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Abstract

In previous works, in order to include correction by the Coulomb wave function
in Bose-Einstein correlations (BEC), the two-body Coulomb scattering wave func-
tions have been utilized in the formulation of three-body BEC. However, the three-
body Coulomb scattering wave function, which satisfies approximately the three-body
Coulomb scattering Schrodinger equation, cannot be written by the product of the
two-body scattering wave functions. Therefore, we reformulate the three-body BEC,
and reanalyze the data. A set of reasonable parameters is obtained.

1 Introduction

Recently, in addition to the data on the two-body charged Bose-Einstein correlations
0 BEC), data on the three-body charged BEC have been reported [1, 2, 3]. In some pa-
pers [1, 3], the Coulomb correction is done with fixed source radius, for example, 5 fm.
On the other hand, the quasi-corrected data (raw data with acceptance correction) on the
two-body (27r~) BEC [4] and the three-body (37~) BEC have been reported [5].

In Ref. [6, 7], authors proposed a theoretical formula for the 37~ BEC by the use of the
two-body Coulomb wave functions, and outputted information on BEC with fixed source
radii (5 fm and 10 fm). On the other hand, we have analyzed the 27~ and 37~ BEC, using
the CERN-MINUIT program with the two-body Coulomb wave functions and the source
radius as a free parameter [8, 9, 10].

The formula for 2r~BEC reduces to that of plane wave formulation in the limit of
plane wave approximation. However, the formula for 3#"BEC does not reduce to that
of plane wave formulation [11, 12]. Additional factor (3/2) appears in the phase of plane
wave [8, 9, 10]. Therefore, we have re-interpreted the source radius estimated from the
analysis of 37~ BEC.

*E-mail:mbiyajima@azusa.shinshu-u.ac.jp
tE-mail: mizoguti@toba-cmt.ac.jp
tE-mail:suzuki@matsu.ac.jp



In this paper, we would like to examine the relation between the two-body Coulomb
wave function and the asymptotic solution of the three-body Coulomb wave function, which
cannot be written by the product of two-body Coulomb wave functions. In addition, we
would like to show that factor 3/2 disappears from the phase factors of plane wave in the
formulation of the 37#~”BEC, if the correct asymptotic three-body Coulomb wave function
is used.

In the second section, an asymptotic solution for the three-body Coulomb scattering
Schodinger equation is shown. The formula for 3#7BEC is derived from the analogy of the
formula for the plane wave formulation in the third section. Analysis of 37~ BEC is done
in the fourth section. Final section is devoted to summary and discussions.

2 Approximate solution for Schodinger equation of three-
body Coulomb scattering

In order to describe the two-body charged BEC ( for example, 27~ system ), we should
solve the Shrodinger equation of Coulomb scattering. The solution, which is regular at the
origin of the Coulomb potential, is given by

Uik, (@i, @) = €*9TI gy (1)),

Oy (rig) = T(L4ing)e™ 52 Fl=ing, 1; (k| - |rij| = Fosj - 735)], (1)
for particles ¢ and j, where the coordinate and momentum of particle i, are denoted by
x; and k;, respectively, and e; in 7;; is the charge of particle 7. In Eq. (1), the relative
coordinate and momentum of particles ¢ and j are denoted by r;; = x; — x;, and k;; =
(mjk; — myk;)/(m; + my), respectively, 1n;; = e;ejpij/|kij| where p;; is reduced mass of
m; and mj, Fla, b; x| is the confluent hypergeometric function, and I'(z) is the Gamma
function.

In order to describe the three-body Coulomb scattering, the Jacobi coordinates [13] are
introduced;

1 = x—x,

G2 = x3— (miz1 + moxy)/ Mo,

¢z = (mizy + maoxe +maxs)/M, (2)
My = my+mo, M =mq+mg+ms.

The relative coordinates are written as,

ro1 = X2 — 1 = (1,
r31 = x3—x1 = af + (2,
r32 = X3 — T2 = —FC1 + (o,

a = my/Ms, [ =mi/M,.
The Schrodinger equation of the three-body Coulomb scattering is given by,
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Figure 1: Jacobi coordinates of three-body system. The starting point of (s is the center
of mass of particles 1 and 2.

where
pi = mimg/Msy, po = Moms/M,
P = mdcl/dt = (m1k2 - kal)/M2a
Py, = pedCa/dt = (Maks — ms(k1 + k2))/M.

Then, the approximate solution for the Schrodinger equation in g, where ri9, ro3, 731 >> 1,
is given by [14, 15],

Uy = ' POTPC) g (119) Ghy (723) Dy (T31). (4)
The phase factor of the plane wave in Eq.(4) is rewritten as,
mi+m mo +m ms3+m
P+ P = %kw “T12 + %kzz 723 + %kiﬂ " T31,
2
= g(km “112 + ko3 - 123 + k31 - T31),
where mq = mgy = mg is used.
Therefore, the solution W, is written as [16],
Uy = Qﬁgllkz(ivl,mz)?ﬁgkg(ivz,333)1/11?;1@1(303,331), (5)
Vg, (@i my) = CIRTaG (ry). (6)

The approximate solution for the three-body Coulomb scattering can be written by the
product of 1/Jgkj (i, ;), but not the product of the wave function of two-body scattering,
wgi k; (@i, x;). In the correct formula, factor 2/3 is multiplied to the phase of plane wave.

In Ref.[7], the Coulomb correction for n-body scattering is discussed, where the n-
body Coulomb scattering wave function is given by the product of two-body Coulomb
scattering wave functions. However, the n-body Coulomb scattering wave function in €
is approximately given by

n
C/
Up = ] Yok, (@i ),
i<j=1

! ) .. ..
Ve, (@i xg) = Mg (ry)



for n > 3.

3 formula for third order BEC

The wave function of identical Bose particles should be symmetrized. In Fig.2, or Fig.3,
V. denotes the interaction between two particles by the Coulomb potential, and cross (X)
represents the exchange of particles.

As is shown in Fig.2, the two particle momentum density is given by,

T 1 2
NCET) = §H/P(wi)d3wi|¢glk2(w17 T2) + VR, (T2, T1)[
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Figure 2: Two-body BEC diagram

The exchange diagram for 37~ BEC is shown in Fig.3. According to the diagram, the
three particle density for 37~ BEC is written as,

5 6
NG — éH/p(iBz)dSIBz’ZA(J)’2v (8)
i=1 J=1
where
AL) = A= U (@1, ), (@2 @)U, (@5, @),
A2) = Asy = F e, (@1, T3) 0k, (T3, T2) Vg, (T2, 21),
AB) = A = U, (@2, @)U, (@1 @)Y, (25, 2),



! ! !

= A1z = U 1, (@2, T3) Vo, (T3, T1) Vs, (T1, T2),
! ! ’

= A1zr = U, (@3, 1) Vo, (T1, T2) Vi, (T2, T3),

= A13 = ¢k€;k2(m37 m2)¢l€2,k3(m27 ml)zzz)gg:kl(mla m3)' (9)

Figure 3: Three-body BEC diagram

In the plane wave approximation, each amplitude A(i) approaches to the following

form,

Ay PW ei(2/3)(ki2-mi2tkos T23+ks1-T31) _ ei(kl'931-&-’62'm2—|-k:a~933)7

Aos PW e1(2/3)(ki2-m13+ke3-T3o+ks1-T21) _ ei(k1-21+k2-$3+k3-m2)’

A1y PW ei(2/3)(k12-7‘21+k23-7‘13+k31'7‘32) — ei(kl'w2+k2'$l+k3'1’3)’

A3 PW e4(2/3)(k12-r23 ko3 r31+ks1-T12) ei(k1-w2+k2~w3+k3m1)7
A139 PW e1(2/3) (k12 r31+kos-ri2+kai-T23) _ ei(k1-oc3+k2~zc1+k3-m2)’
Al PW ei(2/3)(k12'7’32+k23~7‘21+k31'7'13) — ei(k1~m3+k2~m2+k3-m1). (10)

In Eq.(10), PW means the plane wave approximation of the amplitude, and the condition
in the center of mass system, exp|—i(ki + ko + k3) - 3] = 1 is used.
The amplitudes squared in Eq.(8) can be classified into the following groups,

P o=
Fip =

Fyy =

1 * * * * * *
E[AlAl + Ao Aly + Az A5y + A13AT5 + A123ATas + A132A735),
1

1 * * *



1
F31 = 6[A1AT3 + A23A132 + A12AT23 + C.C.],
1 * * * * * *
F123 == 6[14114132 + A132A123 + A13A12 + A12A23 + A23A13 + A123A1],
1
F132 == 6[A1AT23 + A23AT2 + A12AT3 + A123A>{32 + A132AT + A13A§3]7 (11)

where, c.c. denotes the complex conjugate, and Fi3s is the complex conjugate of Fio3. In
the plane wave approximation, I3 reduces to 1, Fj; corresponds to exchange between 7 and
j charged particles, and Fjs3 correspond to exchange among three charged particles.

Phenomenologically, the coherence parameter A is introduced into the formula for
27~ BEC as,

N27'r* 2 3
T = Crll/p(mi)d 2i(G1 + \Ga), (12)
1=
where C' is the normalization factor.
In the third order BEC, factor A/2 is multiplied to the amplitudes squared according
to the number n of exchange particles. After {3 integration, the 3n~BEC is given by

N37r’ 3
W = C H /p(ml)d3$l [Fl + 3)\F12 + 2)\3/2R€ (Flgg)}
_ 3 13 3/2
- (2{ iy /d ¢id czexp[ T < ¢+ czﬂ |1+ 8\Fiz + X*/?Re (Fis)|
(13)
The set of following variables is used in the concrete calculations of Eq.(13),
ki = — Py,
ko3 =1iP - 3P,
23 541 242 (14)

ks = 3P+ 3P,
Qs = \/4("5%2“"‘5%3"‘]“%1) = \/6P12+%P22-

4 Analysis of 31" BEC

The formula (13) is applied to the analysis of quasi-corrected data on 37~ BEC by STAR
Collaboration [5]. The results are shown in Table 1 and Fig. 4. For comparison, the result
of previous work [9] is also shown in the lower part of Table 1. The result for 2r~BEC by
STAR Collaboration [4] is shown in Table 2

The source radius Rg,.q estimated from the data on 37~ BEC with Eq.(13) is comparable
with that Ry, from 27~ BEC. However, the source radius Rprd estimated in the previous
work [9], namely with the two-body Coulomb wave functions is much smaller than Rg,.q
with Eq.(13). The re-interpreted radius becomes (3/2)RY = 8.01 [fm], which is nearly
equal to Rs.q. The coherence parameter As.q estimated from 37~ BEC with Eq.(13) is
somewhat smaller than that Ag,q from 27~ BEC.



Table 1: Analyses of 37~ BEC by STAR Collaboration [5].
R [fm] A x2/n.d.f.
Eq.(13) 8.26+0.39 0.504+0.02 1.88/35
previous work [9] 5.34+0.24 0.56+0.02  2.80/35

Table 2: Analyses of 20~ BEC by STAR Collaboration [4].
R [fm] A x%/n.d.f.
Bq.(12) 8.75+£0.31 0.58+£0.02  23.0/25
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Figure 4: Analysis of quasi-corrected data on 37~ BEC by STAR Collaboration [5] with
Eq.(13).

The problem on the phase factors appearing in the two-body BEC among three identical
particles [11, 12] is proposed in [17]. If these factors are taken into account, the formula
for 3n~BEC is given by,

N37r_ 3

W =C 1_[1/p($z)d3321 [Fl + 3/\F12 + 2)\3/2R€[F123] X W} s (15)
i

where W = cos(¢12+ ¢ + ¢31), which is parameterized as W = cos(g x @3) in the simplest

form with parameter g and Q3 = (k1 — k2)? + (ko — k3)? + (k3 — k1)2. The result is shown

in Table 3 and Fig. 4. Estimated source radius shown in Table 3 is smaller than Rg,.q with

Eq.(13), and is not consistent with Ra,q.

Table 3: Analyses of 37~ BEC by STAR Collaboration with Eq.(15).
R [fm] A g 2 /n.d.f.
Eq.(15) 7.70+0.57 0.554+0.05 31.13+ 10.87 0.51/34
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Figure 5: Analysis of quasi-corrected data on 37~ BEC by STAR Collaboration [5] with
Eq.(15).

5 Summary and discussions

We reformulate the formula for 37~ BEC, using the asymptotic three-body Coulomb wave
function. We apply the formula to the analysis of data on 3~ BEC by STAR Collaboration.
The source radius Rg3,.q estimated from 37~ BEC is consistent with that Ry, from 27~ BEC
[18]. The coherence parameter As.q estimated from 37~ BEC with Eq.(6) is almost the
same with Agp,q from 27~ BEC. Whether a set of preferable parameters can be estimated
from the analyses of 2r"BEC and 37~ BEC or not in other approaches will be reported
elsewhere [19].

By the use of our formula, we can estimate source radius with Coulomb correction,
without the re-interpretation due to the factor (3/2).
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