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Abstract

The aim of this paper is to study relationships between Frobenius exten-
sions and Auslander-Gorenstein rings and to give constructions of Auslander-
Gorenstein rings using Frobenius extensions.

Let G be a non-trivial finite multiplicative group with the unit element e
and A = ⊕x∈GAx a G-graded ring. We construct a Frobenius extension Λ of A
and study when the ring extension A of Ae can be a Frobenius extension. Also,
formulating the ring structure of Λ, we introduce the notion of G-bigraded rings
and show that every G-bigraded ring is isomorphic to the G-bigraded ring Λ
constructed above.

The case that G is a cyclic group. Starting from an arbitrary ring R we
provide a systematic construction of Z/nZ-graded rings A which are Frobenius
extensions of R, and show that under mild assumptions A is an Auslander-
Gorenstein local ring if and only if so is R.

Moreover, formulating the construction of Clifford algebras we introduce the
notion of Clifford extensions and show that Clifford extensions are Frobenius
extensions. Consequently, Clifford extensions of Auslander-Gorenstein rings are
Auslander-Gorenstein rings.
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Chapter1

Introduction

1.1 Background and Motivation

Auslander-Gorenstein rings (see Definition 2.1.2) appear in various fields
of current research in mathematics. For instance, regular 3-dimensional alge-
bras of type A in the sense of Artin and Schelter, Weyl algebras over fields of
characteristic zero, enveloping algebras of finite dimensional Lie algebras and
Sklyanin algebras are Auslander-Gorenstein rings (see [2], [5], [6] and [21], re-
spectively). Nevertheless, ring theoritical studies of Auslander-Gorenstein rings
are seen little. In particular, the construction of Auslander-Gorenstein rings
are very little. Recently, M. Hoshino and H. Koga has shown in [13, Section
3] that a left and right noetherian ring B is an Auslander-Gorenstein ring if it
admits an Auslander-Gorenstein resolution over an Auslander-Gorenstein ring .
A special ring extension A/R of a noetherian ring R which is called ”Frobenius
extension” is a typical example which admits an Auslander-Gorenstein resolu-
tion. Commutative Gorenstein local rings have been studied extensively (see
e.g. [16]). It is needed to study Auslander-Gorenstein local rings.

In this paper, starting from an arbitrary Auslander-Gorenstein ring (respec-
tively, Auslander-Gorenstein local ring) we will provide a method of construction
of Auslander-Gorenstein rings (respectively, Auslander-Gorenstein local rings)
using Frobenius extensions. We will introduce the notion of Clifford extensions
and show that Clifford extensions are Frobenius extensions. Since Frobenius
extensions of Auslander-Gorenstein rings are Auslander-Gorenstein ([10, Propo-
sition 1.9]), it follows that Clifford extensions of Auslander-Gorenstein rings are
Auslander-Gorenstein.

Now we recall the notion of Frobenius extensions of rings due to Nakayama
and Tsuzuku [17, 18] which we modify as follows (cf. [1, Section 1]). We use
the notation A/R to denote that a ring A contains a ring R as a subring. We
say that A/R is a Frobenius extension if the following conditions are satisfied:

(F1) A is finitely generated as a left R-module;
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(F2) A is finitely generated projective as a right R-module;
(F3) there exists an isomorphism φ : A

∼→ HomR(A, R) as right A-modules.
Note that for any f ∈ HomR(A, R) and any a ∈ A, define (fa)b = f(ab)

for any b ∈ A, HomR(A, R) is a right A-module. Note also that φ induces
a unique ring homomorphism θ : R → A such that xφ(1) = φ(1)θ(x) for all
x ∈ R (cf. Proposition 2.1.4). A Frobenius extension A/R is said to be of first
kind if A ∼= HomR(A, R) as R-A-bimodules, and to be of second kind if there
exists an isomorphism φ : A

∼→ HomR(A, R) in Mod-A such that the associated
ring homomorphism θ : R → A induces a ring automorphism of R. Note that
a Frobenius extension of first kind is a special case of a Frobenius extension
of second kind. Let A/R be a Frobenius extension. Then A is an Auslander-
Gorenstein ring if so is R, and the converse holds true if A is projective as a left
R-module, and if A/R is split, i.e., the inclusion R → A is a split monomorphism
of R-R-bimodules. It should be noted that A is projective as a left R-module if
A/R is of second kind.

1.2 Results

In Chapter 2, we first recall the notion of Frobeniu extensions of rings and
that of Auslander-Gorenstein rings.

In Chapter 3, let G be a non-trivial finite multiplicative group with the
unit element e and A = ⊕x∈GAx a G-graded ring. In this paper, assuming Ae

is a local ring, we study when a ring extension A of Ae can be a Frobenius
extension, the notion of which we recall below. To state our main theorem we
have to construct a Frobenius extension Λ/A of first kind. Namely, we will define
an appropriate multiplication on a free right A-module Λ with a basis {vx}x∈G

so that Λ/A is a Frobenius extension of first kind. Denote by {γx}x∈G the dual
basis of {vx}x∈G for the free left A-module HomA(Λ, A) and set γ = Σx∈Gγx.
Assume Ae is local, AxAx−1 ⊆ rad(Ae) for all x �= e and A is reflexive as a
right Ae-module. Our main theorem states that the following are equivalent
(Theorem 3.2.3):

(1) A ∼= HomAe(A, Ae) as right A-modules;

(2) There exist a unique s ∈ G and some α ∈ HomAe(A, Ae) such that
φsx,x : vsxΛ ∼→ HomAe(Λvx, Ae), λ �→ (μ �→ α(γ(λμ))) for all x ∈ G;

(3) There exist a unique s ∈ G and some αs ∈ HomAe(As, Ae) such that
ψx : Asx

∼→ HomAe(Ax−1 , Ae), a �→ (b �→ αs(ab)) for all x ∈ G.

Assume A/Ae is a Frobenius extension. We show that it is of second kind
(Corollary 3.2.5), and that A is an Auslander-Gorenstein ring if and only if so
is Λ (Theorem 3.2.6). As we saw above, the ring Λ plays an essential role in
our argument. Formulating the ring structure of Λ, we introduce the notion of
group-bigraded rings as follows. A ring Λ together with a group homomorphism
η : Gop → Aut(Λ), x �→ ηx is said to be a G-bigraded ring, denoted by (Λ, η), if

3



1 =
∑

x∈G vx with the vx orthogonal idempotents and ηy(vx) = vxy for all x, y ∈
G. A homomorphism ϕ : (Λ, η) → (Λ′, η′) is defined as a ring homomorphism
ϕ : Λ → Λ′ such that ϕ(vx) = v′

x and ϕηx = η′
xϕ for all x ∈ G. We conclude

that every G-bigraded ring is isomorphic to the G-bigraded ring Λ constructed
above (Proposition 3.3.3).

In Chapter 4, we fix a set of integers G = {0, 1, . . . , n− 1} with n ≥ 2 and a
cyclic permutation

π =
(

0 1 · · · n − 1
1 2 · · · 0

)

of G. Note that the law of composition G × G → G, (i, j) �→ πj(i) makes G a
cyclic group with 0 the unit element. Note also that if A = F [X] is a polynomial
ring in one variable X over a ring F and R = F [Xn] is a subring of A then A can
be considered as a G-graded ring over R. In this paper, we will formulate this
example and, starting from an arbitrary ring R, provide a systematic way to
construct G-graded rings A so that the ring extensions A/R are split Frobenius
extensions of second kind. Namely, we will define an appropriate multiplication
on a free right R-module A with a basis {ei}i∈G using the following two data:
a certain pair (q, χ) of an integer q and a mapping χ : G → Z; a certain triple
(σ, c, t) of σ ∈ Aut(R) and c, t ∈ R. Our main results in this Chapter state
that if either t ∈ rad(R), or c ∈ rad(R) and nχ(i) > iq for all i �= 0, then A is
an Auslander-Gorenstein local ring if and only if so is R (Theorems 4.1.6 and
4.1.7). Also, we will provide a way to obtain every pair (q, χ) mentioned above.

In Chapter 5, we will provide a systematic way to construct split Frobenius
extensions of second kind. We fix a set of integers G = {0, 1, . . . , n − 1} with
n ≥ 2 and a ring R together with a pair (σ, c) of σ ∈ Aut(R) and c ∈ R satisfying
the condition: (*) σn = idR and c ∈ Rσ ∩Z(R). Let Λ be a free right R-module
with a basis {vi}i∈G and, setting vi+kn = vic

k for i ∈ G and k ∈ Z+, define
a multipleication on Λ subject to the following axioms: (L1) vivj = vi+j for
all i, j ∈ G; (L2) avi = viσ

i(a) for all a ∈ R and i ∈ G. We will show that
Λ/R is a split Frobenius extension of second kind, that R/rad(R) ∼→ Λ/rad(Λ)
canonically if c ∈ rad(R), and that for any ε ∈ Rσ∩Z(R) with εn = 1 there exists
σ̃ ∈ Aut(Λ) such that for any c′ ∈ Rσ∩Z(R) the pair (σ̃, c′) satisfies the condition
(*) (Proposition 5.1.2). In case n = 2, we use the notation Cl1(R; σ, c) to denote
the ring Λ constructed above. Moreover, we restrict ourselves to the case where
n = 2. We fix a set of integers G = {0, 1} and a ring R together with a sequence
of elements c1, c2, . . . in Z(R). We will construct a sequence {(Λk, σk)}k≥0 of
pairs (Λk, σk) of rings Λk and certain σk ∈ Aut(Λk) inductively. Namely, setting
Λ0 = R and σ0 = idR, for k ≥ 1 we set Λk = Cl1(Λk−1; σk−1, ck) with which a
certain σk ∈ Aut(Λk) is associated (see the proof of Theorem 5.2.1(1)). For any
k ≥ 1 we will show that the ring extension Λk/R is a split Frobenius extension
of first kind, and that R/rad(R) ∼→ Λk/rad(Λk) canonically if ci ∈ rad(R) for all
1 ≤ i ≤ k (Theorem 5.2.1). We use the notation Clk(R; c1, . . . , ck) to denote the
ring Λk constructed above for k ≥ 1 and we call those rings Clifford extensions
of R. It should be noted that if R is an Auslander-Gorenstein local ring and if
ci ∈ rad(R) for all i ≥ 1 then every Clk(R; c1, . . . , ck) is an Auslander-Gorenstein

4



local ring.
In Appendix, we describe some examples.
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Chapter2

Preliminaries

2.1 Definitions and Basic Properties

For a ring R we denote by rad(R) the Jacobson radical of R, by R× the set of
units in R, by Z(R) the center of R, by Aut(R) the group of ring automorphisms
of R, for σ ∈ Aut(R) by Rσ the subring of R consisting of all x ∈ R with
σ(x) = x, and for n ≥ 2 by Mn(R) the ring of n × n full matrices over R.
Usually, the identity element of a ring is simply denoted by 1. Sometimes,
the notation 1R is used to stress that it is the identity element of the ring R.
We denote by Mod-R the category of right R-modules. Left R-modules are
considered as right Rop-modules, where Rop denotes the opposite ring of R. In
particular, we denote by inj dim R (resp., inj dim Rop) the injective dimension
of R as a right (resp., left) R-module. Sometimes, we use the notation XR (resp.,
RX) to stress that the module X considered is a right (resp., left) R-module.

We start by recalling the notion of Auslander-Gorenstein rings.

Proposition 2.1.1 (Auslander). Let R be a right and left noetherian ring.
Then for any n ≥ 0 the following are equivalent.

(1) In a minimal injective resolution I• of R in Mod-R, flat dim Ii ≤ i for
all 0 ≤ i ≤ n.

(2) In a minimal injective resolution J• of R in Mod-Rop, flat dim J i ≤ i for
all 0 ≤ i ≤ n.

(3) For any 1 ≤ i ≤ n + 1, any M ∈ mod-R and any submodule X of
Exti

R(M, R) ∈ mod-Rop we have Extj
Rop(X, R) = 0 for all 0 ≤ j < i.

(4) For any 1 ≤ i ≤ n + 1, any X ∈ mod-Rop and any submodule M of
Exti

Rop(X, R) ∈ mod-R we have Extj
R(M, R) = 0 for all 0 ≤ j < i.

Proof. See e.g. [7, Theorem 3.7].
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Definition 2.1.2 ([6]). A right and left noetherian ring R is said to satisfy
the Auslander condition if it satisfies the equivalent conditions in Proposition
2.1.1 for all n ≥ 0, and to be an Auslander-Gorenstein ring if it satisfies the
Auslander condition and inj dim R = inj dim Rop < ∞.

It should be noted that for a right and left noetherian ring R we have
inj dim R = inj dim Rop whenever inj dim R < ∞ and inj dim Rop < ∞ (see
[22, Lemma A]).

Next, we recall the notion of Frobenius extensions of rings due to Nakayama
and Tsuzuku [17, 18], which we modify as follows (cf. [1, Section 1]).

Definition 2.1.3. A ring A is said to be an extension of a ring R if A contains R
as a subring, and the notation A/R is used to denote that A is an extension ring
of R. A ring extension A/R is said to be Frobenius if the following conditions
are satisfied:

(F1) A is finitely generated as a left R-module;
(F2) A is finitely generated projective as a right R-module;
(F3) A ∼= HomR(A, R) as right A-modules.

In case R is a right and left noetherian ring, for any Frobenius extension A/R
the isomorphism A

∼→ HomR(A, R) in Mod-A yields an Auslander-Gorenstein
resolution of A over R in the sense of [13, Definition 3.5].

The next proposition is well-known and easily verified.

Proposition 2.1.4. Let A/R be a ring extension and φ : A
∼→ HomR(A, R) an

isomorphism in Mod-A. Then the following hold.

(1) There exists a unique ring homomorphism θ : R → A such that xφ(1) =
φ(1)θ(x) for all x ∈ R.

(2) If φ′ : A
∼→ HomR(A, R) is another isomorphism in Mod-A, then there

exists u ∈ A× such that φ′(1) = φ(1)u and θ′(x) = u−1θ(x)u for all x ∈ R.

(3) φ is an isomorphism of R-A-bimodules if and only if θ(x) = x for all
x ∈ R.

Proof. For the benefit of the reader we include a proof.
(1) Since HomR(A, R) ∈ Mod-Rop, xφ(1) ∈ HomR(A, R) for all x ∈ R.

Then, since HomR(A, R) is a free right A-module of rank 1 with a basis {φ(1)},
for all x ∈ R there exists a unique element θ(x) ∈ A such that xφ(1) = φ(1)θ(x).
Next, we show that θ : R → A is a ring homomorphism. We have φ(1)θ(1R) =
1Rφ(1) = φ(1) = φ(1)1A and hence θ(1R) = 1A. Also, for all x, y ∈ R we have
φ(1)θ(xy) = xyφ(1) = xφ(1)θ(y) = φ(1)θ(x)θ(y) and hence θ(xy) = θ(x)θ(y).

(2) Set u = φ−1(φ′(1)). Then u ∈ A× and we have φ(1)u = φ(u) = φ′(1).
Also, for all x ∈ R we have φ′(1)θ′(x) = xφ′(1) = xφ(1)u = φ(1)θ(x)u =
φ(1)uu−1θ(x)u = φ′(1)u−1θ(x)u and hence θ′(x) = u−1θ(x)u.

(3) “Only if” part. We have φ(1)θ(x) = xφ(1) = φ(x) = φ(1)x and hence
θ(x) = x.

“If” part. For any x ∈ R and a ∈ A we have φ(xa) = φ(1)xa = φ(1)θ(x)a =
xφ(1)a = xφ(a).
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Definition 2.1.5 (cf. [17, 18]). A Frobenius extension A/R is said to be of first
kind if A ∼= HomR(A, R) as R-A-bimodules, and to be of second kind if there
exists an isomorphism φ : A

∼→ HomR(A, R) in Mod-A such that the associated
ring homomorphism θ : R → A induces a ring automorphism θ : R

∼→ R.

Proposition 2.1.6. If A/R is a Frobenius extension of second kind, then A is
projective as a left R-module.

Proof. Let φ : A
∼→ HomR(A, R) be an isomorphism in Mod-A such that the

associated ring homomorphism θ : R → A induces a ring automorphism θ : R
∼→

R. Then θ induces an equivalence Uθ : Mod-Rop ∼→ Mod-Rop such that for any
M ∈ Mod-Rop we have UθM = M as an additive group and the left R-module
structure of UθM is given by the law of composition R × M → M, (x, m) �→
θ(x)m. Since φ yields an isomorphism of R-A-bimodules UθA

∼→ HomR(A, R),
and since HomR(A, R) is projective as a left R-module, it follows that UθA and
hence A are projective as left R-modules.

Proposition 2.1.7. For any Frobenius extensions Λ/A, A/R the following hold.

(1) Λ/R is a Frobenius extension.

(2) Assume Λ/A is of first kind. If A/R is of second (resp., first) kind, then
so is Λ/R.

Proof. (1) Obviously, (F1) and (F2) are satisfied. Also, we have

Λ ∼= HomA(Λ, A)
∼= HomA(Λ, HomR(A, R))
∼= HomR(Λ ⊗A A, R)
∼= HomR(Λ, R)

in Mod-Λ.
(2) Let ψ : Λ ∼→ HomA(Λ, A) be an isomorphism of A-Λ-bimodules and

φ : A
∼→ HomR(A, R) an isomorphism in Mod-A such that the associated ring

homomorphism θ : R → A induces a ring automorphism θ : R
∼→ R. Setting

γ = ψ(1) and α = φ(1), as in (1), we have an isomorphism in Mod-Λ

ξ : Λ ∼→ HomR(Λ, R), λ �→ (μ �→ α(γ(λμ))).

For any x ∈ R, we have

xξ(1)(μ) = xα(γ(μ))
= α(θ(x)γ(μ))
= α(γ(θ(x)μ))
= ξ(1)(θ(x)μ)

for all μ ∈ Λ and xξ(1) = ξ(1)θ(x).
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Definition 2.1.8 ([1]). A ring extension A/R is said to be split if the inclusion
R → A is a split monomorphism of R-R-bimodules.

Proposition 2.1.9 (cf. [1]). For any Frobenius extension A/R the following
hold.

(1) If R is an Auslander-Gorenstein ring, then so is A with inj dim A ≤
inj dim R.

(2) Assume A is projective as a left R-module and A/R is split. If A is an
Auslander-Gorenstein ring, then so is R with inj dim R = inj dim A.

Proof. (1) See [13, Theorem 3.6].
(2) It follows by [1, Proposition 1.7] that R is a right and left noetherian ring

with inj dim R = inj dim Rop = inj dim A. Let A → E• be a minimal injective
resolution in Mod-A. For any i ≥ 0, HomR(−, Ei) ∼= HomA(− ⊗R A, Ei) as
functors on Mod-R and Ei

R is injective, and Ei ⊗R − ∼= Ei ⊗A A ⊗R − as
functors on Mod-Rop and flat dim Ei

R ≤ flat dim Ei
A ≤ i. Now, since RR

appears in AR as a direct summand, it follows that R satisfies the Auslander
condition.
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Chapter3

Group-graded and group-bigraded
rings

3.1 Graded rings

In this chapter, G stands for a non-trivial finite multiplicative group with the
unit element e.

Definition 3.1.1. Let A be a ring. A G-grading for A is a family {Ax}x∈G

such that A = ⊕x∈GAx and AxAy ⊂ Axy for all x, y ∈ G.

Throughout this and the next sections, we fix a ring A together with a family
{δx}x∈G in EndZ(A) satisfying the following conditions:

(D1) δxδy = 0 unless x = y and
∑

x∈G δx = idA;
(D2) δx(a)δy(b) = δxy(δx(a)b) for all a, b ∈ A and x, y ∈ G.

Namely, setting Ax = Im δx for x ∈ G, A = ⊕x∈GAx is a G-graded ring. In
particular, A/Ae is a split ring extension.

To prove our main theorem (Theorem 3.2.3), we use an extension ring Λ
of A such that Λ/A is a Frobenius extension of first kind. We construct such
a ring Λ. Let Λ be a free right A-module with a basis {vx}x∈G and define a
multiplication on Λ subject to the following axioms:

(M1) vxvy = 0 unless x = y and vxvx = vx for all x ∈ G;
(M2) avx =

∑
y∈G vyδyx−1(a) for all a ∈ A and x ∈ G.

We denote by {γx}x∈G the dual basis of {vx}x∈G for the free left A-module
HomA(Λ, A), i.e., λ =

∑
x∈G vxγx(λ) for all λ ∈ Λ. It is not difficult to see that

λμ =
∑

x,y∈G

vxδxy−1(γx(λ))γy(μ)

for all λ, μ ∈ Λ. Also, setting γ =
∑

x∈G γx, we define a mapping

φ : Λ → HomA(Λ, A), λ �→ γλ.
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Proposition 3.1.2. The following hold.

(1) Λ is an associative ring with 1 =
∑

x∈G vx and contains A as a subring
via the injective ring homomorphism A → Λ, a �→ ∑

x∈G vxa.

(2) φ is an isomorphism of A-Λ-bimodules, i.e., Λ/A is a Frobenius extension
of first kind.

Proof. (1) Let λ ∈ Λ. Obviously,
∑

x∈G vx · λ = λ. Also, by (D1) we have

λ ·
∑
y∈G

vy =
∑

x,y∈G

vxδxy−1(γx(λ))

=
∑
x∈G

vxγx(λ)

= λ.

Next, for any λ, μ, ν ∈ Λ by (D2) we have

(λμ)ν =
∑

x,y,z∈G

vxδxz−1(δxy−1(γx(λ))γy(μ))γz(ν)

=
∑

x,y,z∈G

vxδxy−1(γx(λ))δyz−1(γy(μ))γz(ν)

= λ(μν).

The remaining assertions are obvious.
(2) Let λ ∈ Ker φ. For any y ∈ G we have 0 = γ(λvy) =

∑
x∈G δxy−1(γx(λ))

and δxy−1(γx(λ)) = 0 for all x ∈ G. Thus for any x ∈ G we have δxy−1(γx(λ)) =
0 for all y ∈ G and by (D1) γx(λ) = 0, so that λ = 0. Next, for any f =∑

x∈G axγx ∈ HomA(Λ, A), setting λ =
∑

x,z∈G vxδxz−1(az), by (D1) we have

(γλ)(vy) = γ(λvy)

=
∑
x∈G

δxy−1(γx(λ))

=
∑

x,z∈G

δxy−1(δxz−1(az))

= ay

= f(vy)

for all y ∈ G and f = γλ. Finally, for any a ∈ A by (D1) we have

(γa)(λ) = γ(aλ)

=
∑

x,y∈G

δyx−1(a)γx(λ)

= aγ(λ)

for all λ ∈ Λ and γa = aγ.
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Remark 3.1.3. Denote by |G| the order of G. If |G| · 1A ∈ A×, then Λ/A is a
split ring extension.

Lemma 3.1.4. The following hold.

(1) vxλvy = vxδxy−1(γx(λ)) for all λ ∈ Λ and x, y ∈ G.

(2) vxΛvy = vxAxy−1 for all x, y ∈ G.

(3) vxa · vyb = vxab for all x, y, z ∈ G and a ∈ Axy−1 , b ∈ Ayz−1 .

Proof. Immediate by the definition.

Setting Λx,y = vxΛvy for x, y ∈ G, we have Λ = ⊕x,y∈GΛx,y with Λx,yΛz,w =
0 unless y = z and Λx,yΛy,z ⊆ Λx,z for all x, y, z ∈ G. Also, setting λx,y =
δxy−1(γx(λ)) ∈ Axy−1 for λ ∈ Λ and x, y ∈ G, we have a group homomorphism

η : Gop → Aut(Λ), x �→ ηx

such that ηx(λ)y,z = λyx−1,zx−1 for all λ ∈ Λ and x, y, z ∈ G. We denote by ΛG

the subring of Λ consisting of all λ such that ηx(λ) = λ for all x ∈ G.

Proposition 3.1.5. The following hold.

(1) ηy(vx) = vxy for all x, y ∈ G.

(2) ΛG = A.

(3) (λμ)x,z =
∑

y∈G λx,yμy,z for all λ, μ ∈ Λ and x, z ∈ G.

Proof. (1) Since ηy(vx)z,w = δzw−1(γzy−1(vx)) for all z, w ∈ G, we have

ηy(vx)z,w =

{
1 if z = w and x = zy−1,

0 otherwise.

(2) For any a ∈ A, since ηx(a)y,z = ayx−1,zx−1 = δ(yx−1)(zx−1)−1(a) =
δyz−1(a) = ay,z for all x, y, z ∈ G, we have a ∈ ΛG. Conversely, for any λ ∈ ΛG

we have δy−1(γx(λ)) = λx,yx = ηx−1(λ)e,y = λe,y = δy−1(γe(λ)) for all x, y ∈ G,
so that γx(λ) = γe(λ) for all x ∈ G.

(3) For any λ, μ ∈ Λ and x, z ∈ G by (D2) we have

(λμ)x,z =
∑
y∈G

δxz−1(δxy−1(γx(λ))γy(μ))

=
∑
y∈G

δxy−1(γx(λ))δyz−1(γy(μ))

=
∑
y∈G

λx,yμy,z.
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Remark 3.1.6. We have ηy(vxax)vyby = vxyaxby for all ax ∈ Ax and by ∈ Ay.

Proposition 3.1.7. The following hold.

(1) EndΛ(vxΛ) ∼= Ae as rings for all x ∈ G.

(2) vxΛ � vyΛ in Mod-Λ for all x, y ∈ G with Axy−1Ayx−1 ⊆ rad(Ae).

Proof. (1) We have EndΛ(vxΛ) ∼= vxΛvx
∼= Ae as rings.

(2) For any f : vxΛ → vyΛ and g : vyΛ → vxΛ in Mod-Λ, since f(vx) = vya
with a ∈ Ayx−1 and g(vy) = vxb with b ∈ Axy−1 , we have g(f(vx)) = vxba with
ba ∈ rad(Ae).

The proposition above asserts that if Ae is local and AxAx−1 ⊆ rad(Ae) for
all x �= e then Λ is semiperfect and basic. We refer to [3] for semiperfect rings.

3.2 Auslander-Gorenstein rings

In this section, we will ask when A/Ae is a Frobenius extension.

Lemma 3.2.1. For any x ∈ G the following hold.

(1) avx = vxa for all a ∈ Ae and Λvx is a Λ-Ae-bimodule.

(2) Λvx =
∑

y∈G vyAyx−1 .

(3) A
∼→ Λvx, a �→ ∑

y∈G vyδyx−1(a) as A-Ae-bimodules.

(4) If Λvx is reflexive as a right Ae-module, then EndΛ(HomAe(Λvx, Ae)) ∼=
Ae as rings.

Proof. (1) and (2) Immediate by the definition.
(3) By (2) we have a bijection fx : A

∼→ Λvx, a �→ ∑
y∈G vyδyx−1(a). Since

every δyx−1 is a homomorphism in Mod-Ae, so is fx. Finally, for any a, b ∈ A
we have

a · (
∑
y∈G

vyδyx−1(b)) =
∑

y,z∈G

vzδzy−1(a)δyx−1(b)

=
∑
z∈G

vz(
∑
y∈G

δzy−1(a)δyx−1(b))

=
∑
z∈G

vzδzx−1(
∑
y∈G

δzy−1(a)b)

=
∑
z∈G

vzδzx−1(ab)

and fx is a homomorphism in Mod-Aop.
(4) Since the canonical homomorphism

Λvx → HomAop
e

(HomAe(Λvx, Ae), Ae), λ �→ (f �→ f(λ))

is an isomorphism, EndΛ(HomAe(Λvx, Ae)) ∼= EndΛop(Λvx)op ∼= vxΛvx
∼= Ae as

rings.
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It follows by Lemma 3.2.1(1) that δeγe : Λ → Ae is a homomorphism of
Ae-Ae-bimodules and Λ/Ae is a split ring extension.

Lemma 3.2.2. For any x, y ∈ G and a, b ∈ A we have

vxa · (
∑
z∈G

vzδzy−1(b)) = vx(
∑
z∈G

δxz−1(a)δzy−1(b))

Proof. Immediate by the definition.

Theorem 3.2.3 ([10] Theorem 3.3). Assume Ae is local, AxAx−1 ⊆ rad(Ae)
for all x �= e and A is reflexive as a right Ae-module. Then the following are
equivalent.

(1) A ∼= HomAe(A, Ae) as right A-modules.

(2) There exist a unique s ∈ G and some α ∈ HomAe(A, Ae) such that

φsx,x : vsxΛ ∼→ HomAe(Λvx, Ae), λ �→ (μ �→ α(γ(λμ)))

for all x ∈ G.

(3) There exist a unique s ∈ G and some αs ∈ HomAe(As, Ae) such that

ψx : Asx
∼→ HomAe(Ax−1 , Ae), a �→ (b �→ αs(ab))

for all x ∈ G.

Proof. (1) ⇒ (2). Let A
∼→ HomAe(A, Ae), 1 �→ α in Mod-A. Then, since by

Proposition 3.1.2(2) Λ ∼→ HomA(Λ, A), λ �→ γλ in Mod-Λ, by adjointness we
have an isomorphism in Mod-Λ

Λ ∼→ HomAe(Λ, Ae), λ �→ (μ �→ α(γ(λμ))).

By Proposition 3.1.7(1) Λ = ⊕x∈GvxΛ with the EndΛ(vxΛ) local. Also, by (1)
and (4) of Lemma 3.2.1

HomAe(Λ, Ae) ∼= ⊕x∈GHomAe(Λvx, Ae)

with the EndΛ(HomAe(Λvx, Ae)) local. Now, according to Proposition 3.1.7(2),
it follows by the Krull-Schmidt theorem that there exists a unique s ∈ G such
that

φs,e : vsΛ
∼→ HomAe(Λve, Ae), λ �→ (μ �→ α(γ(λμ))).

Thus, setting αs = α|As , by Lemmas 3.2.1(2) and 3.2.2 we have

ψ : A
∼→ HomAe(A, Ae), a �→ (b �→ αs(δs(ab))).

It then follows again by Lemmas 3.2.1(2) and 3.2.2 that

φsx,x : vsxΛ ∼→ HomAe(Λvx, Ae), λ �→ (μ �→ α(γ(λμ)))
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for all x ∈ G.
(2) ⇒ (3). Since A = ⊕x∈GAsx = ⊕x∈GAx−1 , and since AsxAx−1 ⊆ As for

all x ∈ G, ψ induces ψx : Asx
∼→ HomAe

(Ax−1 , Ae), a �→ (b �→ αs(ab)) for all
x ∈ G.

(3) ⇒ (1). Setting ψx : Asx
∼→ HomAe(Ax−1 , Ae), a �→ (b �→ αs(ab)) for each

x ∈ G, the ψx yields ψ : A
∼→ HomAe(A, Ae), a �→ (b �→ αs(δs(ab))).

Remark 3.2.4. In the theorem above, αs is an isomorphism and Ae
∼→ EndAe(As)

canonically.

Proof. For any b ∈ Ae, setting f : Ae → Ae, 1 �→ b, we have f = ψe(a) and
hence b = αs(a) for some a ∈ As. Also, Ker αs = Ker ψs = 0. Then, since
the composite Ae → EndAe(As) → HomAe(As, Ae) is an isomorphism, the last
assertion follows.

Corollary 3.2.5. Assume Ae is local and AxAx−1 ⊆ rad(Ae) for all x �= e. If
A/Ae is a Frobenius extension, then it is of second kind.

Proof. Set t = α−1
s (1) ∈ As. Then for any u ∈ As there exists f ∈ EndAe

(As)
such that u = f(t) and hence u = at for some a ∈ Ae. Thus Aet = As

and there exists θ ∈ Aut(Ae) such that θ(a)t = ta for all a ∈ Ae. Then
(αsθ(a))(t) = αs(θ(a)t) = αs(ta) = αs(t)a = a = (aαs)(t) and αsθ(a) = aαs for
all a ∈ Ae. Now, setting ψ : A

∼→ HomAe(A, Ae), a �→ (b �→ αs(δs(ab))), we have
(aψ(1))(b) = aαs(δs(b)) = (aαs)(δs(b)) = (αsθ(a))(δs(b)) = αs(θ(a)δs(b)) =
αs(δs(θ(a)b)) = (ψ(1)θ(a))(b) for all a, b ∈ A, so that aψ(1) = ψ(1)θ(a) for all
a ∈ A.

Theorem 3.2.6 ([10] Theorem 3.6). Assume Ae is local, AxAx−1 ⊆ rad(Ae)
for all x �= e, and A/Ae is a Frobenius extension. Then A is an Auslander-
Gorenstein ring if and only if so is Λ.

Proof. The ”only if” part follows by Propositions 2.1.9(1) and 3.1.2(2). Assume
Λ is an Auslander-Gorenstein ring. By Proposition 3.1.2(2) Λ/A is a Frobenius
extension of first kind, and by Corollary 3.2.5 A/Ae is a Frobenius extension of
second kind. Thus by Proposition 2.1.7 Λ/Ae is a Frobenius extension of second
kind. Also, by Lemma 3.2.1(1) Λ/Ae is split. Hence by Propositions 2.1.6 and
2.1.9(2) Ae is an Auslander-Gorenstein ring and by Proposition 2.1.9(1) so is
A.

Remark 3.2.7. Assume Ae is local, AxAx−1 ⊆ rad(Ae) for all x �= e and A/Ae

is a Frobenius extension. Let s ∈ G be as in Theorem 3.2.3. Then the following
hold.

(1) s �= e unless A = Ae.

(2) Let H be a subgroup of G containing s and AH = ⊕x∈HAx. Then AH/Ae

is a Frobenius extension and, unless s = e, the mapping cone of the
multiplication map ⊕

x∈H

Λvx ⊗Ae vxΛ → Λ
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is a tilting complex for right Λ-modules (see [20] for tilting complexes).

Proof. (1) Suppose to the contrary that s = e. Let x ∈ G with x �= e
and Ax �= 0. Then by Remark 3.2.4 there exists u ∈ Ae

× such that Ax
∼→

Hom(Ax−1 , Ae), a �→ (b �→ uab). Note that uab ∈ rad(Ae) for all a ∈ Ax and
b ∈ Ax−1 . On the other hand, since Ax−1 is nonzero projective, and since Ae is
local, there exists an epimorphism f : Ax−1 → Ae in Mod-Ae, a contradiction.

(2) Since ψx : Asx
∼→ HomAe(Ax−1 , Ae), a �→ (b �→ αs(ab)) for all x ∈ H,

the ψx yields ψH : AH
∼→ HomAe(AH , Ae), a �→ (b �→ αs(δs(ab))). The first

assertion follows by Theorem 3.2.3.
Next, let vH =

∑
x∈H vx. Then by Lemma 3.2.1(1) avH = vHa for all a ∈ Ae.

Since Λ/Ae is a Frobenius extension, ΛvH is finitely generated projective as a
right Ae-module and by Theorem 3.2.3 vHΛ ∼= HomAe(ΛvH , Ae) as right Λ-
modules. Note that vxΛvx �= 0 and vsxΛvx �= 0 for all x ∈ H. Thus the last
assertion follows by the same argument as in [1, Example 4.3].

We will see in the final section that the element s ∈ G in Theorem 3.2.3 does
not necessarily depend on the structure of the group G (Example 3.4.3).

3.3 Bigraded rings

Formulating the ring structure of Λ constructed in Section 2, we make the
following.

Definition 3.3.1. A ring Λ together with a group homomorphism

η : Gop → Aut(Λ), x �→ ηx

is said to be a G-bigraded ring, denoted by (Λ, η), if 1 =
∑

x∈G vx with the vx

orthogonal idempotents and ηy(vx) = vxy for all x, y ∈ G. A homomorphism
ϕ : (Λ, η) → (Λ′, η′) is defined as a ring homomorphism ϕ : Λ → Λ′ such that
ϕ(vx) = v′

x and ϕηx = η′
xϕ for all x ∈ G.

Throughout this section, we fix a G-bigraded ring (Λ, η). Set Ax = vxΛve

for x ∈ G and A = ⊕x∈GAx. Note that ηy(Ax) = vxyΛvy for all x, y ∈ G.
For any ax ∈ Ax and by ∈ Ay we define the multiplication ax · by in A as the
multiplication ηy(ax)by in Λ (cf. Remark 3.1.6).

Proposition 3.3.2. The following hold.

(1) A is an associative ring with 1 = ve.

(2) A is a G-graded ring.

Proof. (1) For any ax ∈ Ax, by ∈ Ay and cz ∈ Az we have

(ax · by) · cz = ηy(ax)by · cz

= ηz(ηy(ax)by)cz

= ηyz(ax)ηz(by)cz

= ax · (by · cz).
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Also, for any ax ∈ Ax we have ve · ax = ηx(ve)ax = vxax = ax and ax · ve =
ηe(ax)ve = axve = ax.

(2) Obviously, AxAy ⊆ Axy for all x, y ∈ G.

In the following, for each x ∈ G we denote by δx : A → Ax the projection.
Then, setting λx,y = vxλvy for λ ∈ Λ and x, y ∈ G, we have a mapping ϕ : A →
Λ such that ϕ(a)x,y = ηy(δxy−1(a)) for all a ∈ A and x, y ∈ G.

Proposition 3.3.3. The following hold.

(1) ϕ : A → Λ is an injective ring homomorphism with Im ϕ = ΛG.

(2) vxΛvy = vxϕ(Axy−1) for all x, y ∈ G.

(3) {vx}x∈G is a basis for the right A-module Λ.

(4) ϕ(a)vx =
∑

y∈G vyϕ(δyx−1(a)) for all a ∈ A and x ∈ G.

(5) vxϕ(a)vyϕ(b) = vxϕ(ab) for all x, y, z ∈ G and a ∈ Axy−1 , b ∈ Ayz−1 .

Proof. (1) Obviously, ϕ is a monomorphism of additive groups. Also, we have

ϕ(ve)x,y =

{
vx if x = y,

0 otherwise

and ϕ(1A) = 1Λ. Let ax ∈ Ax, by ∈ Ay and z, w ∈ G. Since ϕ(ax · by)z,w =
ϕ(ηy(ax)by)z,w = ηw(δzw−1(ηy(ax)by)), ϕ(ax · by)z,w = 0 unless xy = zw−1. If
xy = zw−1, then ηw(δzw−1(ηy(ax)by)) = ηyw(ax)ηw(by). On the other hand,

(ϕ(ax)ϕ(by))z,w =
∑
u∈G

ϕ(ax)z,uϕ(by)u,w

=
∑
u∈G

ηu(δzu−1(ax))ηw(δuw−1(by)).

Thus (ϕ(ax)ϕ(by))z,w = 0 unless zu−1 = x and uw−1 = y, i.e., zw−1 = xy.
If zw−1 = xy, then

∑
u∈G ηu(δzu−1(ax))ηw(δuw−1(by)) = ηyw(ax)ηw(by). As a

consequence, ϕ(ax · by)z,w = (ϕ(ax)ϕ(by))z,w. The first assertion follows.
Next, for any a ∈ A and x, y, z ∈ G we have

ηx(ϕ(a))y,z = vyηx(ϕ(a))vz

= ηx(vyx−1ϕ(a)vzx−1)
= ηx(ϕ(a)yx−1,zx−1)
= ηx(ηzx−1(δyz−1(a)))
= ηz(δyz−1(a))
= ϕ(a)y,z,

so that Im ϕ ⊆ ΛG. Conversely, let λ ∈ ΛG. Then λx,y = ηy(λxy−1,e) = λxy−1,e

for all x, y ∈ G. Thus, setting a =
∑

x∈G λx,e, we have ϕ(a)x,y = ηy(δxy−1(a)) =
ηy(λxy−1,e) = λxy−1,e = λx,y for all x, y ∈ G and ϕ(a) = λ.
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(2) Let x, y ∈ G and a ∈ Axy−1 . For any z �= y we have δxz−1(a) = 0 and
hence vxϕ(a)vz = ϕ(a)x,z = ηz(δxz−1(a)) = 0. Thus vxϕ(a) = ϕ(a)x,y = ηy(a).
It follows that vxΛvy = ηy(vxy−1Λve) = ηy(Axy−1) = vxϕ(Axy−1).

(3) This follows by (2).
(4) Note that ηx(δyx−1(a)) = vyηx(δyx−1(a)) for all y ∈ G. Thus ϕ(a)vx =∑

y∈G vyϕ(a)vx =
∑

y∈G ηx(δyx−1(a)) =
∑

y∈G vyηx(δyx−1(a)). Also,

vyϕ(δyx−1(a)) =
∑
z∈G

vyϕ(δyx−1(a))vz

=
∑
z∈G

vyηz(δyz−1(δyx−1(a)))

= vyηx(δyx−1(a))

for all y ∈ G.
(5) This follows by (2) and (4).

Let us call the G-bigraded ring constructed in Section 2 standard. Then
the proposition above asserts that every G-bigraded ring is isomorphic to a
standard one. Namely, according to Lemma 3.1.4, ϕ : A → Λ can be extended
to an isomorphism of G-bigraded rings.

3.4 Examples

In this section, we will provide a systematic construction of G-graded rings A
such that A/Ae is a Frobenius extension of second kind.

Let (s, χ) be a pair of an element s ∈ G and a mapping χ : G → Z satisfying
the following conditions:

(X1) χ(x) + χ(y) ≥ χ(xy) for all x, y ∈ G;
(X2) χ(x) + χ(x−1s) = χ(s) for all x ∈ G.

These are obviously satisfied if s is arbitrary and χ(x) = 0 for all x ∈ G. We
set

ω(x, y) = χ(x) + χ(y) − χ(xy)

for x, y ∈ G.

Lemma 3.4.1. The following hold.

(1) ω(x, y) ≥ 0 for all x, y ∈ G.

(2) ω(e, x) = ω(x, e) = χ(e) = 0 for all x ∈ G.

(3) χ(x) + χ(y) = ω(x, y) + χ(xy) for all x, y ∈ G.

(4) ω(xy, z) + ω(x, y) = ω(x, yz) + ω(y, z) for all x, y, z ∈ G.

(5) ω(x, x−1s) = 0 for all x ∈ G.

Proof. It follows by (X2) that χ(e) = 0. The other assertions are obvious.
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In the following, we fix a ring R together with a pair (σ, c) of σ ∈ Aut(R)
and c ∈ R satisfying the following condition:

(∗) σ(c) = c and ac = cσ(a) for all a ∈ R.

This is obviously satisfied if either σ = idR and c ∈ Z(R), or σ is arbitrary and
c = 0. As usual, we require c0 = 1 even if c = 0.

Let A be a free right R-module with a basis {ux}x∈G. By abuse of notation
we denote by {δx}x∈G the dual basis of {ux}x∈G for the free left R-module
HomR(A, R), i.e., a =

∑
x∈G uxδx(a) for all a ∈ A. According to Lemma

3.4.1(1), we can define a multiplication on A subject to the following axioms:
(M1) uxuy = uxycω(x,y) for all x, y ∈ G;
(M2) aux = uxσχ(x)(a) for all a ∈ R and x ∈ G.

Proposition 3.4.2. The following hold.

(1) A is a G-graded ring with Ae
∼= R.

(2) A/Ae is a Frobenius extension of second kind.

(3) If c ∈ rad(R), then AxAx−1 ⊆ rad(Ae) for all x �= e with ω(x, x−1) > 0.

Proof. (1) It follows by Lemma 3.4.1(2) that ue · uxa = uxa = uxa · ue for all
x ∈ G and a ∈ R. For any x, y, z ∈ G and ax, ay, az ∈ R we have

(uxax · uyay) · uzaz = uxycω(x,y)σχ(y)(ax)ay · uzaz

= uxyzc
ω(xy,z)σχ(z)(cω(x,y)σχ(y)(ax)ay)az

= uxyzc
ω(xy,z)cω(x,y)σχ(z)+χ(y)(ax)σχ(z)(ay)az

= uxyzc
ω(xy,z)+ω(x,y)σχ(z)+χ(y)(ax)σχ(z)(ay)az,

uxax · (uyay · uzaz) = uxax · uyzc
ω(y,z)σχ(z)(ay)az

= uxyzc
ω(x,yz)σχ(yz)(ax)cω(y,z)σχ(z)(ay)az

= uxyzc
ω(x,yz)cω(y,z)σω(y,z)(σχ(yz)(ax))σχ(z)(ay)az

= uxyzc
ω(x,yz)+ω(y,z)σω(y,z)+χ(yz)(ax)σχ(z)(ay)az

and by (3), (4) of Lemma 3.4.1 (uxax · uyay) · uzaz = uxax · (uyay · uzaz). Thus
A is an associative ring with 1 = ue. Obviously, A contains R as a subring via
the injective ring homomorphism R → A, a �→ uea, i.e., setting Ax = uxR for
x ∈ G, A = ⊕x∈GAx is a G-graded ring with Ae = R.

(2) It follows by (M2) that δxa = σχ(x)(a)δx for all a ∈ R and x ∈ G. In
particular, {δx}x∈G is a basis for the right R-module HomR(A, R). Also, for
any x ∈ G by Lemma 3.4.1(5) uxux−1s = us and hence δsux = δx−1s. It follows
that A

∼→ HomR(A, R), a �→ δsa in Mod-A. Obviously, A is a free left R-module
with a basis {ux}x∈G. Thus, since δsa = σχ(s)(a)δs for all a ∈ R, A/R is a
Frobenius extension of second kind.

(3) Immediate by (M1).
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Example 3.4.3. For any s ∈ G \ {e}, setting

χ(x) =

⎧⎪⎨
⎪⎩

0 if x = e,

2 if x = s,

1 otherwise,

we have a pair (s, χ) satisfying the conditions (X1), (X2).

Example 3.4.4. Consider the case where G = G1 × · · · × Gn with the Gk

cyclic. For each 1 ≤ k ≤ n, fix a generator xk ∈ Gk and set mk = |Gk|. Set s =
(xm1−1

1 , . . . , xmn−1
n ) and χ((xi1

1 , . . . , xin
n )) = i1 + · · ·+ in, where 0 ≤ ik ≤ mk −1

for all 1 ≤ k ≤ n. Then the pair (s, χ) satisfies the conditions (X1), (X2).

Remark 3.4.5. The following hold.

(1) 0 ≤ χ(x) ≤ χ(s) for all x ∈ G.

(2) G0 = χ−1(0) is a subgroup of G with sG0 = G0s.

(3) χ takes the constant value χ(x) on G0xG0 for all x ∈ G.

(4) ω(x, x−1) > 0 for all x �= e if and only if G0 = {e}.
Proof. (1) For any x ∈ G, since xm = e for some m > 0, it follows by (X1)
that mχ(x) ≥ χ(xm) = χ(e) = 0 and χ(x) ≥ 0. It then follows by (X2) that
χ(x) ≤ χ(s) for all x ∈ G.

(2) We have e ∈ G0 and by (X1) xy ∈ G0 for all x, y ∈ G0. Also, by (X2)
we have sG0 = χ−1(χ(s)) = G0s.

(3) It follows by (X1) that χ(x) ≥ χ(xy) for all x ∈ G and y ∈ G0. It then
follows that χ(xy) ≥ χ(xyy−1) = χ(x) for all x ∈ G and y ∈ G0. Similarly,
χ(x) = χ(yx) for all x ∈ G and y ∈ G0.

(4) By the fact that G0 is a subgroup of G.

Remark 3.4.6. Set A0 = ⊕x∈G0Ax, which is the group ring of G0 over R. It
follows by Remark 3.4.5(3) that A is free as a right (resp., left) A0-module.
Next, define mappings δ0 : A → A0 and θ : A0 → A0 as follows:

δ0(a) =
∑

x∈G0

uxδsx(a) and θ(b) =
∑

x∈G0

uxσχ(s)(δsxs−1(b))

for a ∈ A and b ∈ A0, respectively. Then δ0 ∈ HomA0(A, A0) and θ ∈ Aut(A0).
Furthermore, A

∼→ HomA0(A, A0), a �→ δ0a in Mod-A and δ0b = θ(b)δ0 for all
b ∈ A0. Consequently, A/A0 is a Frobenius extension of second kind.

Remark 3.4.7. Consider the case where R is commutative, σ = idR and s lies in
the center of G. Then A

∼→ HomR(A, R), a �→ δsa as A-A-bimodules.
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Proof. Note first that A
∼→ HomR(A, R), a �→ δsa in Mod-A, which we have

shown in the proof of Proposition 3.4.2(2). Next, for any a, b ∈ A we have

δs(ab) =
∑
x∈G

δx(a)δx−1s(b)

=
∑
x∈G

δsx−1(b)δx(a)

=
∑
y∈G

δy(b)δy−1s(a)

= δs(ba),

so that δsa = aδs for all a ∈ G.
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Chapter4

Constructions of Auslander-
Gorenstein local rings

4.1 Construction

Throughout this chapter, we fix a set of integers G = {0, 1, . . . , n − 1} with
n ≥ 2 and a cyclic permutation

π =
(

0 1 · · · n − 1
1 2 · · · 0

)

of G. Note that the law of composition G × G → G, (i, j) �→ πj(i) makes G a
cyclic group with 0 the unit element. Note also that if A = F [X] is a polynomial
ring in one variable X over a ring F and R = F [Xn] is a subring of A then A can
be considered as a G-graded ring over R. In the following, we will formulate this
example and provide a systematic construction of G-graded local rings starting
from an arbitrary local ring.

Also, throughout this chapter, we fix a pair (q, χ) of an integer q and a
mapping χ : G → Z satisfying the following conditions:

(X1) q − χ(n − j + i) ≤ χ(j) − χ(i) ≤ χ(j − i) for all i, j ∈ G with i < j;
(X2) χ(i) + χ(n − i − 1) = χ(n − 1) for all i ∈ G.

These are obviously satisfied if q ≤ n and χ(i) = i for all i ∈ G. We set

ω(i, j) =

{
χ(i) + χ(j) − χ(πj(i)) if i + j < n,

χ(i) + χ(j) − χ(πj(i)) − q if i + j ≥ n

for i, j ∈ G.

Lemma 4.1.1. The following hold.

(1) ω(i, j) ≥ 0 for all i, j ∈ G.

(2) ω(0, i) = ω(i, 0) = χ(0) = 0 for all i ∈ G.
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(3) ω(i, n − i − 1) = 0 for all i ∈ G.

Proof. (1) If i + j < n, setting j′ = i + j, we have i, j′ ∈ G with i < j′ and

ω(i, j) = χ(j′ − i) − {χ(j′) − χ(i)}.

If i + j ≥ n, setting i′ = i + j − n, we have i′, j ∈ G with i′ < j and

ω(i, j) = {χ(j) − χ(i′)} − {q − χ(n − j + i′)}.

Consequently, the assertion follows by (X1).
(2) By definition we have ω(0, i) = ω(i, 0) = χ(0) and by (X2) χ(0) = 0.
(3) Immediate by (X2).

In the following, we fix a ring R together with a triple (σ, c, t) of σ ∈ Aut(R)
and c, t ∈ R satisfying the following condition:

(∗) c, t ∈ Rσ and xc = cσ(x), xt = tσq(x) for all x ∈ R.

This is obviously satisfied if either σ = idR and c, t ∈ Z(R), or σ is arbitrary
and c = t = 0. Note also that ct = tc. As usual, we require c0 = 1 even if c = 0.

Let A be a free right R-module with a basis {ei}i∈G and {δi}i∈G the dual
basis of {ei}i∈G for the free left R-module HomR(A, R), i.e., a =

∑
i∈G eiδi(a)

for all a ∈ A. According to Lemma 4.1.1(1), we can define a multiplication on
A subject to the following axioms:

(M1) eiej = eπj(i)c
ω(i,j) if i + j < n and eiej = eπj(i)tc

ω(i,j) if i + j ≥ n;
(M2) xei = eiσ

χ(i)(x) for all x ∈ R and i ∈ G.
We will see that A is an associative ring with 1 = e0 and the mapping

φ : A → HomR(A, R), a �→ δn−1a

is an isomorphism in Mod-A with σχ(n−1)(x)φ(1) = φ(1)x for all x ∈ R.

Lemma 4.1.2. The following hold.

(1) For any a, b ∈ A we have

ab =
∑

i+j<n

eπj(i)c
ω(i,j)σχ(j)(δi(a))δj(b)

+
∑

i+j≥n

eπj(i)tc
ω(i,j)σχ(j)(δi(a))δj(b)

and δ0(ab) = δ0(a)δ0(b) +
∑

i �=0 tcω(i,n−i)σχ(n−i)(δi(a))δn−i(b).

(2) For any a ∈ A and i, j ∈ G we have

δi(aej) =

{
cω(π−j(i),j)σχ(j)(δπ−j(i)(a)) if i ≥ j,

tcω(π−j(i),j)σχ(j)(δπ−j(i)(a)) if i < j.
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Proof. (1) Straightforward.
(2) Obviously, the equality holds for j = 0. Let j �= 0. For any a ∈ A and

k ∈ G we have

ekδk(a) · ej =

{
eπj(k)c

ω(k,j)σχ(j)(δk(a)) if k + j < n,

eπj(k)tc
ω(k,j)σχ(j)(δk(a)) if k + j ≥ n.

If k + j < n, setting i = k + j, we have

ei−jδi−j(a) · ej = eic
ω(i−j,j)σχ(j)(δi−j(a))

and δi(aej) = cω(i−j,j)σχ(j)(δi−j(a)). If k+ j ≥ n, setting i = k+ j−n, we have

ei−j+nδi−j+n(a) · ej = eitc
ω(i−j+n,j)σχ(j)(δi−j+n(a))

and δi(aej) = tcω(i−j+n,j)σχ(j)(δi−j+n(a)).

In the following, we set

ei+kn = eit
k and χq(i + kn) = χ(i) + kq

for i ∈ G and k ∈ Z+, the set of non-negative integers, and set

ωq(k, l) = χq(k) + χq(l) − χq(k + l)

for k, l ∈ Z+. Obviously, χq|G = χ and ωq|G×G = ω. Also, it is not difficult to
check the following:

(a) eiej = ei+jc
ωq(i,j) for all i, j ∈ G;

(b) xek = ekσχq(k)(x) for all x ∈ R and k ∈ Z+;
(c) ωq(i, j) = χq(i) + χq(j) − χq(i + j) for all i, j ∈ G;
(d) ωq(i + j, k) + ωq(i, j) = ωq(i, j + k) + ωq(j, k) for all i, j, k ∈ G.

Proposition 4.1.3. The following hold.

(1) A is an associative ring with 1 = e0 and contains R as a subring via the
injective ring homomorphism R → A, x �→ e0x, i.e., setting Ai = eiR for
i ∈ G, A = ⊕i∈GAi is an G-graded ring with A0 = R.

(2) φ is an isomorphism in Mod-A with σχ(n−1)(x)φ(1) = φ(1)x for all x ∈ R,
i.e., A/R is a split Frobenius extension of second kind.

Proof. (1) It follows by Lemma 4.1.1(2) that e0 ·eix = eix = eix ·e0 for all i ∈ G
and x ∈ R. Let i, j, k ∈ G and x, y, z ∈ R. By (a), (b) we have

(eix · ejy) · ekz = ei+jc
ωq(i,j)σχq(j)(x)y · ekz

= ei+j+kcωq(i+j,k)σχq(k)(cωq(i,j)σχq(j)(x)y)z

= ei+j+kcωq(i+j,k)cωq(i,j)σχq(k)+χq(j)(x)σχq(k)(y)z

= ei+j+kcωq(i+j,k)+ωq(i,j)σχq(k)+χq(j)(x)σχq(k)(y)z,
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eix · (ejy · ekz) = eix · ej+kcωq(j,k)σχq(k)(y)z

= ei+j+kcωq(i,j+k)σχq(j+k)(x)cωq(j,k)σχq(k)(y)z

= ei+j+kcωq(i,j+k)cωq(j,k)σωq(j,k)(σχq(j+k)(x))σχq(k)(y)z

= ei+j+kcωq(i,j+k)+ωq(j,k)σωq(j,k)+χq(j+k)(x)σχq(k)(y)z.

It then follows by (c), (d) that (eix · ejy) · ekz = eix · (ejy · ekz). The last
assertion is obvious.

(2) It follows by (M2) that δix = σχ(i)(x)δi for all x ∈ R and i ∈ G. In
particular, {δi}i∈G is a basis for the right R-module HomR(A, R). Also, for
any i ∈ G by Lemma 4.1.1(3) eien−i−1 = en−1 and hence δn−1ei = δn−i−1. It
follows that φ : A

∼→ HomR(A, R), a �→ δn−1a in Mod-A. Obviously, A is a free
left R-module with a basis {ei}i∈G. Thus, since δn−1x = σχ(n−1)(x)δn−1 for all
x ∈ R, the associated ring homomorphism is just σ−χ(n−1) : R

∼→ R and hence
A/R is a Frobenius extension of second kind. Also, by (1) A/R is split.

In the following, we set

ε(i) =
n−1∑
k=1

ωq(i, ki)

for i ∈ G. By Lemma 4.1.1(1) ε(i) ≥ 0 for all i ∈ G. Also, for any i ∈ G we
have χq(in) = iq and hence

ε(i) =
n−1∑
k=1

{χq(i) + χq(ki) − χq((k + 1)i)}

= nχq(i) − χq(ni)
= nχ(i) − iq.

Lemma 4.1.4. The following hold.

(1) eiej = ejei for all i, j ∈ G and en
i = e0t

icε(i) for all i ∈ G.

(2) If t ∈ rad(R), then δ0(a) ∈ R× for all a ∈ A×.

Proof. (1) For any i, j ∈ G by (a) we have ωq(i, j) = ωq(j, i) and eiej = ejei.
Next, by induction we have er

i = eirc
ωq(i,i)+···+ωq(i,(r−1)i) for all r ≥ 2, so that

en
i = eincε(i) = e0t

icε(i).
(2) Let a ∈ A×. By Lemma 4.1.2(1) we have

δ0(aa−1) = δ0(a)δ0(a−1) +
∑
i�=0

tcω(i,n−i)σχ(n−i)(δi(a))δn−i(a−1).

Since tcω(i,n−i) ∈ rad(R) for all i �= 0, and since δ0(aa−1) = 1, δ0(a)δ0(a−1) ∈
R× and δ0(a) has a right inverse. Similarly, δ0(a) has a left inverse.

Proposition 4.1.5. If t ∈ rad(R), then R/rad(R) ∼→ A/rad(A) canonically.
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Proof. Setting m = rad(R), we will see that rad(A) = e0m ⊕ (⊕i �=0eiR). We
divide the proof into several steps.

Claim 1: There exists an injective ring homomorphism

ρ : A → Mn(R), a �→ (δi(aej))i,j∈G

such that for any a ∈ A if ρ(a) ∈ Mn(R)× then a ∈ A×.

Proof. We have an injective ring homomorphism A → EndR(A), a �→ (b �→ ab)
and a ring isomorphism ϕ : EndR(A) ∼→ Mn(R), f �→ (δi(f(ej)))i,j∈G, so that as
the composite of them we have an injective ring homomorphism ρ : A → Mn(R)
such that ρ(a) = (δi(aej))i,j∈G for all a ∈ A. Next, for any a ∈ A with ρ(a) ∈
Mn(R)×, since (b �→ ab) = ϕ−1(ρ(a)) ∈ EndR(A)×, we have A

∼→ A, b �→ ab and
hence a ∈ A×.

Claim 2: Am = ⊕i∈Geim is a two-sided ideal of A with Am ⊆ rad(A).

Proof. Obviously, Am is a left ideal. Since Am consists of a ∈ A with δi(a) ∈ m
for all i ∈ G, and since σ(m) = m, it follows by Lemma 4.1.2(1) that Am is a
two-sided ideal. Let a ∈ Am. We claim that a ∈ rad(A). Since δi(1 − a) =
−δi(a) ∈ m for i �= 0 and δ0(1 − a) = 1 − δ0(a) ∈ R×, it follows by Lemmas
4.1.1(2) and 4.1.2(2) that ρ(1 − a)ii ∈ R× for all i and ρ(1 − a)ij ∈ m unless
i = j. Note that rad(Mn(R)) consists of all matrices with the entries in m (see
e.g. [15, Chapter 1, Proposition 7.22]). Thus ρ(1− a) ∈ Mn(R)× and by Claim
1 we have 1 − a ∈ A×, so that a ∈ rad(A).

Claim 3: n = e0m ⊕ (⊕i �=0eiR) is a two-sided ideal of A with n ⊆ rad(A).

Proof. Obviously, n is a subgroup of A. It then follows by Lemma 4.1.2(1) that n
is a two-sided ideal of A. Next, since ticε(i) ∈ m for all i �= 0, by Lemma 4.1.4(1)
there exists m ≥ 1 such that am ∈ Am for all a ∈ n, i.e., n/Am is a two-sided
ideal of A/Am consisting only of nilpotent elements. Thus n/Am ⊆ rad(A/Am).
It follows by Claim 2 that n ⊆ rad(A).

Claim 4: rad(A) ⊆ n.

Proof. Let a ∈ rad(A). For any x ∈ R we have 1− a(e0x) ∈ A× and by Lemma
4.1.4(2) 1 − δ0(a)x = δ0(1 − a(e0x)) ∈ R×. Thus δ0(a) ∈ m and a ∈ n.

This finishes the proof of Proposition 4.1.5.

Now, by Propositions 2.1.6, 2.1.9, 4.1.3 and 4.1.5 we have the following.

Theorem 4.1.6 ([12] Theorem 2.6). Assume t ∈ rad(R). Then A is an
Auslander-Gorenstein local ring if and only if so is R.

26



In Lemma 4.1.4(2) the assumption t ∈ rad(R) can be replaced by the con-
dition that c ∈ rad(R) and ω(i, n − i) > 0 for all i �= 0. Similarly, in Claim 3
in the proof of Proposition 4.1.5 the assumption t ∈ rad(R) can be replaced by
the condition that c ∈ rad(R) and ε(i) > 0 for all i �= 0. Note also that

ε(i) + ε(n − i) = nω(i, n − i)

for all i �= 0. Consequently, we have the following.

Theorem 4.1.7 ([12] Theorem 2.7). Assume c ∈ rad(R) and nχ(i) > iq for all
i �= 0. Then A is an Auslander-Gorenstein local ring if and only if so is R.

4.2 Matrix rings

In this section, we will construct an extension ring Λ of A such that Λ/R is a
split Frobenius extension of second kind and Λ ∼= Mn(R) as right R-modules
(see Remark 4.2.5 below). We also show that the following are equivalent: (1) R
is an Auslander-Gorenstein ring; (2) A is an Auslander-Gorenstein ring; (3) Λ is
an Auslander-Gorenstein ring. We refer to [1] and [9] for similar constructions
of matrix rings.

We denote by δ̂i : A → Ai, a �→ eiδi(a) the projection for each i ∈ G. Then
the following conditions are satisfied:

(D1) δ̂iδ̂j = 0 unless i = j and
∑

i∈G δ̂i = idA;
(D2) δ̂i(a)δ̂j(b) = δ̂πj(i)(δ̂i(a)b) for all a, b ∈ A and i, j ∈ G.

Let Λ be a free right A-module with a basis {vi}i∈G and define a multiplication
on Λ subject to the following axioms:

(L1) vivj = 0 unless i = j and vivi = vi for all i ∈ G;
(L2) avi =

∑
j∈G vj δ̂π−i(j)(a) for all a ∈ A and i ∈ G.

We denote by {γi}i∈G the dual basis of {vi}i∈G for the free left A-module
HomA(Λ, A), i.e., λ =

∑
i∈G viγi(λ) for all λ ∈ Λ. It is not difficult to see that

λμ =
∑

i,j∈G

viδ̂π−j(i)(γi(λ))γj(μ)

for all λ, μ ∈ Λ. Also, setting γ =
∑

i∈G γi, we define a mapping

ψ : Λ → HomA(Λ, A), λ �→ γλ.

Proposition 4.2.1. The following hold.

(1) Λ is an associative ring with 1 =
∑

i∈G vi and contains A as a subring via
the injective ring homomorphism A → Λ, a �→ ∑

i∈G via.

(2) ψ is an isomorphism of A-Λ-bimodules, i.e., Λ/A is a Frobenius extension
of first kind.
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Proof. (1) Let λ ∈ Λ. Obviously,
∑

i∈G vi · λ = λ. Also, by (D1) we have

λ ·
∑
j∈G

vj =
∑

i,j∈G

viδ̂π−j(i)(γi(λ))

=
∑
i∈G

viγi(λ)

= λ.

Next, for any λ, μ, ν ∈ Λ by (D2) we have

(λμ)ν =
∑

i,j,k∈G

viδ̂π−k(i)(δ̂π−j(i)(γi(λ))γj(μ))γk(ν)

=
∑

i,j,k∈G

viδ̂π−j(i)(γi(λ))δ̂π−k(j)(γj(μ))γk(ν)

= λ(μν).

The remaining assertions are obvious.
(2) Let λ ∈ Ker ψ. For any j ∈ G, 0 = γ(λvj) =

∑
i∈G δ̂π−j(i)(γi(λ)) and

hence δ̂π−j(i)(γi(λ)) = 0 for all i ∈ G. Thus for any i ∈ G, δ̂π−j(i)(γi(λ)) = 0 for
all j ∈ G and by (D1) γi(λ) = 0, so that λ = 0. Next, for any f =

∑
i∈G aiγi ∈

HomA(Λ, A), setting λ =
∑

i,k∈G viδ̂π−k(i)(ak), by (D1) we have

(γλ)(vj) = γ(λvj)

=
∑
i∈G

δ̂π−j(i)(γi(λ))

=
∑

i,k∈G

δ̂π−j(i)(δ̂π−k(i)(ak))

= aj

= f(vj)

for all j ∈ G and f = γλ. Finally, for any a ∈ A, by (D1) we have

(γa)(λ) = γ(aλ)

=
∑

i,j∈G

δ̂π−i(j)(a)γi(λ)

= aγ(λ)

for all λ ∈ Λ and γa = aγ.

Remark 4.2.2. If n · 1A ∈ A×, then Λ/A is a split ring extension.

Setting λij = δ̂π−j(i)(γi(λ)) ∈ Aπ−j(i) for λ ∈ Λ and i, j ∈ G, we have a ring
automorphism η ∈ Aut(Λ) such that η(λ)ij = λπ−1(i),π−1(j) for all λ ∈ Λ and
i, j ∈ G. Obviously, ηn = idΛ and the mapping G → Aut(Λ), i �→ ηi is a group
homomorphism.
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Note that Λ is a free right R-module with a basis {viej}i,j∈G and {δjγi}i,j∈G

is the dual basis of {viej}i,j∈G for the left R-module HomR(Λ, R), and that for
any i ∈ G by (L2) xvi = vix for all x ∈ R and Λvi is a Λ-R-bimodule

Proposition 4.2.3. The following hold.

(1) ηj(vi) = vπj(i) for all i, j ∈ G.

(2) Λη = A.

(3) viΛ
∼→ HomR(Λvπ(i), R), λ �→ δn−1γiλ in Mod-Λ for all i ∈ G.

Proof. (1) Let i, j ∈ G. For any k, l ∈ G, since ηj(vi)kl = δ̂π−l(k)(γπ−j(k)(vi)),
we have

ηj(vi)kl =

{
1 if k = l and i = π−j(k),
0 otherwise.

(2) For any a ∈ A, since ηi(a)jk = aπ−i(j),π−i(k) = δ̂π−π−i(k)(π−i(j))(a) =

δ̂π−k(j)(a) = ajk for all i, j, k ∈ G, we have a ∈ Λη. Conversely, for any λ ∈ Λη

we have δ̂n−j(γi(λ)) = λi,πj(i) = ηn−i(λ)0,j = λ0,j = δ̂n−j(γ0(λ)) for all i, j ∈ G,
so that γi(λ) = γ0(λ) for all i ∈ G.

(3) Let i ∈ G. Since by (L2) eivj = vπi(j)ei for all j ∈ G, it follows that

vkejvπ(i) =

{
vπj+1(i)ej if k = πj+1(i),
0 otherwise

for all j, k ∈ G and hence HomR(Λvπ(i), R) has a basis {δjγπj+1(i)}j∈G as a left
R-module. Also, it follows by (M2) and (L2) that δjγπj+1(i)x = σχ(j)(x)δjγπj+1(i)

for all x ∈ R and j ∈ G. Thus {δjγπj+1(i)}j∈G is a basis for the right R-module
HomR(Λvπ(i), R). Since viΛ has a basis {viej}j∈G as a right R-module, it suf-
fices to show that δn−1γi · viej = δkγπk+1(i) with k = π−j(n − 1) for all j ∈ G.
Let j ∈ G. For any r, s ∈ G, since eivj = vπi(j)ei, we have

viejvres = vivπj(r)ejes =

{
viejes if i = πj(r),
0 otherwise.

It follows by (M1) that (δn−1γi · viej)(vres) = δn−1γi(viejvres) �= 0 if and only
if r = π−j(i) and s = n − j − 1. It then follows by (X2) that δn−1γiv̇iej =
δπ−j(n−1)γπ−j(i) and, setting k = π−j(n − 1), δn−1γi · viej = δkγπk+1(i).

Theorem 4.2.4. The following are equivalent.

(1) R is an Auslander-Gorenstein ring.

(2) A is an Auslander-Gorenstein ring.

(3) Λ is an Auslander-Gorenstein ring.
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Proof. (1) ⇒ (2) ⇒ (3). By Propositions 2.1.9(1), 4.1.3(2) and 4.2.1(2).
(3) ⇒ (1). Since by (L2) xvi = vix for all x ∈ R and i ∈ G, δ0γ0 : Λ → R is a

homomorphism of R-R-bimodules with δ0γ0|R = idR. It follows by Propositions
2.1.7, 4.1.3(2) and 4.2.1(2) that Λ/R is a split Frobenius extension of second
kind. The assertion now follows by Propositions 2.1.6 and 2.1.9(2).

Remark 4.2.5. Set eij = vieπ−j(i) for i, j ∈ G. Then {eij}i,j∈G is a basis for
the right R-module Λ and the multiplication in Λ can be defined subject to the
following axioms:

(N1) eijekl = 0 unless j = k and

eijejk =

{
eikcω(π−j(i),π−k(j)) if π−j(i) + π−k(j) < n,

eiktcω(π−j(i),π−k(j)) if π−j(i) + π−k(j) ≥ n;

(N2) xeij = eijσ
χ(π−j(i))(x) for all x ∈ R and i, j ∈ G.

Remark 4.2.6. Set Δk = {(i, π−k(i)) | i ∈ G} for k ∈ G. Then G×G = ∪k∈GΔk,
which is a disjoint union. The mapping G × G → Z, (i, j) �→ χ(π−j(i)) takes
the constant value χ(k) on Δk and 1Λ · ek =

∑
(i,j)∈Δk

eij for all k ∈ G.

4.3 Classification

In this section, we will provide a way to obtain every pair (q, χ) satisfying the
conditions (X1) and (X2).

Let q be an integer and χ : G → Z a mapping satisfying the condition (X2).

Lemma 4.3.1. The following hold.

(1) χ(i) − χ(i − 1) = χ(n − i) − χ(n − i − 1) for all 1 ≤ i ≤ n − 1.

(2) If n = 2m with m ≥ 1, then there exist p1, . . . , pm, pm+1 ∈ Z such that

χ(i) =

⎧⎪⎨
⎪⎩

0 if i = 0,

p1 + · · · + pi if 1 ≤ i ≤ m,

p1 + · · · + pm + pm−1 + · · · + pn−i if m + 1 ≤ i ≤ n − 1

and q = 2{p1 + · · · + pm−1} + pm + pm+1.

(3) If n = 2m+1 with m ≥ 1, then there exist p1, . . . , pm, pm+1 ∈ Z such that

χ(i) =

⎧⎪⎨
⎪⎩

0 if i = 0,

p1 + · · · + pi if 1 ≤ i ≤ m,

p1 + · · · + pm + pm + · · · + pn−i if m + 1 ≤ i ≤ n − 1

and q = 2{p1 + · · · + pm} + pm+1.
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Proof. (1) For any 1 ≤ i ≤ n−1, χ(i)+χ(n−i−1) = χ(n−1) = χ(i−1)+χ(n−i)
and hence χ(i) − χ(i − 1) = χ(n − i) − χ(n − i − 1).

(2) and (3) Since χ(0) = 0, χ(i) =
∑i

k=1{χ(k)−χ(k−1)} for all 1 ≤ i ≤ n−1.
Thus, setting pi = χ(i) − χ(i − 1) for 1 ≤ i ≤ m and pm+1 = q − χ(n − 1), the
assertions follow by (1).

Proposition 4.3.2. Let n = 2m with m ≥ 1. Then (q, χ) satisfies the condition
(X1) if and only if the following hold.

(1) pi ≥ pm+1 for all 1 ≤ i ≤ m.

(2) If m ≥ 2, and if 1 ≤ r ≤ m
2 and 1 ≤ s ≤ m − 2r + 1, then

(p1 + · · · + pr) − (ps+r + · · · + ps+2r−1) ≥ 0.

(3) If m ≥ 5, and if 3 ≤ r ≤ 2m−1
3 and 1 ≤ s ≤ r−1

2 , then

(p1 + · · · + pr) − (pm−s + · · · + pm + pm−1 + · · · + pm+s−r+1) ≥ 0.

(4) If m ≥ 3, and if 1 ≤ r ≤ m−1
2 and 1 ≤ s ≤ m − 2r, then

−(p1 + · · · + pr) + (ps+r + · · · + ps+2r) ≥ pm+1.

(5) If m ≥ 4, and if 2 ≤ r ≤ 2m−2
3 and 1 ≤ s ≤ r

2 , then

−(p1 + · · · + pr) + (pm−s + · · · + pm + pm−1 + · · · + pm+s−r) ≥ pm+1.

Proof. For the sake of convenience, we set χ(n) = q. Then the condition (X1)
is equivalent to that

χ(j − i) − {χ(j) − χ(i)} ≥ 0 and {χ(j) − χ(i)} − {χ(n) − χ(n − j + i)} ≥ 0

for all 0 ≤ i < j ≤ n − 1. In case i = 0, the first inequality is trivial and

χ(j) − {χ(n) − χ(n − j)} = χ(j) + χ(n − j) − χ(n)
= χ(j) + {χ(n − 1) − χ(j − 1)} − χ(n)
= {χ(j) − χ(j − 1)} − {χ(n) − χ(n − 1)}.

for all 1 ≤ j ≤ n − 1. Let 1 ≤ i < j ≤ n − 1. Setting r = j − i and s = i, we
have r, s ≥ 1 with r + s ≤ n − 1 and

χ(j − i) − {χ(j) − χ(i)} =
r∑

k=1

{χ(k) − χ(k − 1)} −
r+s∑

l=s+1

{χ(l) − χ(l − 1)},

{χ(j) − χ(i)} − {q − χ(n − j + i)}

=
r+s∑

k=s+1

{χ(k) − χ(k − 1)} −
n∑

l=n−r+1

{χ(l) − χ(l − 1)}.

Consequently, canceling common terms, the assertion follows.
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Proposition 4.3.3. Let n = 2m + 1 with m ≥ 1. Then (q, χ) satisfies the
condition (X1) if and only if the following hold.

(1) pi ≥ pm+1 for all 1 ≤ i ≤ m.

(2) If m ≥ 2, and if 1 ≤ r ≤ m
2 and 1 ≤ s ≤ m − 2r + 1, then

(p1 + · · · + pr) − (ps+r + · · · + ps+2r−1) ≥ 0.

(3) If m ≥ 3, and if 2 ≤ r ≤ 2m
3 and 1 ≤ s ≤ r

2 , then

(p1 + · · · + pr) − (pm−s+1 + · · · + pm + pm + · · · + pm+s−r+1) ≥ 0.

(4) If m ≥ 3, and if 1 ≤ r ≤ m−1
2 and 1 ≤ s ≤ m − 2r, then

−(p1 + · · · + pr) + (ps+r + · · · + ps+2r) ≥ pm+1.

(5) If m ≥ 2, and if 1 ≤ r ≤ 2m−1
3 and 1 ≤ s ≤ r+1

2 , then

−(p1 + · · · + pr) + (pm−s+1 + · · · + pm + pm + · · · + pm+s−r) ≥ pm+1.

Proof. Similar to Proposition 4.3.2.

4.4 Examples

In this final section, we will provide some examples of A and Λ which are
constructed from an arbitrary ring R (see Section 1 and Section 2, respectively).

Lemma 4.4.1. For the ring Λ, we have 1Λ =
∑

i∈G eii

Proof. It follows by Proposition 4.2.1 and Remark 4.2.5 that∑
i∈G

eii =
∑
i∈G

vieπ−i(i) =
∑
i∈G

vie0 =
∑
i∈G

vi = 1Λ.

Example 4.4.2. Let n = 2, q = χ(1) = 1, R = k[[X, Y ]] a formal power series
ring over a field k and c = t = 0. We take σ as a k-algebra automorphism of
R such that σ(X) = Y and σ(Y ) = X. Then (σ, c, t) satisfies the condition (∗)
and the pair (q, χ) satisfies the conditions (X1) and (X2). It follows by (M1)
and (M2) that e1e1 = e0tc

ω(1,1) = 0 and xe1 = e1σ
χ(1)(x) = e1σ(x) for any

x ∈ R. Setting e1 = Z, we have

A ∼= k〈〈X, Y, Z〉〉/(XY − Y X, Z2, XZ − ZY, Y Z − ZX),

where k〈〈X, Y, Z〉〉 is a noncommutative power series ring over k. By Theorem
4.1.6 A is an Auslander-Gorenstein local ring with inj dim A = 2, which is
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neither quasi-Frobenius nor commutative Gorenstein. Also, by Remark 4.2.5
and Lemma 4.4.1 we have 1Λ = e00 + e11 and the following relations:
and ⎧⎪⎪⎪⎨

⎪⎪⎪⎩
xe00 = e00σ

χ(0)(x) = e00x,

xe01 = e01σ
χ(1)(x) = e01σ(x),

xe10 = e10σ
χ(1)(x) = e10σ(x),

xe11 = e11σ
χ(0)(x) = e11x.

for all x ∈ R. Setting e00 = S, e01 = T, e10 = U and e11 = V , we have

Λ ∼= k〈〈X, Y, S, T, U, V 〉〉/I,

where I is an ideal generated by the following elements:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

S2 − S, T 2, U2, V 2 − V,

ST − T, TV − T, US − U, V U − U,

SU, SV, TS, TU, UT, UV, V S, V T, 1 − S − T

XY − Y X, XS − SX, Y S − SY, XT − TY, Y T − TX,

XU − UY, Y U − UX, XV − V X, Y V − V Y.

By Theorem 4.2.4 Λ is an Auslander-Gorenstein ring with inj dim Λ = 2.

Throughout the rest of this section, we restrict ourselves to the case where
σ = idR.

Example 4.4.3. Let n = 2, (q, χ) an arbitrary pair satisfying the conditions
(X1) and (X2) and R an arbitrary ring. Since ω(1, 1) = χ(1)+χ(1)−χ(0)−q =
2χ(1)− q, it follows that e1e1 = e0tc

ω(1,1) = tc2χ(1)−q. Setting e1 = X, we have

A ∼= R[X]/(X2 − tc2χ(1)−q),

where R[X] is a polynomial ring over R. Also, by Remark 4.2.5 and Lemma
4.4.1 we have 1Λ = e00 + e11 and the following relations:
Setting e00 = X, e01 = Y, e10 = Z and e11 = W , we have

Λ ∼= R〈X, Y, Z, W 〉/I,

e00 e01 e10 e11

e00 e00 e01 0 0
e01 0 0 0 e01

e10 e10 0 0 0
e11 0 0 e10 e11
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e00 e01 e10 e11

e00 e00 e01 0 0
e01 0 0 e00tc

2χ(1)−q e01

e10 e10 e11tc
2χ(1)−q 0 0

e11 0 0 e10 e11

where R〈X, Y, Z, W 〉 is a noncommutative polynomial ring over R and I is an
ideal generated by the following elements:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
X2 − X, Y 2, Z2, W 2 − W,

XY − Y, Y W − Y, WZ − Z, ZX − Z,

XZ, XW, Y X, ZW, WX, WY,

Y Z − Xtc2χ(1)−q, ZY − Wtc2χ(1)−q, 1 − X − W.

In particular, if t = 1 and 2χ(1) = q then Λ is isomorphic to M2(R) as rings.

Example 4.4.4 ([9, Section 3]). Let n ≥ 2, t = 1, q = nχ(1) − 1 and χ(i) =
iχ(1) for all i ∈ G. Then Λ is isomorphic to Mn(R; idR, c) in the sense of
Hoshino [9, Section 3] as rings.
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Chapter5

Clifford extensions

5.1 Graded rings

Throughout this chapter, we fix a set of integers G = {0, 1, . . . , n−1} with n ≥ 2
and a ring R together with a pair (σ, c) of σ ∈ Aut(R) and c ∈ R satisfying the
following condition:

(∗) σn = idR and c ∈ Rσ ∩ Z(R).

This is obviously satisfied if σ = idR and c ∈ Z(R).
Let Λ be a free right R-module with a basis {vi}i∈G and {δi}i∈G the dual

basis of {vi}i∈G for the free left R-module HomR(Λ, R), i.e., λ =
∑

i∈G viδi(λ)
for all λ ∈ Λ. We set

vi+kn = vic
k

for i ∈ G and k ∈ Z+, the set of non-negative integers, and define a multiplica-
tion on Λ subject to the following axioms:

(L1) vivj = vi+j for all i, j ∈ G;
(L2) avi = viσ

i(a) for all a ∈ R and i ∈ G.

Lemma 5.1.1. The following hold.

(1) vivj = vjvi for all i, j ∈ G and vn
i = v0c

i for all i ∈ G.

(2) For any λ, μ ∈ Λ we have λμ =
∑

i,j∈G vi+jσ
j(δi(λ))δj(μ) and hence

δ0(λμ) = δ0(λ)δ0(μ) +
∑

i∈G\{0}
σn−i(δi(λ))δn−i(μ)c.

(3) For any λ ∈ Λ and i, j ∈ G we have

δi(λvj) =

{
σj(δi−j(λ)) if i ≥ j,

σj(δi−j+n(λ))c if i < j.
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Proof. (1) The first assertion is obvious. It follows by induction that vr
i = vir

for all r ≥ 1. In particular, vn
i = vin = v0c

i.
(2) Straightforward.
(3) Obviously, the equality holds for j = 0. Let j ∈ G \ {0}. Then for any

λ ∈ Λ and k ∈ G we have

vkδk(λ) · vj =

{
vj+kσj(δk(λ)) if k + j < n,

vj+k−nσj(δk(λ))c if k + j ≥ n.

If k + j < n then, setting i = k + j, we have vi−jδi−j(λ) ·vj = viσ
j(δi−j(λ)) and

δi(λvj) = σj(δi−j(λ)). Assume k + j ≥ n. Then, setting i = k + j − n, we have
vi−j+nδi−j+n(λ) · vj = viσ

j(δi−j+n(λ))c and δi(λvj) = σj(δi−j+n(λ))c.

Proposition 5.1.2. The following hold.

(1) Λ is an associative ring with 1 = v0 and contains R as a subring via the
injective ring homomorphism R → Λ, a �→ v0a.

(2) Λ/R is a split Frobenius extension of second kind.

(3) R/rad(R) ∼→ Λ/rad(Λ) canonically if c ∈ rad(R).

(4) For any ε ∈ Rσ ∩ Z(R) with εn = 1 there exists σ̃ ∈ Aut(Λ) such that
δi(σ̃(λ)) = σ(δi(λ))εi for all λ ∈ Λ and i ∈ G, and for any c′ ∈ Rσ ∩Z(R)
the pair (σ̃, c′) satisfies the condition (*).

Proof. (1) Obviously, v0 · via = via = via · v0 for all i ∈ G and a ∈ R. Since
σi+kn = σi for all i ∈ G and k ∈ Z+, it is easy to check that avi = viσ

i(a) for
all a ∈ R and i ∈ Z+. Thus for any i, j, k ∈ G and λi, μj , νk ∈ R we have

(viλi · vjμj) · vkνk = vi+jσ
j(λi)μj · vkνk

= vi+j+kσk(σj(λi)μj)νk

= vi+j+kσj+k(λi)σk(μj)νk,

viλi · (vjμj · vkνk) = viλi · vj+kσk(μj)νk

= vi+j+kσj+k(λi)σk(μj)νk

and (viλi · vjμj) · vkνk = viλi · (vjμj · vkνk). The last assertion is obvious.
(2) It follows by (L2) that δia = σi(a)δi for all a ∈ R and i ∈ G. In particular,

{δi}i∈G is a basis for the right R-module HomR(Λ, R). Also, vivn−i−1 = vn−1

implies δn−1vi = δn−i−1 for all i ∈ G. Thus Λ ∼→ HomR(Λ, R), λ �→ δn−1λ in
Mod-Λ. Obviously, Λ is generated by {vi}i∈G as a left R-module. Consequently,
since δn−1a = σn−1(a)δn−1 and δ0a = aδ0 for all a ∈ R, the assertion follows.

(3) Set m = rad(R) and n = v0m ⊕ (⊕i∈G\{0}viR) ⊆ Λ. It suffices to show
that n = rad(Λ). We divide the proof into several steps.

Claim 1: δ0(λ) ∈ R× for all λ ∈ Λ×.
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Proof. Let λ ∈ Λ×. Since δ0(λλ−1) = 1, and since c ∈ rad(R), by Lemma
5.1.1(2) δ0(λ)δ0(λ−1) = 1−∑

i∈G\{0} σn−i(δi(λ))δn−i(λ−1)c ∈ R× and δ0(λ) has
a right inverse. Similarly, δ0(λ−1)δ0(λ) ∈ R× and δ0(λ) has a left inverse.

Claim 2: There exists a ring homomorphism ρ : Λ → Mn(R), λ �→ (δi(λvj))i,j∈G

and λ ∈ Λ× for all λ ∈ Λ with ρ(λ) ∈ Mn(R)×.

Proof. Since we have a ring homomorphism Λ → EndR(Λ), λ �→ (μ �→ λμ) and
a ring isomorphism EndR(Λ) ∼→ Mn(R), f �→ (δi(f(vj)))i,j∈G, as the composite
of them we have a desired ring homomorphism ρ : Λ → Mn(R). If λ ∈ Λ with
ρ(λ) ∈ Mn(R)×, then Λ ∼→ Λ, μ �→ λμ and λ ∈ Λ×.

Claim 3: Λm = ⊕i∈Gvim is a two-sided ideal of Λ with Λm ⊆ rad(Λ).

Proof. Obviously, Λm is a left ideal. Since Λm consists of λ ∈ Λ with δi(λ) ∈ m
for all i ∈ G, and since σ(m) = m, it follows that Λm is a two-sided ideal. Let
λ ∈ Λm. We claim λ ∈ rad(Λ). Since δi(1−λ) = −δi(λ) ∈ m for i ∈ G\{0} and
δ0(1−λ) = 1−δ0(λ) ∈ R×, it follows by Lemma 5.1.1(3) that ρ(1−λ)ii ∈ R× for
all i ∈ G and ρ(1 − λ)ij ∈ m unless i = j. Note that rad(Mn(R)) consists of all
matrices with the entries in m (see e.g. [15, Chapter 1, Proposition 7.22]). Thus
ρ(1−λ) ∈ Mn(R)× and by Claim 2 we have 1−λ ∈ Λ×, so that λ ∈ rad(Λ).

Claim 4: n is a two-sided ideal of Λ with n ⊆ rad(Λ).

Proof. Obviously, n is a subgroup. It then follows by Lemma 5.1.1(2) that n
is a two-sided ideal. Next, by Lemma 5.1.1(1) there exists m ≥ 1 such that
λm ∈ Λm for all λ ∈ n, i.e., n/Λm is a two-sided ideal of Λ/Λm consisting only
of nilpotent elements. Thus n/Λm ⊆ rad(Λ/Λm). It follows by Claim 3 that
n ⊆ rad(Λ).

Claim 5: rad(Λ) ⊆ n.

Proof. Let λ ∈ rad(Λ). For any a ∈ R, since 1 − λa ∈ Λ×, by Claim 1 we have
1 − δ0(λ)a = δ0(1 − λa) ∈ R×, so that δ0(λ) ∈ m and λ ∈ n.

This finishes the proof of (3).
(4) Obviously, σ̃ is an automorphism of the additive group Λ satisfying

σ̃(1) = 1 and σ̃n = idΛ. Since εi+kn = εi for all i ∈ G and k ∈ Z+, it
follows that for any λ, μ ∈ Λ, setting δi(λ) = λi and δi(μ) = μi for i ∈ G, we
have σ̃(λμ) =

∑
i,j∈G vi+jσ(σj(λi)μj)εi+j =

∑
i,j∈G vi+jσ

j(σ(λi)εi)σ(μj)εj =
σ̃(λ)σ̃(μ).

Remark 5.1.3. According to Proposition 5.1.2(4), the construction above can be
iterated arbitrary times.

Remark 5.1.4. Let R[t;σ] be a right skew polynomial ring with trivial derivation,
i.e., R[t; σ] consists of all polynomials in an indeterminate t with right-hand
coefficients in R and the multiplication is defined by the following rule: at =
tσ(a) for all a ∈ R. Then (tn − c) = (tn − c)R[t;σ] is a two-sided ideal and the
residue ring R[t;σ]/(tn − c) is isomorphic to Λ as extension rings of R.
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In the next section, we will deal with the case where n = 2 and denote by
Cl1(R; σ, c) the ring Λ constructed above.

5.2 Clifford extensions

In this section, we fix a set of integers G = {0, 1} and a ring R together with a
sequence of elements c1, c2, . . . in Z(R).

We may consider G as a cyclic group of order 2 with 0 the unit element,
i.e., we set 0 + i = i + 0 = i for all i ∈ G and 1 + 1 = 0. For any n ≥ 1 we
denote by Gn the direct product of n copies of G and by 0 the unit element
(0, . . . , 0) of Gn. We consider Gn−1 as a subgroup of Gn via the injective group
homomorphism

Gn−1 → Gn, (x1, . . . , xn−1) �→ (x1, . . . , xn−1, 0),

where G0 denotes the trivial group {0}. Although Proposition 5.1.2(4) enables
us to construct inductively various Gn-graded rings which are Frobenius exten-
sions of R, in this paper we restrict ourselves to the following particular case
(see the proof of Theorem 5.2.1(1) below).

Let n ≥ 1. For each x = (x1, . . . , xn) ∈ Gn we set S(x) = {i | xi = 1}. Note
that S(x + y) = S(x) + S(y), the symmetric difference of S(x) and S(y), for all
x, y ∈ Gn. We set

ε(i, j) =

{
+1 if i ≤ j,

−1 if i > j

for 1 ≤ i, j ≤ n and

c(x, y) =
∏

(i,j)∈S(x)×S(y)

ε(i, j)
∏

k∈S(x)∩S(y)

ck

for x, y ∈ Gn. We denote by s the element x ∈ Gn with S(x) = {1, . . . , n}.
Let Λn be a free right R-module with a basis {vx}x∈Gn . We denote by

{δx}x∈Gn the dual basis of {vx}x∈Gn for the free left R-module HomR(Λn, R),
i.e., λ =

∑
x∈Gn vxδx(λ) for all λ ∈ Λn. We define a multiplication on Λn

subject to the following axioms:
(M1) vxvy = vx+yc(x, y) for all x, y ∈ Gn;
(M2) avx = vxa for all x ∈ Gn and a ∈ R.

In the following, we set vx = ti for x ∈ Gn with S(x) = {i}. It is easy to see
the following:

(C1) t2i = v0ci for all 1 ≤ i ≤ n;
(C2) titj + tjti = 0 unless i = j;
(C3) vx = ti1 · · · tir if S(x) = {i1, . . . , ir} with i1 < · · · < ir.

Theorem 5.2.1 ([11] Theorem 3.1). For any n ≥ 1 the following hold.

(1) Λn is an associative ring with 1 = v0 and contains R as a subring via the
injective ring homomorphism R → Λn, a �→ v0a.
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(2) Λn/R is a split Frobenius extension of first kind.

(3) R/rad(R) ∼→ Λn/rad(Λn) canonically if ci ∈ rad(R) for all 1 ≤ i ≤ n.

Proof. (1) We will make use of induction on n ≥ 1. Since Λ1 = Cl1(R; idR, c1),
the assertion holds true if n = 1. Let n > 1 and assume that the assertion holds
true for n − 1. Then there exists σn−1 ∈ Aut(Λn−1) such that

σn−1(vxλx) = vxλx(−1)|S(x)|

for all x ∈ Gn−1 and λx ∈ R, where |S(x)| denotes the order of S(x). It is not
difficult to see that Λn

∼= Cl1(Λn−1; σn−1, cn).
(2) By (M2) aδx = δxa for all x ∈ Gn and a ∈ R. In particular, {δx}x∈Gn

is a basis for the right R-module HomR(Λn, R). Also, for any x ∈ Gn, by (M1)
vxvx+s = vsc(x, x + s) and hence δsvx = c(x, x + s)δx+s. Since c(x, x + s) ∈ Z×

for all x ∈ Gn, it follows that Λn
∼→ HomR(Λn, R), λ �→ δsλ as R-Λn-bimodules.

Obviously, δ0 is a homomorphism of R-R-bimodules with δ0|R = idR.
(3) Setting Λ0 = R and σ0 = idR, we have Λk

∼= Cl1(Λk−1;σk−1, ck) for all
1 ≤ k ≤ n. The assertion follows by Proposition 5.1.2(3).

Remark 5.2.2. If d(x, y) = |S(x)×S(y)|−|S(x)∩S(y)| is even, then vxvy = vyvx.
In particular, vs ∈ Z(Λn) whenever n is odd.

Proof. We have
∏

(i,j)∈S(x)×S(y) ε(i, j)
∏

(j,i)∈S(y)×S(x) ε(j, i) = (−1)d(x,y).

Let Hn denote the subset of Gn consisting of all x ∈ Gn with |S(x)| even.
Obviously, Hn is a subgroup of Gn and Λ0

n = ⊕x∈HnvxR is a subring of Λn.

Proposition 5.2.3. Assume n is even. Then vs ∈ Λ0
n and the following hold.

(1) Λ0
n/R is a split Frobenius extension of first kind.

(2) R/rad(R) ∼→ Λ0
n/rad(Λ0

n) canonically if ci ∈ rad(R) for all 1 ≤ i ≤ n.

Proof. The first assertion is obvious.
(1) By the same argument as in the proof of Theorem 5.2.1(2).
(2) Set m = rad(R) and n = v0m ⊕ (⊕x∈Hn\{0}vxR). Then for m ∈ Z with

2m = n we have λm ∈ Λ0
nm for all λ ∈ n, so that the assertion follows by the

same argument as in the proof of Proposition 5.1.2(3).

We denote by Cln(R; c1, . . . , cn) (resp., Cl0n(R; c1, . . . , cn)) the ring Λn (resp.,
Λ0

n) constructed above.
Remark 5.2.4. Let K be a commutative field and V a 3-dimensional K-space.
Then Cl03(K; 0, 0, 0) ∼= K � V , the trivial extension of K by V (see e.g. [7]),
which is not a Frobenius K-algebra. Thus in Proposition 5.2.3 the assumption
can not be removed in general.
Remark 5.2.5. If cn ∈ R×, then

Cln−1(R;−c1cn, . . . ,−cn−1cn) ∼→ Cl0n(R; c1, . . . , cn), ti �→ titn

as extension rings of R.
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We will call those rings Cln(R; c1, . . . , cn) Clifford extensions of R. Similarly,
we will call those rings Cl0n(R; c1, . . . , cn) with n even Clifford extensions of R.
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Appendix

The case of commutative rings

6.1 The case of commutative rings

The rest of this paper, we provide some examples of ring A which are constructed
from an arbitrary ring R (cf. Chapter 4). It follows by Theorem 4.1.6 that if R is
an Auslander-Gorenstein local ring then A is also an Auslander-Gorenstein local
ring. Moreover, the ring A is isomorphic to the n × n matrix for each n where
the (i, j) element corresponds to (ω(i, n−j−1)). There are too many examples
to list in this paper, we choose from examples where R is a commutative ring,
4 ≤ n ≤ 20, t = 1 and σ = idR(cf. Chapter 4). For 4 ≤ n ≤ 10, we will write
down all types of relations of each algebra. For 11 ≤ n ≤ 20, we do the same
things for two variables.

The case of n = 4.
The integral matrix (ω(i, n − j − 1))0≤i,j≤3 is of the form⎛

⎜⎜⎝
0 0 0 0
p1 0 f1 0
p2 p2 0 0
p1 p2 p1 0

⎞
⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where f1 = p1 − p2, and one of the following
cases occurs:

1. f1 = 0: Setting p = p2, we have (p1, p2) = (p, p) and

A ∼= R[X]/(X4 − cp)

2. f1 ≥ 1: Setting p = p2 and q = f1, we have (p1, p2) = (p + q, p) and

A ∼= R[X, Y ]/(X2 − cp, Y 2 − Xcq)
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The case of n = 5.
The integral matrix (ω(i, n − j − 1))0≤i,j≤4 is of the form⎛

⎜⎜⎜⎜⎝
0 0 0 0 0
p1 0 f1 f1 0
p2 p2 0 f1 0
p2 f2 p2 0 0
p1 p2 p2 p1 0

⎞
⎟⎟⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where f1 = p1 − p2, f2 = −p1 + 2p2, and one of
the following cases occurs:

1. f1 = 0, f2 ≥ 1: Setting p = p2, we have (p1, p2) = (p, p) and

A ∼= R[X]/(X5 − cp)

2. f1 ≥ 1, f2 = 0: Setting p = p2, we have (p1, p2) = (2p, p) and

A ∼= R[X, Y ]/(XY − cp, X3 − Y 2)

3. f1 ≥ 1, f2 ≥ 1: Setting p = f1 and q = f2, we have (p1, p2) = (2p+q, p+q)
and

A ∼= R[X, Y, Z]/(Y Z − Xcp, Z2 − Y cp, X2 − Zcq, XY − cp+q, XZ − Y 2)

The case of n = 6.
The integral matrix (ω(i, n − j − 1))0≤i,j≤5 is of the form⎛

⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0
p1 0 f1 f2 f1 0
p2 p2 0 f2 f2 0
p3 f3 p3 0 f1 0
p2 f3 f3 p2 0 0
p1 p2 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where f1 = p1 − p2, f2 = p1 − p3, f3 =
−p1 + p2 + p3, and one of the following cases occurs:

1. f1 = 0, f2 = 0, f3 ≥ 1: Setting p = p3, we have (p1, p2, p3) = (p, p, p) and

A ∼= R[X]/(X6 − cp)

2. f1 = 0, f2 ≥ 1, f3 ≥ 1: Setting p = p3 and q = f2, we have (p1, p2, p3) =
(p + q, p + q, p) and

A ∼= R[X, Y ]/(X2 − cp, Y 3 − Xcq)
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3. f1 ≥ 1, f2 = 0, f3 ≥ 1: Setting p = p2 and q = f1, we have (p1, p2, p3) =
(p + q, p, p + q) and

A ∼= R[X, Y ]/(X3 − cp, Y 2 − Xcq)

4. f1 ≥ 1, f2 ≥ 1, f3 = 0: Setting p = p2 and q = p3, we have (p1, p2, p3) =
(p + q, p, q) and

A ∼= R[X, Y ]/(X3 − cp, Y 2 − cq)

5. f1 ≥ 1, f2 ≥ 1, f3 ≥ 1: We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal
generated by the following elements:{

X2 − Zcf3 , XY − Wcf3 , XZ − cp2 , Y 2 − cp3 , Y W − Xcf1 ,

Z2 − Xcf2 , ZW − Y cf2 , W 2 − Zcf1 , XW − Y Z.

The case of n = 7.
The integral matrix (ω(i, n − j − 1))0≤i,j≤6 is of the form⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0
p1 0 f1 f2 f2 f1 0
p2 p2 0 f2 f5 f2 0
p3 f3 p3 0 f2 f2 0
p3 f4 f4 p3 0 f1 0
p2 f3 f4 f3 p2 0 0
p1 p2 p3 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3,

f3 = −p1 + p2 + p3, f4 = −p1 + 2p3,

f5 = p1 + p2 − 2p3,

and one of the the following cases occurs:

1. f1 = f2 = f5 = 0 and fi ≥ 1 for i = 3, 4: Setting p = p3, we have
(p1, p2, p3) = (p, p, p) and

A ∼= R[X]/(X7 − cp)

2. f1 = f4 = 0 and fi ≥ 1 for i = 2, 3, 5: Setting p = p3, we have (p1, p2, p3) =
(2p, 2p, p) and

A ∼= R[X, Y ]/(XY − cp, X5 − Y 2)

3. f3 = f4 = 0 and fi ≥ 1 for i = 1, 2, 5: Setting p = p3, we have (p1, p2, p3) =
(2p, p, p) and

A ∼= R[X, Y ]/(XY − cp, X4 − Y 3)
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4. f3 = f5 = 0 and fi ≥ 1 for i = 1, 2, 4: Setting p = p2, we have (p1, p2, p3) =
(3p, p, 2p) and

A ∼= R[X, Y ]/(X2Y − cp, X3 − Y 2)

5. f1 = 0 and fi ≥ 1 for i = 2, 3, 4, 5: Setting p = f2 and q = f4, we have
(p1, p2, p3) = (2p + q, 2p + q, p + q) and

A ∼= R[X, Y, Z]/(X2 − Zcq, XY − cp+q, Y Z − Xcp, Z3 − Y cp, Y 2 − XZ2)

6. f3 = 0 and fi ≥ 1 for i = 1, 2, 4, 5: Setting p = f4 and q = f5, we have
(p1, p2, p3) = (3p + 2q, p + q, 2p + q) and

A ∼= R[X, Y, Z]/(XY − Zcp, XZ − cp+q, Y 2 − X3cp, Z2 − Y cq, X4 − Y Z)

7. f4 = 0 and fi ≥ 1 for i = 1, 2, 3, 5: Setting p = f1 and q = f3, we have
(p1, p2, p3) = (2p + 2q, p + 2q, p + q) and

A ∼= R[X, Y, Z]/(X2 −Zcq, XZ − Y 2cq, Y 3 −Xcp, Y Z − cp+q, X2Y −Z2)

8. f5 = 0 and fi ≥ 1 for i = 1, 2, 3, 4: Setting p = f2 and q = f3, we have
(p1, p2, p3) = (3p + q, p + q, 2p + q) and A ∼= R[X, Y, Z, W ]/I, where I is
an ideal generated by the following elements:{

X2 − Y cq, XY − Wcq, XZ − cp+q, Y Z − Xcp, Y W − Z2cp,

ZW − Y cp, W 2 − Zcp, XW − Y 2, Y 2 − Z3.

9. fi ≥ 1 for i = 1, 2, 3, 4, 5: We have A ∼= R[X, Y, Z, W, U ]/I, where I is an
ideal generated by the following elements:⎧⎪⎨

⎪⎩
X2 − Zcf3 , XY − Wcf4 , XZ − Ucf3 , XW − cp2 , Y 2 − Ucf4 ,

Y Z − cp3 , Y U − Xcf1 , ZW − Xcf2 , ZU − Y cf2 , W 2 − Y cf5 ,

WU − Zcf2 , U2 − Wcf1 , XU − Y W, Y W − Z2.

The case of n = 8.
The integral matrix (ω(i, n − j − 1))0≤i,j≤7 is of the form⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f2 f1 0
p2 p2 0 f2 f6 f6 f2 0
p3 f4 p3 0 f3 f6 f3 0
p4 f5 f5 p4 0 f2 f2 0
p3 f5 f7 f5 p3 0 f1 0
p2 f4 f5 f5 f4 p2 0 0
p1 p2 p3 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4,

f4 = −p1 + p2 + p3, f5 = −p1 + p3 + p4,

f6 = p1 + p2 − p3 − p4,

f7 = −p1 − p2 + 2p3 + p4,

and one of the following cases occurs:

1. f1 = f2 = f3 = f6 = 0 and fi ≥ 1 for i = 4, 5, 7: Setting p = p4, we have
(p1, p2, p3, p4) = (p, p, p, p) and

A ∼= R[X]/(X8 − cp)

2. f1 = f2 = 0 and fi ≥ 1 for i = 3, 4, 5, 6, 7: Setting p = p4 and q = f3, we
have (p1, p2, p3, p4) = (p + q, p + q, p + q, p) and

A ∼= R[X, Y ]/(X2 − cp, Y 4 − Xcq)

3. f2 = f6 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 7: Setting p = p2 and q = f1, we
have (p1, p2, p3, p4) = (p + q, p, p + q, p) and

A ∼= R[X, Y ]/(X4 − cp, Y 2 − Xcq)

4. f4 = f5 = 0 and fi ≥ 1 for i = 1, 2, 3, 6, 7: Setting p = p4 and q = f7, we
have (p1, p2, p3, p4) = (2p + q, p, p + q, p) and

A ∼= R[X, Y ]/(X4 − cp, Y 2 − X3cq)

5. f3 = f4 = f6 = 0 and fi ≥ 1 for i = 1, 2, 5, 7: Setting p = p3, we have
(p1, p2, p3, p4) = (2p, p, p, 2p) and

A ∼= R[X, Y ]/(X2Y − cp, X4 − Y 2)

6. f3 = f4 = f7 = 0 and fi ≥ 1 for i = 1, 2, 5, 6: Setting p = p3, we have
(p1, p2, p3, p4) = (3p, 2p, p, 3p) and

A ∼= R[X, Y ]/(XY − cp, X3 − Y 5)

7. f4 = f5 = f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 6: Setting p = p4, we have
(p1, p2, p3, p4) = (2p, p, p, p) and

A ∼= R[X, Y ]/(X4 − cp, X3 − Y 2)

8. f2 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 6, 7: Setting p = p4, q = f1 and r = f6,
we have (p1, p2, p3, p4) = (p + q + r, p + r, p + q + r, p) and

A ∼= R[X, Y, Z]/(X2 − cp, Z2 − Y cq, Y 2 − Xcr)
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9. f5 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7: Setting p = p4, q = f4 and r = f7,
we have (p1, p2, p3, p4) = (2p + q + r, p + q, p + q + r, p) and

A ∼= R[X, Y, Z]/(Z2 − cp, X2 − Zcq, Y 2 − XZcr)

10. f4 = f6 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 7: Setting p = p2 and q = f3, we
have (p1, p2, p3, p4) = (2p + q, p, p + q, 2p) and

A ∼= R[X, Y, Z]/(XY − cp, Z2 − Xcq, X2 − Y 2)

11. f5 = f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6: Setting p = p4 and q = f4, we
have (p1, p2, p3, p4) = (2p + q, p + q, p + q, p) and

A ∼= R[X, Y, Z]/(Z2 − cp, X2 − Zcq, XZ − Y 2)

12. f1 = f3 = f7 = 0 and fi ≥ 1 for i = 2, 4, 5, 6: Setting p = p3, we have
(p1, p2, p3, p4) = (2p, 2p, p, 2p) and

A ∼= R[X, Y, Z]/(XY − cp, X2 − Z2, XZ − Y 2)

13. f1 = f3 = 0 and fi ≥ 1 for i = 2, 4, 5, 6, 7: We have

A ∼= R[X, Y, Z]/(XY − cp3 , Y Z2−Xcf6 , Z3−Y cf2 , X2−Z2cf7 , XZ−Y 2)

14. f3 = f4 = 0 and fi ≥ 1 for i = 1, 2, 5, 6, 7: We have

A ∼= R[X, Y, Z]/(XY − cp3 , Y Z −Xcf6 , Z2 − Y 4cf6 , XZ − Y 5, X2 −Zcf7)

15. f3 = f6 = 0 and fi ≥ 1 for i = 1, 2, 4, 5, 7: We have

A ∼= R[X, Y, Z]/(X2Y − cp3 , X3 −Zcf4 , Y Z −Xcf2 , Z2 − Y cf1 , XZ − Y 2)

16. f3 = f7 = 0 and fi ≥ 1 for i = 1, 2, 4, 5, 6: We have

A ∼= R[X, Y, Z]/(XY −cp3 , XZ−Y 2cf1 , Y 3−Zcf4 , Z2−X2cf1 , X3−Y 2Z)

17. f4 = f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6: We have

A ∼= R[X, Y, Z]/(XY −Zcf5 , X3−Y 2cf5 , Y Z− cp3 , Z2−Xcf3 , Y 3−X2Z)

18. f1 = f7 = 0 and fi ≥ 1 for i = 2, 3, 4, 5, 6: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

XZ − cp3 , XY − Wcf7 , Y 2 − cp4 , Y W − Xcf2 , Z2 − XWcf3 ,

ZW − Y cf3 , X2W − Zcf5 , XW 2 − Y Z, X2 − W 2.
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19. f1 = 0 and fi ≥ 1 for i = 2, 3, 4, 5, 6, 7: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

X2 − W 2cf7 , XY − Wcf5 , XZ − cp3 , Y 2 − cp4 , Y W − Xcf2 ,

Z2 − XWcf3 , ZW − Y cf3 , W 3 − Zcf2 , XW 2 − Y Z.

20. f3 = 0 and fi ≥ 1 for i = 1, 2, 4, 5, 6, 7: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

X2 − Z2cf7 , XY − cp3 , XW − Y 2cf1 , Y 3 − Wcf4 , Y Z − Xcf6 ,

Z2 − Y Wcf6 , ZW − Y cf2 , W 2 − Zcf1 , XZ − Y 2W.

21. f4 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 7: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

XY − Zcf5 , X3 − Wcf5 , XW − cp2 , Y 2 − Wcf7 , Y Z − cp3 ,

Z2 − Xcf3 , ZW − Y cf6 , W 2 − X2cf6 , X2Z − Y W.

22. f6 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 7: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

X2 − Z2cf4 , XY − Wcf4 , XZ − cp2 , Z3 − Xcf2 , Y 2 − Xcf3 ,

Y W − Z2cf3 , ZW − Y cf2 , W 2 − Zcf1 , XW − Y Z2.

23. f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6: We have A ∼= R[X, Y, Z, W, U ]/I,
where I is an ideal generated by the following elements:⎧⎪⎨

⎪⎩
X2 − Zcf4 , XY − Zcf5 , XZ − Y 2cf5 , XW − Ucf4 , Y Z − Ucf5 ,

Y W − cp3 , Y U − Xcf1 , Z2 − cp4 , ZU − Y cf2 , W 2 − Xcf3 ,

WU − Zcf3 , U2 − Y 2cf1 , XU − ZW, ZW − Y 3.

24. fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7: We have A ∼= R[X, Y, Z, U, V, W ]/I, where
I is an ideal generated by the following elements:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
X2 − Zcf4 , XY − Ucf5 , XZ − V cf5 , XU − Wcf4 , XV − cp2 ,

Y 2 − V cf7 , Y Z − Wcf5 , Y U − cp3 , Y W − Xcf1 , Z2 − cp4 ,

ZV − Xcf2 , ZW − Y cf2 , U2 − Xcf3 , UV − Y cf6 , UW − Zcf3 ,

V 2 − Zcf6 , V W − cf2 , W 2 − V cf1 , XW − Y V, Y V − ZU.

The case of n = 9.
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The integral matrix (ω(i, n − j − 1))0≤i,j≤8 is of the form⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f3 f2 f1 0
p2 p2 0 f2 f7 f8 f7 f2 0
p3 f4 p3 0 f3 f8 f8 f3 0
p4 f5 f5 p4 0 f3 f7 f3 0
p4 f6 f9 f6 p4 0 f2 f2 0
p3 f5 f9 f9 f5 p3 0 f1 0
p2 f4 f5 f6 f5 f4 p2 0 0
p1 p2 p3 p4 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4,

f4 = −p1 + p2 + p3, f5 = −p1 + p3 + p4, f6 = −p1 + 2p4,

f7 = p1 + p2 − p3 − p4, f8 = p1 + p2 − 2p4,

f9 = −p1 − p2 + p3 + 2p4,

and the following cases are possible:

1. f1 = f2 = f3 = f7 = f8 = 0 and fi ≥ 1 for i = 4, 5, 6, 9: Setting p = p4,
we have (p1, p2, p3, p4) = (p, p, p, p) and

A ∼= R[X]/(X9 − cp)

2. f1 = f3 = f8 = 0 and fi ≥ 1 for i = 2, 4, 5, 6, 7, 9: Setting p = p3 and
q = f2, we have (p1, p2, p3, p4) = (p + q, p + q, p, p + q) and

A ∼= R[X, Y ]/(X3 − cp, Y 3 − Xcq)

3. f2 = f6 = f7 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 8, 9: Setting p = p4, we have
(p1, p2, p3, p4) = (2p, p, 2p, p) and

A ∼= R[X, Y ]/(X2Y − cp, X3 − Y 3)

4. f4 = f5 = f6 = 0 and fi ≥ 1 for i = 1, 2, 3, 7, 8, 9: Setting p = p4, we have
(p1, p2, p3, p4) = (2p, p, p, p) and

A ∼= R[X, Y ]/(X3 − cp, Y 3 − X2)

5. f4 = f5 = f9 = 0 and fi ≥ 1 for i = 1, 2, 3, 6, 7, 8: Setting p = p3 and
q = f6, we have (p1, p2, p3, p4) = (2p + q, p + q, p, p + q) and

A ∼= R[X, Y ]/(X3 − cp, Y 3 − X2cq)
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6. f4 = f6 = f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 8, 9: Setting p = p2, we have
(p1, p2, p3, p4) = (4p, p, 3p, 2p) and

A ∼= R[X, Y ]/(XY − cp, X5 − Y 4)

7. f1 = f2 = f6 = f9 = 0 and fi ≥ 1 for i = 3, 4, 5, 7, 8: Setting p = p4, we
have (p1, p2, p3, p4) = (2p, 2p, 2p, p) and

A ∼= R[X, Y ]/(XY − cp, X7 − Y 2)

8. f4 = f7 = f8 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 9: Setting p = p2, we have
(p1, p2, p3, p4) = (3p, p, 2p, 2p) and

A ∼= R[X, Y, Z]/(XZ − cp, X2 − Y Z, Y 2 − Z3)

9. f1 = f2 = 0 and fi ≥ 1 for i = 3, 4, 5, 6, 7, 8, 9: We have

A ∼= R[X, Y, Z]/(X2 −Zcf6 , XY − cp4 , Y Z −Xcf3 , Z4 − Y cf3 , XZ3 − Y 2)

10. f2 = f6 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 7, 8, 9: We have

A ∼= R[X, Y, Z]/(X2−Y cf7 , XY −Z3cf7 , Y Z− cp4 , Z4−Xcf1 , XZ3−Y 2)

11. f2 = f7 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 6, 8, 9: We have

A ∼= R[X, Y, Z]/(XY 2− cp2 , X2−Zcf6 , Y 2Z−Xcf3 , Z2−Y cf1 , XZ−Y 3)

12. f4 = f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 8, 9: We have

A ∼= R[X, Y, Z]/(X3−Y cf6 , XZ−cp2 , Y 2−Z3cf8 , Y Z−X2cf9 , X2Y −Z4)

13. f6 = f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 8, 9: We have

A ∼= R[X, Y, Z]/(X2−Y cf4 , XZ− cp2 , Y Z−Xcf2 , Y 3−Z3cf2 , XY 2−Z4)

14. f2 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 6, 7, 8, 9: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

X2 − Wcf6 , XY − cp4 , Y Z − XWcf7 , Y W − Xcf3 , Z2 − Y cf7 ,

W 2 − Zcf1 , XZW − Y 2.

15. f4 = f6 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 7, 8, 9: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

XY − Zcf5 , XZ − Wcf5 , XW − cp2 , Y 2 − X3cf9 , Y Z − X4cf5 ,

ZW − Y cf7 , W 2 − Zcf7 , X2 − Z5, X2 − Y W.
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16. f1 = f9 = 0 and fi ≥ 1 for i = 2, 3, 4, 5, 6, 7, 8: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

XZ − Wcf5 , X3 − cp3 , Y 2 − Wcf6 , Y Z − cp4 , Y W − Xcf2 ,

ZW − Y cf3 , X2W − Zcf3 , XY − W 2, Z2 − X2Y.

17. f4 = f8 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 7, 9: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

XZ2 − Y cf5 , XY − Wcf5 , XW − cp2 , Z3 − cp3 , Y Z − Xcf3 ,

Y W − Z2cf7 , W 2 − Y cf7 , X2 − ZW, Y 2 − Z2W.

18. f6 = f9 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 7, 8: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

X2 − Zcf4 , XY − Wcf5 , XW − Y Zcf5 , Y Z2 − Xcf2 , Y W − Z2cf5 ,

ZW − cp4 , Z3 − Y cf2 , XZ − Y 2, XZ2 − W 2.

19. f7 = f8 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 9: We have A ∼= R[X, Y, Z, W ]/I,
where I is an ideal generated by the following elements:{

X2 − Y Zcf4 , XY − Wcf4 , XZ − cp2 , Y Z2 − Xcf2 , Y W − Z2cf3 ,

ZW − Y cf2 , W 2 − Zcf1 , Y 2 − Z3, XW − Z4.

20. f1 = 0 and fi ≥ 1 for i = 2, 3, 4, 5, 6, 7, 8, 9: We have A ∼= R[X, Y, Z, W, U ]/I,
where I is an ideal generated by the following elements:⎧⎪⎨

⎪⎩
X2 − Wcf9 , XY − U2cf5 , XZ − Ucf5 , XW − cp3 , Y 2 − Ucf6 ,

Y Z − cp4 , Y U − Xcf2 , ZW − XUcf3 , ZU − Y cf3 , W 2 − Xcf8 ,

WU − Zcf3 , U3 − Wcf2 , XU2 − Z2, Y W − Z2.

21. f4 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 7, 8, 9: We have A ∼= R[X, Y, Z, W, U ]/I,
where I is an ideal generated by the following elements:⎧⎪⎨

⎪⎩
XY − Zcf5 , X3 − Wcf6 , XZ − Ucf5 , XU − cp2 , Y 2 − Wcf9 ,

Y Z − XWcf5 , Y W − cp3 , ZW − Xcf3 , ZU − Y cf7 , W 2 − Y cf8 ,

WU − X2cf8 , U2 − Zcf7 , X2W − Z2, Y U − Z2.

22. f6 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 7, 8, 9: We have A ∼= R[X, Y, Z, W, U ]/I,
where I is an ideal generated by the following elements:⎧⎪⎨

⎪⎩
X2 − Zcf4 , XY − Wcf5 , XW − Ucf5 , XU − cp2 , Y 2 − XZcf9 ,

Y Z − Ucf9 , Y W − Z2cf5 , ZW − cp4 , ZU − Xcf2 , Z3 − Y cf2 ,

WU − Y cf7 , U2 − Wcf7 , XZ2 − W 2, Y U − W 2.
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23. f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 8, 9: We have A ∼= R[X, Y, Z, W, U ]/I,
where I is an ideal generated by the following elements:⎧⎪⎨
⎪⎩

X2 − Y cf4 , XY − Zcf6 , XZ − Ucf4 , XW − cp2 , Y 2 − Ucf6 ,

Y W − Xcf2 , Y U − W 3cf2 , Z2 − W 3cf8 , ZW − Y cf8 , ZU − W 2cf3 ,

WU − Zcf2 , U2 − Wcf1 , XU − W 4, Y Z − W 4.

24. f8 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 9: We have A ∼= R[X, Y, Z, W, U ]/I,
where I is an ideal generated by the following elements:⎧⎪⎨

⎪⎩
X2 − ZWcf4 , XY − Wcf5 , XZ − Ucf4 , XW − cp2 , Z3 − cp3 ,

Y Z − Xcf3 , Y W − Z2cf7 , Y U − ZWcf3 , ZU − Y cf3 , W 2 − Y cf7 ,

WU − Zcf2 , U2 − Wcf1 , XU − Y 2, Z2W − Y 2.

25. f9 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8: We have A ∼= R[X, Y, Z, W, U ]/I,
where I is an ideal generated by the following elements:⎧⎪⎨

⎪⎩
X2 − Zcf4 , XY − Wcf5 , XZ − Y 2cf6 , XW − Y Zcf5 , Y W − Ucf5 ,

Y 3 − cp3 , Y U − Xcf1 , Z2 − Ucf6 , ZW − cp4 , ZU − Y cf2 ,

WU − Zcf3 , U2 − Y Zcf1 , XU − W 2, Y 2Z − W 2.

26. fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8, 9: We have A ∼= R[X, Y, Z, W, U, V, S]/I,
where I is an ideal generated by the following elements:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

X2 − Zcf4 , XY − Wcf5 , XZ − Ucf6 , XW − V cf5 , XU − Scf4 ,

XV − cp2 , Y 2 − Ucf9 , Y Z − V cf9 , Y W − Scf5 , Y U − cp3 ,

Y S − Xcf1 , Z2 − Sf6 , ZW − cp4 , ZV − Xcf2 , ZS − Y cf2 ,

WU − Xcf3 , WV − Y cf7 , WS − Zcp−s, U2 − Y cf8 , UV − Zcf8 ,

US − Wcf3 , V 2 − Wcf7 , V S − Ucf2 , S2 − V cf1 , XS − Y V,

Y V − ZU, ZU − W 2.

The case of n = 10.
The integral matrix (ω(i, n − j − 1))0≤i,j≤9 is of the form⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f3 f2 f1 0
p2 p2 0 f2 f8 f9 f9 f8 f2 0
p3 f5 p3 0 f3 f9 f12 f9 f3 0
p4 f6 f6 p4 0 f4 f9 f9 f4 0
p5 f7 f10 f7 p5 0 f3 f8 f3 0
p4 f7 f11 f11 f7 p4 0 f2 f2 0
p3 f6 f10 f11 f10 f6 p3 0 f1 0
p2 f5 f6 f7 f7 f6 f5 p2 0 0
p1 p2 p3 p4 p5 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5,

f5 = −p1 + p2 + p3, f6 = −p1 + p3 + p4, f7 = −p1 + p4 + p5,

f8 = p1 + p2 − p3 − p4, f9 = p1 + p2 − p4 − p5,

f10 = −p1 − p2 + p3 + p4 + p5, f11 = −p1 − p2 + p4 + p4 + p5,

f12 = p1 + p2 + p3 − p4 − p4 − p5,

and the following cases are possible:

1. f1 = f2 = f3 = f4 = f8 = f9 = f12 = 0 and fi ≥ 1 for i = 5, 6, 7, 10, 11:
Setting p = p1, we have (p1, p2, p3, p4, p5) = (p, p, p, p, p) and

A ∼= R[X]/(X10 − cp)

2. f2 = f4 = f8 = f9 = 0 and fi ≥ 1 for i = 1, 3, 5, 6, 7, 10, 11, 12: Setting
p = p1 and q = p2, we have (p1, p2, p3, p4, p5) = (p, q, p, q, p) and

A ∼= R[X, Y ]/(X5 − cq, Y 2 − Xcp−q)

3. f1 = f2 = f3 = f8 = 0 and fi ≥ 1 for i = 4, 5, 6, 7, 9, 10, 11, 12: Setting
p = p1 and q = p5, we have (p1, p2, p3, p4, p5) = (p, p, p, p, q) and

A ∼= R[X, Y ]/(X2 − cq, Y 5 − Xcp−q)

4. f4 = f5 = f6 = f9 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 7, 8, 10, 11: Setting
p = p4, we have (p1, p2, p3, p4, p5) = (2p, p, p, p, 2p) and

A ∼= R[X, Y ]/(X2 − Y 4, X2Y − cp)

5. f4 = f5 = f6 = f9 = 0 and fi ≥ 1 for i = 1, 2, 3, 7, 8, 10, 11, 12: Setting
p = p1 and q = p2, we have (p1, p2, p3, p4, p5) = (p, q, p − q, q, p) and

A ∼= R[X, Y ]/(X5 − cq, Y 2 − X4cp−2q)

6. f1 = f4 = f6 = f10 = f12 = 0 and fi ≥ 1 for i = 2, 3, 5, 7, 8, 9, 11: Setting
p = p3, we have (p1, p2, p3, p4, p5) = (3p, 3p, p, 2p, 3p) and

A ∼= R[X, Y ]/(X7 − Y 3, XY − cp)

7. f2 = f7 = f8 = f11 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 6, 9, 10, 12: Setting
p = p1 and q = p2, we have (p1, p2, p3, p4, p5) = (p, q, p, q, p − q) and

A ∼= R[X, Y ]/(X5 − cq, Y 2 − cp−q)
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8. f1 = f4 = f6 = f10 = f11 = 0 and fi ≥ 1 for i = 2, 3, 5, 7, 8, 9, 12: Setting
p = p4, we have (p1, p2, p3, p4, p5) = (2p, 2p, p, p, 2p) and

A ∼= R[X, Y ]/(X6 − Y 2, X2Y − cp)

9. f5 = f6 = f7 = f10 = f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 8, 9, 12: Setting
p = p4 , we have (p1, p2, p3, p4, p5) = (2p, p, p, p, p) and

A ∼= R[X, Y ]/(X3 − Y 2, X2Y 2 − cp)

10. f5 = f6 = f7 = f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 8, 9, 10, 12: Setting
p = p1 and q = p2, we have (p1, p2, p3, p4, p5) = (p, q, p − q, q, p − q) and

A ∼= R[X, Y ]/(X5 − cq, Y 2 − X3cp−2q)

11. f1 = f2 = f4 = f11 = 0 and fi ≥ 1 for i = 3, 5, 6, 7, 8, 9, 10, 12: Setting
p = p4, we have (p1, p2, p3, p4, p5) = (2p, 2p, 2p, p, 2p) and

A ∼= R[X, Y, Z]/(XY − cp, X2 − Z2, X3 − Y 2)

12. f1 = f2 = f4 = 0 and fi ≥ 1 for i = 3, 5, 6, 7, 8, 9, 10, 11, 12: Setting p = p1

and q = p4, we have (p1, p2, p3, p4, p5) = (p, p, p, q, p) and

A ∼= R[X, Y, Z]/(XY −cq, X2−Z2c2q−p, Y Z2−Xcp−q, Z4−Y cp−q, Y 2−XZ2)

13. f2 = f4 = f11 = 0 and fi ≥ 1 for i = 1, 3, 5, 6, 7, 8, 9, 10, 12: Setting p = p1

and q = p4, we have (p1, p2, p3, p4, p5) = (p, 2q, p, q, p) and

A ∼= R[X, Y, Z]/(XY − cq, X3 − Y 2, Z2 − X2cp−q)

14. f4 = f6 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 7, 8, 9, 10, 11: Setting p = p3

and q = p4, we have (p1, p2, p3, p4, p5) = (p + q, 2q − p, p, q, p + q) and

A ∼= R[X, Y, Z]/(XZ−cp, X2−Y c2p−q, Y Z−Xcq−p, Y 4−Z2cq−p, XY 3−Z3)

15. f1 = f4 = f6 = f10 = 0 and fi ≥ 1 for i = 2, 3, 5, 7, 8, 9, 11, 12: Setting
p = p1 and q = p3, we have (p1, p2, p3, p4, p5) = (p, p, q, p − q, p) and

A ∼= R[X, Y, Z]/(X8−Y cq, XY −Zcp−2q, XZ−cq, Y 2−X6cp−2q, Z2−Y c3q−p)

16. f4 = f6 = f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 7, 8, 9, 10, 12: Setting p = p1

and q = p4, we have (p1, p2, p3, p4, p5) = (p, 2q, p − q, q, p) and

A ∼= R[X, Y, Z]/(XY − cq, Z2 − Y cp−2q, X2 − Y 3)

17. f5 = f8 = f9 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 10, 11:
Setting p = p2, we have (p1, p2, p3, p4, p5) = (3p, p, 2p, 2p, 2p) and

A ∼= R[X, Y, Z]/(XY − cp, X2 − Y 3, Y 3 − Z2)
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18. f5 = f8 = f9 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 10, 11, 12:
Setting p = p1 and q = p2, we have (p1, p2, p3, p4, p5) = (p, q, p−q, 2q, p−q)
and

A ∼= R[X, Y, Z]/(XY − cq, Z2 − X2cp−3q, X2 − Y 3)

19. f5 = f7 = f8 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 9, 10, 11, 12:
Setting p = p1 and q = p2, we have (p1, p2, p3, p4, p5) = (p, q, p− q, 2q, p−
2q) and

A ∼= R[X, Y, Z]/(XY − cq, Z2 − cp−2q, X3 − Y 2)

20. f5 = f6 = f10 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 7, 8, 9, 11:
Setting p = p3, we have (p1, p2, p3, p4, p5) = (3p, 2p, p, 2p, 2p) and

A ∼= R[X, Y, Z]/(XY − cp, Y 2 − Z2, X3 − Y Z)

21. f5 = f6 = f10 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 7, 8, 9, 11, 12:
Setting p = p1 and q = p2, we have (p1, p2, p3, p4, p5) = (p, q, p − q, q, q)
and

A ∼= R[X, Y, Z]/(XY −cp−q, Z3−X2c2q−p, XZ2−Y c2q−p, Y 2−Z2c2p−3q, X3−Y Z)

22. f6 = f10 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 7, 8, 9, 11:
Setting p = p3 and q = p2, we have (p1, p2, p3, p4, p5) = (3p, q, p, 2p, q) and

A ∼= R[X, Y, Z]/(XY −cp, X4−Zc3p−q, Y Z−X3cq−2p, Z2−Y 2cq−2p, X3Z−Y 3)

23. f5 = f7 = f10 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 8, 9, 11, 12:
Setting p = p4 and q = p2, we have (p1, p2, p3, p4, p5) = (2q, q, q, p, 2q − p)
and

A ∼= R[X, Y, Z]/(XY − Zcp−q, Z2 − c2q−p, X3 − Y 2)

24. f6 = f10 = f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 7, 8, 9, 12:
Setting p = p4 and q = p2, we have (p1, p2, p3, p4, p5) = (2p, q, p, p, q) and

A ∼= R[X, Y, Z]/(X2Y −cp, X4−Zc2p−q, Y Z−X2cq−p, Z2−Y cq−p, X2Z−Y 2)

25. f4 = f9 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 7, 8, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X3 − Zcf6 , X2Y − Wcf5 , X2Z − cp2 , Y 2 − XZcf12 , Y W − Xcf3 ,

Z2 − Xcf8 , ZW − Y cf2 , W 2 − Zcf1 , XW − Y Z.

26. f4 = f9 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 7, 8, 10, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X3 − Zcf6 , X2Y − Wcf6 , X2Z − cp2 , Y W − Xcf3 , Z2 − Xcf8 ,

ZW − Y cf2 , W 2 − Zcf1 , XZ − Y 2, XW − Y Z.
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27. f3 = f8 = f12 = 0 and fi ≥ 1 for i = 1, 2, 4, 5, 6, 7, 9, 10, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − cp5 , Y Z − Xcf9 , ZW − cf2 , W 2 − Zcf1 ,

XW − Y 2, Y W − Z2.

28. f3 = f8 = 0 and fi ≥ 1 for i = 1, 2, 4, 5, 6, 7, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − cp5 , Y 2 − XWcf12 , Y Z − Xcp9 , ZW − Y cf2 ,

W 2 − Zcf1 , Y W − Z2.

29. f2 = f4 = 0 and fi ≥ 1 for i = 1, 3, 5, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Zcf11 , XY − cp4 , Y Z − Xcf9 , Z2 − Y cf8 ,

W 2 − Zcf1 , Y 2 − XZ.

30. f2 = f8 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 6, 7, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Zcf11 , XY − Wcf7 , XZ2 − cp4 , Y 2 − cp5 , Y W − Xcf3 ,

Z3 − Xcf9 , Z2W − Y cf4 , W 2 − Zcf1 , XW − Y Z.

31. f2 = f11 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 6, 7, 8, 9, 10, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X4 − Zcf7 , XY − Wcf7 , XZ − cp4 , Y 2 − cp5 , Y W − Xcf3 ,

Z2 − X3cf4 , ZW − Y cf4 , W 2 − X2cf1 , X3W − Y Z.

32. f1 = f2 = f11 = 0 and fi ≥ 1 for i = 3, 4, 5, 6, 7, 8, 9, 10, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X4 − Zcf7 , XY − Wcf7 , XZ − cp4 , Y 2 − cp5 , Y W − Xcf3 ,

Z2 − X3cf4 , ZW − Y cf4 , X2 − W 2, XW 3 − Y Z.

33. f1 = f2 = 0 and fi ≥ 1 for i = 3, 4, 5, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − W 2cf11 , XY − Wcf7 , XZ − cp4 , Y 2 − cp5 , Y W − Xcf3 ,

Z2 − XW 2cf4 , ZW − Y cf4 , W 4 − Zcf3 , XW 3 − Y Z.
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34. f1 = f4 = f12 = 0 and fi ≥ 1 for i = 2, 3, 5, 6, 7, 8, 9, 10, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Y cf10 , XY − Wcf6 , XZ − cp3 , Y W 2 − Z2cf3 , Y Z − Xcf9 ,

ZW − Y cf3 , W 3 − Zcf2 , XW − Y 2, XW 2 − Z3.

35. f1 = f3 = 0 and fi ≥ 1 for i = 2, 4, 5, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − ZWcf10 , XY − W 2cf6 , XZ − cp3 , Y 2 − cp5 , Y W 2 − Xcf2 ,

Z2 − Y Wcf12 , ZW 2 − Y cf4 , W 3 − Zcf2 , XW − Y Z.

36. f3 = f10 = 0 and fi ≥ 1 for i = 1, 2, 4, 5, 6, 7, 8, 9, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

XZ − cp3 , Y 2 − cp5 , XW − Y Zcf1 , Z2 − Y Wcf12 ,

W 2 − XY cf1 , X2 − ZW.

37. f1 = f3 = f10 = 0 and fi ≥ 1 for i = 2, 4, 5, 6, 7, 8, 9, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements: {

XZ − cp3 , Y 2 − cp5 , Z2 − Y Wcf12 ,

XW − Y Z, X2 − ZW, XY − W 2.

38. f1 = f3 = f12 = 0 and fi ≥ 1 for i = 2, 4, 5, 6, 7, 8, 9, 10, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − ZWcf10 , XY − W 2cf10 , XZ − cp3 , Y 2 − cp5 , Y W 2 − Xcf2 ,

ZW 2 − Y cf4 , W 3 − Zcf2 , XW − Y Z, Y W − Z2.

39. f1 = f10 = f12 = 0 and fi ≥ 1 for i = 2, 3, 4, 5, 6, 7, 8, 9, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X3 − Wcf6 , X2W − Y cf6 , XZ − cp3 , Y 2 − cp5 , Y Z − XWcf3 ,

Y W − Z2cf3 , ZW − X2cf3 , XY − W 2, X2Y − Z3.

40. f3 = f10 = f12 = 0 and fi ≥ 1 for i = 1, 2, 4, 5, 6, 7, 8, 9, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

XZ − cp3 , XW − Y Zcf1 , Y 2 − cp5 , W 2 − XY cf1 ,

X2 − ZW, Z2 − Y W.
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41. f1 = f3 = f10 = f12 = 0 and fi ≥ 1 for i = 2, 4, 5, 6, 7, 8, 9, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

XZ − cp3 , Y 2 − cp5 , XW − Y Z, X2 − ZW,

Z2 − Y W, W 2 − XY.

42. f1 = f4 = f11 = 0 and fi ≥ 1 for i = 2, 3, 5, 6, 7, 8, 9, 10, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Zcf10 , XZ − Wcp6 , Y Z − cp4 , Y W − Xcf2 ,

XW − Z2, Y 2 − W 2.

43. f4 = f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 7, 8, 9, 10, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Zcf10 , XW − Z2cf1 , XZ − Wcf6 , Y 3 − Z2cf2 , Y W − Xcf3 ,

Y Z − cp4 , Z3 − Y 2cf6 , W 2 − Y 2cf1 , XY 2 − Z2W.

44. f4 = f6 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Zcf10 , XY − Wcf11 , XW − cp3 , Y 2 − Z3cf11 , Y Z − cp4 ,

Z4 − Y cf5 , ZW − Xcf9 , W 2 − Y cf12 , XZ3 − Y W.

45. f1 = f10 = f11 = 0 and fi ≥ 1 for i = 2, 3, 4, 5, 6, 7, 8, 9, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X3 − Wcf6 , X2Y − cp4 , X2W − Zcf6 , Y Z − Wcf7 , Y W − Xcf2 ,

Z2 − cp5 , ZW − Y cf3 , Y 2 − XZ, XZ − W 2.

46. f8 = f9 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 10, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Y 2cf5 , XY − Wcf5 , XZ − cp2 , Y W − Z2cf3 , Z4 − Xcf2

ZW − Y cf2 , W 2 − Zcf1 , XW − Y Z3, Y 2 − Z3.

47. f8 = f9 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Z3cf5 , XY − Wcf5 , XZ − cp2 , Y 2 − Z3cf12 , Y W − Z2cf3 ,

ZW − Y cf2 , W 2 − Zcf1 , Z4 − Xcf2 , XW − Y Z3.
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48. f5 = f9 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 8, 10, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

XY − Wcf6 , XW − cp2 , Y 2 − Xcf4 ,

W 2 − Y cf8 , X2 − Z2, Y W − Z2.

49. f5 = f9 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 8, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

XY − Wcf6 , XW − cp2 , Y 2 − Xcf4 , Z2 − Y Wcf12 ,

W 2 − Y cf8 , X2 − Y W.

50. f5 = f8 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 9, 10, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X3 − W 2cf7 , XY − Zcf7 , XW − cp2 , Y 2 − cp5 , Y Z − Xcf3 ,

ZW − Y cf9 , W 3 − X2cf9 , X2 − Z2, Y W 2 − Z3.

51. f5 = f8 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X3 − W 2cf7 , XY − Zcf7 , XW − cp2 , Y 2 − cp5 , Y Z − Xcf3 ,

Z2 − X2cf12 , ZW − Y cf9 , W 3 − X2cf12 , X2Z − Y W 2.

52. f7 = f8 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Y cf5 , XW − cp2 , Y 2 − Wcf11 ,

Y W − Xcf2 , Z2 − cp5 , XY − W 2.

53. f5 = f6 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 7, 8, 9, 10, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements: {

Y 2 − Zcf10 , Y W − cp3 , Z2 − Xcf4 ,

ZW − Y cf9 , X2 − W 2, XW − Y Z.

54. f5 = f6 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X3 − Zcf7 , X2Y − Wcf7 , X2Z − cp2 , Y 2 − Zcf10 , Y W − cp3 ,

Z2 − Xcf4 , ZW − Y cf9 , W 2 − X2cf12 , XW − Y Z.
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55. f6 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 7, 8, 9, 10, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − W 2cf5 , XW − Y Zcf5 , Y 2 − Zcf10 , Y W − cp3 ,

Z2 − Xcf4 , ZW − Y cf9 , XY Z − W 3.

56. f5 = f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

XY − Zcf6 , X4 − Wcf6 , XW − cp2 , Y 2 − X3cf10 , Y Z − Wcf10 ,

Z2 − cp5 , ZW − Y cf8 , W 2 − X3cf8 , X3Z − Y W.

57. f5 = f10 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 8, 9, 11:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

XY − Zcf6 , X3 − Y 2cf7 , XZ − Wcf7 , Y 3 − XWcf6 , Y W − cp3 ,

Z2 − cp5 , ZW − Xcf3 , X2 − W 2, X2W − Y 2Z.

58. f5 = f10 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 8, 9, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X3 − Y 2cf7 , XY − Zcf6 , XZ − Wcf7 , Y 3 − XWcf6 , Y W − cp3 ,

Z2 − cp5 , ZW − Xcf3 , W 2 − X2cf12 , X2W − Y 2Z.

59. f6 = f10 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 7, 8, 9, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Zcf5 , XZ − Y 2cf7 , XW − Y 3cf5 , Y 4 − Xcf1 , Y W − cp3 ,

Y Z − Wcf11 , Z2 − XY 2cf11 , W 2 − Zcf12 , XY 3 − ZW.

60. f6 = f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 7, 8, 9, 10, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Zcf5 , XZ − Wcf7 , Y 2 − Wcf10 ,

ZW − cp4 , W 2 − Xcf4 , XW − Z2.

61. f7 = f10 = f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 8, 9, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements: {

X2 − Zcf5 , XY − Wcf6 , W 2 − cp5 ,

Y 2 − XZ, Z2 − Y W, XW − Y Z.
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62. f7 = f10 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 8, 9, 11, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Zcf5 , XY − Wcf6 , Y Z − XWcf11 ,

Z2 − Y Wcf11 , W 2 − cp5 , Y 2 − XZ.

63. f7 = f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 8, 9, 10, 12:
We have A ∼= R[X, Y, Z, W ]/I, where I is an ideal generated by the fol-
lowing elements:{

X2 − Zcf5 , XY − Wcf6 , X2Z − cp2 , Y 2 − XZcf10 , Y W − Z2cf10 ,

Z3 − Xcf2 , Z2W − Y cf8 , W 2 − cp5 , XW − Y Z.

64. f2 = 0 and fi ≥ 1 for i = 1, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Wcf11 , XY − Ucf7 , XZ − cp4 , Y 2 − cp5 , Y W − XUcf8 ,

Y U − Xcf3 , Z2 − XWcf4 , ZW − Xcf9 , ZU − Y cf4 ,

W 2 − Zcf8 , U2 − Wcf2 , XWU − Y Z.

65. f4 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 7, 8, 9, 10, 11:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Y cf10 , XY − Ucf6 , XZ − cp3 , XU − Y 2cf1 , Y 3 − Wcf6 ,

Y Z − Xcf9 , Y W − Z2cf9 , ZW − Y Ucf9 , ZU − Y cf3 , W 2 − Y cf8 ,

WU − Zcf2 , U2 − Wcf2 , XW − Y 2U, Y 2U − Z3.

66. f3 = 0 and fi ≥ 1 for i = 1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − ZUcf10 , XY − Wcf10 , XZ − cp3 , XU − Y Zcf1 , Y 2 − cp5 ,

Y W − Xcf8 , Z2 − Y Ucf12 , ZW − Y cf9 , W 2 − ZUcf8 ,

U2 − Wcf2 , WU − Zcf2 , XW − Y ZU.

67. f3 = f12 = 0 and fi ≥ 1 for i = 1, 2, 4, 5, 6, 7, 8, 9, 10, 11:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − ZUcf10 , XY − Wcf10 , XZ − cp3 , XU − Y Zcf1 ,

Y 2 − cp5 , Y W − Xcf8 , ZW − Y cf9 , W 2 − ZUcf8 ,

WU − Zcf2 , U2 − Wcf1 , XW − Z3, Y U − Z2.
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68. f1 = f4 = 0 and fi ≥ 1 for i = 2, 3, 5, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Zcf10 , XY − Wcf11 , XZ − Ucf6 , XW − cp3 , Y 2 − U2cf11 ,

Y Z − cp4 , Y U − Xcf2 , ZW − Xcf9 , ZU2 − Y cf9 , W 2 − Y cf12 ,

WU − Zcf3 , U3 − Wcf2 , XU − Z2, Y W − Z2U.

69. f1 = f10 = 0 and fi ≥ 1 for i = 2, 3, 4, 5, 6, 7, 8, 9, 11, 12:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X3 − Ucf6 , XY − Wcf11 , XW − cp3 , X2U − Zcf6 , Y 2 − U2cf11 ,

Y Z − Ucf7 , Y U − Xcf2 , Z2 − cp5 , ZW − XUcf3 , ZU − Y cf3 ,

W 2 − Y cf12 , WU − X2cf3 , XZ − U2, X2Z − Y W.

70. f1 = f11 = 0 and fi ≥ 1 for i = 2, 3, 4, 5, 6, 7, 8, 9, 10, 12:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Zcf10 , XY − U2cf10 , XZ − Ucf6 , Y 2 − cp5 , Y U − Wcf3 ,

Z2 − XUcf4 , ZU − Y cf4 , Y W − Ucf7 , Y Z − cp4 ,

WU − Xcf2 , XU2 − Y Z, W 2 − U2.

71. f9 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Y Wcf5 , XY − Wcf6 , XZ − Ucf5 , XW − cp2 , Y 2 − Xcf4 ,

Y U − ZWcf4 , Z2 − Y Wcf12 , ZU − Y cf3 , W 2 − Y cf8 ,

WU − Zcf2 , U2 − Wcf1 , XU − Y ZW.

72. f9 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8, 10, 11:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Y Wcf5 , XY − Wcf6 , XZ − Ucf5 , XU − cp2 , Y 2 − Xcf4 ,

Y U − ZWcf4 , ZU − Y cf3 , W 2 − Y cf8 ,

WU − Zcf2 , U2 − Wcf1 , XU − Y ZW, Y W − Z2.

73. f8 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 9, 10, 11:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Z2cf5 , XY − Zcf7 , XZ − Ucf5 , XW − cp2 , Y 2 − cp5 ,

Y Z − Xcf3 , Y U − Z2cf3 , ZW − Y cf9 , ZU − W 2cf3 , W 3 − Z2cf9 ,

WU − Zcf2 , U2 − Wcf1 , XU − Z3, Y W 2 − Z3.
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74. f10 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8, 9, 11:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − W 2cf5 , XY − Zcf6 , XZ − Wcf7 , XW − Ucf5 , Y 3 − Ucf6 ,

Y W − cp3 , Y Z − Xcf1 , Z2 − cp5 , ZW − Xcf3 , ZU − W 2cf3 ,

WU − Y 2cf3 , U2 − Y Zcf1 , XU − Y 2Z, Y 2Z − W 3.

75. f6 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Zcf5 , XZ − Wcf7 , XU − Y Wcf5 , Y 2 − Wcf10 ,

Y Z − Ucf11 , Y U − cp3 , Z2 − XScf11 , ZW − cp4 , W 2 − Xcf4 ,

WU − Y cf9 , U2 − Zcf12 , XY W − ZU.

76. f10 = f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8, 9, 12:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Zcf5 , XY − Wcf6 , XZ − Y 2cf7 , XW − Y Zcf7 , Y 3 − Ucf6 ,

Y 2Z − cp3 , Y U − Xcf1 , ZW − Ucf7 , ZU − Y cf2 , W 2 − cp5 ,

WU − Zcf3 , U2 − Z2cf1 , XU − Y 2W, Z2 − Y W.

77. f7 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨

⎪⎩
X2 − Zcf5 , XY − Wcf6 , XU − cp2 , Y 2 − XZcf10 ,

Y Z − XWcf11 , Y W − Ucf10 , Z2 − Ucf11 , ZU − Xcf2 , W 2 − cp5 ,

WU − Y cf8 , U2 − XZcf8 , XZW − Y U.

78. f1 = f12 = 0 and fi ≥ 1 for i = 2, 3, 4, 5, 6, 7, 8, 9, 10, 11:
We have A ∼= R[X, Y, Z, W, U ]/I, where I is an ideal generated by the
following elements:⎧⎪⎨
⎪⎩

X2 − Zcf10 , XY − U2cf10 , XZ − Ucf6 , XW − cp3 , Y 2 − cp5 ,

Y W − XUcf3 , Y U − W 2cf3 , Z2 − XUcf4 , ZW − Xcf9 , ZU − Y cf4 ,

WU − Zcf3 , U3 − Wcf2 , XU2 − W 3, W 3 − Y Z.

79. f4 = 0 and fi ≥ 1 for i = 1, 2, 3, 5, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U, V ]/I, where I is an ideal generated by the
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following elements:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X2 − Zcf10 , XY − Wcf11 , XZ − V cf6 , XW − cp3 , XV − Z2cf1 ,

Y 2 − Ucf11 , Y Z − cp4 , Y U − Z2cf2 , Y V − Xcf2 , Z3 − Ucf6 ,

ZW − Xcf9 , ZU − Y cf9 , W 2 − Zcf12 , WU − ZV cf9 , WV − Zcf3 ,

U2 − Zcf8 , UV − Wcf2 , V 2 − Ucf1 , XU − Y W, Y W − Z2V.

80. f1 = 0 and fi ≥ 1 for i = 2, 3, 4, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U, V ]/I, where I is an ideal generated by the
following elements:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X2 − Wcf10 , XY − Ucf11 , XZ − V 2cf10 , XW − V cf6 , XU − cp3 ,

Y 2 − V 2cf11 , Y Z − V cf7 , Y W − cp4 , Y V − Xcf2 , Z2 − cp5 ,

ZU − XV cf3 , ZV − Y cf3 , W 2 − XV cf4 , WU − Xcf9 , WV − Zcf4 ,

U2 − Y cf12 , UV − Wcf3 , V 3 − Ucf2 , XV 2 − Y U, Y U − ZW.

81. f8 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U, V ]/I, where I is an ideal generated by the
following elements:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
X2 − Y cf5 , XY − U2cf7 , XZ − Wcf7 , XW − V cf5 , XU − cp2 ,

Y 2 − Ucf11 , Y Z − V cf7 , Y U − Xcf2 , Y V − ZUcf2 , Z2 − Ucp5 ,

ZW − Xcf3 , ZV − Y cf3 , W 2 − Y cf12 , WU − Zcf9 , WV − U2cf3 ,

U3 − Y cf9 , UV − Wcf2 , V 2 − Ucf1 , XV − Y W, Y W − ZU2.

82. f5 = f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 8, 9, 10, 11:
We have A ∼= R[X, Y, Z, W, U, V ]/I, where I is an ideal generated by the
following elements:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

X3 − Wcf7 , XY − Zcf6 , XZ − Ucf6 , XW − V cf6 , XV − cp2 ,

Y 2 − Wcf10 , Y W − XUcf6 , Y Z − V cf10 , Y U − cp3 , Z2 − cp5 ,

ZU − Xcf3 , ZV − Y cf8 , W 2 − Xcf4 , WU − Y cf9 , WV − X2cf9 ,

UV − Zcf9 , V 2 − Wcf8 , V 2 − Ucf1 , X2U − Y V, Y V − ZW, X2 − U2.

83. f5 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U, V ]/I, where I is an ideal generated by the
following elements:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
X3 − Wcf7 , XY − Zcf6 , XZ − Ucf7 , XW − V cf6 , XV − cp2 ,

Y 2 − Wcf10 , Y Z − V cf10 , Y W − XUcf6 , Y U − cp3 , Z2 − cp5 ,

ZU − Xcf3 , ZV − Y cf8 , W 2 − Xcf4 , WU − Y cf9 , WV − X2cf9 ,

U2 − X2cf12 , UV − Zcf9 , V 2 − Wcf8 , X2U − Y V, Y V − ZW.
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84. f10 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8, 9, 11, 12:
We have A ∼= R[X, Y, Z, W, U, V ]/I, where I is an ideal generated by the
following elements:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
X2 − Zcf5 , XY − Wcf6 , XZ − Y 2cf7 , XW − Ucf7 , XU − V cf5 ,

Y 3 − V cf6 , Y Z − Ucf11 , Y U − cp3 , Y V − Xcf1 , Z2 − Y Wcf11 ,

ZW − V cf7 , ZV − Y cf2 , W 2 − cp5 , WU − Xcf3 , WV − Zcf3 ,

U2 − Zcf12 , UV − Y 2cf3 , V 2 − Y Wcf1 , XV − Y 2W, Y 2W − ZU.

85. f11 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12:
We have A ∼= R[X, Y, Z, W, U, V ]/I, where I is an ideal generated by the
following elements:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
X2 − Zcf5 , XY − Wcf6 , XZ − Ucf7 , XW − Y Zcf7 , XU − Z2cf6 ,

Y 2 − Ucf10 , Y W − Z2cf10 , Y U − V cf6 , Y V − Xcf1 , Z3 − Xcf2 ,

ZW − V cf7 , ZU − cp4 , ZV − Y cf2 , W 2 − cp5 , WV − Zcf3 ,

U2 − Xcf4 , UV − Wcf4 , V 2 − Z2cf1 , XV − Y Z2, Y Z2 − WU.

86. f12 = 0 and fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11:
We have A ∼= R[X, Y, Z, W, U, V, S]/I, where I is an ideal generated by
the following elements:⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

X2 − U2cf5 , XY − Zcf6 , XZ − Ucf7 , XW − V cf6 , XU − Scf5 ,

XV − cp2 , Y 2 − Wcf10 , Y W − Scf6 , Y Z − V cf10 , Y U − cp3 ,

Y S − Xcf1 , Z2 − cp5 , ZU − Xcf3 , ZV − Y cf8 , ZS − U2cf3 , W 2 − Xcf4 ,

WU − Y cf9 , WX − U2cf9 , WS − Zcf4 , UV − Zcf9 , US − Wcf3 ,

V 2 − Wcf8 , V S − Ucf2 , S2 − V cf1 , XS − Y V, Y V − ZW, ZW − U3.

87. fi ≥ 1 for i = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12:
We have A ∼= R[X, Y, Z, W, U, V, S, T ]/I, where I is an ideal generated by
the following elements:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

X2 − Zcf5 , XY − Wcf6 , XZ − Ucf7 , XW − V cf7 , XU − Scf6 , XV − Tcf5 ,

XS − cp2 , Y 2 − Ucf10 , Y Z − V cf11 , Y W − Scf10 , Y U − Tcp3 , Y V − cp3

Y T − Xcf1 , Z2 − Scf11 , ZW − Tcf11 , ZU − cp4 , ZS − Xcf2 , ZT − Y cf2 ,

W 2 − cp5 , WV − Xcf3 , WS − Y cf8 , WT − Zcf3 , U2 − Xcf4 , UV − Y cf9 ,

US − Zcf9 , UT − Wcf4 , V 2 − Zcf12 , V S − Wcf4 , V T − Ucf3 , S2 − Ucf8 ,

ST − V cf2 , T 2 − Scf1 , XT − Y S, Y S − ZV, ZV − WU.

The case of n = 11.
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The integral matrix (ω(i, n − j − 1))0≤i,j≤10 is of the form⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f4 f3 f2 f1 0
p2 p2 0 f2 f9 f10 f11 f10 f9 f2 0
p3 f5 p3 0 f3 f10 f14 f14 f10 f3 0
p4 f6 f6 p4 0 f4 f11 f14 f11 f4 0
p5 f7 f12 f7 p5 0 f4 f10 f10 f4 0
p5 f8 f13 f13 f8 p5 0 f3 f9 f3 0
p4 f7 f13 f15 f13 f7 p4 0 f2 f2 0
p3 f6 f12 f13 f13 f12 f6 p3 0 f1 0
p2 f5 f6 f7 f8 f7 f6 f5 p2 0 0
p1 p2 p3 p4 p5 p5 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5,

f5 = −p1 + p2 + p3, f6 = −p1 + p3 + p4, f7 = −p1 + p4 + p5, f8 = −p1 + p5 + p5,

f9 = p1 + p2 − p3 − p4, f10 = p1 + p2 − p4 − p5, f11 = p1 + p2 − p5 − p5,

f12 = −p1 − p2 + p3 + p4 + p5, f13 = −p1 − p2 + p4 + p5 + p5,

f14 = p1 + p2 + p3 − p4 − p5 − p5,

f15 = −p1 − p2 − p3 + p4 + p4 + p5 + p5,

and the following cases are possible:

1. f1 = f3 = f8 = f12 = f13 = 0 and fi ≥ 1 otherwise: Setting p = p5, we
have (p1, p2, p3, p4, p5) = (2p, 2p, p, 2p, p) and

A ∼= R[X, Y ]/(X3 − Y 4, X2Y − cp)

2. f3 = f5 = f8 = f12 = f14 = 0 and fi ≥ 1 otherwise : Setting p = p3, we
have (p1, p2, p3, p4, p5) = (4p, 3p, p, 4p, 2p) and

A ∼= R[X, Y ]/(X4 − Y 7, XY − cp)

3. f5 = f6 = f7 = f11 = f15 = 0 and fi ≥ 1 otherwise : Setting p = p2, we
have (p1, p2, p3, p4, p5) = (3p, p, 2p, p, 2p) and

A ∼= R[X, Y ]/(X5 − Y 3, X2Y − cp)

4. f5 = f7 = f9 = f11 = f15 = 0 and fi ≥ 1 otherwise : Setting p = p2, we
have (p1, p2, p3, p4, p5) = (5p, p, 4p, 2p, 3p) and

A ∼= R[X, Y ]/(X6 − Y 5, XY − cp)

5. f1 = f4 = f6 = f11 = f12 = f14 = 0 and fi ≥ 1 otherwise : Setting p = p3,
we have (p1, p2, p3, p4, p5) = (2p, 2p, p, p, 2p) and

A ∼= R[X, Y ]/(X7 − Y 2, X2Y − cp)
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6. f1 = f4 = f6 = f11 = f12 = f15 = 0 and fi ≥ 1 otherwise : Setting p = p4,
we have (p1, p2, p3, p4, p5) = (3p, 3p, 2p, p, 3p) and

A ∼= R[X, Y ]/(X3 − Y 8, XY − cp)

7. f3 = f5 = f8 = f9 = f10 = f14 = 0 and fi ≥ 1 otherwise : Setting p = p5,
we have (p1, p2, p3, p4, p5) = (2p, p, p, 2p, p) and

A ∼= R[X, Y ]/(X5 − Y 2, X3Y − cp)

8. f5 = f6 = f7 = f8 = f12 = f13 = f15 = 0 and fi ≥ 1 otherwise : Setting
p = p5, we have (p1, p2, p3, p4, p5) = (2p, p, p, p, p) and

A ∼= R[X, Y ]/(X3 − Y 2, X4Y − cp)

9. f1 = f2 = f3 = f8 = f9 = f13 = f15 = 0 and fi ≥ 1 otherwise : Setting
p = p5, we have (p1, p2, p3, p4, p5) = (2p, 2p, 2p, 2p, p) and

A ∼= R[X, Y ]/(X9 − Y 2, XY − cp)

The case of n = 12.
The integral matrix (ω(i, n − j − 1))0≤i,j≤11 is of the form⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f5 f4 f3 f2 f1 0
p2 p2 0 f2 f10 f11 f12 f12 f11 f10 f2 0
p3 f6 p3 0 f3 f11 f16 f17 f16 f11 f3 0
p4 f7 f7 p4 0 f4 f12 f17 f17 f12 f4 0
p5 f8 f13 f8 p5 0 f5 f12 f16 f12 f5 0
p6 f9 f14 f14 f9 p6 0 f4 f11 f11 f4 0
p5 f9 f15 f18 f15 f9 p5 0 f3 f10 f3 0
p4 f8 f14 f18 f18 f14 f8 p4 0 f2 f2 0
p3 f7 f13 f14 f15 f14 f13 f7 p3 0 f1 0
p2 f6 f7 f8 f9 f9 f8 f7 f6 p2 0 0
p1 p2 p3 p4 p5 p6 p5 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5, f5 = p1 − p6,

f6 = −p1 + p2 + p3, f7 = −p1 + p3 + p4, f8 = −p1 + p4 + p5, f9 = −p1 + p5 + p6,

f10 = p1 + p2 − p3 − p4, f11 = p1 + p2 − p4 − p5, f12 = p1 + p2 − p5 − p6,

f13 = −p1 − p2 + p3 + p4 + p5, f14 = −p1 − p2 + p4 + p5 + p6,

f15 = −p1 − p2 + p5 + p5 + p6,

f16 = p1 + p2 + p3 − p4 − p5 − p6,

f17 = p1 + p2 + p3 − p5 − p5 − p6,

f18 = −p1 − p2 − p3 + p4 + p5 + p5 + p6,

and the following cases are possible:
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1. f1 = f2 = f3 = f4 = f10 = f11 = 0 and fi ≥ 1 otherwise : Setting p = p1

and q = p6, we have (p1, p2, p3, p4, p5, p6) = (p, p, p, p, p, q) and

A ∼= R[X, Y ]/(X2 − cq, Y 6 − Xcp−q)

2. f1 = f2 = f4 = f5 = f12 = f17 = 0 and fi ≥ 1 otherwise : Setting p = p1

and q = p4, we have (p1, p2, p3, p4, p5, p6) = (p, p, p, q, p, p) and

A ∼= R[X, Y ]/(X3 − cq, Y 4 − Xcp−q)

3. f1 = f3 = f4 = f11 = f16 = f17 = 0 and fi ≥ 1 otherwise : Setting p = p1

and q = p3, we have (p1, p2, p3, p4, p5, p6) = (p, p, q, p, p, q) and

A ∼= R[X, Y ]/(X4 − cq, Y 3 − Xcp−q)

4. f1 = f4 = f7 = f13 = f14 = f17 = 0 and fi ≥ 1 otherwise : Setting p = p1

and q = p3, we have (p1, p2, p3, p4, p5, p6) = (p, p, q, p − q, p, q) and

A ∼= R[X, Y ]/(X4 − cq, Y 3 − cp−q)

5. f2 = f4 = f10 = f11 = f12 = f17 = 0 and fi ≥ 1 otherwise : Setting
p = p1 and q = p2, we have (p1, p2, p3, p4, p5, p6) = (p, q, p, q, p, q) and

A ∼= R[X, Y ]/(X6 − cq, Y 2 − Xcp−q)

6. f3 = f6 = f9 = f10 = f11 = f15 = f16 = 0 and fi ≥ 1 otherwise : Setting
p = p2, we have (p1, p2, p3, p4, p5, p6) = (2p, p, p, 2p, p, p) and

A ∼= R[X, Y ]/(X3 − Y 3, X3Y − cp)

7. f3 = f6 = f9 = f11 = f15 = f16 = 0 and fi ≥ 1 otherwise : Setting p = p1

and q = p2, we have (p1, p2, p3, p4, p5, p6) = (p, q, p − q, p, q, p − q) and

A ∼= R[X, Y ]/(X4 − cp−q, Y 3 − X3c2q−p)

8. f5 = f7 = f8 = f12 = f13 = f17 = 0 and fi ≥ 1 otherwise : Setting p = p1

and q = p2, we have (p1, p2, p3, p4, p5, p6) = (p, pq, q, p − q, q, p) and

A ∼= R[X, Y ]/(X3 − cp−q, Y 4 − X2c2q−p)

9. f5 = f6 = f8 = f10 = f12 = f16 = 0 and fi ≥ 1 otherwise : Setting p = p2,
we have (p1, p2, p3, p4, p5, p6) = (3p, p, 2p, 2p, p, 3p) and

A ∼= R[X, Y ]/(X6 − Y 3, X2Y − cp)

10. f5 = f6 = f8 = f10 = f15 = f16 = 0 and fi ≥ 1 otherwise : Setting p = p5,
we have (p1, p2, p3, p4, p5, p6) = (5p, 2p, 3p, 4p, p, 5p) and

A ∼= R[X, Y ]/(X5 − Y 7, XY − cp)
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11. f6 = f7 = f8 = f9 = f13 = f14 = f15 = f18 = 0 and fi ≥ 1 otherwise :
Setting p = p2, we have (p1, p2, p3, p4, p5, p6) = (2p, p, p, p, p, p) and

A ∼= R[X, Y ]/(X3 − Y 2, X3Y 2 − cp)

12. f6 = f7 = f8 = f9 = f14 = f18 = 0 and fi ≥ 1 otherwise : Setting p = p1

and q = p2, we have (p1, p2, p3, p4, p5, p6) = (p, q, p − q, q, p − q, q) and

A ∼= R[X, Y ]/(X6 − cq, Y 2 − X3cp−2q)

13. f5 = f6 = f7 = f8 = f12 = f13 = f16 = f17 = 0 and fi ≥ 1 otherwise :
Setting p = p2, we have (p1, p2, p3, p4, p5, p6) = (2p, p, p, p, p, 2p) and

A ∼= R[X, Y ]/(X4 − Y 2, X4Y − cp)

14. f6 = f7 = f9 = f13 = f14 = f15 = 0 and fi ≥ 1 otherwise : Setting p = p1

and q = p2, we have (p1, p2, p3, p4, p5, p6) = (p, q, p − q, q, q, p − q) and

A ∼= R[X, Y ]/(X4 − cp−q, Y 3 − X2c2q−p)

15. f6 = f8 = f9 = f10 = f15 = f18 = 0 and fi ≥ 1 otherwise : Setting p = p2,
we have (p1, p2, p3, p4, p5, p6) = (3p, p, 2p, 2p, p, 2p) and

A ∼= R[X, Y ]/(X4 − Y 4, X2Y − cp)

The case of n = 13.
The integral matrix (ω(i, n − j − 1))0≤i,j≤12 is of the form⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f5 f5 f4 f3 f2 f1 0
p2 p2 0 f2 f11 f12 f13 f14 f13 f12 f11 f2 0
p3 f6 p3 0 f3 f12 f18 f19 f19 f18 f12 f3 0
p4 f7 f7 p4 0 f4 f13 f19 f22 f19 f13 f4 0
p5 f8 f15 f8 p5 0 f5 f14 f19 f19 f14 f5 0
p6 f9 f16 f16 f9 p6 0 f5 f13 f18 f13 f5 0
p6 f10 f17 f20 f17 f10 p6 0 f4 f12 f12 f4 0
p5 f9 f17 f21 f21 f17 f9 p5 0 f3 f11 f3 0
p4 f8 f16 f20 f21 f20 f16 f8 p4 0 f2 f2 0
p3 f7 f15 f16 f17 f17 f16 f15 f7 p3 0 f1 0
p2 f6 f7 f8 f9 f10 f9 f8 f7 f6 p2 0 0
p1 p2 p3 p4 p5 p6 p6 p5 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5, f5 = p1 − p6,

f6 = −p1 + p2 + p3, f7 = −p1 + p3 + p4, f8 = −p1 + p4 + p5,

f9 = −p1 + p5 + p6, f10 = −p1 + p6 + p6,

f11 = p1 + p2 − p3 − p4, f12 = p1 + p2 − p4 − p5,

f13 = p1 + p2 − p5 − p6, f14 = p1 + p2 − p6 − p6,

f15 = −p1 − p2 + p3 + p4 + p5, f16 = −p1 − p2 + p4 + p5 + p6,

f17 = −p1 − p2 + p5 + p6 + p6,

f18 = p1 + p2 + p3 − p4 − p5 − p6, f19 = p1 + p2 + p3 − p5 − p6 − p6,

f20 = −p1 − p2 − p3 + p4 + p5 + p6 + p6, f21 = −p1 − p2 − p3 + p5 + p5 + p6 + p6,

f22 = p1 + p2 + p3 + p4 − p5 − p5 − p6 − p6,

and the following cases are possible:

1. f2 = f8 = f11 = f13 = f14 = f20 = f22 = 0 and fi ≥ 1 otherwise : Setting
p = p4, we have (p1, p2, p3, p4, p5, p6) = (3p, p, 3p, p, 2p, 2p) and

A ∼= R[X, Y ]/(X5 − Y 4, X2Y − cp)

2. f1 = f3 = f4 = f10 = f12 = f17 = f18 = 0 and fi ≥ 1 otherwise : Setting
p = p6, we have (p1, p2, p3, p4, p5, p6) = (2p, 2p, p, 2p, 2p, p) and

A ∼= R[X, Y ]/(X3 − Y 5, X2Y − cp)

3. f6 = f8 = f10 = f11 = f13 = f20 = f22 = 0 and fi ≥ 1 otherwise : Setting
p = p2, we have (p1, p2, p3, p4, p5, p6) = (6p, p, 5p, 2p, 4p, 3p) and

A ∼= R[X, Y ]/(X7 − Y 6, XY − cp)

4. f3 = f6 = f9 = f15 = f17 = f18 = f21 = 0 and fi ≥ 1 otherwise : Setting
p = p3, we have (p1, p2, p3, p4, p5, p6) = (3p, 2p, p, 3p, p, 2p) and

A ∼= R[X, Y ]/(X7 − Y 3, X2Y − cp)

5. f3 = f6 = f9 = f14 = f15 = f18 = f21 = 0 and fi ≥ 1 otherwise : Setting
p = p5, we have (p1, p2, p3, p4, p5, p6) = (5p, 3p, 2p, 5p, p, 4p) and

A ∼= R[X, Y ]/(X8 − Y 5, XY − cp)

6. f2 = f4 = f10 = f11 = f12 = f13 = f20 = f22 = 0 and fi ≥ 1 otherwise :
Setting p = p6, we have (p1, p2, p3, p4, p5, p6) = (2p, p, 2p, p, 2p, p) and

A ∼= R[X, Y ]/(X4 − Y 3, X3Y − cp)
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7. f1 = f4 = f7 = f10 = f15 = f17 = f18 = f22 = 0 and fi ≥ 1 otherwise :
Setting p = p3, we have (p1, p2, p3, p4, p5, p6) = (4p, 4p, p, 3p, 4p, 2p) and

A ∼= R[X, Y ]/(X9 − Y 4, XY − cp)

8. f1 = f2 = f5 = f8 = f14 = f15 = f16 = f20 = f21 = 0 and fi ≥ 1 otherwise
: Setting p = p5, we have (p1, p2, p3, p4, p5, p6) = (2p, 2p, 2p, p, p, 2p) and

A ∼= R[X, Y ]/(X9 − Y 2, X2Y − cp)

9. f1 = f2 = f3 = f8 = f14 = f15 = f16 = f20 = f22 = 0 and fi ≥ 1 otherwise
: Setting p = p4, we have (p1, p2, p3, p4, p5, p6) = (3p, 3p, 3p, p, 2p, 3p) and

A ∼= R[X, Y ]/(X10 − Y 3, XY − cp)

10. f3 = f6 = f9 = f10 = f11 = f12 = f17 = f18 = f21 = 0 and fi ≥ 1 oth-
erwise : Setting p = p6, we have (p1, p2, p3, p4, p5, p6) = (2p, p, p, 2p, p, p)
and

A ∼= R[X, Y ]/(X5 − Y 2, X4Y − cp)

11. f1 = f4 = f7 = f10 = f15 = f16 = f17 = f20 = f22 = 0 and fi ≥ 1 oth-
erwise : Setting p = p6, we have (p1, p2, p3, p4, p5, p6) = (2p, 2p, p, p, 2p, p)
and

A ∼= R[X, Y ]/(X7 − Y 2, X3Y − cp)

12. f1 = f2 = f3 = f4 = f10 = f11 = f12 = f17 = f20 = f21 = 0
and fi ≥ 1 otherwise : Setting p = p6, we have (p1, p2, p3, p4, p5, p6) =
(2p, 2p, 2p, 2p, 2p, p) and

A ∼= R[X, Y ]/(X11 − Y 2, XY − cp)

13. f6 = f7 = f8 = f9 = f10 = f15 = f16 = f17 = f20 = f21 = 0 and fi ≥ 1
otherwise : Setting p = p6, we have (p1, p2, p3, p4, p5, p6) = (2p, p, p, p, p, p)
and

A ∼= R[X, Y ]/(X3 − Y 2, X5Y − cp)

The case of n = 14.
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The integral matrix (ω(i, n − j − 1))0≤i,j≤13 is of the form⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f5 f6 f5 f4 f3 f2 f1 0
p2 p2 0 f2 f12 f13 f14 f15 f15 f14 f13 f12 f2 0
p3 f7 p3 0 f3 f13 f20 f21 f22 f21 f20 f13 f3 0
p4 f8 f8 p4 0 f4 f14 f21 f25 f25 f21 f14 f4 0
p5 f9 f16 f9 p5 0 f5 f15 f22 f25 f22 f15 f5 0
p6 f10 f17 f17 f10 p6 0 f6 f15 f21 f21 f15 f6 0
p7 f11 f18 f23 f18 f11 p7 0 f5 f14 f20 f14 f5 0
p6 f11 f19 f24 f24 f19 f11 p6 0 f4 f13 f13 f4 0
p5 f10 f18 f24 f26 f24 f18 f10 p5 0 f3 f12 f3 0
p4 f9 f17 f23 f24 f24 f23 f17 f9 p4 0 f2 f2 0
p3 f8 f16 f17 f18 f19 f18 f17 f16 f8 p3 0 f1 0
p2 f7 f8 f9 f10 f11 f11 f10 f9 f8 f7 p2 0 0
p1 p2 p3 p4 p5 p6 p7 p6 p5 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5, f5 = p1 − p6, f6 = p1 − p7,

f7 = −p1 + p2 + p3, f8 = −p1 + p3 + p4, f9 = −p1 + p4 + p5,

f10 = −p1 + p5 + p6, f11 = −p1 + p6 + p7,

f12 = p1 + p2 − p3 − p4, f13 = p1 + p2 − p4 − p5, f14 = p1 + p2 − p5 − p6,

f15 = p1 + p2 − p6 − p7,

f16 = −p1 − p2 + p3 + p4 + p5, f17 = −p1 − p2 + p4 + p5 + p6,

f18 = −p1 − p2 + p5 + p6 + p7, f19 = −p1 − p2 + p6 + p6 + p7

f20 = p1 + p2 + p3 − p4 − p5 − p6, f21 = p1 + p2 + p3 − p5 − p6 − p7,

f22 = p1 + p2 + p3 − p6 − p6 − p7, f23 = −p1 − p2 − p3 + p4 + p5 + p6 + p7,

f24 = −p1 − p2 − p3 + p5 + p6 + p6 + p7,

f25 = p1 + p2 + p3 + p4 − p5 − p6 − p6 − p7,

f26 = −p1 − p2 − p3 − p4 + p5 + p5 + p6 + p6 + p7,

and the following cases are possible:

1. fi = 0 for i = 6, 7, 8, 10, 16, 17, 19, 21 and fi ≥ 1 otherwise : Setting
p = p6, we have (p1, p2, p3, p4, p5, p6, p7) = (3p, 2p, p, 2p, 2p, p, 3p) and

A ∼= R[X, Y ]/(X4 − Y 5, X4Y − cp)

2. fi = 0 for i = 1, 2, 3, 4, 5, 12, 13, 14, 20 and fi ≥ 1 otherwise : Setting
p = p1 and q = p7, we have (p1, p2, p3, p4, p5, p6, p7) = (p, p, p, p, p, p, q)
and

A ∼= R[X, Y ]/(X2 − cq, Y 7 − Xcp−q)
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3. fi = 0 for i = 2, 4, 11, 12, 13, 14, 19, 23, 24 and fi ≥ 1 otherwise : Setting
p = p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (p, q, p, q, p, q, p− q)
and

A ∼= R[X, Y ]/(X7 − cq, Y 2 − cp−q)

4. fi = 0 for i = 2, 4, 6, 12, 13, 14, 15, 21, 25 and fi ≥ 1 otherwise : Setting
p = p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (p, q, p, q, p, q, p)
and

A ∼= R[X, Y ]/(X7 − cq, Y 2 − Xcp−q)

5. fi = 0 for i = 2, 5, 9, 12, 14, 15, 22, 23, 25 and fi ≥ 1 otherwise : Setting
p = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, p, 2p, p, p, 2p, p) and

A ∼= R[X, Y ]/(X4 − Y 3, X2Y 2 − cp)

6. fi = 0 for i = 2, 6, 9, 10, 12, 15, 17, 23, 24 and fi ≥ 1 otherwise : Setting
p = p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (p, q, p, q, p− q, q, p)
and

A ∼= R[X, Y ]/(X7 − cq, Y 2 − X6cp−2q)

7. fi = 0 for i = 4, 7, 8, 11, 13, 14, 19, 21, 25 and fi ≥ 1 otherwise : Setting p =
p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (p, q, p− q, q, p, q, p− q)
and

A ∼= R[X, Y ]/(X7 − cq, Y 2 − X5cp−2q)

8. fi = 0 for i = 6, 7, 8, 9, 10, 15, 17, 21, 25 and fi ≥ 1 otherwise : Setting p =
p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (p, q, p− q, q, p− q, q, p)
and

A ∼= R[X, Y ]/(X7 − cq, Y 2 − X4cp−2q)

9. fi = 0 for i = 7, 8, 9, 10, 11, 17, 19, 23, 24 and fi ≥ 1 otherwise : Setting p =
p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (p, q, p−q, q, p−q, q, p−q)
and

A ∼= R[X, Y ]/(X7 − cq, Y 2 − X3cp−2q)

10. fi = 0 for i = 3, 6, 7, 10, 13, 19, 20, 21, 26 and fi ≥ 1 otherwise : Setting
p = p3, we have (p1, p2, p3, p4, p5, p6, p7) = (3p, 2p, p, 3p, 2p, p, 3p) and

A ∼= R[X, Y ]/(X8 − Y 3, X2Y − cp)

11. fi = 0 for i = 3, 6, 7, 10, 16, 19, 20, 21, 26 and fi ≥ 1 otherwise : Setting
p = p3, we have (p1, p2, p3, p4, p5, p6, p7) = (5p, 4p, p, 5p, 3p, 2p, 5p) and

A ∼= R[X, Y ]/(X5 − Y 9, XY − cp)

12. fi = 0 for i = 2, 6, 9, 10, 12, 15, 17, 23, 24, 26 and fi ≥ 1 otherwise : Setting
p = p4, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, p, 2p, p, p, p, 2p) and

A ∼= R[X, Y ]/(X2 − Y 6, X2Y − cp)
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13. fi = 0 for i = 4, 7, 8, 11, 13, 14, 19, 20, 21, 25 and fi ≥ 1 otherwise : Setting
p = p6, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, p, p, p, 2p, p, p) and

A ∼= R[X, Y ]/(X5 − Y 2, X2Y 2 − cp)

14. fi = 0 for i = 1, 2, 5, 6, 9, 15, 16, 17, 22, 23, 25 and fi ≥ 1 otherwise : Setting
p = p4, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, 2p, 2p, p, p, 2p, 2p) and

A ∼= R[X, Y ]/(X10 − Y 2, X2Y − cp)

15. fi = 0 for i = 1, 2, 5, 6, 9, 15, 16, 17, 22, 23, 26 and fi ≥ 1 otherwise : Setting
p = p5, we have (p1, p2, p3, p4, p5, p6, p7) = (3p, 3p, 3p, 2p, p, 3p, 3p) and

A ∼= R[X, Y ]/(X3 − Y 11, XY − cp)

16. fi = 0 for i = 3, 6, 7, 10, 12, 13, 15, 20, 21, 22, 26 and fi ≥ 1 otherwise :
Setting p = p5, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, p, p, 2p, p, p, 2p)
and

A ∼= R[X, Y ]/(X6 − Y 2, X4Y − cp)

17. fi = 0 for i = 6, 7, 8, 9, 10, 15, 16, 17, 21, 22, 25 and fi ≥ 1 otherwise :
Setting p = p6, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, p, p, p, p, p, 2p) and

A ∼= R[X, Y ]/(X4 − Y 2, X3Y 2 − cp)

18. fi = 0 for i = 7, 8, 9, 10, 11, 16, 17, 18, 19, 23, 24, 26 and fi ≥ 1 otherwise :
Setting p = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, p, p, p, p, p, p) and

A ∼= R[X, Y ]/(X2 − Y 3, X4Y − cp)

The case of n = 15.
The integral matrix (ω(i, n − j − 1))0≤i,j≤14 is of the form⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f5 f6 f6 f5 f4 f3 f2 f1 0
p2 p2 0 f2 f13 f14 f15 f16 f17 f16 f15 f14 f13 f2 0
p3 f7 p3 0 f3 f14 f22 f23 f24 f24 f23 f22 f14 f3 0
p4 f8 f8 p4 0 f4 f15 f23 f28 f29 f28 f23 f15 f4 0
p5 f9 f18 f9 p5 0 f5 f16 f24 f29 f29 f24 f16 f5 0
p6 f10 f19 f19 f10 p6 0 f6 f17 f24 f28 f24 f17 f6 0
p7 f11 f20 f25 f20 f11 p7 0 f6 f16 f23 f23 f16 f6 0
p7 f12 f21 f26 f26 f21 f12 p7 0 f5 f15 f22 f15 f5 0
p6 f11 f21 f27 f30 f27 f21 f11 p6 0 f4 f14 f14 f4 0
p5 f10 f20 f26 f30 f30 f26 f20 f10 p5 0 f3 f13 f3 0
p4 f9 f19 f25 f26 f27 f26 f25 f19 f9 p4 0 f2 f2 0
p3 f8 f18 f19 f20 f21 f21 f20 f19 f18 f8 p3 0 f1 0
p2 f7 f8 f9 f10 f11 f12 f11 f10 f9 f8 f7 p2 0 0
p1 p2 p3 p4 p5 p6 p7 p7 p6 p5 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5, f5 = p1 − p6, f6 = p1 − p7,

f7 = −p1 + p2 + p3, f8 = −p1 + p3 + p4, f9 = −p1 + p4 + p5,

f10 = −p1 + p5 + p6, f11 = −p1 + p6 + p7, f12 = −p1 + p7 + p7,

f13 = p1 + p2 − p3 − p4, f14 = p1 + p2 − p4 − p5, f15 = p1 + p2 − p5 − p6,

f16 = p1 + p2 − p6 − p7, f17 = p1 + p2 − p7 − p7,

f18 = −p1 − p2 + p3 + p4 + p5, f19 = −p1 − p2 + p4 + p5 + p6,

f20 = −p1 − p2 + p5 + p6 + p7, f21 = −p1 − p2 + p6 + p7 + p7

f22 = p1 + p2 + p3 − p4 − p5 − p6, f23 = p1 + p2 + p3 − p5 − p6 − p7,

f24 = p1 + p2 + p3 − p6 − p7 − p7,

f25 = −p1 − p2 − p3 + p4 + p5 + p6 + p7,

f26 = −p1 − p2 − p3 + p5 + p6 + p7 + p7,

f27 = −p1 − p2 − p3 + p6 + p6 + p7 + p7,

f28 = p1 + p2 + p3 + p4 − p5 − p6 − p7 − p7,

f29 = p1 + p2 + p3 + p4 − p6 − p6 − p7 − p7,

f30 = −p1 − p2 − p3 − p4 + p5 + p6 + p6 + p7 + p7,

and the following cases are possible:

1. fi = 0 for i = 7, 8, 9, 11, 12, 15, 25, 27, 28 and fi ≥ 1 otherwise : Setting
p = p4, we have (p1, p2, p3, p4, p5, p6, p7) = (4p, p, 3p, p, 3p, 2p, 2p) and

A ∼= R[X, Y ]/(X7 − Y 4, X2Y − cp)

2. fi = 0 for i = 7, 9, 11, 13, 15, 17, 25, 27, 28 and fi ≥ 1 otherwise : Setting
p = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (7p, p, 6p, 2p, 5p, 3p, 4p) and

A ∼= R[X, Y ]/(X8 − Y 7, XY − cp)

3. fi = 0 for i = 1, 2, 4, 5, 12, 15, 21, 25, 26, 27 and fi ≥ 1 otherwise : Setting
p = p7, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, 2p, 2p, p, 2p, 2p, p) and

A ∼= R[X, Y ]/(X3 − Y 6, X2Y − cp)

4. fi = 0 for i = 1, 2, 3, 5, 6, 13, 16, 17, 24, 29 and fi ≥ 1 otherwise : Setting
p = p1 and q = p5, we have (p1, p2, p3, p4, p5, p6, p7) = (p, p, p, p, q, p, p)
and

A ∼= R[X, Y ]/(X3 − cq, Y 5 − Xcp−q)

5. fi = 0 for i = 1, 3, 4, 6, 14, 17, 22, 23, 24, 28 and fi ≥ 1 otherwise : Setting
p = p1 and q = p3, we have (p1, p2, p3, p4, p5, p6, p7) = (p, p, q, p, p, q, p)
and

A ∼= R[X, Y ]/(X5 − cq, Y 3 − Xcp−q)
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6. fi = 0 for i = 1, 3, 6, 10, 17, 18, 19, 20, 24, 30 and fi ≥ 1 otherwise : Setting
p = p1 and q = p3, we have (p1, p2, p3, p4, p5, p6, p7) = (p, p, q, p, p− q, q, p)
and

A ∼= R[X, Y ]/(X5 − cq, Y 3 − cp−q)

7. fi = 0 for i = 4, 7, 8, 11, 14, 21, 22, 23, 27, 28 and fi ≥ 1 otherwise : Setting
p = p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (p, q, p − q, q, p, p −
q, q) and

A ∼= R[X, Y ]/(X5 − cp−q, Y 3 − X3c2q−p)

8. fi = 0 for i = 7, 8, 10, 11, 18, 19, 20, 21, 27, 30 and fi ≥ 1 otherwise : Set-
ting p = p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7) = (p, q, p −
q, q, q, p − q, q) and

A ∼= R[X, Y ]/(X5 − cp−q, Y 3 − X2c2q−p)

9. fi = 0 for i = 7, 8, 9, 10, 11, 17, 19, 25, 27, 28 and fi ≥ 1 otherwise : Setting
p = p6, we have (p1, p2, p3, p4, p5, p6, p7) = (3p, p, 2p, p, 2p, p, 2p) and

A ∼= R[X, Y ]/(X6 − Y 3, X3Y − cp)

10. fi = 0 for i = 1, 4, 5, 8, 12, 15, 18, 21, 25, 28, 29 and fi ≥ 1 otherwise :
Setting p = p4, we have (p1, p2, p3, p4, p5, p6, p7) = (4p, 4p, 3p, p, 4p, 4p, 2p)
and

A ∼= R[X, Y ]/(X11 − Y 4, XY − cp)

11. fi = 0 for i = 1, 4, 5, 8, 12, 15, 18, 21, 22, 23, 28, 29 and fi ≥ 1 otherwise :
Setting p = p7, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, 2p, p, p, 2p, 2p, p)
and

A ∼= R[X, Y ]/(X9 − Y 2, X3Y − cp)

12. fi = 0 for i = 4, 7, 8, 11, 12, 14, 15, 21, 22, 23, 27, 28 and fi ≥ 1 otherwise :
Setting p = p7, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, p, p, p, 2p, p, p) and

A ∼= R[X, Y ]/(X3 − Y 3, X2Y 3 − cp)

13. fi = 0 for i = 1, 2, 3, 4, 5, 12, 13, 14, 15, 21, 22, 26, 27, 30 and fi ≥ 1 other-
wise : Setting p = p7, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, 2p, 2p, 2p, 2p, 2p, p)
and

A ∼= R[X, Y ]/(X13 − Y 2, XY − cp)

14. fi = 0 for i = 7, 8, 9, 10, 12, 18, 19, 20, 21, 25, 26, 27, 30 and fi ≥ 1 otherwise
: Setting p = p7, we have (p1, p2, p3, p4, p5, p6, p7) = (2p, p, p, p, p, p, p) and

A ∼= R[X, Y ]/(X3 − Y 2, X6Y − cp)
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The case of n = 16.
The integral matrix (ω(i, n − j − 1))0≤i,j≤15 is of the form⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f5 f6 f7 f6 f5 f4 f3 f2 f1 0
p2 p2 0 f2 f14 f15 f16 f17 f18 f18 f17 f16 f15 f14 f2 0
p3 f8 p3 0 f3 f15 f24 f25 f26 f27 f26 f25 f24 f15 f3 0
p4 f9 f9 p4 0 f4 f16 f25 f31 f32 f32 f31 f25 f16 f4 0
p5 f10 f19 f10 p5 0 f5 f17 f26 f32 f35 f32 f26 f17 f5 0
p6 f11 f20 f20 f11 p6 0 f6 f18 f27 f32 f32 f27 f18 f6 0
p7 f12 f21 f28 f21 f12 p7 0 f7 f18 f26 f31 f26 f18 f7 0
p8 f13 f22 f29 f29 f22 f13 p8 0 f6 f17 f25 f25 f17 f6 0
p7 f13 f23 f30 f33 f30 f23 f13 p7 0 f5 f16 f24 f16 f5 0
p6 f12 f22 f30 f34 f34 f30 f22 f12 p6 0 f4 f15 f15 f4 0
p5 f11 f21 f29 f33 f34 f33 f29 f21 f11 p5 0 f3 f14 f3 0
p4 f10 f20 f28 f29 f30 f30 f29 f28 f20 f10 p4 0 f2 f2 0
p3 f9 f19 f20 f21 f22 f23 f22 f21 f20 f19 f9 p3 0 f1 0
p2 f8 f9 f10 f11 f12 f13 f13 f12 f11 f10 f9 f8 p2 0 0
p1 p2 p3 p4 p5 p6 p7 p8 p7 p6 p5 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5, f5 = p1 − p6, f6 = p1 − p7,

f7 = p1 − p8,

f8 = −p1 + p2 + p3, f9 = −p1 + p3 + p4, f10 = −p1 + p4 + p5, f11 = −p1 + p5 + p6,

f12 = −p1 + p6 + p7, f13 = −p1 + p7 + p8,

f14 = p1 + p2 − p3 − p4, f15 = p1 + p2 − p4 − p5, f16 = p1 + p2 − p5 − p6,

f17 = p1 + p2 − p6 − p7, f18 = p1 + p2 − p7 − p8,

f19 = −p1 − p2 + p3 + p4 + p5, f20 = −p1 − p2 + p4 + p5 + p6,

f21 = −p1 − p2 + p5 + p6 + p7, f22 = −p1 − p2 + p6 + p7 + p8,

f23 = −p1 − p2 + p7 + p7 + p8,

f24 = p1 + p2 + p3 − p4 − p5 − p6, f25 = p1 + p2 + p3 − p5 − p6 − p7,

f26 = p1 + p2 + p3 − p6 − p7 − p8,

f27 = p1 + p2 + p3 − p7 − p7 − p8,

f28 = −p1 − p2 − p3 + p4 + p5 + p6 + p7,

f29 = −p1 − p2 − p3 + p5 + p6 + p7 + p8,

f30 = −p1 − p2 − p3 + p6 + p7 + p7 + p8,

f31 = p1 + p2 + p3 + p4 − p5 − p6 − p7 − p8,

f32 = p1 + p2 + p3 + p4 − p6 − p7 − p7 − p8,

f33 = −p1 − p2 − p3 − p4 + p5 + p6 + p7 + p7 + p8,

f34 = −p1 − p2 − p3 − p4 + p6 + p6 + p7 + p7 + p8,

f35 = p1 + p2 + p3 + p4 + p5 − p6 − p6 − p7 − p7 − p8,
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and the following cases are possible:

1. fi = 0 for i = 8, 10, 12, 13, 14, 16, 23, 28, 30, 33 and fi ≥ 1 otherwise: Set-
ting p = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (4p, p, 3p, 2p, 2p, 3p, p, 3p)
and

A ∼= R[X, Y ]/(X6 − Y 5, X2Y − cp)

2. fi = 0 for i = 4, 8, 9, 12, 15, 22, 24, 25, 27, 31, 34 and fi ≥ 1 otherwise: Set-
ting p = p6, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (3p, 2p, p, 2p, 3p, p, 2p, 2p)
and

A ∼= R[X, Y ]/(X4 − Y 6, X2Y − cp)

3. fi = 0 for i = 1, 2, 4, 5, 6, 16, 17, 25, 31, 32, 35 and fi ≥ 1 otherwise: Setting
p = p1 and q = p4, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (p, p, p, q, p, p, p, q)
and

A ∼= R[X, Y ]/(X4 − cq, Y 4 − Xcp−q)

4. fi = 0 for i = 2, 5, 10, 13, 16, 17, 23, 28, 29, 30, 35 and fi ≥ 1 otherwise: Set-
ting p = p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (p, q, p, p −
q, q, p, q, p − q) and

A ∼= R[X, Y ]/(X4 − cp−q, Y 4 − X3c2q−p)

5. fi = 0 for i = 7, 8, 10, 12, 14, 16, 18, 26, 28, 31, 35 and fi ≥ 1 otherwise: Set-
ting p = p2 , we have (p1, p2, p3, p4, p5, p6, p7, p8) = (4p, p, 3p, 2p, 2p, 3p, p, 4p)
and

A ∼= R[X, Y ]/(X8 − Y 4, X2Y − cp)

6. fi = 0 for i = 7, 8, 10, 12, 14, 16, 23, 26, 28, 33, 35 and fi ≥ 1 otherwise: Set-
ting p = p7, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (7p, 2p, 5p, 4p, 3p, 6p, p, 7p)
and

A ∼= R[X, Y ]/(X9 − Y 7, XY − cp)

7. fi = 0 for i = 2, 6, 10, 11, 14, 17, 18, 20, 27, 28, 29, 32, 35 and fi ≥ 1 other-
wise: Setting p = p6, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, p, 2p, p, p, p, 2p, p)
and

A ∼= R[X, Y ]/(X2 − Y 7, X2Y − cp)

8. fi = 0 for i = 2, 5, 10, 13, 14, 16, 17, 23, 28, 29, 30, 33, 35 and fi ≥ 1 other-
wise: Setting p = p4, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, p, 2p, p, p, 2p, p, p)
and

A ∼= R[X, Y ]/(X4 − Y 3, X4Y − cp)

9. fi = 0 for i = 4, 8, 9, 12, 13, 15, 16, 22, 23, 24, 25, 30, 31, 34 and fi ≥ 1 other-
wise: Setting p = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, p, p, p, 2p, p, p, p)
and

A ∼= R[X, Y ]/(X5 − Y 2, X3Y 2 − cp)
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10. fi = 0 for i = 1, 4, 7, 9, 12, 19, 20, 21, 22, 23, 28, 30, 31, 34 and fi ≥ 1 other-
wise: Setting p = p4, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, 2p, p, p, 2p, p, p, 2p)
and

A ∼= R[X, Y ]/(X8 − Y 2, X4Y − cp)

11. fi = 0 for i = 1, 2, 3, 6, 7, 11, 14, 18, 20, 21, 27, 28, 29, 33, 34 and fi ≥ 1 oth-
erwise: Setting p = p6, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, 2p, 2p, 2p, p, p, 2p, 2p)
and

A ∼= R[X, Y ]/(X12 − Y 2, X2Y − cp)

12. fi = 0 for i = 1, 2, 3, 6, 7, 11, 14, 18, 20, 21, 27, 28, 29, 33, 35 and fi ≥ 1 oth-
erwise: Setting p = p5, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (3p, 3p, 3p, 3p, p, 2p, 3p, 3p)
and

A ∼= R[X, Y ]/(X13 − Y 3, XY − cp)

13. fi = 0 for i = 8, 9, 10, 11, 12, 13, 19, 20, 21, 22, 23, 28, 29, 30, 33, 34 and fi ≥
1 otherwise: Setting p = p4, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, p, p, p, p, p, p, p)
and

A ∼= R[X, Y ]/(X3 − Y 2, X2Y 4 − cp)

14. fi = 0 for i = 7, 8, 9, 10, 11, 12, 18, 19, 20, 21, 26, 27, 28, 31, 32, 35 and fi ≥ 1
otherwise: Setting p = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, p, p, p, p, p, p, 2p)
and

A ∼= R[X, Y ]/(X4 − Y 2, X6Y − cp)

15. fi = 0 for i = 1, 2, 3, 4, 5, 6, 14, 15, 16, 17, 24, 25 and fi ≥ 1 otherwise: Set-
ting p = p1 and q = p8, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (p, p, p, p, p, p, p, q)
and

A ∼= R[X, Y ]/(X2 − cq, Y 8 − Xcp−q)

16. fi = 0 for i = 2, 4, 6, 14, 15, 16, 17, 18, 25, 27, 31, 32 and fi ≥ 1 other-
wise: Setting p = p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) =
(p, q, p, q, p, q, p, q) and

A ∼= R[X, Y ]/(X8 − cq, Y 2 − Xcp−q)

17. fi = 0 for i = 2, 6, 10, 11, 14, 17, 18, 20, 27, 28, 29, 32 and fi ≥ 1 other-
wise: Setting p = p1 and q = p6, we have (p1, p2, p3, p4, p5, p6, p7, p8) =
(p, q, p, q, p − q, q, p, q) and

A ∼= R[X, Y ]/(X8 − cq, Y 2 − X7cp−2q)

18. fi = 0 for i = 4, 8, 9, 12, 13, 15, 16, 22, 25, 30, 31, 34 and fi ≥ 1 otherwise:
Setting p = p1 and q = p6, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (p, q, p−
q, q, p, q, p − q, q) and

A ∼= R[X, Y ]/(X8 − cq, Y 2 − X5cp−2q)
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19. fi = 0 for i = 1, 3, 6, 11, 19, 20, 21, 22, 27, 29, 33, 34 and fi ≥ 1 otherwise:
Setting p = p3, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, 2p, p, 2p, p, p, 2p, p)
and

A ∼= R[X, Y ]/(X3 − Y 5, X2Y 2 − cp)

20. fi = 0 for i = 1, 4, 7, 9, 12, 19, 20, 21, 22, 27, 31, 34 and fi ≥ 1 otherwise:
Setting p = p6, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (3p, 3p, p, 2p, 3p, p, 2p, 3p)
and

A ∼= R[X, Y ]/(X10 − Y 3, X2Y − cp)

21. fi = 0 for i = 1, 4, 7, 9, 12, 19, 21, 22, 24, 27, 31, 34 and fi ≥ 1 otherwise:
Setting p = p3, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (5p, 5p, p, 4p, 5p, 2p, 3p, 5p)
and

A ∼= R[X, Y ]/(X11 − Y 5, XY − cp)

22. fi = 0 for i = 7, 8, 10, 11, 12, 14, 18, 21, 26, 28, 33, 35 and fi ≥ 1 otherwise:
Setting p = p5, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (3p, p, 2p, 2p, p, 2p, p, 3p)
and

A ∼= R[X, Y ]/(X7 − Y 3, X3Y − cp)

23. fi = 0 for i = 8, 9, 10, 11, 12, 13, 20, 22, 28, 29, 30, 34 and fi ≥ 1 otherwise:
Setting p = p1 and q = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (p, q, p−
q, q, p − q, q, p − q, q) and

A ∼= R[X, Y ]/(X8 − cq, Y 2 − X3cp−2q)

The case of n = 17.
The integral matrix (ω(i, n − j − 1))0≤i,j≤16 is of the form⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f5 f6 f7 f7 f6 f5 f4 f3 f2 f1 0
p2 p2 0 f2 f15 f16 f17 f18 f19 f20 f19 f18 f17 f16 f15 f2 0
p3 f8 p3 0 f3 f16 f26 f27 f28 f29 f29 f28 f27 f26 f16 f3 0
p4 f9 f9 p4 0 f4 f17 f27 f34 f35 f36 f35 f34 f27 f17 f4 0
p5 f10 f21 f10 p5 0 f5 f18 f28 f35 f39 f39 f35 f28 f18 f5 0
p6 f11 f22 f22 f11 p6 0 f6 f19 f29 f36 f39 f36 f29 f19 f6 0
p7 f12 f23 f30 f23 f12 p7 0 f7 f20 f29 f35 f35 f29 f20 f7 0
p8 f13 f24 f31 f31 f24 f13 p8 0 f7 f19 f28 f34 f28 f19 f7 0
p8 f14 f25 f32 f37 f32 f25 f14 p8 0 f6 f18 f27 f27 f18 f6 0
p7 f13 f25 f33 f38 f38 f33 f25 f13 p7 0 f5 f17 f26 f17 f5 0
p6 f12 f24 f32 f38 f40 f38 f32 f24 f12 p6 0 f4 f16 f16 f4 0
p5 f11 f23 f31 f37 f38 f38 f37 f31 f23 f11 p5 0 f3 f15 f3 0
p4 f10 f22 f30 f31 f32 f33 f32 f31 f30 f22 f10 p4 0 f2 f2 0
p3 f9 f21 f22 f23 f24 f25 f25 f24 f23 f22 f21 f9 p3 0 f1 0
p2 f8 f9 f10 f11 f12 f13 f14 f13 f12 f11 f10 f9 f8 p2 0 0
p1 p2 p3 p4 p5 p6 p7 p8 p8 p7 p6 p5 p4 p3 p2 p1 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with the pi ≥ 1 and the fj ≥ 0, where
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f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5, f5 = p1 − p6, f6 = p1 − p7,

f7 = p1 − p8,

f8 = −p1 + p2 + p3, f9 = −p1 + p3 + p4, f10 = −p1 + p4 + p5, f11 = −p1 + p5 + p6,

f12 = −p1 + p6 + p7, f13 = −p1 + p7 + p8, f14 = −p1 + p8 + p8,

f15 = p1 + p2 − p3 − p4, f16 = p1 + p2 − p4 − p5, f17 = p1 + p2 − p5 − p6,

f18 = p1 + p2 − p6 − p7, f19 = p1 + p2 − p7 − p8, f20 = p1 + p2 − p8 − p8,

f21 = −p1 − p2 + p3 + p4 + p5, f22 = −p1 − p2 + p4 + p5 + p6,

f23 = −p1 − p2 + p5 + p6 + p7, f24 = −p1 − p2 + p6 + p7 + p8,

f25 = −p1 − p2 + p7 + p8 + p8,

f26 = p1 + p2 + p3 − p4 − p5 − p6, f27 = p1 + p2 + p3 − p5 − p6 − p7,

f28 = p1 + p2 + p3 − p6 − p7 − p8, f29 = p1 + p2 + p3 − p7 − p8 − p8,

f30 = −p1 − p2 − p3 + p4 + p5 + p6 + p7, f31 = −p1 − p2 − p3 + p5 + p6 + p7 + p8,

f32 = −p1 − p2 − p3 + p6 + p7 + p8 + p8, f33 = −p1 − p2 − p3 + p7 + p7 + p8 + p8,

f34 = p1 + p2 + p3 + p4 − p5 − p6 − p7 − p8,

f35 = p1 + p2 + p3 + p4 − p6 − p7 − p8 − p8,

f36 = p1 + p2 + p3 + p4 − p7 − p7 − p8 − p8,

f37 = −p1 − p2 − p3 − p4 + p5 + p6 + p7 + p8 + p8,

f38 = −p1 − p2 − p3 − p4 + p6 + p7 + p7 + p8 + p8,

f39 = p1 + p2 + p3 + p4 + p5 − p6 − p7 − p7 − p8 − p8,

f40 = −p1 − p2 − p3 − p4 − p5 + p6 + p6 + p7 + p7 + p8 + p8,

and the following cases are possible:

1. fi = 0 for i = 2, 10, 14, 15, 17, 18, 19, 30, 32, 34, 36 and fi ≥ 1 otherwise:
Setting p = p4, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (4p, p, 4p, p, 3p, 2p, 3p, 2p)
and

A ∼= R[X, Y ]/(X7 − Y 5, X2Y − cp)

2. fi = 0 for i = 5, 8, 10, 13, 20, 21, 23, 26, 28, 33, 35, 39 and fi ≥ 1 otherwise:
Setting p = p7, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (4p, 2p, 2p, 3p, p, 4p, p, 3p)
and

A ∼= R[X, Y ]/(X9 − Y 4, X2Y − cp)

3. fi = 0 for i = 5, 8, 10, 13, 15, 20, 23, 26, 28, 33, 37, 39 and fi ≥ 1 otherwise:
Setting p = p5, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (7p, 3p, 4p, 6p, p, 7p, 2p, 5p)
and

A ∼= R[X, Y ]/(X7 − Y 10, XY − cp)

4. fi = 0 for i = 1, 3, 6, 11, 21, 22, 23, 24, 29, 36, 37, 40 and fi ≥ 1 otherwise:
Setting p = p6, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (3p, 3p, p, 3p, 2p, p, 3p, 2p)
and

A ∼= R[X, Y ]/(X5 − Y 6, X2Y − cp)
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5. fi = 0 for i = 8, 10, 12, 14, 15, 17, 19, 30, 32, 34, 36, 40 and fi ≥ 1 otherwise:
Setting p = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (8p, p, 7p, 2p, 6p, 3p, 5p, 4p)
and

A ∼= R[X, Y ]/(X9 − Y 8, XY − cp)

6. fi = 0 for i = 1, 2, 4, 5, 6, 14, 17, 18, 25, 27, 32, 33, 34 and fi ≥ 1 otherwise:
Setting p = p8, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, 2p, 2p, p, 2p, 2p, 2p, p)
and

A ∼= R[X, Y ]/(X3 − Y 7, X2Y − cp)

7. fi = 0 for i = 5, 8, 10, 13, 15, 17, 18, 20, 26, 28, 33, 35, 39 and fi ≥ 1 other-
wise: Setting p = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (3p, p, 2p, 2p, p, 3p, p, 2p)
and

A ∼= R[X, Y ]/(X8 − Y 3, X3Y − cp)

8. fi = 0 for i = 3, 6, 8, 11, 14, 21, 24, 26, 27, 29, 36, 37, 40 and fi ≥ 1 other-
wise: Setting p = p3, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (6p, 5p, p, 6p, 4p, 2p, 6p, 3p)
and

A ∼= R[X, Y ]/(X6 − Y 11, XY − cp)

9. fi = 0 for i = 8, 10, 11, 12, 13, 15, 20, 23, 30, 31, 37, 38 and fi ≥ 1 otherwise:
Setting p = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (3p, p, 2p, 2p, p, 2p, p, 2p)
and

A ∼= R[X, Y ]/(X5 − Y 4, X3Y − cp)

10. fi = 0 for i = 2, 4, 6, 14, 15, 16, 17, 18, 19, 27, 32, 34, 36, 40 and fi ≥ 1 other-
wise: Setting p = p8, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, p, 2p, p, 2p, p, 2p, p)
and

A ∼= R[X, Y ]/(X5 − Y 3, X4Y − cp)

11. fi = 0 for i = 1, 4, 7, 9, 12, 20, 21, 23, 24, 26, 29, 34, 35, 40 and fi ≥ 1 other-
wise: Setting p = p3, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (3p, 3p, p, 2p, 3p, 2p, p, 3p)
and

A ∼= R[X, Y ]/(X11 − Y 3, X2Y − cp)

12. fi = 0 for i = 1, 4, 7, 9, 12, 20, 21, 23, 24, 26, 33, 34, 35, 40 and fi ≥ 1 other-
wise: Setting p = p7, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (5p, 5p, 2p, 3p, 5p, 4p, p, 5p)
and

A ∼= R[X, Y ]/(X12 − Y 5, XY − cp)

13. fi = 0 for i = 1, 2, 5, 6, 10, 14, 18, 21, 22, 25, 30, 32, 33, 34, 39 and fi ≥ 1 oth-
erwise: Setting p = p4, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (4p, 4p, 4p, p, 3p, 4p, 4p, 2p)
and

A ∼= R[X, Y ]/(X13 − Y 4, XY − cp)
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14. fi = 0 for i = 2, 6, 10, 11, 14, 15, 18, 19, 22, 30, 31, 32, 36, 37, 39 and fi ≥ 1
otherwise: Setting p = p5, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, p, 2p, p, p, p, 2p, p)
and

A ∼= R[X, Y ]/(X4 − Y 3, X3Y 2 − cp)

15. fi = 0 for i = 1, 2, 5, 6, 10, 14, 18, 21, 22, 25, 30, 31, 32, 33, 37, 39 and fi ≥ 1
otherwise: Setting p = p8, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, 2p, 2p, p, p, 2p, 2p, p)
and

A ∼= R[X, Y ]/(X11 − Y 2, X3Y − cp)

16. fi = 0 for i = 3, 6, 8, 11, 14, 15, 16, 18, 19, 26, 27, 28, 29, 36, 37, 39 and fi ≥ 1
otherwise: Setting p = p2, we have (p1, p2, p3, p4, p5, p6, p7, p8) = (2p, p, p, 2p, p, p, 2p, p)
and

A ∼= R[X, Y ]/(X7 − Y 2, X5Y − cp)

17. fi = 0 for i =1, 4, 7, 9, 12, 20, 21, 22, 23, 24, 29, 30, 34, 35, 36, 40 and
fi ≥ 1 otherwise: Setting p = p6, we have (p1, p2, p3, p4, p5, p6, p7, p8) =
(2p, 2p, p, p, 2p, p, p, 2p) and

A ∼= R[X, Y ]/(X9 − Y 2, X4Y − cp)

18. fi = 0 for i =5, 8, 9, 10, 13, 14, 17, 18, 21, 25, 26, 27, 28, 33, 34, 35, 39 and
fi ≥ 1 otherwise: Setting p = p4, we have (p1, p2, p3, p4, p5, p6, p7, p8) =
(2p, p, p, p, p, 2p, p, p) and

A ∼= R[X, Y ]/(X5 − Y 2, X6Y − cp)

19. fi = 0 for i = 1, 2, 3, 6, 7, 11, 15, 17, 20, 22, 23, 29, 30, 31, 36, 37, 39 and
fi ≥ 1 otherwise: Setting p = p5, we have (p1, p2, p3, p4, p5, p6, p7, p8) =
(2p, 2p, 2p, 2p, p, p, 2p, 2p) and

A ∼= R[X, Y ]/(X13 − Y 2, X2Y − cp)

20. fi = 0 for i =1, 2, 3, 6, 7, 11, 15, 19, 20, 22, 23, 29, 30, 31, 36, 37, 40 and
fi ≥ 1 otherwise: Setting p = p6, we have (p1, p2, p3, p4, p5, p6, p7, p8) =
(3p, 3p, 3p, 3p, 2p, p, 3p, 3p) and

A ∼= R[X, Y ]/(X14 − Y 3, XY − cp)

21. fi = 0 for i =1, 2, 3, 4, 5, 6, 14, 15, 16, 17, 18, 25, 26, 27, 32, 33, 37, 38 ,40
and fi ≥ 1 otherwise: Setting p = p8, we have (p1, p2, p3, p4, p5, p6, p7, p8) =
(2p, 2p, 2p, 2p, 2p, 2p, 2p, p) and

A ∼= R[X, Y ]/(X15 − Y 2, XY − cp)

22. fi = 0 for i =8, 9, 10, 11, 12, 13, 14, 21, 22, 23, 24, 25, 30, 31,
32, 33, 37, 38, 40 and fi ≥ 1 otherwise: Setting p = p3, we have
(p1, p2, p3, p4, p5, p6, p7, p8) = (2p, p, p, p, p, p, p, p) and

A ∼= R[X, Y ]/(X3 − Y 2, X7Y − cp)
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The case of n = 18.
The integral matrix (ω(i, n − j − 1))0≤i,j≤17 is of the form

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f5 f6 f7 f8 f7 f6 f5 f4 f3 f2 f1 0
p2 p2 0 f2 f16 f17 f18 f19 f20 f21 f21 f20 f19 f18 f17 f16 f2 0
p3 f9 p3 0 f3 f17 f28 f29 f30 f31 f32 f31 f30 f29 f28 f17 f3 0
p4 f10 f10 p4 0 f4 f18 f29 f37 f38 f39 f39 f38 f37 f29 f18 f4 0
p5 f11 f22 f11 p5 0 f5 f19 f30 f38 f43 f44 f43 f38 f30 f19 f5 0
p6 f12 f23 f23 f12 p6 0 f6 f20 f31 f39 f44 f44 f39 f31 f20 f6 0
p7 f13 f24 f33 f24 f13 p7 0 f7 f21 f32 f39 f43 f39 f32 f21 f7 0
p8 f14 f25 f34 f34 f25 f14 p8 0 f8 f21 f31 f38 f38 f31 f21 f8 0
p9 f15 f26 f35 f40 f35 f26 f15 p9 0 f7 f20 f30 f37 f30 f20 f8 0
p8 f15 f27 f36 f41 f41 f36 f27 f15 p8 0 f6 f19 f29 f29 f19 f6 0
p7 f14 f26 f36 f42 f45 f42 f36 f26 f14 p7 0 f5 f18 f28 f18 f5 0
p6 f13 f25 f35 f41 f45 f45 f41 f35 f25 f13 p6 0 f4 f17 f17 f4 0
p5 f12 f24 f34 f40 f41 f42 f41 f40 f34 f24 f12 p5 0 f3 f16 f3 0
p4 f11 f23 f33 f34 f35 f36 f36 f35 f34 f33 f23 f11 p4 0 f2 f2 0
p3 f10 f22 f23 f24 f25 f26 f27 f26 f25 f24 f23 f22 f10 p3 0 f1 0
p2 f9 f10 f11 f12 f13 f14 f15 f15 f14 f13 f12 f11 f10 f9 p2 0 0
p1 p2 p3 p4 p5 p6 p7 p8 p9 p8 p7 p6 p5 p4 p3 p2 p1 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCA

with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5, f5 = p1 − p6, f6 = p1 − p7,

f7 = p1 − p8, f8 = p1 − p9,

f9 = −p1 + p2 + p3, f10 = −p1 + p3 + p4, f11 = −p1 + p4 + p5, f12 = −p1 + p5 + p6,

f13 = −p1 + p6 + p7, f14 = −p1 + p7 + p8, f15 = −p1 + p8 + p9,

f16 = p1 + p2 − p3 − p4, f17 = p1 + p2 − p4 − p5, f18 = p1 + p2 − p5 − p6,

f19 = p1 + p2 − p6 − p7, f20 = p1 + p2 − p7 − p8, f21 = p1 + p2 − p8 − p9,

f22 = −p1 − p2 + p3 + p4 + p5, f23 = −p1 − p2 + p4 + p5 + p6,

f24 = −p1 − p2 + p5 + p6 + p7, f25 = −p1 − p2 + p6 + p7 + p8,

f26 = −p1 − p2 + p7 + p8 + p9, f27 = −p1 − p2 + p8 + p8 + p9,

f28 = p1 + p2 + p3 − p4 − p5 − p6, f29 = p1 + p2 + p3 − p5 − p6 − p7,

f30 = p1 + p2 + p3 − p6 − p7 − p8, f31 = p1 + p2 + p3 − p7 − p8 − p9,

f32 = p1 + p2 + p3 − p8 − p8 − p9,

f33 = −p1 − p2 − p3 + p4 + p5 + p6 + p7, f34 = −p1 − p2 − p3 + p5 + p6 + p7 + p8,

f35 = −p1 − p2 − p3 + p6 + p7 + p8 + p9, f36 = −p1 − p2 − p3 + p7 + p8 + p8 + p9,

f37 = p1 + p2 + p3 + p4 − p5 − p6 − p7 − p8,

f38 = p1 + p2 + p3 + p4 − p6 − p7 − p8 − p9,

f39 = p1 + p2 + p3 + p4 − p7 − p8 − p8 − p9,

f40 = −p1 − p2 − p3 − p4 + p5 + p6 + p7 + p8 + p9,

f41 = −p1 − p2 − p3 − p4 + p6 + p7 + p8 + p8 + p9,

f42 = −p1 − p2 − p3 − p4 + p7 + p7 + p8 + p8 + p9,

f43 = p1 + p2 + p3 + p4 + p5 − p6 − p7 − p8 − p8 − p9,

f44 = p1 + p2 + p3 + p4 + p5 − p7 − p7 − p8 − p8 − p9,

f45 = −p1 − p2 − p3 − p4 − p5 + p6 + p7 + p7 + p8 + p8 + p9,

and the following cases are possible:

1. fi = 0 for i = 8, 9, 11, 12, 14, 19, 22, 27, 31, 34, 38, 43, 44 and fi ≥ 1 other-
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wise: Setting p = p1, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (4p, 2p, 2p, 3p, p, 3p, 3p, p, 4p)

and
A ∼= R[X, Y ]/(X6 − Y 6, X2Y − cp)

2. fi = 0 for i = 3, 8, 9, 12, 14, 16, 19, 27, 28, 31, 34, 40, 41, 42 and fi ≥ 1 oth-
erwise: Setting p = p8, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (4p, 2p, 2p, 4p, p, 3p, 3p, p, 4p)

and
A ∼= R[X, Y ]/(X10 − Y 4, X2Y − cp)

3. fi = 0 for i = 3, 8, 9, 12, 14, 19, 22, 27, 28, 31, 34, 40, 42, 43 and fi ≥ 1 oth-
erwise: Setting p = p5, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (7p, 4p, 3p, 7p, p, 6p, 5p, 2p, 7p)

and
A ∼= R[X, Y ]/(X11 − Y 7, XY − cp)

4. fi = 0 for i = 4, 8, 10, 13, 14, 18, 21, 25, 32, 33, 37, 38, 39, 45 and fi ≥ 1
otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, 2p, 2p, p, 3p, 2p, p, 2p, 3p)

and
A ∼= R[X, Y ]/(X4 − Y 7, X2Y − cp)

5. fi = 0 for i = 9, 10, 11, 13, 14, 15, 18, 26, 33, 35, 36, 37, 42, 45 and fi ≥ 1
otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, p, 2p, p, 2p, 2p, p, 2p, p)

and
A ∼= R[X, Y ]/(X5 − Y 4, X2Y 2 − cp)

6. fi = 0 for i = 1, 2, 3, 4, 6, 7, 8, 16, 17, 20, 21, 31, 32, 39, 44 and fi ≥ 1 other-
wise: Setting p = p1 and q = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, p, p, p, p, q, p, p, p)

and
A ∼= R[X, Y ]/(X3 − cq, Y 6 − Xcp−q)
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7. fi = 0 for i = 1, 3, 4, 6, 7, 17, 20, 28, 29, 30, 31, 32, 37, 39, 44 and fi ≥ 1
otherwise: Setting p = p1 and q = p3, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, p, q, p, p, q, p, p, q)

and
A ∼= R[X, Y ]/(X6 − cq, Y 3 − Xcp−q)

8. fi = 0 for i = 1, 4, 7, 10, 13, 22, 23, 24, 25, 26, 32, 35, 37, 39, 45 and fi ≥ 1
otherwise: Setting p = p1 and q = p3, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, p, q, p − q, p, q, p − q, p, q)

and
A ∼= R[X, Y ]/(X6 − cq, Y 3 − X5cp−2q)

9. fi = 0 for i = 3, 6, 9, 12, 15, 17, 20, 27, 28, 29, 30, 31, 40, 41, 44 and fi ≥ 1
otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, q, p − q, p, q, p − q, p, q, p − q)

and
A ∼= R[X, Y ]/(X6 − cp−q, Y 3 − X4c2q−p)

10. fi = 0 for i = 9, 10, 12, 13, 15, 22, 23, 24, 25, 26, 27, 35, 40, 41, 45 and fi ≥ 1
otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, q, p − q, q, q, p − q, q, q, p − q)

and
A ∼= R[X, Y ]/(X6 − cp−q, Y 3 − X2c2q−p)

11. fi = 0 for i = 3, 8, 9, 12, 14, 22, 24, 25, 27, 28, 31, 34, 40, 41, 42 and fi ≥ 1
otherwise: Setting p = p3, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, 2p, p, 3p, p, 2p, 2p, p, 3p)

and
A ∼= R[X, Y ]/(X9 − Y 3, X3Y − cp)

12. fi = 0 for i = 3, 8, 12, 13, 16, 17, 21, 24, 25, 31, 32, 34, 40, 41, 45 and fi ≥ 1
otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, q, q, p, q, p − q, q, q, p)

and
A ∼= R[X, Y ]/(X3 − cp−q, Y 6 − X2c2q−p)
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13. fi = 0 for i = 1, 2, 3, 4, 5, 6, 7, 16, 17, 18, 19, 20, 28, 29, 30, 37 and fi ≥ 1
otherwise : Setting p = p1 and q = p9, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, p, p, p, p, p, p, p, q)

and
A ∼= R[X, Y ]/(X2 − cq, Y 9 − Xcp−q)

14. fi = 0 for i = 1, 4, 7, 10, 13, 22, 23, 24, 25, 26, 32, 33, 35, 37, 39, 45 and fi ≥ 1
otherwise: Setting p = p3, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, 2p, p, p, 2p, p, p, 2p, p)

and
A ∼= R[X, Y ]/(X3 − Y 3, X3Y − cp)

15. fi = 0 for i = 1, 4, 5, 8, 10, 14, 18, 22, 25, 26, 32, 33, 37, 38, 42, 45 and fi ≥ 1
otherwise: Setting p = p7, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (5p, 5p, 3p, 2p, 5p, 5p, p, 4p, 5p)

and
A ∼= R[X, Y ]/(X13 − Y 5, XY − cp)

16. fi = 0 for i = 1, 4, 5, 8, 10, 14, 18, 22, 25, 26, 33, 36, 37, 38, 42, 45 and fi ≥ 1
otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, 3p, 2p, p, 3p, 3p, p, 2p, 3p)

and
A ∼= R[X, Y ]/(X12 − Y 3, X2Y − cp)

17. fi = 0 for i = 2, 6, 11, 12, 15, 16, 19, 20, 23, 27, 33, 34, 35, 36, 41, 44 and fi ≥
1 otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, q, p, q, p − q, q, p, q, p − q)

and
A ∼= R[X, Y ]/(X9 − cq, Y 2 − X7cp−2q)

18. fi = 0 for i = 2, 4, 6, 8, 16, 17, 18, 19, 20, 21, 29, 31, 37, 38, 39, 44 and fi ≥ 1
otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, q, p, q, p, q, p, q, p)

and
A ∼= R[X, Y ]/(X9 − cq, Y 2 − Xcp−q)
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19. fi = 0 for i = 2, 4, 6, 15, 16, 17, 18, 19, 20, 27, 29, 35, 36, 37, 41, 45 and fi ≥ 1
otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, q, p, q, p, q, p, q, p − q)

and
A ∼= R[X, Y ]/(X9 − cq, Y 2 − cp−q)

20. fi = 0 for i = 4, 8, 9, 10, 13, 14, 17, 18, 21, 25, 29, 31, 37, 38, 39, 45 and fi ≥ 1
otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, q, p − q, q, p, q, p − q, q, p)

and
A ∼= R[X, Y ]/(X9 − cq, Y 2 − X6cp−2q)

21. fi = 0 for i = 8, 9, 10, 11, 12, 13, 14, 21, 23, 25, 31, 33, 34, 38, 39, 44 and fi ≥
1 otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, q, p − q, q, p − q, q, p − q, q, p)

and
A ∼= R[X, Y ]/(X9 − cq, Y 2 − X4cp−2q)

22. fi = 0 for i = 9, 10, 11, 12, 13, 14, 15, 23, 25, 27, 33, 34, 35, 36, 41, 45 and
fi ≥ 1 otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (p, q, p − q, q, p − q, q, p − q, q, p − q)

and
A ∼= R[X, Y ]/(X9 − cq, Y 2 − X3cp−2q)

23. fi = 0 for i = 2, 6, 11, 12, 15, 16, 19, 20, 23, 27, 33, 34, 35, 36, 40, 41, 44 and
fi ≥ 1 otherwise: Setting p = p8, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, 2p, p, p, p, 2p, p, p)

and
A ∼= R[X, Y ]/(X7 − Y 2, X2Y 2 − cp)

24. fi = 0 for i = 3, 6, 9, 12, 15, 16, 17, 19, 20, 27, 28, 29, 30, 31, 40, 41, 44 and
fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, 2p, p, p, 2p, p, p)

and
A ∼= R[X, Y ]/(X3 − Y 4, X3Y 2 − cp)
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25. fi = 0 for i = 1, 4, 5, 8, 10, 14, 18, 22, 25, 26, 27, 28, 29, 36, 37, 38, 42, 45 and
fi ≥ 1 otherwise: Setting p = p8, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, 2p, p, p, 2p, 2p, p, p, 2p)

and
A ∼= R[X, Y ]/(X10 − Y − 2, X4Y − cp)

26. fi = 0 for i = 4, 8, 9, 10, 13, 14, 17, 18, 21, 25, 28, 29, 31, 32, 37, 38, 39, 45 and
fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, p, 2p, p, p, p, 2p)

and
A ∼= R[X, Y ]/(X6 − Y 2, X3Y 2 − cp)

27. fi = 0 for i = 3, 8, 9, 12, 13, 14, 16, 17, 21, 24, 25, 28, 31, 32, 34, 40, 41, 42, 45
and fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, 2p, p, p, p, p, 2p)

and
A ∼= R[X, Y ]/(X6 − Y 2, X6Y − cp)

28. fi = 0 for i =5 , 9, 10, 11, 14, 15, 18, 19, 22, 26, 27, 28, 29, 30, 36, 37, 38,
42, 43 and fi ≥ 1 otherwise: Setting p = p7, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, p, p, 2p, p, p, p)

and
A ∼= R[X, Y ]/(X3 − Y 3, X5Y − cp)

29. fi = 0 for i =8, 9, 10, 11, 12, 13, 14, 21, 22, 23, 24, 25, 31, 32, 33, 34, 38
,39 ,43, 44 and fi ≥ 1 otherwise: Setting p = p8, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, p, p, p, p, p, 2p)

and
A ∼= R[X, Y ]/(X2 − Y 4, X4Y − cp)

30. fi = 0 for i =9, 10, 11, 12, 13, 14, 15, 22, 23, 24, 25, 26, 27, 33, 34, 35, 36,
40, 41, 42 ,45 and fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, p, p, p, p, p, p)

and
A ∼= R[X, Y ]/(X3 − Y 2, X6Y 2 − cp)
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The case of n = 19.
The integral matrix (ω(i, n − j − 1))0≤i,j≤18 is of the form

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f5 f6 f7 f8 f8 f7 f6 f5 f4 f3 f2 f1 0
p2 p2 0 f2 f17 f18 f19 f20 f21 f22 f23 f22 f21 f20 f19 f18 f17 f2 0
p3 f9 p3 0 f3 f18 f30 f31 f32 f33 f34 f34 f33 f32 f31 f30 f18 f3 0
p4 f10 f10 p4 0 f4 f19 f31 f40 f41 f42 f43 f42 f41 f40 f31 f19 f4 0
p5 f11 f24 f11 p5 0 f5 f20 f32 f41 f47 f48 f48 f47 f41 f32 f20 f5 0
p6 f12 f25 f25 f12 p6 0 f6 f21 f33 f42 f48 f51 f48 f42 f33 f21 f6 0
p7 f13 f26 f35 f26 f13 p7 0 f7 f22 f34 f43 f48 f48 f43 f34 f22 f7 0
p8 f14 f27 f36 f36 f27 f14 p8 0 f8 f23 f34 f42 f47 f42 f34 f23 f8 0
p9 f15 f28 f37 f44 f37 f28 f15 p9 0 f8 f22 f33 f41 f41 f33 f22 f8 0
p9 f16 f29 f38 f45 f45 f38 f29 f16 p9 0 f7 f21 f32 f40 f32 f21 f7 0
p8 f15 f29 f39 f46 f49 f46 f39 f29 f15 p8 0 f6 f20 f31 f31 f20 f6 0
p7 f14 f28 f38 f46 f50 f50 f46 f38 f28 f14 p7 0 f5 f19 f30 f19 f5 0
p6 f13 f27 f37 f45 f49 f50 f49 f45 f37 f27 f13 p6 0 f4 f18 f18 f4 0
p5 f12 f26 f36 f44 f45 f46 f46 f45 f44 f36 f26 f12 p5 0 f3 f17 f3 0
p4 f11 f25 f35 f36 f37 f38 f39 f38 f37 f36 f35 f25 f11 p4 0 f2 f2 0
p3 f10 f24 f25 f26 f27 f28 f29 f29 f28 f27 f26 f25 f24 f10 p3 0 f1 0
p2 f9 f10 f11 f12 f13 f14 f15 f16 f15 f14 f13 f12 f11 f10 f9 p2 0 0
p1 p2 p3 p4 p5 p6 p7 p8 p9 p9 p8 p7 p6 p5 p4 p3 p2 p1 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
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with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5, f5 = p1 − p6, f6 = p1 − p7,

f7 = p1 − p8, f8 = p1 − p9,

f9 = −p1 + p2 + p3, f10 = −p1 + p3 + p4, f11 = −p1 + p4 + p5, f12 = −p1 + p5 + p6,

f13 = −p1 + p6 + p7, f14 = −p1 + p7 + p8, f15 = −p1 + p8 + p9, f16 = −p1 + p9 + p9,

f17 = p1 + p2 − p3 − p4, f18 = p1 + p2 − p4 − p5, f19 = p1 + p2 − p5 − p6,

f20 = p1 + p2 − p6 − p7, f21 = p1 + p2 − p7 − p8, f22 = p1 + p2 − p8 − p9,

f23 = p1 + p2 − p9 − p9,

f24 = −p1 − p2 + p3 + p4 + p5, f25 = −p1 − p2 + p4 + p5 + p6,

f26 = −p1 − p2 + p5 + p6 + p7, f27 = −p1 − p2 + p6 + p7 + p8,

f28 = −p1 − p2 + p7 + p8 + p9, f29 = −p1 − p2 + p8 + p9 + p9,

f30 = p1 + p2 + p3 − p4 − p5 − p6, f31 = p1 + p2 + p3 − p5 − p6 − p7,

f32 = p1 + p2 + p3 − p6 − p7 − p8, f33 = p1 + p2 + p3 − p7 − p8 − p9,

f34 = p1 + p2 + p3 − p8 − p9 − p9,

f35 = −p1 − p2 − p3 + p4 + p5 + p6 + p7, f36 = −p1 − p2 − p3 + p5 + p6 + p7 + p8,

f37 = −p1 − p2 − p3 + p6 + p7 + p8 + p9, f38 = −p1 − p2 − p3 + p7 + p8 + p9 + p9,

f39 = −p1 − p2 − p3 + p8 + p8 + p9 + p9,

f40 = p1 + p2 + p3 + p4 − p5 − p6 − p7 − p8,

f41 = p1 + p2 + p3 + p4 − p6 − p7 − p8 − p9,

f42 = p1 + p2 + p3 + p4 − p7 − p8 − p9 − p9,

f43 = p1 + p2 + p3 + p4 − p8 − p8 − p9 − p9,

f44 = −p1 − p2 − p3 − p4 + p5 + p6 + p7 + p8 + p9,

f45 = −p1 − p2 − p3 − p4 + p6 + p7 + p8 + p9 + p9,

f46 = −p1 − p2 − p3 − p4 + p7 + p8 + p8 + p9 + p9,

f47 = p1 + p2 + p3 + p4 + p5 − p6 − p7 − p8 − p9 − p9,

f48 = p1 + p2 + p3 + p4 + p5 − p7 − p8 − p8 − p9 − p9,

f49 = −p1 − p2 − p3 − p4 − p5 + p6 + p7 + p8 + p8 + p9 + p9,

f50 = −p1 − p2 − p3 − p4 − p5 + p7 + p7 + p8 + p8 + p9 + p9,

f51 = p1 + p2 + p3 + p4 + p5 + p6 − p7 − p7 − p8 − p8 − p9 − p9,

and the following cases are possible:

1. fi = 0 for i =9, 10, 11, 12, 13, 14, 15, 16, 24, 25, 26, 27, 28, 29, 35, 36, 37,
38, 39, 44, 45, 46, 49, 50 and fi ≥ 1 otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, p, p, p, p, p, p)

and
A ∼= R[X, Y ]/(X3 − Y 2, X8Y − cp)
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2. fi = 0 for i =5, 9, 10, 11, 14, 15, 16, 19, 20, 24, 28, 29, 30, 31, 32, 38, 39,
40, 41, 46, 47, 50 and fi ≥ 1 otherwise: Setting p = p5, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, p, p, 2p, p, p, p)

and
A ∼= R[X, Y ]/(X5 − Y 2, X7Y − cp)

3. fi = 0 for i =3, 7, 9, 12, 13, 16, 17, 18, 21, 22, 26, 30, 32, 33, 34, 43, 44,
45, 48, 51 and fi ≥ 1 otherwise: Setting p = p7, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, 2p, p, p, p, 2p, p)

and
A ∼= R[X, Y ]/(X4 − Y 3, X5Y − cp)

4. fi = 0 for i =3, 6, 9, 12, 15, 16, 17, 18, 20, 21, 29, 30, 31, 32, 33, 39, 44,
45, 46, 49, 51 and fi ≥ 1 otherwise: Setting p = p9, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, p, 2p, p, p, 2p, p, p)

and
A ∼= R[X, Y ]/(X7 − Y 2, X6Y − cp)

5. fi = 0 for i = 2, 5, 7, 11, 16, 17, 19, 20, 21, 22, 32, 35, 38, 40, 41, 43, 47,
48 and fi ≥ 1 otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, p, 2p, p, p, 2p, p, 2p, p)

and
A ∼= R[X, Y ]/(X5 − Y 3, X3Y 2 − cp)

6. fi = 0 for i =1, 4, 7, 10, 13, 16, 24, 25, 26, 27, 28, 29, 35, 37, 38, 40, 43,
45, 49 and fi ≥ 1 otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, 2p, p, p, 2p, p, p, 2p, p)

and
A ∼= R[X, Y ]/(X9 − Y 2, X5Y − cp)

7. fi = 0 for i =1, 4, 5, 8, 10, 14, 19, 23, 24, 27, 28, 30, 31, 34, 40, 41, 42,
43, 47, 50 and fi ≥ 1 otherwise: Setting p = p3, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, 2p, p, p, 2p, 2p, p, p, 2p)

and
A ∼= R[X, Y ]/(X11 − Y 2, X4Y − cp)
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8. fi = 0 for i =1, 3, 4, 6, 7, 16, 18, 21, 29, 30, 31, 32, 33, 40, 45, 49, 51 and
fi ≥ 1: otherwiseSetting p = p9, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, 2p, p, 2p, 2p, p, 2p, 2p, p)

and
A ∼= R[X, Y ]/(X4 − Y 5, X3Y − cp)

9. fi = 0 for i =9, 10, 11, 12, 13, 14, 15, 23, 25, 27, 35, 36, 37, 39, 42, 49, 51
and fi ≥ 1 otherwise: Setting p = p8, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, p, 2p, p, 2p, p, 2p, p, 2p)

and
A ∼= R[X, Y ]/(X7 − Y 3, X4Y − cp)

10. fi = 0 for i =1, 2, 5, 6, 7, 11, 16, 20, 21, 24, 25, 29, 32, 35, 38, 39, 40, 41,
47, 48, 51 and fi ≥ 1 otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, 2p, 2p, p, p, 2p, 2p, 2p, p)

and
A ∼= R[X, Y ]/(X13 − Y 2, X3Y − cp)

11. fi = 0 for i =1, 2, 3, 5, 6, 7, 16, 17, 20, 21, 29, 32, 38, 39, 44, 45, 46 and
fi ≥ 1 otherwise: Setting p = p9, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, 2p, 2p, 2p, p, 2p, 2p, 2p, p)

and
A ∼= R[X, Y ]/(X3 − Y 8, X2Y − cp)

12. fi = 0 for i =1, 2, 3, 4, 7, 8, 13 ,17, 18, 22, 23, 26, 27, 34, 35, 36, 37, 43,
44, 45, 49, 50 and fi ≥ 1 otherwise: Setting p = p7, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, 2p, 2p, 2p, 2p, p, p, 2p, 2p)

and
A ∼= R[X, Y ]/(X15 − Y 2, X2Y − cp)

13. fi = 0 for i =1, 2, 3, 4, 5, 6, 7, 16, 17, 18, 19, 20, 21, 29, 30, 31, 32, 38,
39, 40, 45, 46, 49, 50 and fi ≥ 1 otherwise: Setting p = p9, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (2p, 2p, 2p, 2p, 2p, 2p, 2p, 2p, p)

and
A ∼= R[X, Y ]/(X17 − Y 2, XY − cp)
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14. fi = 0 for i =2, 4, 13, 17, 18, 19, 21, 22, 23, 35, 37, 40, 42, 43, 49, 51 and
fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, p, 3p, p, 3p, p, 2p, 2p, 2p)

and
A ∼= R[X, Y ]/(X7 − Y 4, X3Y − cp)

15. fi = 0 for i =3, 6, 9, 12, 15, 20, 24, 29, 30, 31, 32, 33, 39, 44, 46, 47, 51
and fi ≥ 1 otherwise: Setting p = p5, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, 2p, p, 3p, p, 2p, 3p, p, 2p)

and
A ∼= R[X, Y ]/(X10 − Y 3, X3Y − cp)

16. fi = 0 for i =1, 3, 4, 7, 13, 18, 26, 27, 30, 33, 34, 43, 45, 49, 51 and
otherwise fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, 3p, p, 3p, 3p, p, 2p, 3p, 2p)

and
A ∼= R[X, Y ]/(X5 − Y 7, X2Y − cp)

17. fi = 0 for i =1, 4, 5, 8, 10, 14, 19, 23, 24, 27, 28, 31, 39, 40, 41, 42, 47, 50
and fi ≥ 1 otherwise: Setting p = p8, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, 3p, 2p, p, 3p, 3p, 2p, p, 3p)

and
A ∼= R[X, Y ]/(X13 − Y 3, X2Y − cp)

18. fi = 0 for i =5, 7, 11, 16, 17, 22, 26, 32, 35, 38, 43, 44, 47, 48 and fi ≥ 1
otherwise: Setting p = p5, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (4p, 2p, 3p, 3p, p, 4p, p, 4p, 2p)

and
A ∼= R[X, Y ]/(X7 − Y 6, X2Y − cp)

19. fi = 0 for i =3, 6, 9, 12, 15, 24, 27, 29, 30, 31, 33, 39, 44, 46, 49, 51 and
fi ≥ 1 otherwise: Setting p = p3, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (4p, 3p, p, 4p, 2p, 2p, 4p, p, 3p)

and
A ∼= R[X, Y ]/(X11 − Y 4, X2Y − cp)
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20. fi = 0 for i =1, 2, 3, 4, 7, 8, 13, 17, 18, 22, 23, 26, 27, 34, 35, 36, 37, 43,
44, 45, 49, 51 and fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (3p, 3p, 3p, 3p, 3p, p, 2p, 3p, 3p)

and
A ∼= R[X, Y ]/(X16 − Y 3, XY − cp)

21. fi = 0 for i =9, 10, 11, 13, 14, 15, 19, 23, 35, 37, 39, 40, 42, 49 and fi ≥ 1
otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (5p, p, 4p, p, 4p, 2p, 3p, 2p, 3p)

and
A ∼= R[X, Y ]/(X9 − Y 5, X2Y − cp)

22. fi = 0 for i =1, 2, 5, 6, 7, 11, 16, 20, 21, 24, 25, 29, 32, 35, 38, 39, 44, 47,
48, 51 and fi ≥ 1 otherwise: Setting p = p5, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (4p, 4p, 4p, 3p, p, 4p, 4p, 4p, 2p)

and
A ∼= R[X, Y ]/(X15 − Y 4, XY − cp)

23. fi = 0 for i =1, 4, 5, 8, 10, 14, 19, 23, 24, 27, 28, 35, 39, 40, 41, 42, 47, 50
and fi ≥ 1 otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (5p, 5p, 4p, p, 5p, 5p, 3p, 2p, 5p)

and
A ∼= R[X, Y ]/(X14 − Y 5, XY − cp)

24. fi = 0 for i =1, 4, 7, 10, 13, 16, 24, 26, 27, 29, 30, 33, 40, 43, 45, 49, 51
and fi ≥ 1: otherwise Setting p = p3, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (6p, 6p, p, 5p, 6p, 2p, 4p, 6p, 3p)

and
A ∼= R[X, Y ]/(X13 − Y 6, XY − cp)

25. fi = 0 for i =3, 6, 9, 12, 15, 23, 24, 27, 30, 31, 33, 39, 44, 46, 47, 51 and
fi ≥ 1: otherwise Setting p = p8, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (7p, 5p, 2p, 7p, 3p, 4p, 7p, p, 6p)

and
A ∼= R[X, Y ]/(X12 − Y 7, XY − cp)
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26. fi = 0 for i =5, 9, 11, 14, 16, 17, 22, 26, 30, 32, 38, 43, 44, 47, 50 and
fi ≥ 1 otherwise: Setting p = p7, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (8p, 3p, 5p, 6p, 2p, 8p, p, 7p, 4p)

and
A ∼= R[X, Y ]/(X11 − Y 8, XY − cp)

27. fi = 0 for i =9, 11, 13, 15, 17, 19, 21, 23, 35, 37, 39, 40, 42, 49, 51 and
fi ≥ 1 otherwise: Setting p = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9) = (9p, p, 8p, 2p, 7p, 3p, 6p, 4p, 5p)

and
A ∼= R[X, Y ]/(X10 − Y 9, XY − cp)

The case of n = 20.
The integral matrix (ω(i, n − j − 1))0≤i,j≤19 is of the form

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
p1 0 f1 f2 f3 f4 f5 f6 f7 f8 f9 f8 f7 f6 f5 f4 f3 f2 f1 0
p2 p2 0 f2 f18 f19 f20 f21 f22 f23 f24 f24 f23 f22 f21 f20 f19 f18 f2 0
p3 f10 p3 0 f3 f19 f32 f33 f34 f35 f36 f37 f36 f35 f34 f33 f32 f19 f3 0
p4 f11 f11 p4 0 f4 f20 f33 f43 f44 f45 f46 f46 f45 f44 f43 f33 f20 f4 0
p5 f12 f25 f12 p5 0 f5 f21 f34 f44 f51 f52 f53 f52 f51 f44 f34 f21 f5 0
p6 f13 f26 f26 f13 p6 0 f6 f22 f35 f45 f52 f56 f56 f52 f45 f35 f22 f6 0
p7 f14 f27 f38 f27 f14 p7 0 f7 f23 f36 f46 f53 f56 f53 f46 f36 f23 f7 0
p8 f15 f28 f39 f39 f28 f15 p8 0 f8 f24 f37 f46 f52 f52 f46 f37 f24 f8 0
p9 f16 f29 f40 f47 f40 f29 f16 p9 0 f9 f24 f36 f45 f51 f45 f36 f24 f9 0

p10 f17 f30 f41 f48 f48 f41 f30 f17 p10 0 f8 f23 f35 f44 f44 f35 f23 f8 0
p9 f17 f31 f42 f49 f54 f49 f42 f31 f17 p9 0 f7 f22 f34 f43 f34 f22 f7 0
p8 f16 f30 f42 f50 f55 f55 f50 f42 f30 f16 p8 0 f6 f21 f33 f33 f21 f6 0
p7 f15 f29 f41 f49 f55 f57 f55 f49 f41 f29 f15 p7 0 f5 f20 f32 f20 f5 0
p6 f14 f28 f40 f48 f54 f55 f55 f54 f48 f40 f28 f14 p6 0 f4 f19 f19 f4 0
p5 f13 f27 f39 f47 f48 f49 f50 f49 f48 f47 f39 f27 f13 p5 0 f3 f18 f3 0
p4 f12 f26 f38 f39 f40 f41 f42 f42 f41 f40 f39 f38 f26 f12 p4 0 f2 f2 0
p3 f11 f25 f26 f27 f28 f29 f30 f31 f30 f29 f28 f27 f26 f25 f11 p3 0 f1 0
p2 f10 f11 f12 f13 f14 f15 f16 f17 f17 f16 f15 f14 f13 f12 f11 f10 p2 0 0
p1 p2 p3 p4 p5 p6 p7 p8 p9 p10 p9 p8 p7 p6 p5 p4 p3 p2 p1 0

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
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with the pi ≥ 1 and the fj ≥ 0, where

f1 = p1 − p2, f2 = p1 − p3, f3 = p1 − p4, f4 = p1 − p5, f5 = p1 − p6,

f6 = p1 − p7, f7 = p1 − p8, f8 = p1 − p9, f9 = p1 − p10,

f10 = −p1 + p2 + p3, f11 = −p1 + p3 + p4, f12 = −p1 + p4 + p5, f13 = −p1 + p5 + p6,

f14 = −p1 + p6 + p7, f15 = −p1 + p7 + p8, f16 = −p1 + p8 + p9, f17 = −p1 + p9 + p10,

f18 = p1 + p2 − p3 − p4, f19 = p1 + p2 − p4 − p5, f20 = p1 + p2 − p5 − p6,

f21 = p1 + p2 − p6 − p7, f22 = p1 + p2 − p7 − p8, f23 = p1 + p2 − p8 − p9,

f24 = p1 + p2 − p9 − p10,

f25 = −p1 − p2 + p3 + p4 + p5, f26 = −p1 − p2 + p4 + p5 + p6,

f27 = −p1 − p2 + p5 + p6 + p7, f28 = −p1 − p2 + p6 + p7 + p8,

f29 = −p1 − p2 + p7 + p8 + p9, f30 = −p1 − p2 + p8 + p9 + p10,

f31 = −p1 − p2 + p9 + p9 + p10,

f32 = p1 + p2 + p3 − p4 − p5 − p6, f33 = p1 + p2 + p3 − p5 − p6 − p7,

f34 = p1 + p2 + p3 − p6 − p7 − p8, f35 = p1 + p2 + p3 − p7 − p8 − p9,

f36 = p1 + p2 + p3 − p8 − p9 − p10, f37 = p1 + p2 + p3 − p9 − p9 − p10,

f38 = −p1 − p2 − p3 + p4 + p5 + p6 + p7, f39 = −p1 − p2 − p3 + p5 + p6 + p7 + p8,

f40 = −p1 − p2 − p3 + p6 + p7 + p8 + p9, f41 = −p1 − p2 − p3 + p7 + p8 + p9 + p10,

f42 = −p1 − p2 − p3 + p8 + p9 + p9 + p10,

f43 = p1 + p2 + p3 + p4 − p5 − p6 − p7 − p8,

f44 = p1 + p2 + p3 + p4 − p6 − p7 − p8 − p9,

f45 = p1 + p2 + p3 + p4 − p7 − p8 − p9 − p10,

f46 = p1 + p2 + p3 + p4 − p8 − p9 − p9 − p10,

f47 = −p1 − p2 − p3 − p4 + p5 + p6 + p7 + p8 + p9,

f48 = −p1 − p2 − p3 − p4 + p6 + p7 + p8 + p9 + p10,

f49 = −p1 − p2 − p3 − p4 + p7 + p8 + p9 + p9 + p10,

f50 = −p1 − p2 − p3 − p4 + p8 + p8 + p9 + p9 + p10,

f51 = p1 + p2 + p3 + p4 + p5 − p6 − p7 − p8 − p9 − p10,

f52 = p1 + p2 + p3 + p4 + p5 − p7 − p8 − p9 − p9 − p10,

f53 = p1 + p2 + p3 + p4 + p5 − p8 − p8 − p9 − p9 − p10,

f54 = −p1 − p2 − p3 − p4 − p5 + p6 + p7 + p8 + p9 + p9 + p10,

f55 = −p1 − p2 − p3 − p4 − p5 + p7 + p8 + p8 + p9 + p9 + p10,

f56 = p1 + p2 + p3 + p4 + p5 + p6 − p7 − p8 − p8 − p9 − p9 − p10,

f57 = −p1 − p2 − p3 − p4 − p5 − p6 + p7 + p7 + p8 + p8 + p9 + p9 + p10,

and the following cases are possible:

1. fi = 0 for i =6, 10, 11, 13, 16, 25, 26, 28, 30, 31, 33, 35, 45, 50, 54, 56 and
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fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (4p, 3p, p, 3p, 3p, p, 4p, 2p, 2p, 3p)

and
A ∼= R[X, Y ]/(X6 − Y 7, X2Y − cp)

2. fi = 0 for i =10, 12, 14, 16, 17, 18, 20, 22, 31, 38, 40, 42, 43, 49, 54, 55
and fi ≥ 1 otherwise: Setting p = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (5p, p, 4p, 2p, 3p, 3p, 2p, 4p, p, 4p)

and
A ∼= R[X, Y ]/(X8 − Y 6, X2Y − cp)

3. fi = 0 for i =9, 10, 12, 14, 16, 18, 20, 22, 24, 36, 38, 40, 43, 45, 51, 53 and
fi ≥ 1 otherwise: Setting p = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (5p, p, 4p, 2p, 3p, 3p, 2p, 4p, p, 5p)

and
A ∼= R[X, Y ]/(X10 − Y 5, X2Y − cp)

4. fi = 0 for i =9, 10, 12, 14, 16, 18, 20, 22, 31, 36, 38, 40, 43, 49, 51, 53, 57
and fi ≥ 1 otherwise: Setting p = p9, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (9p, 2p, 7p, 4p, 5p, 6p, 3p, 8p, p, 9p)

and
A ∼= R[X, Y ]/(X9 − Y 11, XY − cp)

5. fi = 0 for i =1, 2, 5, 6, 8, 12, 21, 25, 26, 30, 38, 39, 41, 42, 44, 50, 51, 52
and fi ≥ 1 otherwise: Setting p = p1 and q = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, p, p, q, p − q, p, p, q, p, p − q)

and
A ∼= R[X, Y ]/(X5 − cq, Y 4 − cp−q)

6. fi = 0 for i =1, 2, 4, 5, 6, 8, 9, 20, 21, 24, 33, 37, 43, 44, 45, 46, 51, 52
and fi ≥ 1 otherwise: Setting p = p1 and q = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, p, p, q, p, p, p, q, p, p)

and
A ∼= R[X, Y ]/(X5 − cq, Y 4 − Xcp−q)
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7. fi = 0 for i =1, 2, 3, 5, 6, 7, 8, 18, 21, 22, 23, 34, 35, 44, 51, 52, 53, 56
and fi ≥ 1 otherwise: Setting p = p1 and q = p5, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, p, p, p, q, p, p, p, p, q)

and
A ∼= R[X, Y ]/(X4 − cq, Y 5 − Xcp−q)

8. fi = 0 for i =9, 10, 11, 13, 14, 16, 25, 26, 27, 28, 29, 31, 36, 40, 45, 47, 54,
56 and fi ≥ 1 otherwise: Setting p = p9, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (3p, 2p, p, 2p, 2p, p, 2p, 2p, p, 3p)

and
A ∼= R[X, Y ]/(X5 − Y 5, X3Y − cp)

9. fi = 0 for i =9, 11, 12, 15, 16, 24, 25, 26, 28, 29, 37, 38, 39, 40, 45, 46, 51,
52 and fi ≥ 1 otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, q, q, p − q, q, q, q, p − q, q, p)

and
A ∼= R[X, Y ]/(X5 − cp−q, Y 4 − X2c2q−p)

10. fi = 0 for i =6, 12, 13, 17, 21, 22, 25, 26, 30, 31, 34, 35, 42, 44, 50, 51, 52,
56 and fi ≥ 1 otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, q, q, q, p − q, q, p, q, q, p − q)

and
A ∼= R[X, Y ]/(X4 − cp−q, Y 5 − X2c2q−p)

11. fi = 0 for i =2, 5, 7, 12, 17, 18, 21, 22, 23, 31, 34, 38, 41, 42, 44, 49, 51,
53 and fi ≥ 1 otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, q, p, q, p − q, p, q, p, q, p − q)

and
A ∼= R[X, Y ]/(X4 − cp−q, Y 5 − X3c2q−p)

12. fi = 0 for i =1, 4, 6, 9, 11, 16, 25, 26, 28, 29, 30, 33, 40, 42, 43, 45, 50, 55
and fi ≥ 1 otherwise: Setting p = p1 and q = p3, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, p, q, p − q, p, q, p, p − q, q, p)

and
A ∼= R[X, Y ]/(X5 − cp−q, Y 4 − X4c2q−p)
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13. fi = 0 for i =3, 6, 9, 10, 13, 16, 19, 28, 32, 33, 35, 36, 37, 45, 47, 50, 54,
56 and fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (4p, 3p, p, 4p, 3p, p, 4p, 2p, 2p, 4p)

and
A ∼= R[X, Y ]/(X12 − Y 4, X2Y − cp)

14. fi = 0 for i =3, 6, 9, 10, 13, 16, 25, 28, 31, 32, 33, 35, 36, 45, 47, 50, 54,
56 and fi ≥ 1 otherwise: Setting p = p3, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (7p, 6p, p, 7p, 5p, 2p, 7p, 4p, 3p, 7p)

and
A ∼= R[X, Y ]/(X13 − Y 7, XY − cp)

15. fi = 0 for i =1, 3, 4, 7, 8, 14, 19, 23, 27, 28, 32, 35, 36, 37, 46, 48, 53, 54,
56 and fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, 2p, p, 2p, 2p, p, p, 2p, 2p, p)

and
A ∼= R[X, Y ]/(X7 − Y 3, X2Y 2 − cp)

16. fi = 0 for i =9, 10, 11, 12, 14, 15, 16, 20, 24, 29, 36, 38, 40, 43, 45, 46, 51,
53, 57 and fi ≥ 1 otherwise: Setting p = p4, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (3p, p, 2p, p, 2p, 2p, p, 2p, p, 3p)

and
A ∼= R[X, Y ]/(X8 − Y 3, X4Y − cp)

17. fi = 0 for i =3, 6, 9, 10, 13, 16, 19, 22, 31, 32, 33, 34, 35, 36, 45, 47, 50,
54, 56 and fi ≥ 1 otherwise: Setting p = p9, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (3p, 2p, p, 3p, 2p, p, 3p, 2p, p, 3p)

and
A ∼= R[X, Y ]/(X11 − Y 3, X3Y − cp)

18. fi = 0 for i =2, 4, 7, 9, 14, 18, 19, 20, 22, 23, 24, 36, 38, 40, 43, 45, 46,
53, 54, 56 and fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, p, 2p, p, 2p, p, p, 2p, p, 2p)

and
A ∼= R[X, Y ]/(X4 − Y 4, X2Y 3 − cp)
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19. fi = 0 for i =2, 4, 6, 8, 18, 19, 20, 21, 22, 23, 24, 33, 35, 37, 43, 44, 45,
46, 52, 56 and fi ≥ 1 otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, q, p, q, p, q, p, q, p, q)

and
A ∼= R[X, Y ]/(X10 − cq, Y 2 − Xcp−q)

20. fi = 0 for i =1, 4, 6, 9, 11, 16, 25, 26, 28, 29, 30, 31, 33, 40, 42, 43, 45,
50, 54, 55 and fi ≥ 1 otherwise: Setting p = p8, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, 2p, p, p, 2p, p, 2p, p, p, 2p)

and
A ∼= R[X, Y ]/(X4 − Y 4, X4Y − cp)

21. fi = 0 for i =10, 11, 12, 13, 14, 15, 16, 17, 26, 28, 30, 38, 39, 40, 41, 42,
48, 50, 54, 55 and fi ≥ 1 otherwise: Setting p = p1 and q = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, q, p− q, q, p− q, q, p− q, q, p− q, q)

and
A ∼= R[X, Y ]/(X10 − cq, Y 2 − X3cp−2q)

22. fi = 0 for i =6, 10, 11, 12, 13, 16, 17, 21, 22, 26, 30, 33, 35, 42, 43, 44, 45,
50, 52, 56 and fi ≥ 1 otherwise: Setting p = p1 and q = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, q, p − q, q, p − q, q, p, q, p − q, q)

and
A ∼= R[X, Y ]/(X10 − cq, Y 2 − X5cp−2q)

23. fi = 0 for i =2, 4, 8, 14, 15, 18, 19, 20, 23, 24, 28, 37, 38, 39, 40, 41, 46,
48, 54, 55 and fi ≥ 1 otherwise: Setting p = p1 and q = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, q, p, q, p, q, p − q, q, p, q)

and
A ∼= R[X, Y ]/(X10 − cq, Y 2 − X9cp−2q)

24. fi = 0 for i =1, 2, 3, 4, 5, 6, 7, 8, 18, 19, 20, 21, 22, 23, 32, 33, 34, 35, 43,
44 and fi ≥ 1 otherwise: Setting p = p1 and q = p10, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (p, p, p, p, p, p, p, p, p, q)

and
A ∼= R[X, Y ]/(X2 − cq, Y 10 − Xcp−q)
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25. fi = 0 for i =2, 4, 8, 14, 15, 18, 19, 20, 23, 24, 28, 37, 38, 39, 40, 41, 46,
48, 54, 55, 57 and fi ≥ 1 otherwise: Setting p = p7, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, p, 2p, p, 2p, p, p, p, 2p, p)

and
A ∼= R[X, Y ]/(X2 − Y 9, X2Y − cp)

26. fi = 0 for i =2, 5, 7, 12, 17, 18, 20, 21, 22, 23, 31, 34, 38, 41, 42, 43, 44,
49, 51, 53, 57 and fi ≥ 1 otherwise: Setting p = p5, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, p, 2p, p, p, 2p, p, 2p, p, p)

and
A ∼= R[X, Y ]/(X5 − Y 3, X5Y − cp)

27. fi = 0 for i =3, 6, 9, 10, 13, 16, 18, 19, 21, 22, 24, 32, 33, 34, 35, 36, 37,
45, 47, 50, 51, 52, 56 and fi ≥ 1 otherwise: Setting p = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, p, p, 2p, p, p, 2p, p, p, 2p)

and
A ∼= R[X, Y ]/(X8 − Y 2, X6Y − cp)

28. fi = 0 for i =6, 10, 11, 12, 13, 16, 17, 21, 22, 25, 26, 30, 31, 33, 34, 35, 42,
43, 44, 45, 50, 51, 52 ,56 and fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, p, p, p, p, p, 2p, p, p, p)

and
A ∼= R[X, Y ]/(X5 − Y 2, X5Y 2 − cp)

29. fi = 0 for i =1, 2, 3, 4, 7, 8, 9, 14, 18, 19, 23, 24, 27, 28, 36, 37, 38, 39,
40, 46, 47, 48, 53, 54, 56 and fi ≥ 1 otherwise: Setting p = p6, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, 2p, 2p, 2p, 2p, p, p, 2p, 2p, 2p)

and
A ∼= R[X, Y ]/(X16 − Y 2, X2Y − cp)

30. fi = 0 for i =1, 2, 3, 4, 7, 8, 9, 14, 18, 19, 23, 24, 27, 28, 36, 37, 38, 39,
40, 46, 47, 48, 53, 54, 57 and fi ≥ 1 otherwise: Setting p = p7, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (3p, 3p, 3p, 3p, 3p, 2p, p, 3p, 3p, 3p)

and
A ∼= R[X, Y ]/(X3 − Y 17, XY − cp)
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31. fi = 0 for i =9, 10, 11, 12, 13, 14, 15, 16, 24, 25, 26, 27, 28, 29, 36, 37, 38,
39, 40, 45, 46, 47, 51, 52, 53, 56 and fi ≥ 1 otherwise: Setting p = p6, we
have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, p, p, p, p, p, p, p, p, 2p)

and
A ∼= R[X, Y ]/(X4 − Y 2, X8Y − cp)

32. fi = 0 for i =10, 11, 12, 13, 14, 15, 16, 17, 25, 26, 27, 28, 29, 30, 31, 38,
39, 40, 41, 42, 47, 48, 49, 50, 54, 55, 57 and fi ≥ 1 otherwise: Setting
p = p2, we have

(p1, p2, p3, p4, p5, p6, p7, p8, p9, p10) = (2p, p, p, p, p, p, p, p, p, p)

and
A ∼= R[X, Y ]/(X3 − Y 2, X6Y − cp)
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