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   We have proved in [3], [4] that

            E7,i={ ev E IsoR<$, "> l avswt = swt, {aP, crQ} = {P, Q}}

is a connected simple Lie group of type E7(.2s) and

                                                             tt ttt t
 E,={ evEilsoc(asC, asC) 1 aswIC==sw?C, {crP, evQ}={P, Q}, <cvP, evQ>==<P, Q>}

                                                                  '                                                             '
is a simply connected compact simpie Lie group of type E7, where EIIJe, SgZC are the

Freudenthal's manifolds and {P, Q}, <P, Q> inner products in ge, $C respectively.

In this paper, we shail give another expressions of these groups. Our results are

as follows. These groups E7,i and E7 are also defined by , .. . ..,.. .,.

              E,,,== { crEIsoR(as, $) I ev(P×Q)ev-i=crP×crQ },

     E7 =:'=" { evE,IsogasC, $C) 1 cu(PxQ)ev-i :L' ctPx,evQ, <evP, aQ>=<P, Q>}

IiedSePnetZtaiYejiiYi '[2W]Ii'ere 1 as×%-e7,i, × asCk$C'--L>e76are mappmgs defined by Fre-

                                             11
                                         tttt
   l',tJ&rdda,:.71g&?,radi.igi.rk L.iieg,abiF.ebr,af e85'yi,y ..rhbeis over the fieid of reai

numbers R and S=g(3, Q) the Jordan algebra consisting of all 3×3 Hermitian
matrices X with entrie's in g with respect to the multiplication XoY= -ll-(XY+ YX).

In ℃, the symmetric inner product (X, Y), the crossed product XxY and the cubic

form (X, Y, Z) are defined respectively by i

                   '                              '                   ['            (X, ]Y)Atr(XoY), ･ .

           X× Y == -ll-( 2Xo Y-tr (X) Y- tr(Y)X + (tr(X)tr(Y) - (X,. Y).).E ),..
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               (X, Y, Z)=(X, YxZ)-(XxY, Z)

where E is the 3×3 unit matrix.

  In [1], Freudenthal clefined the exceptional simple Lie algebra e6,i of type

explicitly by

             e,,i-:{ ¢E HomR(S, g) 1 (ipX, X, X) -:o }

and, for A, BEg, he constructed AVBEe6,i by

      (AVB)X-;(B, X)A+g(A, B)X-2Bx(A×X) XEg.

Finally, for diEe6,i, we denote the skew-transpose of ip by ip' with respect to

inner product (X, Y):

                   (diX, Y) + (X, ¢' Y) - O,

then also ip'Ee6,i.

  2. Lie algebra e7,i.

  Let 8 be a 56-dimensional vector space defined by

                   s-=segoRoR.

For ¢Ee6,i, A, BaS and pER, we define alinear transformation di(¢, A, B,

of 8 by

                         1                 X ip--sl-pl 2B O A X

       ¢(¢, A, B, p) Y = 2A ¢'+-l;-pi B o y

                  e o Ap o6
                  ? B OO -p o
                           1
                       ipX--ii-pX+2B×Y+Ao
                                 1
                    .. 2AxX+¢'Y+-s-pY+6B

                           (A, Y) + p6

                           (B, X) - po

Then Freudenthal showed in [2] that

E,

(
i
)

the

P)



  Another definitions of exceptional simple Lie groups of type E7(..2s) and E7(-!33) 49

   e7,i=={ ¢==ip(ip, A, B, p) E!i HomR(as, 8) i ipEiie6,i, A, BEig, pEiR}

is a exceptional simple Lie algebra of type E7. The Lie bracket [¢i, di2] in e7,i

is given by

        [¢(¢i, A,, B,, p,), ¢(ip,, A,, B,, p,)]=di(ip, A, B, p)

where

             ¢ :=: [¢,, ip,] + 2A,VB, - 2A,VB,,

             A- (¢,+ -Z-p,1)A, - (ip, + gp,1)A,,

             B == (¢,, - 2-p,1)B, - (ip,'- gp,1)B,,

             p=(Ai, B2) - (Bi,A2).

For P=(X, Y, e, rp), Q=(Z, VV, C, to)EB, he constructed Px(?E!!e7,i by

                     ip --e(xvw+ zvy)

                     A=--IL(2y×w-sz-qx),
                        4
     PxQ==: di(¢, A B, p),
                     B==t(2X×Z-vW-to",

                     p-g((X, W)+(Z, Y)-3(6to+Cv)),

and showed the following formula

        [¢, PxQ]=diPxQ+Px¢Q ipEe7,b P, QffB.

  In 8, we define a skew-symmetric inner produt {P, Q} by

              {P, Q} == (X, W) - (Z, Y) ÷ gto -Crp

for P-(X, Y, 6, n), Q-(Z, VV, ag, to).

  Proposition 1. For P, QEas, we have

              (PxP)Q-(PxQ)P+g{P, Q}P.

  Proof is straight-forward calculations using (i).

  Finally we define a manifold EM in ge, called the FreudenthaPs manifold by

             EM={ PEW PxP=O, P40 }.
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   3. Lie group ,E7,i. ･
  J T'heQrem 2. E7,i={ cr Ei lsoR(as, as) 1 a(PxQ)cv"i=evPxcr(? }

is a connected simPle Lie grouP of tyPe E7. The Polar decomPosition of E7,i is

gt'ven by '. ,' - , ･ ･.
                         E7, i !]r (U(1) × E6)IZ, × Rs4

gyyhpeereE,9(iT)hZi ts£teUrMzta(t,,SroOfUPEf,YdisE6 zs a .szmPiy connecied compact Lte group of

                                 '
                      . z(E,,,)={1, -1}.

   Proof, In [3], we showed that the group

           ,E7(-2s) :=: { ev Ei lsoR (8, 8) 1 aEM = MZ, {evP, evQ} == {P, Q} }

is a connected simple Lie group of type E7 which has the properties stated in

Theorem 2. We shall prove that the group E7,i coincides with the group E7(-2s).

First we show that E7,i is a subgroup of E7(.2s). In fact, for avEE7,i, we have

crEM = El[YZ, since evP × evP= av(P × P)cr-i =O for P E swZ. Act aE E7,i on (P × P)O== (P × Q)P

+g {P, (?}P of Proposition 1,. then a(PxP)avH'aQ=ev(Px(?)cr"ievP+-g-{P, Q}aP,

that is,

            ttti ; /'' tt'' ' '' /' ''

                 (crP × aQ)a(? =7- (ctP × ct(?)crP + g{P, Q} evP.

                                               '
On the other hand, from Proposition1again ,.

                 (cuP ×,evP)cr(? == (aP ×aQ)aP + -g-{evP, avQ}crP.

Hence we have ,, ,
                          {aP, evQ}={P, Q}. , -,, -

Therefore 2Il7,icE7(-2s). Conversely, we I<now that the Lie algebra of the group

E7(.2s) is e7,i [3] and ally element of e7,i satis,fi gs

                      [di･ Pl. Q] ='- diPxQ+Px.diQ. ...

                                         t/t t tt
This show,s that the Lie algebras of the groups E7(.2s) and E7,i coincide. Hence

from the coimectedness of E7(-2s), we see that E7(-2s)cE7,i. Thus we obtain E7,i =

E7(-2s). .tl･ i ･).
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   4. Lie group E7.

   Let GC and SC=S(3, QC) be the complexifications of 6 and S respectively over

the field of complex numbers C and put 8C==gCOSCOCOC. Then the statements

in the preceding sections are also valid in the complex case. For example,

                e6C=={ ip Eii Homc(gC, gC) 1 (¢X, X, X) :=o}

              e7C==:{ ¢(ip, A, B, p) 1 ipEe6C, A, BEgC, pEC}

     '                                                 '
are the simple Lie algebras over C of type E6 and E7 respectively, and the Freud-

enthal's manifold ED2C is defined by

                    EMC=.{PE$C1PxP=O, P;O }.

   We define positive definite Hermitian inner products <X, Y> in gC and <P,

Q> in %C respectively by

                          <X, Y> -= (X, Y),

               <P, Q> -<X, Z> + <Y, Mi> + gg + rp.

where X is the conjugate of X with respect to the field C and P==(X, Y, 4, rp),

Q=(Z, W, 4, to) cii asC.

   In [4], we showed that the group

E7=:{ aEIsoc(asC, asC) I evM?C== E[rZC, {aP, aO}={P, Q}, <aP, evQ>=<P, (?>}

is a simply connected compact simple Lie group of type E7. By the preceding

arguments, we see that conditions

                    asne= EDzC, {aP, aQ}={P, Q}

is equivalent to

                          a(P × Q)a"i == evP x evQ.

Hence we have

Theorem 3. E7 =={ aEIsoc(BC, asC) [ a(PxQ)a-'=: crPxevQ, <aP, evQ>==<P, Q>}

is a simPly connected simPle Lie grouP of tyPe E7.
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