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We have proved in [3], [4] that
E;={ aclsor(B, B) | a=M, {aP, aQ}={P, Q}}
is a connected simple Lie group of type E,c .5 and .
E,={ acIsoc(RC, PE) | aMC=INC, {aP, aQ}={P, @}, <aP, aQ>=<P, Q>)

is a simply connected compact simple Lie group of type E,, where I, SRC are the
Freudenthal’s manifolds and {P, @}, <P, &> inner products in B, BC respectively.
In this paper, we shall give another expressions of these groups. Our results are
as follows. These groups E;; and E; are also defined by

E,i={ acIsor(B, B) | a(PxQla'=aPxaQ },
E; = { ac Isoc(BC, BO) | alPxQa™! =aPxaQ, <aP, aQ>=<P, Q>)

/
‘ !

respectively, where X : B x P—egy, X 1 POXPC—¢,C are mappings defined by Fre-
udenthal in [27.

1. Jordan algebra 3 and Lie algebra ¢ . ,

Let ¢ denote the division algebra of Cayley numbers over the field of real
numbers R and J=3(3, 6) the Jordan algebra consisting of all 3x3 Hermitian
matrices X with entries in ¢ with respect to the multiplication XoY = %(X Y+YX).
In 3, the symmetric inner product (X, Y), the crossed product X xY and the cubic
form (X, Y, Z) are defined respectively by

(X, V)= tr (Xo¥),

X% Y:%(ZXoY—tr(X)Y—tr(Y)X%— (trXtr(Y)—(X, Y)E),
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X, Y, Z2)=X, YxZ)=(XxY, Z)

where E is the 3x3 unit matrix,
In [17], Freudenthal defined the exceptional simple Lie algebra ¢, of type I
explicitly by

¢s,1={ ¢ € Homgr(3, J) | X, X, X)=0}

and, for A, B J, he constructed A\/B & ¢, by
(A/B)X = %(B, X)A +%(A, B)X —2Bx(AxX) Xes. (i)

Finally, for ¢ = ¢;,, we denote the skew-transpose of ¢ by ¢’ with respect to the
inner product (X, Y):

@X, )+ (X, ¢'Y)=0,

then also ¢'e¢q, ;.

2. Lie algebra ¢, ;.
Let ® be a 56-dimensional vector space defined by

P=JDIDRDER.

For ¢ ¢y, A, B&J and p€ R, we define a linear transformation @(¢, 4, B, p)
of ¥ by

1
X ¢—§p1 2B 0 AV X
, 1
0 A B Y| =| 24 ¢tgel B 0|lY
£ 0 A o 0l &
7 B 0 0 —p 7

ngX—%pX—I—ZBX Y+ Ay
2AXX 4§V + %pY—FEB

(A4, Y)+p€

Then Freudenthal showed in [2] that



Another definitions of exceptional simple Lie groups of type E;_ s, and E;_ 3,

49
e ={ @=9(p, A, B, p)eHomgr(B, B) | p=¢,,, A, BESJ, p=R}

is a exceptional simple Lie algebra of type E,;. The Lie bracket [@;, @] in ¢y,
is given by

[@(?51’ Ay, By, Pi), Q)(¢2’ Ay, By, Pz)]:q)@, A, B, P)
where

¢ =[¢1, ¢po]+24:\V B, — 24,/ By,
A= (¢1+%,011)A2 - (¢2 =+ %‘le)Al’
B= ((/’1’ ~£,011)32 —

2
3 ‘/52'* 3,021)31,
o =(A,, By) — (B, A,).

For P=(X, Y, & 5, Q@=(Z, W, {, )P, he constructed PxQ ¢, by

6= —%(X\/W + Z\/Y)
A:—%(ZYX W —£Z —X),
PXQ:@(¢a A’ B’ 10>’
B:%(ZXXZ—WW—(DY),

p:

|

(X, W)+(Z, Y)-3(En+Ly),
and showed the following formula

[0, PXQ]=0PPxQ-+PxPQ Pee,,;, P, Qe

In B, we define a skew-symmetric inner produt {P, @} by

P, @}=X, W)—(Z, V)+éw—{y

fOI' P: (X, Y’ Ea 77): Q:(Za W) C) (U).
Propesition 1. For P, Q<B, we have

(PxP)Q = (PXQP+ (P, QP.
Proof is straight-forward calculations using (i).

Finally we define a manifold 9¢ in B, called the Freudenthal’s manifold by

M={ PP | PxP=0, P+0 ).
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3. Lie group ;.
, Theorem 2, E i ={ acIsor(P, P) | aPxQa'=aPxaQ }

is a connected simple Lie group of type E,. The polar decomposition of Ey, is
Siven by

E; = (U)X Ey)/Z; x R

where U(1) is the unitary group and Eg is a simply connected compact Lie group of
type Es. The center z(E,.) of Ey, is

2(Eq,)={1, —1}.
Proof, In [37], we showed that the group
| Eran={ a€Isor(®, B) | sl =M, {aP, aQ}=(P, Q))

is a connected simple Lie group of type E; which has the properties stated in
Theorem 2. We shall pi‘ove that the group E,, coincides with the group Eyj(-ss.
First we show that E,; is a subgroup of E_s5. In fact, for e=E,;, we have
all =M, since aPxaP=a(PxPla"'=0for PEM. Actac E;on (PxP)Q=(PxQ)P
+% (P, Q)P of Proposition 1, then a(Px P)a”'aQ = a(Px Qa™ aP + %{P, Q}aP,

that is,

(aP x aQ)c;Q = (P xaQ)aP + %{P, Q}aP,
On the other hand, from Proposition 1 again

(ch‘ x\aly’)cyQ = (aP x a@Q)aP + —g—{aP, aQaP,
Hence we have

{aP, «Q}={P, Q).

Therefore E, ;CEqys5). Conversely, we know that the Lie algebra of the group

Eq95y is ¢4, [3] and any element of ¢, satisfies
[0, PXQ|=0PxQ+ Px0Q.

This shows that the Lie algebras of the groups Fqs) and E,, coincide, Hence
from the connectedness of Eyc.p5), we see that Ey_.) CFE; ;. Thus we obtain E; =

E7(—25)-
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4. Lie group E,.
Let € and J€=J(3, 6€) be the complexifications of € and I respectively over
the field of complex numbers € and put PC=JCDHICECPHC. Then the statements

in the preceding sections are also valid in the complex case. For example,

¢¢={ ¢ € Home%, ) | (¢X, X, X)=0}
c70:{ @<¢7 A> B> P) | ¢ECGCv Aa BESC, PEC}

are the simple Lie algebras over C of type E; and E; respectively, and the Freud-
enthal’s manifold 9C is defined by

ME={ PePC | PxP=0, P+#0 }.

We define positive definite Hermitian inner products <X, Y> in 3¢ and <P,
@> in RC respectively by

<X, Y>=X, Y,
<P, Q>=<X, Z>+<Y, W>+E + o

where X is the conjugate of X with respect to the field € and P=(X, Y, &, %),
Q=Z, W, {, o) %,
In [4], we showed that the group

Ey={ acIsoc(BC, BO) | aMC= MC, {aP, aQ}=(P, @}, <aP, aQ>=<P, @>}

is a simply connected compact simple Lie group of type E; By the preceding
arguments, we see that conditions

ame= Mm¢,  {aP, a@}={(P, @}
is equivalent to
alP X Qla ' =aP X aQ.
Hence we have
Theorem 3. E;={ a<Iso¢(PC, BO) | a(PXQ)a'=aP xaQ, <aP, aQ>=<P, @>}

is a simply comnected simple Lie group of type E.
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