)

     60

2 (nn)4

     l
     I

.-m. I
     i

   6
  (nrr)2

 6
(7zT)2

  120
+  (nrc)4
120
     +
(nrr)4

  720
  (nx)6

720

(nre)6

E

": (- 1)n[ 6
(7z r, )2

  120
  <fZr,)4

720

(7ZT)6
1
'

i-----i--------i--------------------



74 B. TANIMOTO No. 10

i'

I
I
l
,

I
l
l

r

j

o
,
2
,
4
,

2s

  1,

 3,

 5,

2s+1

71

1, 3, 5, ･･･

2, 4, 6, ･･･

1, 3, 5, ･･･

2, 4, 6, ･･･

s
g

pr cos nrrp dp

<2s)! [-
(2s :'

1

l) ! (nrc)2        11  (2s - 3)! (nr,)` (2s - 5>! (7zT)6

               (- 1)s-i                          <- 1)s
        +･-+ +                         1! (nrc)               3! (nn)2s-2

2s]

(2s)! [(2s - 1

i) ! (nrc)2

     1
(2s - 3)! (nrc)4 +

+

     1
<2s - 5>! <nz)6

  (ww 1)s
         +3! <nx) 2s-2

(- 1)s+i

1! <nsc>2s
]

(2s +
1)! (-    1

(2s) ! (nrt)2

       1
+  (2s - 2)! <nrr)`

       +･-+

       1
  (2s - 4)! (nn)6

          2(- 1)s+i (- 1)s
       +         O! (nr,)2s+22! (nr, )2s

]

(2s +
1)! ( (2,) !1

(?Zz)z

     1
(2s - 2) ! (nrr)4

       -ww ---

--F

+

     1
(2s - 4) ! (ni)6

           (- 1)s+i (- 1)s
        +          2! (nrr)2s4! (nrr)2s-2

]

III. s
g

pr sin nTp dp

r

o

1

2

n

1, 5, 9, ･･･

       '
2, 6, 10, ･･-

sJ,
e

R" sin nrrp dp

E 1

nff

2

nrr

1, 5, 9, ･･･

        tt
2, 6, 10, ･･･

l

  1
.(nrr)2

 I

2nT

1

2

'

'

5, 9, ･･･

      lt tt

6, 10, ･･･

 1
(nrc)

th
4nr,

 nt 2
2 <nr,)3

    4
  (07r,)3

T

o

1

2

n

3, 7, ll, ･･･

      '
4, 8, 12, ･･･

3, 7, 11, ･･･

       tt
4, 8, 12, ･･･

3, 7, 11, ･･･

4, 8, 12, ･･･

s
.1..

x

o

pr sin nffp dp

1

71r,

o

 1
<m)r

1

2zZrt

 1
<s･er,)2

1

4nrt

 2
<nr, )3 5

]
]
l

E
l



No. Ie Definite Integrals for Expressing Polynomials into Fourier Series 75

r

3

4

5

o
,

2
,

4
,

2s

7･z

s/1'

p" sin n-p dp

1, 5, 9, ･･-

i

2, 6, 10, ･･･

1, 5, 9, ･-･

2, 6, IO, ･･+

1, 5, 9, ･･･

2, 6, 10, ･･･

 3
4(nr,)2

 6
(71r,)4

um.irm

8nrc

  1
2( nr, )2

3

(nr,)3

 12
-.umnvt..m

 ml-
(nrc)4

24

(VZrr)5

.1
16nT

 3
(71rr)3

   48
+  (nT>5

  5
16(nrr>

    15
L' (nrt)4

  120
+  (71rr)6

 l
32nrr

  5

2(nn)3

   60
+  (nrc)5

-------b!-------t------t------

r

3

4

5

---

n

3, 7, 11, ･･･

4, 8, 12, ･･･

3, 7, !1, ...

4, 8, 12, ･･･

3, 7, 11, ･･･

4, 8, 12, ･･･

------------

j// pr sin nnp .dp

E

1, 5, 9, ･･･

3, 7, ll, ･･･

]

2, 6, 10, ･･･

  1,

.3,

  5,

  ---

2s -- 1

4, 8, 12, -･･

l, 5, 9, ･･･

 3
4<nrc)2

    6
+  (Tlx>4

   1

-- +  8nn
 3
(flrr)3

    1
  2(nz)2

      '

 12
(71rr)4

   24
+  (nrt)5

   1
  16fzT

 3
(7Zn)3

    5
- 16(nrt)2 +

15

(nrc)4

120

(7zx)6

 1
32nn

    5
  2(nT>3

 60

(nrr)5

--------t----------"----------

(2S) ! [ 22s-i (2s

+

  - 1)! (nT)2 22s-3(2s - 3)! (nz)`

22s-s(2s ve1 s)! (nn)6 + ' J,' + 2(. -1! l7)iSrrM)ls + ,,(,iF,.lii.,]

(2S)!(ww 22s-i(2s      1
              ÷    - 1)! (nn)2'

        1
22s-5(2s - 5)! (nfl)6

        1
22sm3(2s - 3)! (nz>`

         (nv 1)s
+･"+                 +
       2.1! (na)2s

o!((irrlil+i]

t

'
i

(2s)! [     1
22s <2s>! nrr

        1
22sm2(2s - 2>! (nre>3

            !
                    -i- "' +  ÷    22s-4(2s - 4) ! (nrc)5

oZ`(7,.lli+'-i]

<2s)! [-    1
22s (2s)! nrc

+
        1
22s-2<2s - 2)! (nx)3

        1
                ÷"-+22s-4(2s - 4) ! (nT)5

22 ' 2 [/ inl.))S2,- "

(2s +
1)![     1

22s <2s)! (nrr)2

+

        1
22s-2(2s - 2) ! (nz)`

        1
                +."+
22s-4(2s - 4)! (nz)6

o!` (irt38--2]

s

I

I
I

j
!
t

'

1

I
i
[
l
i
i



76 B. TANIMOTO No. 10

r

  1,

  3,

  5,

2s+1

n

3, 7, 11, ･･･

2, 6, 10, ･･･

4, 8, 12, ･･･

 .1.s
g

pr sin nx,o dp

(2s + 1)! (-     1
22s <2s)! (nz)

           i
  '2 ' 22s-2(2s - 2)! (nz)`

        1
               -F ･･･ +
22s-4(2s - 4)! (nrr)6

 (- l)s+i

O! (nT)2s+2
]

(2s +
1)! [       1

22s+i(2s +

       +

               l
1)! nrr 22s-i (2s - 1)! (nrc)3

        1
                 ÷-･+ 22sut3(2s - 3)! (nx)5

  (- 1>s

2･1! (nT)2s+1
)
J

(2s + 1)! [-       1
22s+1(2s +

               1
      +･
1)! nrr 22s-i(2s - l>! (n-)3

       1 (- 1)s+i               +'"+22snt3(2s - 3>! (fzr,>5                      2･1! (nx)2s+i
]

IV. sg
o

pr cos nnR dp

r

o

l

2

3

n

1, 5, 9, ･･･

2, 6, 10, ･･･

1, 5, 9, ･-･

2, 6, 10, ･･･

1, 5, 9, ･･.

2, 6, 10, ･･･

1, 5, 9, ･･･

2, 6, 10, ･･･

s"
o

pr cos nrrp dp

1

nx

o

 l
2nr,

 1
(nrr)2

2

<nR)2

1

4nn

 2
(nrr)3

ww 1
  (flrr)2

 1
8nre

---{l----

(?Zn)3

   6
+ m.ttttttumtL t

  <7Zz)4

   3'

  4(nrr)2

12

(nr, )4

r

o

1

2

3

n

3, 7, 11, ･･･

4, 8, 12, ･･･

3, 7, 11, ･.t

4, 8, 12, ･･･

3, 7, 11, ･･･

4, 8, 12, ･･･

3, 7, 11, ･･･

4, 8, 12, ･･･

ss'

pr cos nnp dp

l

nrr

o

 1

2nz
-1
  (elff)2

o

1

4nrc

   2
+  (nrr)3

  1

.(IZz)2

  1

-- +  8nn

LT3...ve-

(1･trr)3

   6'
･-
  (?Zn)4

 3
4(nT)2



No. 10 Definite Integrals for Expressing Polynomials into Fourier Series 77
t/,･

f
F

t r

4

o
,
2
,
4
,

2s

 1,

 3,

 5,

2s +1

n

1, 5, 9, ･･･

2, 6, 10, ･･･

i-----------

1, 5, 9, ･･･

3, 7, 11, ･･･

2, 6, 10, ･･･

4, 8, 12, ･:･

1, 5, 9, ･･･

3, 7, 11, ･･･

2, 6, 10, ･･-

s"
o

pr cos nrrp dp

 1

16nre

   3
-- +  (7Zrr)3

 24 -

(nff)5

 1
2(nrr)2

   12
+  (nn>4

t--------------i-------l

T

4

1･Z

3, 7, ll, ･･･

4, 8, 12, ･･･

------------

s8'

pr cos mp dp

   1

-÷  l6nrr
 3-
(71x>3

24

(nz>5

 1
2(nit)2

 12

(nx)4

-i-t-t--------i---------

(2s)![    1
22s (2s)! nz

       1
22s-2(2s - 2)! (nn)3

           1
  + 22sm4(2s - 4)! (nrr)5 + --- +

  (rm 1)s

O! (nre)2s+1
]

(2s)![um    1
22s (2s)! 7tz

         1
-iun 22s->(2s - 2)! (nT)3
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1, 5, 9, ･･･

2, 6, 10, ･･･

-------t--i-

1, 5, 9, ･･･

3, 7, 11, ･･･

2, 6, 10, ･･･

4, 8, 12, ･･･
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(?lrc)3

   120
÷ -------
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÷
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4, 8, 12, -･･

3, 7, 11, ･･-
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s
1

g
pr cos nrcp dp

1

m
o

i

2nrr

 1
(nrr>2

o

1

4nn

 2
(na)2

 2
(nrr>3

 I
(71T)2

 l

8nn

 3
(nz>2

+

 3
(nz)3

 6
(nff>4

i
E



Ne. Ie Definite Integrals for Expressing Polynomials into Fourier Series 81

I
i

I
:
l

i

r

3

4

o
,

2
,

4
,

2s

 1,

 3,

 5,

2s +1

n

2, 6, 10, ･･･
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   22s-5 nv 1

22s-5 (2s - 5)      -."+･ (nz)6
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]
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   62s-2 sin n-$-" 62s-3 cos nffse                                 62s-4 sin nr,e
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1, 2, 3, ･･･

(2s)! [ e2s sin nr,g e2s-i cos nr,e e2s-2 sin nrrg"
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st2s-2 cos fz.rcE rLrm!z12.i::2LCOS 7Zt.tq +
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sin ulg - rp2s-i sin nr, rp
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g2s-5 sin nng" - )7L'S-5 sin p'zT)7
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+
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1
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        <2s + 1)! nrr

e2s-i cos nze - rp2smi cos nxrp
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+

       (2s)!<nx)2
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     (2s - 3)! (nre>5
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