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Abstract

We construct amodelstructure onthe category ofsmallcategories whichis

CloselyrelatedtocoverlngSandfundamentalgrolユPSOfsmal1categories．Ⅰthasmor－

PhismsinducinglSOmOrPhisms onfundame血algroups as weak equlValences and

CategOriesfiberedandcofiberedingroupoid asfibrations．Theclassoffibrantob－

jectsinthismodelcategoryistheclassofgroupoids，andcoverlngSareCharacterized

asfibrations whosefibers arealldiscrete．Thisis Quillenequiitalent七〇七hecate－

goryofsimplicialsetSandspaceswiththel－typemodelstruCture，andthecategory

OfgrolユPOidswiththe Andersonmodelstructure．1梅also provethatthemodel

Structureis equlPPedwith afactorization ofmorphisms，Whichinduces universal

COVerS．
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Introduction

Theca七egoryCatofsmallcategorieshasacoupleofinterestingmodelstructures．

OneofthemisintroducedbyJoyalandTierneyinlJT91］whichhasequivalencesof

Categoriesasweakequivalences．Therealsoexiststherestrictedmodelstructl∬eOf

theaboveonthecategoryGrdofgroupoids［And78】．Ontheotherhand，Thomason

foundanothermodelstruCtINe［Tho80］onCatwhichisQuillenequivalenttothe

categorySet△OpofsimplicialsetswiththeKanmodelstructl∬e，andthecategory

TopoftopologicalspaceswiththeQuillenmodelstruCtImlQui67］・Thesemodel

CategOriesarerelatedtoeachotherbythefollowlngadjunCtions

ん　　　　　∧r　　　　　トI

Grd＝ca七二set△Op＝Top

WhereL，7T，N）C，ト匝ndS＊aretheinclusion：grOuPOidificationっnerveっCategorizar

tion，geOmetricrealizationandthesingularslmPlicialsetfunctor，reSPeCtively．In

lQui681，QuillenshowsthatSerrefibrationsinToparerelatedtoKamfibrationsin

Set△OpbyE－landS＊．Simi1arly，GabrielandZismande丘necoveringsinSet△Op

COrreSPOndingtocoveringsinTopthroughトIandS＊lGZ67］．TheyalsogiVethe

notionofcoverlngSOfgroupoids，andprovethatthefundamentalgroupoidfunCtor

Top→GrdpreseI・VeSCOVerlngS．

Inthispaper，WeCOnSidercoverlngSinCatrelatedtocoverlngSinSet△Op，Top

andGrdbytheabovefunctors．0uraimistodealwithcoveringsinCa七interms

Ofmodelcategories．

Maintheoreml（TheoreT4・2・3）・Thecate90ry／Ofsmallcafe90riesadmitsa

modeJぶれ祝Cねreay兢eJoZJoWmgC加dceβげmo叩九由mβ二

・Amo叩ん由mJ由αWeαたegW血αZe71Ceげ乞まねαWeαた1－e百％わαJe71Ce．

・Amo叩九毎mJl毎αC所わγα肋れげ宜まね血豆ec励eom兢eβe壬0再毎ecね．

・A7m0叩九由m召βα揮γα知れ椚まねαCα吻ロγ訂．卵eredαmdcqβわeredれgro叩0通．

Wecalltheabovemodelstructurethe“1－typemodelstructure”anddenotethe

CategOryOfsmal1categoriesequippedwiththemodelstructlⅡebyCatl．Thismodel

CategOryhasthefollowlngPrOPerties．

Maintheorem2・77LemOdelcaiqgoryCaJ；lhasihefoltowingPrOPerties：

・7兄おおα所βow頭eJ bcαg血如可洗γ呵げ兢eJ叩αエーmemeymodeZcα吻0叩

／カ所m宜知れィ．⊥Jノ．
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乳　翫Cαββげ揮mm瑚ec由血統ecαざβげgro叩0永由　Corogαryイ・J・ガ・

タ．A coverれg好古mαJZ cα吻Dr宜eg CO玩C宜de5血統α脚m如れ血05e揮erβαreαJJ

d毎cre地坪γ叩05結われ4．2・叫

4．7亀eγe eごねねα舟Cわγ乞gαまわれげmo叩最βmβ血Ca七1血dcたれduCeβum血erβαg

COVerβmdgm叩扇瑚Cα如m／CDrOJgαγ再・タ・2m叫・β■斗

Elvira－DonazarandHernandez－Paricioalreadydiscoveredthel－tyPemOdelstruc－

tureonset△OpandTopinlDP95］．WeprovethatCatlisQuillenequivale血to

thetwomodelca七egories・Ca七egories（co）fiberedingroupoidsappearinginthedef－

initionoffibra七ionsinCatlareuSedfortheoryofstacks・HollandergaNeamOdel

StmCtureonthecategoryofcategoriesfiberedingroupoidsinordertocharacterize

StacksinlHolO7］・WecomparetheovercategoryCatlCwiththecategoryf（C）

Ofcategories丘beredingroupoidsonCasmodelcategoriesforasite（C，J）．

Thispaperisorganizedasfo11ows・Inchqpterl，WereCallthebasicbackground

incategorytheoryandsimplicialmethod．WeprepareSOmenOtations andtermi－

nologiesforcategoriesandfunctorsusedinthemaintext．

Chapter2provides the notion offundamentalgroups and coverlngSin Cat．

ThereexistsaGalois一七ypecorrespondencebetweenthem，namely，Subgroupsofthe

fundamentalgroupofCareclassifiedbycoveringsoverC．

Chapter3describesthedefinitionofmodelcategoriesandhowt00btainanew

modelstructu－efromalreadyknownmodelstructtues・1穐introducetwotechniques

Cal1edtheBous丘eldlocalizationandthetransferprlnCiple．

Thel一七yPemOdelstructureonCatisde丘nedastheleftBous丘eldlocalization

OftheJoyal－TierneymodelstructureinChapter4・Afterthat，WeVer勒thatthe

modelstructurecoincideswiththeonedescribedinMaintheoreml．Acoveringin

Catis aspacialcaseoffibrationsinCatl，anduniversalcoversareinduced丘・Om

afactorizationofmorphismsinCatl・Finally，WeCOmPareCatlWithothermodel

Categories．
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Iwashappytohaveotherwonderfuladvisors，KatsuhikoKl∬ibayashi，Keiichi

SakaiandKiyonoriGomi・TheygaVememanyuSefu1suggestions．
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Chapterl

Preliminaries andTerminologleS
●

Ⅵ楠beginwithanintroductiontobasiccategorytheoryandsimplicialmethod．

1．1　Categories andfunctors

This sectionis areview ofbasic conceptsin category theory．We preseI止some

notationsandterminologiesforcategoriesandfunctorsusedthroughthispaper．

Definitionl・1・1（Category）・Ac牢印OryCconsistsofthefollowingdata；

1．aclassCoofobjects，

2・aSetC（X，Y）ofmorphisms丘・OmXtoYforeverypairofobjectsX，Y∈Co．

Amorphismf∈C（X，Y）isalsodenotedbyf：X→YorX⊥Y．

3．amap

。：C（yZ）×C（茸，y）－→C（方，Z）；（gJ）一g。J’

Called co7叩OSifionforeverythreeobjectsX，YiZ∈Co．Thesedatahaveto

SatisかthefbllowlngaXioms：

（a）Associativity：ho（g。f）＝（h。g）。fforeverycomposabletripleof

morphismsJ’，gand九．

（b）Identity‥　There existsanideniiiymorphismlx∈C（X，X）for every

ObjectXsuchthatlY。f＝f。lx＝fwheneverf∈C（X，Y）．

Remarkl・1・2・Notethattheidentitymorphismlx∈C（X，X）existsuniquely・If

lk∈C（X，X）satisfiestheconditionofidentitymorphisms，then

lg＝1方。1k＝1完．

Definitionl・1・3．Amorphismf：X→YofCiscalledanisomorphismifthere

existsaminversemorphismg：Y→Xsuchthatgof＝1x andf09＝1Y．We

denoteXgYifthereexistsanisomorphismbetweenthem．．

Examplel・1・4・HereareSOmeeXamPlesofcategories・

・Setisthecategoryofsetsandmaps．
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・Topisthecategoryoftopologicalspacesandcontinuousmaps．

・Set△OPisthecategoryofsimplicialsetsandsimplicialmaps（seeSection1．3）．

・Ca七isthecategoryofsmallcategoriesandfunctors（seeDefinitionl・1．8）．

・GrdisthecategoryofgroupoidsasafullsubcategoryofCat（seeDefinition

l・1・8）・

・LetCbeacategoI・yandletXbeanobjectofC・The overcaiegoryCJX

has theset ofobjects consisting ofmorphisms f：Y→X ofC，andthe

Setofmorphisms丘・Omf：Y→X七〇g：Z・→Xconsistingofmorphisms

九：y－→ZofCsuchthatgoん＝〆．

Dual1y，theunderca吻OryXIChasthesetofobjectsconsistingofmorphisms

f：X一→YofC，andthesetofmorphismshomf：X→Yt0g：X→Z

COnSistingofmorphismsh：Y→ZofCsuchthat9＝h。f．

・Givenaca鹿goryC，the opposiie ca吻OryCOP consistsofCgP＝Cb and

COp（方，y）＝C（yX）・

De丘nitionl・1・5・LetCbeacategoryandletXbeanobjectofC．

1・TheobjectXiscalledaniniiialo毎ec舌ifC（X，Y）Consistsofasinglemorphism

hranyy∈仇，

2・TheobjectYiscalledaierminato毎ecfifC（X，Y）consistsofasinglemor－

phismforanyX∈杭．

Notethatifthereexistsaninitialobjectoraterminalobjectinacategory，itis

determineduniquelyuptoisomorphism．

Examplel・1・6・Theemptyset¢isaninitialobject，andasinglepointset＊isa

terminalobjectinSet．

ExamPlel・1・7・TheundercategoryXICgiveninExamplel．1．4hasIx asan

initialobjectandtheovercategoryCIXhasIxasaterminalobject．

Definitionl・1・8・Asmallcategoryis acategoryCwhoseclassofobjects Cbis

aset・Asmallca加goryCiscal1edagrOuPOidwheneveTymOrPhismofCis an

isomorphism．

Examplel・1・9・HerearesomeexamPlesofsmal1categoriesandgroupoids．

・Amonoidisasmal1categorywithasingleobject，furthermore，agrOuPisa

groupoidwithasingleobject．

・Aposet（partial1yorderedset）（考≦）isasmal1catego青whosesetofobjects

isPandsetofmorphisms丘omご訂toylSaSinglepointwheneverこじ≦y，Or

emptyotherwise．

・Fortwdsmal1categoriesCandD，theproductCxDisgivenby（CxD）0＝

qxかoand（Cxか）（（cl，dl）沃C2，d幻）＝C（cl，C2）×刀（dlβ2）．
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．WecanregardasetSasasmal1cahegorywhichhasSasthesetofobjects

andonlyidentitymorphisms・1穐Cal1suchsmallcategoriesconsistingofonly

identitymorphismsdiscreie．

De丘nitionl・1・10（Functor）・GivencategoriesCamdD，a（covariant）funcior

ダ：C→pconsistsof；

1．amapf’：q→刀0，

2・amaPF＝鞄，Y：C（X，Y）→D（FX，FY）foreachpairofobjectsX，Y∈Co

PreSerVlngCOmPOSitionandidentities，thatis，

（a）F（9。f）＝Fg。Ffforanycomposablemorphismsfand90fC；and

（b）ア（1g）＝1ダghranyobjectgofC．

Givenfunctors F‥C→D and G：D－→E，thenthe compositionfunctor

G。F：C－→EisglVenbycomposlngmaPSOnthesetofobjectsamdmorphisms

respective13L Fbrasmal1categoryC，theidentityfunctorlc：C一→CisgiVenby

theidentitymapsonthesetofobjectsandmorphismsofC．

Examplel・1・11・LetXbeanobjectofacategoryD．ForanycategoryC，the

COm占われ士舟．mCわrong

△（∬）：C→刀

isdefinedby△（X）（Y）＝Xand△（f）＝1xforanyObjectY∈Cbandmorphism

fofC．

Notationl・1・12・WeusethefollowlngnOtationsforsmallcategories：

・4）istheemptycategory．

・＊isthecategorywithaunlqueObject＊Withtheonlyidentitymorphism．

．【n］istheposet0＜1＜占＜…＜nregardedasacategory

O一寸1→2→‥・→m．

・SOisthecategorywithtwoobjects（0，1）andtheonlyidenもitymorphisms．

・Slisthecategorywithtwoobjectsandh肌・ingtwoparallelmorphismsbetween

them O＝‡1．

・lListhecategoryO→1←2→…←n（caseneven）．

・CSlisthecategorywiththreeobjectSO→1j2whereOistheinitial

Object，

・S∞isthegroupoidwithtwoobjectSandtwonon一七rivialmorphismsO±；1．

AIsoweusethenextnota七ionsforsetsoffunctors：

・K＝（k‥＊→S∞）wherek（＊）＝0・

・Z＝（Q→＊，i：SO→［1］，i／：Sl→［1］）wherebothiandiIarethe

identitymapsonthesetofobjectS．
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・石＝〈か＊→【1】，芳p：＊→［1］Op）血ere力（＊）＝0・

・長＝〈j2：12→【2］，j宣p：ぢP→【2］OP）wherej2（0）＝0，j2（1）＝2and

J2（2）＝1・

・J3＝（j3：CSl→【2］，jgp‥（CSl）OP→［2］Op）wherej3istheidentitymap

Onthesetofobjects．

●J＝石UJらUJも．

De丘nitionl．1．13（Naturaltransformation）・Giventwo categories C，D and

tWO hnctors F，G：C→刀，乱れα九mZ知れ占直rmα知れ士：ダ＝＝争（プassigns a

morphismtx：FX→GX ofD to eachobject X∈Co makingthefollowlng

diagraminDcommutative

Fg－一望⊥Gg

司　巨
Fy－一言三7Gy

foramorphismf：X→YofC．IfixisanisomorphisminDforanyX，then

iissaidtobeanaiuralisomo77）hism．WedenoteF；≦Difthereexists anatural

isomorphismbetweenthem．

De丘nitionl・1・14・Forasmal1categoryCandacategoryD，thefLmCiorca軸Ory

DC consistsoffunctorsfromCtoD asobjectsandnatl∬altransformations as

morphisnis．AnobjectofDCiscalledadiagraminDindexedbyC．Inparticular，

Dl1】isdenotedbyMor（D）andcalledthemorphismca吻OryOfD．

Thefollowinglemmamentionsarelationbetweengeneralcategoriesandfunctor

Categories・Ⅰtallowstheembeddingofanysmallcategoryinto afunctorcategory

valuedin Set．

Lemmal・1・15（Ybnedalemma）・LetCbeacaiegoryandleまX bean瑚ecfof

C．軸翫eα伽Cか九g：COp→Set弛九ズ（y）＝C（方，y）．茸Na坤方，ダ）demoねβ

兢e占e頼れ血m抽αm車rmα掠れ拍om九ズゎα伽Cねrg：COp→S鴎兢em侮re

eぬ由α擁C如mNat笹方，F）空耳（ズ）．

ProofForanaturaltransformationf‥hX＝⇒F，WeObtainamap

k‥九ズ（∬）＝C（方，X）→ダ（X）．

ThemapNat（hX，F）→F（X）sendingitoix（lx）isabijection．　　　　□

Corollaryl．1．16．meか花油γ九【‥C一→SetCOp乞βαmemわed血タメeJ宜舌βα子種eβ

ズ望y榊ズ望九yαmd九‾：C（X，y）⊆SetCOp（九ズ，九y）かαmyg，y∈Co．

De丘nitionl．1．17・AfunctorF：C→Disan equivalence qfcafegoriesifthere

existsaninversefunctorG：D→CsuchthatGoF望lcandFoG≧≦lD．

Definitionl・1・18・LetF：C→D andG‥D→Cbefunctors．Wesaythat

thefunctorFisl所a郎oinitoGorGisrighia郎OinitoFifthereexistsanatural

isomorphismC（X，GY）≧∴D（FX，Y）forarwX∈CbandY∈Do．Inthatcase，We

WriteF：C≠⇒D：Gandcal1（耳G）tobeapairofadjointfunctors．
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De丘nitionl・1・19・LetF：C⇔D：Gbeapairofa句ointfunctors．Foran

ObjectX∈Co，thecounifmqpT7：X－→GFXisamorphismcorresponding七〇七he

identitymorphismlFXunderC（X，GFX）≧∴D（FX，FX）．

Dual1y，branObjectY∈Do，theuniimapE：FGY→Yisamorphism

COrreSPOndingtotheidentitymorphismlGYunderC（GyGY）≧∴D（FGy，Y）．

Propositionl・1・20・Ha舟nctorF：C→Disanequivalenceofcafe90ries，ihen

ダ毎J所αmdr励まαかれ士わがはれVe7℃e舟mCかGofg．

PrDげForX∈CbamdY∈Do，thena血ralisomorphismFG≡1inducesthe

followlnglSOmOrPhism

C（方，Gy）≧∴D（アズ，gGy）≡∴D（アズ，y）．

Therefbre，FisleftadjointtoG・Simi1arly，WeCanShowthatFisrightadjointto

G．　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　□

Propositionl・1・21・A舟nctorf：C一→D beiweensmatlca吻Oriesisaneguiv－

αge71CeOfcα吻Or乞eβげαmdomgyげ兢e。研goて〟れ再WOCOm此われβ加は

J・励βe7滴αJgyg画ec励eごjわγαmyy∈刀0，仇ereeEおお〇∈ComC九兢αり霊⊆封，

2・動物面子研止′‥C（訂，y）→かけだっfy）毎妬ecまねeJbrmy画γ扉埴ec由

訂，y∈Co．

1．2　Limits and Colimits

Inthissection，WeStudythenotionoflimitsandcolimitsinageneralcategory．A

modelcategoryrequlreStohaVelimitsandcolimitsfordiagramsindexedbyevery

Smallcategories．

Definitionl・2・1（1imit and colimit）・LetF：C→D be afunctor丘・Oma

Smal1categoryCtoacategoryD・Alimiilim（F）isanobjectofDtogetherwith

anaturaltransformationp：△（1im（F））→Fsati的ringthefollowinguniversality．

ForチnyObjectX∈Doandanaturaltransformationt‥△（X）・→F，thereexistS

aunlquemOrPhismf：X→1im（F）ofDsuchthai，PcOf＝i。foreveryc∈Cb．

Dually，aCOtimiicolim（F）isanobjectofDtogetherwithanaturaltransfor－

mationi：F一一→△（colim（F））satisかingthefollowinguniversality．Foranyobject

X∈Doandanaturaltransformationf：F→△（X），thereexistsauniquemor－

Phismf：COlim（F）→XofDsuchthatf。i。＝壬cforeveryc∈Co．

Ifthereexist（co）limitsofdiagramsinDindexedbyeverysmal1categories，then

WeS町thatpiscZoβed肌der匝ノgdm独・

Examplel・2・2・Manyofourfamiliarexamplesofcategorieshavelimitsandcol－

imits・Alloftheca七egoriesSet，Top，Set△Op，CatandGrdintroducedinExample

l．1．4are closedunderlimits and colimit．S．

De丘nitionl・2・3・LetCbeacategoryclosedunderlimitsandcolimits．

．LetSbeasetandr。garditasadiscretesmよ11categ。ry．A（C。）1imitofa

diagraminCindexedbySiscalledadireci（co）producfinC，
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・A（co）1imitofadiagraminCindexedbySlinNotationl・1・12iscalledan

匝ノe匹α三五zeγinC・

●AlimitofadiagraminCindexedby12inNotationl・1．12iscal1edapullback

ill C．

●AcolimitOfadiagraminCindexedbyIZpiscal1edapushouiinC．

Propositionl．2・4（［Mac98］）・LefCbeacafegory・

．ガC　αβαJZe押αZzerβα化　成1eC拍γ0血C旬兢e71Cd5Cbβed肌de再をm宜ね・

え茸C　αβαggCOeWαggergmd成代Cfc叩γ0血Cねノ兢mC由cbβedumderC浦m卑

AnaturaltransformationF＝⇒F／inducesmorphismslim（F）→1im（F／）and

colim（F）一→COlim（F′）bytheuniversality・Hence，1imits andcolimitsgivethe

followingfunctors

lim，COlim：が→a

Propositionl・2・5・上巳まCbeα3mαZgcα吻打yαmdZefからeαCα吻0ryCgOgedmdeγ

伽抽αmdc0㍍mぬ　meかmcか1im：が→かねr励α卸元加わ兢eカmCねγ

△：刀→刀Cβemd玩g肌瑚ecfXげかね兢ecom占われまみれcbr△（ズ）．仇α触兢e

舟mcなげCOlim：が→かね榔針頑血涙わ△．

ProげFbrダ∈（pC）o andX∈恥anahraltransformationf：△（ズ）＝⇒ダ

inducesauniqlユemOrPhismf：X→1im（F）bythedefinitionoflimits．Ⅰ七givesan

isomorphismDC（△（X），F）≧㌦D（X，1im（F））．Simi1arly，WeObtainanisomorphism

DC（F，△（X））≡D（colim（F），X）bythedefinitionofcolimits．　　　　　　□

Propositionl・2・6・茸C由αCα吻0ryCJoβed現れde再血豆ねmdc戒m鴎兢e71C九αβ

αれ血豆滋αJo毎ecまαmdαferm玩αZo毎ecf．

Prvqf Let4）beamemPtyCategory，thenthecolimitof4）－→Cisaninitialobject

andthelimitisaterminalobject．　　　　　　　　　　　　　　　　　　　　　□

Definitionl．2．7．LetCandDbecategoriesclos占dunderlimitsandcolimitS．Let

F：Cl→Dbeafunctor・GivenadiagramXinCindexedbyasma11category，then

WehavecamOnicalmorphisms甲X：F（1imX）→1im（FX）and4）X：COlim（FX）→

F（colimX）ofDbytheuniversality・ThefunctorFissaidtopreservelimitsif～βX

is anisomorphismfor any diagramX，andsaidtopreserve colimiisif4，xis an

isomorphismforanydiagramX・

Propositionl．2．8．LeiC andD be cate90ries closedunderlimiis and colimiis．

軸poβe兢α王統67℃eごねねαpα宜γげα卸フ血まみれCわγβF：C≠⇒刀：G　兢emダ

preβerVe5COg血豆おαmdGpreβerVe5㍍m正ぶ．

Proof ByPropositionl．2．5，COlim：CI：→Cisleftadjointto△forasmall

categoryz．Hence，F。COlim：CZ→Disleftadjointto△。G．Ontheotherhand，

FinducPSthefunctor薫‥CJ－→DZgivenby且（X）＝F。X・AIsothefunctor

colimo為：CI→Disleftaqointt0△oG，thereforeFocolim望colimo且．

Similarly，WehaNeF01im⊆1imo凡．　　　　　　　　　　　　　　　　　　　　□
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1．3　Simplicialsets

Thenotionofsimplicialsetsisageneralizedideaofsimplicialcomplexes・Itconsists

Ofasetofn－Simplicesforeachn≧0，andfaceanddegeneracymapssatisbTingthe

Simplicialidentities．

Definitionl・3・1・AsimpliciatseiKisagradedsetindexedbynon－negativein一

七egerswithmapsdj：‰→‰－lCalledfacemapsandsj：‰→j㍍＋1Called

degeneracymapsforO≦j≦n，Whichsatis＆thefollowingsimplicialidentities：

1・琉勾＝勾－1琉if乞＜ク，

2・ざまβJ＝β∫＋1舅ifd≦右

3・diβゴ＝βゴー1琉if乞＜ゴ，

4・中ゴ＝1＝勾＋巧，

5・d拘＝βj琉－1if宜＞J＋1・

SometimesasimplicialsetKiscal1edacomplex，andanelementof‰iscal1edan

n－SimplexofK．

Remarkl・3・2・Let△bethesmallcategoryconsistingofposetsln］inNotation

l・1・12forn≧Oasobjectsandposetmapsln］→［m］asmorphisms凸▼Omln］七0

［m］．AsimplicialsetcanberegardedaJSafunctor△Op－→Set．

ExamPlel．3．3．Herearesomebasicexamplesofsimplicialsets．

1．Forn≧0，thestandardn－COmPte3；△ln］：△Op→Setisde且nedby△（「ln］）．

Denotetheidentitymorphismin△ln］n＝△（lnHn］）by△n．

2・Forn≧0，∂△回isthesubcomplexof△ln］g竺era七edby拘△nEO≦j≦n）・

3・Forn≧OandO≦k≦n，thek一統homA貰isthesubcomplex△ln］generated

by（勾△几日≠叶

4．ForaspaceX，thesingularsimpliciaJIsetS＊XisdefinedbySnX＝Top（△n，X）・

5．FortwocomplexesKandL，theproductKxLisgivenby（KxL）n＝為lXLn・

Definitionl．3．4．Asi77頑iciatmqpf：K→Lisamapofdegreezeroofgraded

SetSCOmmutingwiththefaceanddegeneracymaps．Denotethecategoryofsimpli－

cialsetSandsimplicialmapsbySet△Op

Lemmal．3．5．LetKbeasi77gticiatseちihenSet△Op（△ln］，K）≡私．

Proof ByLemmal．1．15（Yonedalemma）．

Definitionl・3・6（Geometricreali2；ation）・LetKbeasimplicialse七・Thege0－

meiricrealizafionofKisdefinedasthef0110wingspace

圃＝（悪△几×車
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where（u，P＊（X））～（p＊（u），X）foru∈△n，X∈‰and甲‥ln］一一→lm］・Asimplicial

mapf．：K→LinducesacontinuousmaplfI：lKI→lLIgivenbyIfI（u，T）＝

（u，fx）．ItgivesafunctorトI：Set△Op→Top・

Propositionl．3．7．ThegeOmeiricrealizationかnctort－Iis榔aqoinfto兢e

β血guαγβか7頑宜Cぬheかmcbrg＊・

Pro妨See［May92］・　　　　　　　　　　　　　　　　　　　　　　　　　L

Propositionl．3・8・fbr如0占宜7叩JdcねZβeねg md左兢ereeごね由αれ由omo叩九毎m

匿×エl室岡×Ⅰエト

ProojlTheprojectionspl‥KxL⊥→Kandp2‥KxL→LinduceIpII：

lKxLl→lK）andlp2I：lKxLI→】Ll・Theproductofthesemaps

（lpll舟封）‥匿×エl→圃×ⅠエⅠ

isanisomorphism・

Asimplicialsetwhichhasanextensionconditionisausefulobjectforhomotopy

theoryofsimplicialsets．　　　　　　　I

De丘nitionl．3．9（KanCOmPlex）・AsimplicialsetKiscalledaKan compleT

ifforeverycollectionofn＋1n－Simplicesxo，・‥，Xk－1，Xk＋1，・・・，Xn＋1Satis村ing

thecompatibilityconditiondiXj＝勾－1Xi，i＜j，i≠k，j≠k，thereexists an

（n＋1）－SimplexxsuchthatdjX＝Xjforj≠k・

Remarkl・3・10・Asimplicialset Kis aKan complexifand onlyiffor every

Simplicialmap哩一→Kcanbeextended七〇△ln］→Kbrn≧0andO≦k≦n・

Examplel・3・11・ThesingularsimplicialsetS＊XisaKancomplexforarwspace

＿方．

Examplel．3．12．AsimplicialgroupisaKancomplex．

Definitionl．3．13．Asimplicialmap嘉‥El→BissaidtobeaKanjibraiionif

foracommutativediagram

哩－」丘7

jl lp

△［m巨石→月，

thereexistsasimplicialmap h‥△ln］－→Esuchthatp。h＝9andh。i＝f

forn≧OandO≦k≦n．IfbdenotesthecomplexgeneratedbyavertexbofB，

thesu石complexF＝P－1（b）ofEiscal1edthePberofpoverb．N。tethatbgiⅤ。Sa

simplicialmap＊→Bfromtheterminalobject＊inSet△Opgeneratedbyapoint．

Remarkl・3・14・AsimplicialsetKisaKancomplexifandonlyifK→＊isa，

Kan丘bration．

Lemmal．3・15・エefp：β→βわeα∬αれ揮rα如犯．

了．r九eJ詑er∫由αgmCO77叩Jeコ；．
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2・茸β由α∬αmCO7叩Ze〇J兢eTも属由αgmCO77頑e諾，

タ・茸月払αgmCO77頑e霊αmdpねomわ班沼花月ぬαgmC077甲Je諾．

ProげSee脚如92］．

Propositionl・3・16（［Qui68］）・Hp：E→BisaKanjibmiion，兢enlpl：IEl→

Ⅰβl由αgerreJ言わγα知れ．

WecandefinehomotopygroupsforKancomplexes・SeelMay92］fordetails．

Definitionl・3・17・Let Kbe asimplicialset．Fc・r T，y∈軋，de丘ne arelation

X⊂ごyby diX＝diy for any O≦i≦namdthere exists z∈‰＋lSuChthat

dnz＝X，dn＋lZ＝yanddiZ＝Sn－1diX＝Sn－ldiyforO≦i＜n．Theabovesimplex

Ziscalledahomotopy缶omxtoy．

Propositionl・3・18・HKisaKancomple3；，仇en巴isanequivalencerelaiionon

私．

De丘nitionl．3．19．LetKbeaKanCOmPlexandchooseavertex＊∈Ko．Define

aset（K，＊）nasthesubset（X∈‰IdiX＝＊，0≦i≦n）of私．Then－dimensional

homoiopygrO叩7Tn（K，＊）ofapair（K，＊）isdefinedby（K，＊）n／巴．Forn≧1，the

groupstructl∬eOf7Tn（K，＊）isgivenbythefollowing・Forlx］掘】∈7Tn（K，＊），the

collection

＊，‥・，＊，訂，－，y∈（∬，＊）れ⊂‰

SatisfiesthecompatibilityconditioninDe丘nitionl．3．9，hencethereexistsz∈KL＋1

SuChtha七dn－lZ＝X，dn＋1Z＝yand4jZ＝＊forO≦i≦n－2・Themultiplication

回ly］isdefinedbyldnz］amdthisiscommutativhJ㌦≧2．Asimplicialmap

f：K→LbetweenKancomplexesinducesaJmaP長：7Tn（K，＊）→7Tn（L，f（＊））

givenbyf＊lx］＝lf（X）］．Thisisahomomorphismofgroupsforn≧1・

Propositionl．3．20．Thehomoiopygro叩50fspacesandsimplicialseisareretated

弛乱αm利一lα占。研ZoWg・

了．mere毎α乃αれmJ加m叩九毎m7rm（X，＊）望訂几（β＊方，＊）薄rmy叩αCeg．

2．mere由α几α九mZぬom叩旭m打れ（茸，＊）≡7㌦（閃，＊）舟γαmy此れCO77頑e訂

．打．

Theoreml．3．21．Leまp：E→B be aKanjlbrtLiion betweenKan compleD；eS．

仇008eVer批egb∈執mde∈p‾1（軌＝軋侮れ兢ereeごねね伽．榊goⅦ血ggomg

…→町示才，e）－→打示旦e）一里㌔灯れ（月，わ）→灯れ＿1（耳e）→…
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Chapter2

Fundamentalgroups and

COVeringsofsmallcategories

WedefinethenotionoffundamentalgroupsandcoverlngSOfsmal1categories，and

studyrelationsbetweenthem・Thefundamentalgroup ofasmallcategory Cis

definedastheendomorphismgroupofthegroupoidification7T（C），andacoveringis

definedasafunctorsa需SむingtheunlquerightliftingpropertywithrespecttOJl

glVeninNotationl・1・12・

2．1　Fundamerltalgroups ofsmallcategories

Mirliande丘nedthefundamentalgroup7Tl（C，tC）forapointedcategory（C，X）asa

colimit ofthesetofstronghomotopyclassesoffunctors丘・Om左to Cforn≧0

lMinO2］・Itistheendomorphismgroupofthegroupoidifica七ionofC・Thegroupoid－

ificationisanoperationtoaddformalinversest0allmorphismsofasmal1category．

WeglVeaCOnCreteconstructioninthefollowlngdefinition・

Definition2．1．1．ForasmallcategoryC，1et（CI；a，b）bethesetoffunctOrS

（CJ；α，わ）＝（α‥左→C拉（0）＝α，α（m）＝わ，m≧0）

fora，b∈Cb．Anelementof（CZ；a，b）formsazigzagsequenceofmorphisms丘oma

tob．Let～betheequivalencerelationon（CI；a，b）generatedby

l．（。⊥d←Lc）へJC√）（C」か⊥C），

2．（。一二dこか主e）～（C聖e），（Cユdニdヱeト（Cとe），

3．（C－ムゎこらト（C⊥町

De丘neasmal1ca上egory7T（C）by7T（C）0＝Cb and7T（C）（a，b）＝（CI；a，b）／～

Withconcatenationofsequencesofmorphismsasthecomposition・Then，7T（C）isa

groupoidsinceallofthemorphismsareinvertible7anditgivesafunctor7T：Ca七一→

Grd．

De丘nition2・1・2・ForacategoryC，7To（C）denotesthesetofconnectedcomponents

Co／NO，Wherex～Oyisdefinedby7T（C）（X，y）≠4）・WesaythatCisconnectedif

町0（C）＝＊・
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Apointedcategory（C，T）isapairofsmallcategoryCandanobjectxofC．

Deanethefundamentalgroup7Tl（C，X）astheendomorphismgroup7T（C）（X■，X）on

XOf7T（C）・Itiseasytoshowtha七therela点on～On（CZ；a，b）isequaltotheone

definedbystronghomotopyinlMinO21，hencethefundamentalgroupcoincideswith

Minian’S・WesaythatCissimplyconnectedifitisconnectedand7rl（C，X）istrivial

hrany訂∈杭．

IfCisconnected，itisobviousthat7rl（C，X）⊆7Tl（C7y）forチ11T，y∈Co，in

Whichcasewewrite7Tl（C，X）simplyas7Tl（C）．

The groupoid7T（C）is called the groupoidi丘cation of C．Itis theminimal

groupoidcontainingCasasubcategory．

Proposition2．1．3．me rD叩0適所C加われ舟mcねγ打由　所α郎蕗豆わ兢e血cM占われ

ん：Grd→Ca七．

Proof LetCbeasmallcategoryandGbeagroupoid．Fbrafunctorf：C→G，

f：打（Cト→G

isdefinedbyf（X）＝f（X）foranobjectx与7T（C）0＝Cbandf（α）＝f（α），f（α‾1）＝

f（α）‾1foramorphismαinC．Themapfistheuniquefunctorsatis＆ingf。2＝f

Wheree：C→7T（C）isthecanonicalinclusion．Itgivesanaturalisomorphism

Cat（C，G）→Grd（打（C），G）・　　　　　　　　　　　　　　　　　　　　□

Theorem2・1・4（［MinO2］）・Lei（C，X）beapoiniedcaie90ry，thenihereexisisa

mαねγαHgOmO叩最gm

T1（C，可望れ（βC，可

血ereβC血統ecα55触れg5pαCeqfC恒eエ）的痛加招・2．巧．

Bythe abovetheorem，7Tl（C，＊）Cambestudiedbyusinghomotopytheoretic

PrOPertiesofBC．However，WeCandescribe7Tl（C，＊）intermsofmorphismsinCin

Certain cases．

Proposition2．1．5．Hihebasepoini＊qfCisaninifialoraierminalobjecちihen

m（C，＊）由まわ血古．

Proof Let＊beaninitialobjectandconsiderasequence70fthefollowingform

允　　　長　　　鳥

（＊＝Co→Cl←C2→…←‰＝＊），

thenthereexistsauniquemorphismα2：＊＝Co→C2．0ntheotherhand，theset

C（co，Cl）consistsofthesinglemorphism允。α2＝fl・Therefore，7is

（＊＝Co空㌔C2こC2→Cl←C2→…←‰＝＊）

カ○α2
＝（＊＝Co→C3←‥・←cm＝＊）．

ByiteratingthisopeI・ai；ion，theabovesequencecanbeshoWntObeequivalentto

苧ユ＊7thus二汀1（C，＊）istrivial・Similarly，WeCanPrOVethatql（C，＊）istrivialif＊
lSaterminalobject．　　　　　　　　　　　　　　　　　　　　　　　　　　　　□
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Example2．1．6．RecallthecategorySlgiveninNotationl・1・12・Itconsistsoftwo

objectsO，1andtwoparal1elmorphismsf，gandidentitymorphisms

O＝1．

Thefundamentalgroup打1（Sl）isgeneratedbyO⊥1ヱ0っthusql（Sl）⊆Z・

Example2．1．7．LetGbeagroupregardedasagroupoidwithasingleobjec七・An

elementof7rl（G）canbewrittenasasequence（91，92，・・・，gn）ofelementsofG・The

relationsinDefinition2．1．1implythat

（gl蘭…，gm）＝軋痛1‥・正1）几‾1

in7rl（G）・Itfollowsthat7rl（G）望G・

2．2　Coveringsofsmallcategories

Thenotionofcoveringsisalreadydefinedinthecategoryofspaces，Simplicialsets

［GZ67］andgroupoidslGZ67日May991・Wedefinecoveringsinthecategoryofsmal1

categoriesasfunctorswhichhavetheunlqueliftingpropertywithrespecttoJlin

Notationsl．1．12．

De丘nition2．2．1．LetMbeacategoryandleti：A→B’andp：X一一→Ybe

morphismsofM．Wesaythatphastherighi研ingpropertywithrespecttoior

ihasthelf沼iiftingPrOPeriywithrespecttopiffbreverycommutativediagramin

Mofthefollowlngform

A」二g

jt lp

β－．一石＋y

thereexistsamorphismh：B→Xsuchthathoi＝fandp。h＝9．Ifsuchh

existsuniquely，thenwesaythatphastheuniquerigh七1iftingpropertywithrespect

toiorihastheunlqueleftliftingpropertywithrespecttop．

LetSbe aclass ofmorphismsinM．Amorphismis calledanS－injeciionif

ithastherigI止1iftingpropertywithrespecttoeverymorphismsinS・Denotethe

ClassofS－injectionsbyS－inj・

Dual1y，amOrPhismis cal1edanS－PrqiectionifithaJStheleftliftingproperty

withrespect to everymorphismsinS，and denote the class ofS－PrOjections by

g－prOJ・

Definition2．2．2．Afunctorp：E→Bis cal1eda coveringifithastheunique

rightliftingpropertywithrespecttoJlgiveninNotationl・1・12・Acoveringp：

El→BiscalledauniversalcoverifEissimplyconnectedandBisconnected．

AcoveringisalsodefinedasafunctorwhichinducesbijectionsonstarslHigO5】，

［CRS12］・
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Remark2・2・3・Afunctorp：E→BisacoverlngifandonlyifpISS両ectiveon

p：（羞恥車（里的e）ト（蕊紬））咄妬む））

isbijectiveforanyy∈Boandx∈p－1（y）．

lemma2・2・4・AカムmCわrp：且→β由αCOVe血gげαmdomgyげpんαβ兢ewm句We

座加研玩gpr叩er吻Ⅷ助re甲eCまね兢eれch扇の閲＊一→同舟rαgJm≧0．

Proof Sinceln］＝0→1・→…→n，WeCanrePea七七aldngliftsofi→i＋1

Startingatthepointoftheimage＊→回．　　　　　　　　　　　　　　　口

Example2．2．5．Recal1thecategorySlgiveninNotationl．1．12

0二二1．

LetIc。betheposetZwiththepartialordergiven2n－1＞2n＜2n＋1forany

m∈Z

‥・←（－2）→ト1）←0→1←2－→…

Defineafunctorp：I。，→Slbyp（2n）＝0，P（2n＋1）＝1amdp（2n→（2n＋1））＝f，

P（2n→（2n－1））＝gforn∈Z，thenpisacovering・Fhrthermore7thisisaumiversal

COVerSinceB（1cc）≡Riscontractible・

Next，We COnStruCt auniversalcover overany COnneCted category uslng the

GrothendieckconstruCtionlTho791・

Definition2．2．6．LetIbeasmal1category．The Gro兢endieck conslruciionofa

funCtOrF：Z→Setis asmal1category Gr（F）de丘nedasfollows．Thesetof

ObjectsofGr（F）consistsofpairs（i，X）ofanObjecti∈Ioamdanelementx∈F（i）・

Amorphism（i，X）→（j，y）inGr（F）is amorphismf：i→jinIsuchthat

F（f）（T）＝y．ItisequippedwiththecanOnicalprojectionGr（Fト→Igivenby

（恒）－乞・

更e丘nition2・2・7・Let（C，＊）beapointedamdconnectedcategory，thenthecategory

Cisde丘nedbytheGrothendieckconstruCtionof

打（C）（＊，－）：C→Set．

Thecan0miCalprojectionT：C－→CcarriesanObjectofCformed

（＊→Cl←C2→…←ち）

tothelastobjectcn．

Lemma2．2．8．me cαmm乞Cαgpr如ectdomr：C→C由αCOVer玩タ．
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Proqf Supposewehavethefollowingcommlユtativediagram

＊■・．・．・．・．・．・．■■■■C

ム11r

［1ト一言＋C・

The above xgives a class ofzigzag sequence ofmorphismsin C and g glVeS a

morp11ism

g（0→1）：g（0）＝〇m→g（1）

inCwherexnisthelastobjectofx．Defineh：【1］→ebyh（0）＝X，h（1）＝

9（0・→1）。Xandh（0→1）＝9（0→1）・Ⅰ七makestheabovediagramCOmmutative

andexistsuniquely・Similarly，Thastheuniqueliftingpropertywithrespec七七〇

だ‥＊→同叩・、　　　　　　　　　　　　　　　　　　　　　　　　□

Proposition2．2．9．7職e cα吻0ryCわざ宜77頑ycommeCfed．

Pr0（げR）ranObject

（＊）＝（C望）且（C三）と（C≡）→・‥と（C慧）＝（＊）

in7Tl（C），itsu侃cestoshowthat

（＊Ar（C烹）Ar（C≡）→…と＊）＝1

in7rl（C）．Byiteratingthefbllowingprocess，WeObtain

（＊旦r（C烹）Ar（C≡ト→・‥史－＊）

＝（＊Ar（。烹）Ar（。≡）→・‥と＊）

＝（＊Ar（。≡）→…と＊）＝…＝1．

［コ

Corollary2．2．10．7九e cmO而CαJpr如ec如mr：C→Cdβα肌血e7甘扇coUer．

Pro（症ByPropQSition2．2．9andLemma2・2．8． ［コ

Werecallthedefinitionofcoveringsofsimplicialsets andgroupoids［GZ67】，

両町99］．

De丘nition2・2・11・Asimplicialmapp：E→Biscalledacoverlngifithasthe

uniquerightliftingpropertywithrespecttOtheinclusions△［0］→△ln］，n≧0．

Definition2・2・12・Afunctorp：E→BinGrdiscalledacoveringifithasthe

unlquerightliftingpropertywithrespecttoKinNotationl．1．12．

Proposition2・2・13（［GZ67］）・BoihS＊：Top→Set△Op andI－巨Set△Op・→

ToppreβerVe COVerm卵．
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Proposition2・2・14・Bo班・L：Grd→Cat and7r：Cat→Grd preserve

C（プリermが・

ProoJISinceLisrightadjointto7T，itpreservestheuniq11erightliftingpropertyand

COVerings．Conversely aSSumethatp：E－→BisacoveringinCat．Considerthe

followlngCOmmutativediagraminGrd

J

打（且）

打（p）

町（β）・

Let s betheimageofmorphismOl→linS∞by f．Itis azigzagsequenceof

morphisms ofB starting atp。e（＊）．Sincepis acovering，We Canfindlifts of

morphismsappearingins，uniquely．ItgivesafunctorS∞→7r（E）makingthe

diagramCOmmuta七ive，therefore7「（p）isacovering・　　　　　　　　　　　　口

Thecategoryofsimplicialsetsandthecategoryofsmal1categoriesarerelated

witheachotherbythenervefunctoramdthecategorizationfunctorlGZ67］・

Definition2．2．15．ThenerveNCofasmallcategoryCisdefinedby

ALC＝Cat（回，C）

and

琉（在…，ん）＝（九…高一1誹＋1。九月＋2，・・・，ん）

and

βJ（在…，ん）＝（ん…訪，1，万＋1，‥・，ん）・

Ⅰ七givesafunctorN：Cat→Set△Op．

The categorization cK ofasimplicialset Kis defined as follows．Theset of

Objects cKois Koamdthemorphismsin cK are丘・eelygeneratedbytheset KI

Subject to relations glVenby elements ofKb，namely，Xl＝X2Xoin cKifthere

existsa2－Simplexxsuchthatd2X＝X2，do：C＝XoanddlX＝Xl・Itgivesafunctor

c：Set△Op→Cat

Proposition2・2・16（［GZ67］）・mePairoffLmCiors

c：Set△叩⇔Ca七：Ⅳ

ぬαpαγげα郎0血相mCわγβ　mdcJ＼r⊆茎1ca七．

De丘nition2．2．17．Forasmal1categoryC，theclassi＆ingspaceBCofCisgiven

bylⅣCt．

Prop？Sition2・2・18・AfunctorpisacoveringinCa七げandonlyqNb，）isa

cove77m再犯Set△Op
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ProojlSinceNisrightadjoi血toc，Npreservestheuniquerightliftingproperty．

Therefore，Lemma2・2A＝impliesthatNpreservescoverings・Conversely，1etNb）

beacovering，thenN（p）hastheuniquerightliftingpropertyfbr

d岩，d；‥△［0］→△［叶

SincecNglcat，thefunctorphastheuniquerightliftingpropertywithrespectto

Jl．　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ロ

Beforetheendofthissection，1etusde丘neaGalois一七ypecorrespondencebetween

Subgroupsof7Tl（C）andcoveringsoverCforaconnectedcategoryC．Inthecaseof

groupoids，PeterMayprovedthefollowinglMay99］・

Theorem2・2・19（［May99］）・Fbraconneciedgro叩OidG，leiCovG，d（G）be兢e

cα吻0ryげcoVer加がOUerG玩Grdαmd～e土0（打1（G））be兢ecα吻0ry好古扉gr0呼ぶ

げれ（G）αβ瑚ecねαmdβ扉co頑喝αCyreZα七五〇mβαβmO叩九由m占．me7ちまたereeぬねαm

e画VαJemceqfcα吻Orおら血eemCovGrd（G）mdO（れ（G））．

Proposition2・2・20・fbraconneciedcaie90ryC，lefCovcat（C）bethe caie90ry

げcove7七mが0VeγC加Ca七・mem　兢ere由αm eWれαge71Ce qJcα吻0れeβ摘Wee71

Cov′cat（C）andCovGrd（7r（C））・

Proqf Thegroupoidificationfunctorinduces7r＊：Covca七（C）→CovGrd（7T（C））

byProposition2・2・14・Ontheotherhand，1etqbeacoveringinGrdover7T（C），the

PullbackofqalongthecanonicalinclusionfunctorC→7T（C）inducesacovering

OVerCinCat・ThiscorrespondencegivesaminversefunctorCovGrd（7T（C））→

Covcat（C）of7「＊・　　　　　　　　　　　　　　　　　　　　　　　　　　□

Corollary2・2・21・動γαCOmmeCねdcα吻OryC兢ereぬαme現れα才のICeげCα吻0わeβ

わe如eemCovcat（C）αmdO（れ（C））一

Proof ByTheorem2．2．19andProposition2．2．20．
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Chapter3

Modelcategories

ModelcategoriesintroducedbyQuilleninlQui671formthefoundationofhomotopy

theory・Thisisaframeworktodohomotopytheorylngeneralcategories．

3・1　Modelcategories

ModelcategorylSaCategoryequippedwiththreedistinguishedclassesofmorphisms

Cal1edweakeqlユivalences，COfibrationsandfibrations．Wecandohomotopytheory

inageneralcategoryuslngSuChthreesortsofmoi・Phisms．

Definition3．1．1．AmodelsirucまureonacategoryMconsistsofthreedistinguished

Subcategories，WeakequivalencesW，COjibraiionsCandj詑raiionsFsatis＆ingthe

followlngPrOPerties．

1．（2－OutHOf－3）：IffandgaremorphismsofMsuchthat90fisde丘nedandtwo

Off，gandgofareweakequivalences，thensoisthethird．

2・（Retract）：EachW，CandFisclosedunderretracts・

3．（Lifting）：EverymorphisminWnChastherigh七1iftingpropertywithrespect

toF，andeverymorphisminChastherightliftingpropertywithrespectt0

1ノFn＿F．

4．（FactOrization）：Everymorphismsf canbewrittenasp。ifori∈Cand

P∈WnF，mOreOVer，fcanbealsoWrittenasqojforj∈Ⅵ′nCandq∈F．

AmorphisminWnCiscal1edatrivialcqfibruiion，andamorphisminWnFis

CalledatrivialJlbration，reSPeCtively．

Amodelcaie90ryisacategoryMclosedundersmal11imitsandcolimitstogether

wiもh amodelstructure onM．

CofibrationsandfibrationsareCharacterizedasmorphismshaNingli氏ingprop－

erty．

Proposition3・1・2（［Hov99］）・LeiM beamodetcaiegory

J．（Ⅵ′nC）一石頑＝ダ

2，C一五吋＝Ⅳ∩ダ
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・タ．Ⅵ′nC＝F一針可

宥C＝（WnF）－pr可

Bytheabovefact，theclassofcofibrationsCisdeterminedfromWandF）and

theclassoffibrationsFisdetermined丘・OmWandC．Moreover，bythe2－Ou七一Of－3

andfactorizationaxiomsofmodelcategories，aWeakequlValencecanbefactoI・edas

compositionofatrivialcofibrationandatrivialfibration・SinceWnCisdetermined

byF，andWnFisdeterminedbyC，theclassWisalsodeterminedbyFandC・

Afteral1，twoclassesofl弟C，Fdeterminethethird・

Example3．1．3．The放）llowingaresomebasicexamplesofmodelcategories・

・TopQisTopwiththeQuillenmodelstructure【Qui67］givenasfollows：

1．Amorphismisaweakequivalenceifitisaweakhomotopyequivalence．

2．AmorphismisafibrationifitisaSerrefibra七ion・

・TopsisTopwiththeStr＠mmodelstructure［Str72］givenasfollows‥

1．Amorphismisaweakequivalenceifi七・isahomotopyequivalence．

2．AmorphismisafibrationifitisaHurewiczfibration．

・SetぎpisSet△OpwiththeKanmOdelstructurelHov99］givenasfollows：

1．Amorphismisaweakequivalenceifthegeometricrealizationisaweak

homotopyequivalenceinTop・

2．AmorphismisafibrationifitisaKanfibration．

・Ca七JTisCatwiththeJoyal－Tierneymodelstructure【JT91日RezOO］given

as follows：

1．Amorphismisaweakequivalenceifitisanequivalenceofcategories．

2．Amorphismisacofibrationifitisirdectiveonthesetofobjects．

・CatTisCatwiththeThomasonmodelstructure【Tho80］givenasfollows：

1．Amorphismisaweakequivalenceifitinducesaweakhomotopyequiv－

alencebetweenclassi村ingspacesinTop．

2・Amorphismisaco丘brationifitisapseudoDwyermorphismlRaplO］．

・GrdAisGrdwiththeAndersonmodelstructure【And78］givenasfollows：

1．Amorphismisaweakequivalenceifitisanequivalenceofcategories．

2．Amorphismisacofibrationifitisinjectiveonthesetofobjects．

・DGMIisthecai，egOryDGMofboundedbelowdifFerentialgradedmodules

OVeraCOmmutativeringRwiththeinjectivemodelstruCture［Hov99］given

as follows：

1．Amorphismisaweakequivalenceifitisaquasiisomorphism．

2．Amorphismisafibrationifitisasl∬jectionwithinjectivekernel．
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●Z）GMpisDGMwiththeprojectivemodelstruCture【Hov99］givenasfbllows：

1・Amorphismisaweakequivalenceifitisaquasiisomorphism・

2・Amorphismisaco丘brationifitisainjectionwithprojectivecokernel．

AswesawinSection2・3，inthecaseofsimplicialsets，Kancomplexesplayan

importa血roleinhomotopytheory・Amodelcategoryprovidestwoclassesofsuch

g00dobjectscal1edcofibrant，andfibrant．Inde占d，Kancomplexesarefibrantin

Setぎp．

De丘mition3・1・4・LetMbeamodelcategory．

1・AnobjectXiscal1edcqfibrmtiftheuniquemorphism翫）mtheinitialobject

¢→gisaco丘bration．

2．AnobjectYiscalledjibraniiftheuniquemorphismtotheterminalobject

y→＊is a丘bration．

ExamPle3・1・5・ThefollowlngSareeXamPlesofco丘bramtandfibrantobjectsofthe

modelcategoriesinExample3．1．3．

・InTopQ，eVeryObjectsarefibrantandCW－COmPlexesarecofibran七・

・InTops，eVeryObjectsarefibran七andcofibran七・

・InSetぎp，KanCOmPlexesarefibrantandeveryobjectSareCO丘brant．

・InCatJT，eVeryObjectSarefibrantandcofibrant．

・InCa七T，POSetsarecofibran七．

・InGrdA，eVeryObjectsarefibrantandco丘bran七．

・InDGMz，injectivecomplexesare丘brantandeveryobjectsarecofibrant．

・InDGMp，eVeryObjectsare丘brantandprojectivecomplexesarecofibrant．

Inordertocomparemodelcategories，Weintroducefunctorsbetweenthem．

De丘nition3．1．6．LetMandNbemodelcategoriesandlet

ア：〟⇔〃：G

beapairofadjointfunctors．Wesaytha七（F，G）isaQuiltenaQunciionifFpreserves

CO且brationsandGprTerVeSfibrations・FbrthermoreっaQuillenadjunction（FIG）

iscalleda QuittenequwalenceifforacofibrantObjectXinM，afibrantobjectY

inNandamorphismf：X→GYinM，themorphismfisaweakequivalence

inMifandonlyifthemorphismf＃：FX→YisaweakequivalenceinN．

Proposition3．1．7（［HirO3］）．LefM andN bemodelcaiqgoriesandlef

ダ：〟⇔Ⅳ：G

わeαpα宜roJα郎0れ壬舟mcねγ5．7乱em仇eかわⅦれgαre e印加αZe止
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了．（耳G）毎αQw沼e71α（かmCをわれ・

2．ダpreβerVe5わ0兢C所brα如mSαmdか血豆αgC頑brα如mS・

3．GpreβerVeβ摘九．問γα如mβαmd如血Zβわγα掠れβ・

丑ⅩamPle3・1・8・Thepairofidentityfunctorsl：TopQ⇔Tops：1isaQuillen

adjunction・

ExamPle3．1．9．Thepairoffunctorsl，一巨Se七会Op⇔TopQ：S．isaQuillen

equivalence・

3．2　Simplicialmodelcategories

Inthissection，Weintroducethenotionofsimplicialmodelcategories．Asimplicial

modelcategoryMisamodelcategoryerlrichedoverSet△Op，i・e，itisglVenaSimpli－

cialsetMap（X，Y）calledthefunctioncomplexsuchthatMap（X，Y）0＝M（X，Y）

foreverypairofobjectsXandY・

Definition3．2．1．Asimplicialca吻OryMisacategorytogetherwith

l．asimplicialsetMap（X，Y）calledthehnciioncomplexforeverytwoobjects

gandy，

2．amorphismofsimplicialsetscal1edthecompositionoffunctioncomplexes

Map（Y；Z）×Map（X，Y）→Map（X，Z）

foI・eVerythreeobjectsX，YandZsatisむingtheassociativitycondition，

3．amorphismofsimpliciまlsets＊→Map（X，X）forevery。bje。tXsatis＆ing

theunitcondition，

4．anisomorphismMap（XっY）。⊆茎M（X，Y）Corrimutingwiththecompositionfor

everytwoobjectsXandY．

Example3・2・2・LetXandYbesimplicialsets・LetMap（X，Y）bethesimplicial

setgivenbyMap（X，Y）n＝Set△Op（Xx△【n］，Y）．Thisgivesasimplicialcategory

struCture。nSet△Op

Definition3・2・3・Asi77頑icialmodelcaiegoryisamodelcategoryMthatisalso

asimplicialcategorysatis＆ingthefollowingtwoaxioms：

1．ForeverytwoobjectsXandYofMandeverysimplicialsetK，thereexist

objectsX⑳KandYKofMsuchthattherearenaturalisomorphismsof

Simplicialsets

Map（X㊨K，Y）gMap（K，Map（X，Y））望Map（X，YK）．

2．Ifi：A→Bisacofibrationandp：Xl→YisafibrationinM，thenthe

mapofsimplicialsetsinducedfromthepul1back

Map（B，X）→Map（4X）×Map（A，Y）Map（B，Y）

isafibrationinSe七会Op．Moreover，itisatrivialnbrationwheneitheriorp

isaweakequivalence．

Example3．2．4．TheKanmodelcategorySe七会Opisasimplicialmodelcategory

withX⑳K＝XxKandXK＝Map（K，X）fbranysimplicialsetsXandK．
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3・3　Homotopylimitsandcolimitsinasimplicialmodel

Category

LetMbeamodelcategoryandletIbeasmal1category・The（co）1imitfunctor

MZ→MdoesnotsendanobjectwiseweakequlValencetoaweakequivalenceof

Mingeneral・Thehomotopy（co）1imitisanattempttOSOlvethisproblemofthe

Ordinary（co）1imit．

Definition3・3・1（Homotopylimitandcolimit）・LetF‥I→Mbeadiagram

inasimplicialmodelcategoryMindexedbyasmal1categoryZ．

1・ThehomoiopycolimihocolimFofFisdefinedtobethefollowlngCOequalizer

H　顆）⑳Ⅳhlげp∃Ⅲ顆）⑳Ⅳ机げp，
∫∈∫（諾，y）　　　　　　　　　　　訂∈克

WheretheaboveparallelmapsareglVenby

長⑳1：ダ匝）⑳Ⅳ（ylげp→F（y）⑳Ⅳ（封1げp

and

l⑳′＊：ダ（可⑳〃（ylJrp→ダ匝）⑳〃（机Jrp・

2・ThehorTWLopylimifholimFofFisdefinedtobethefollowingequalizer

H顆）叩1可∃　n　鞠）叩1可，
諾∈Jo J∈∫（諾，y）

WheretheaboveparallelmapsareglVenby

だ‥F回叩1可－→F（y）叩珂

lふ：ダ（y）叩1y）→ダ（y）叩珂

Homotopy（co）1imitshavethefollowinghomotopyinvariance・

Theorem3・3・2・／跳γ呵エef財古eα扇77頑最αZmodegcα吻ⅣyαmdgetJbeαβmαJJ

Cαfegory・

了．茸J：F→GねαmO叩九由mげd戎αgmm占れ〟わ再犯deEed ayJ仇αまねαm

O毎ec血血e ueαたe甲血αJe71Ce be血ee71C頑わγαnf0毎ec旬兢e血血cedmo叩九毎m

扉加moねpycog五m如

長：hocolimF→hocolimG

由αWeαたe WねαZemce血〟．

2．茸J：ダーー→G由αmO叩九由m qfd宜αgrαmぶれ財わ再mde：Ced占yJ兢αまねαm

O妨≡C血豆5el〟eαたe印加αgemCeはⅧee71月あmmf0毎ec旬兢eれ血cedmo叩九由m qf

加m血判膏血油

差：holimダ→hol画G

毎αⅧeαたe W血αkmce m財．

Theorem3・3・3・訊γガムe凡才　eαβ乞7叩Zdc乞αgmOdegcα吻口和mdZetJわeαβmαgJ

Cα吉野0ry．〃ダ乞βαdぬgmm血且すれde〇edbyJ mdgぬαmO毎ecまげ〟，仇em兢e71e

eEおおαmα九mgぬomo叩九由mq持古mpg乞C壱αJgeね

Map（hocolimF，X）望holimMap（F，X）
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3．4　TheBousfieldlocalizationofmodelcategories

IttendstobedifRcul七toprovethatacategoryadmitsamodelstructure・Theaxioms

ofmodelstructurearealwayshardtocheck・Hence，Weintroducetwotechniques

toconstruCtanewmodelstructTlrehomanothergoodmodelstI・uCture．Theseare

calledtheBousfieldlocalizationandthetransferprlnCiple．

Definition3．4．1．LetMbeamodelcategoryandletSbeaclassofmorphisms．

1．Anobject WisS－locatifitisfibrant andfor anymorphismf：A－→B

inS，theinducedmap on homoiopyfunciion complexes（see［HirO31）f＊：

map（B，W）－→maP（A，W）isaweakequivalenceinSetぎp・IfSconsistsof

thesinglemapf：A→B，thenanS－localobjectiscal1edf－local・

2．Amorphismg：X→YisanS－tOCalequwalenceiftheinducedmaponh0－

motopyfunctioncomplexesg＊：maP（YiW）→maP（X，W）isaweakequiv－

alenceinSetだpforanyS－localobjectⅥ′・IfSconsistsofthesinglemap

f：X→Y，thenanS－localequivalenceiscal1edanfNlocalequivaleAce．

Notethattheabovehomotopyfunctioncomplexmap（X，Y）isnotequal七〇七he

functioncomplexMap（X，Y）inDefinition3．2・lofsimplicialmodelcaJ：egOries．Itis

definedinageneralmodelcategory⊃howeverifXiscofibrantandYisfibrantin

asiTPlicialmodelcategory，thenmap（X，Y）andMap（X，Y）areweaklyequivalent

asslmplicialsets・

Remark3．4．2．LetMbeasimplicialmodelcategorywhoseobjectsareco丘brant

and且brantandletSbeaclassofmorphisms．

1．Anobject WisS－localifandonlyifforanymorphismf：A→BinS，

theinducedmaponfunctioncomplexesf＊：Map（B，W）→Map（A，W）isa

wealCequivalenceinSetぎp．

2．A morphismg：X→Yis an S－localequivalenceifand onlyifthein－

ducedmaponfunctioncomplexesD＊：Map（YiW）・→Map（X，W）isaweak

equivalenceinSetぎpforanyS－localobjectW．

De丘nition3．4．3．LetMbeamodelcategoryandletSbeaclassofmorphisms．

Thele痴Bou頭eldlocalizationofMwithrespecttoSisamodelstructureLsMon

theunderlyingcategoryMsuchthat

l．theclassofweakeqlユivalencesofLsMequalstheclassofS－localequivalences，

2．theclassofcofibrationsofLsMequalstheclassofcofibrationsofM．

Proposition3．4．4（［HirO3］）．LeiLsMbe兢elqftBou頭eldlocalizationofMwiih

re叩eCfわざ．

了．動eryWeαたeg混血αge71Ce qf〟由αWeαたegW血αZe71CeOfL5・〟・

2．mecJαββ扉翫加αZ脚γα掠れβガLg〟co玩C宜de£Ⅶ助兢ecgα55げか血豆αZ邦γα一

班肋＝げ〟．

3．動ery邦γα知れ扉Lg〟由α渾γα如mげ朗1
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宥動er再血豆αgC（済むγαおれガ財毎α桁り乞αgCq卵mお花げLS・〟．

百・meCJαββげ揮rmf（朝ec由げLg掴‘C血C揖eβ血兢仇ecJαββげβ－hcα0毎ecね．

Proposition3・4・5・meidentiiyfLLnCiorsIM：M睾⇒LsM：lMis a Quillen

α筍肌C如花．

Pro（症ByProposition3．4．4．

AlthoughamodelstruCtureCOnSistsofthreeclassesofmorphisms，theclassesof

CO丘brationsandtrivialcofibrationsdeterminethemodelstructure．Indeed，theclass

Offibrationsisdeterminedbytheclassoftrivialco丘brationsbytheliftingaxiomof

modelcategories．Moreover，aWeakequivalencecanbewrittenascompositionofa

trivialcofibrationamdtrivial丘brationbythefactorizationaxiom．Hence，theclass

Ofweak equivalencesisalso determinedbythe classes ofco丘brations and trivial

COfibrations．ThefollowinglSamOdelcategorywhichhaぷgeneratOrSOfcofibrations

andtrivialco丘brations．

Definition3．4．6．WesaythatamodelcategoryMiscq声brantlygeneraiedifthere

existsetsAandBofmorphismssuchthat

1・bothAandBpermitthesmallobjectargument（see［HirO3］），

2．Ⅵ′∩ダ＝A－i両andF＝β一両．

The aboveset Ais called agene7℃iing CqfZbraiions，and Bis called agenerating

iriviat coPbraiions．Moreover，WeSaythat Mis combinaiorialifitis co丘bran七1y

generatedandtocallyprese7血blelKLOl］・

Oneofusefultechniquestode丘neamodelstruCtIneOnaCategOryistransferring

anOthermodelstructuretothecategorythroughapairofadjointfunctors．

Theorem3・4・7（Transfer principle）・LeiM be a coJibranilygeneratedmodel

Cα吻0γyW助ge71erα翰IgC所白γα如mβAm如e71eγ現地l再γ血豆αgCq卵γα如mββ・エetⅣ

わeαCα吻OryCgOβed肌de再をmまねαmdcoZdm呵mdJetダ：且オ睾⇒Ar：Gわeαp扇γ

扉α郎血まみれCbr占．茸ダA＝（且可α∈A）αmdダβ＝〈ダ目白∈β）α扇げ

ヱ．わ0兢0召九eβe土ダAαmdFβpem正統e5mαZZo毎ectαWum飢ち

2．GねたeβreZα肋eグβ－Ce〃cO7頑e〇eβ存ee／抗r呵言凱Uβ現わWeαたe画VαJe71Ce57

兢eγ1兢eγe e諾わぬαC頑占mm勒ge71e7℃ねdmodeZβか祝Cぬre OmⅣれ励まCんFA由α

占e孟げge71e7℃翰IgCO渾γα如れβフグ月毎αβe壬げge71e7Ⅵ抽1再γ加わJco揮γα知和57αmd兢e

ⅦeαたeqV血αge71Ceβαre兢e mo叩九由mβ兢αまGねたe占わぬαⅧeαたegu血αZe71Ce血〟．

九州はrmOreJW抽γe軍eCfb蹴5mOdeJβれCれre7（耳，G）ぬαQ撼Ze71α郎肌C宙われ・

AmodelcategorylS Cal1edproperifweakequivalences arepreservedpushing

themoutalongcofibrationsandpullingthembackalongfibI・ations・

De丘nition3．4．8．LetMbeamodelcategory．

1．Itiscalledl埴properifeverypushoutofaweakeqlユivalencealongacofibration

isaweakequivalence．
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2．1tiscalledrighiproperifeverypullbackofaweakeqJlivalencealongafibration

isaweakequivalence・

3．Itiscalledproperifitisbothleftandrightproper・

Proposition3・4・9・エef〟beαmOdegcα吻0ry・

了．茸everyO毎ecまねcq卵m叫班護れ〟由古漬pr叩er・

2．茸everyO毎ecまね邦rmち兢e71掴‾毎γ夜毎pr叩er■

MostoftheexamplesinExample3・1・3arecombina七〇rial，Simplicialandproper

modelca加gories．WefocusontheJoyalーTierneymodelcategoryCa七JThere・

Example3．4．10・Themodelcategory Ca七JT has the generating cofibrations Z

andthetrivialcofibrationsKinNotationl．1．12．SinceSetislocal1ypresentable，

sois CatlKLOl］・For asmal1category C，1et p（C）be the maximalgroupoid

containedinC，i．e，P：Cat→Grdisrightadjoint七〇七heinclusion・Thefunction

complexMap（C，D）＝Np（DC）givesrisetoasimplicialenrichmentonCat，Let

C⑳K＝Cx7TC（K）andCK＝C汀C（K），thenCa七JTisasimplicialmodelcategory

lRezOO］・Sinc？eVeryObjectinCatJTisfibrantandcoabrant，Ca七JTisproper・

Thus，CatJTISaCOmbinatorialandsimplicialpropermodelcategory・

ThefollowingtheoremguaranteestheexistenceoftheBousfieldlocalizationfor

nicemodelcategories・

Theorem3・4・11（匹urO9］）・茸〟由αCOm玩αわでぬ　αm　蕗頑ねぬZ　所pr叩er

mDdeZcα吻0γyαmdg由αβe志げmo叩たわmざ・me7兢e　研月OW頭eJ hcα露Zα加われげ

朗‘Ⅷ鵡re叩eCLb5㌦わeβeコ衰亡α5αCOmあれαわ膏αZmd扇77頑dcdαZZ所pr叩ermOdeZ

Cαtegory．
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Chapter4

The1－tyPemOdelstructureon

Cat

Thischapterprovidesamodelstructureonthecategoryofsmal1categories，Whichis

Closelyrelated七〇七henotionofcoverlngS，fundamentalgroupsandgroupoidification．

4・1　Thel一七ypemodelstructureonthecategoryofsmall

CategOries

ByTheorem3A．11andExample3A．10，WeObtainanewmodelstructureonCa七

by theBousfieldlocalization ofJoyalーTierneymodelstructureifweglVe aSet of

hnctors．

Deanition A＝．1．1．Definethel－iypemodelcaie90ryOn Cat astheleft Bous丘eld

localizationoftheCatJTWithrespect七〇七heinclusion～ク‥【1］→S∞，Denotethe

CategOryCatwiththel－tyPemOdelstructurebyCat1

Ithas甲－localequivalences asweakequivalencesandcofibrationsofCatJT aS

COfibrations．Weintroducethenotionofweak1－equivalencesinCat，afterthat，We

Showthatweakl－equivalencecoincideswith甲一localequivalence．

Definition4．1．2．Afunctorf：C→Discalledaweakl－equivalenceiftheboth

inducedmaps7To（C）－→7To（D）and7Tl（C，X）→7rl（D，f（T））areisomorphismsfor

allだ∈杭．

1emma4・1・3・エe孟GbeαgrP叩0殉兢e77兢ecαmOm乞CαgれchβわれG→訂（G）由α几

毎omo叩たわmげCαね卯γ乞e占．

Proof Theinversefunctor7T（G）→GisgiVenbytheidentitymaponthesetof

Objects，and

（・且・且・且…とぅ一㍍1。…。鳥。芹1。九

Ont，hesetofmorphisms． ［コ

Proposition4・1・4・meCanOnicalinclusione：C→7T（C）isaweak1－equivatence

舟rαmyβmαZgcα吻0ryC．
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ProげThemap20ntheset ofobjectsis theidentitymap・ByLemma4・1・3，

thefunctor7T（e）：7T（C）→7T（7r（C））isanisomorphismofsmallc訂begories・Thus

e．：7Tl（C，＊）→7Tl（7T（C），＊）isanisomorphismforanybasepoint＊・　　　　H

lemma4．1．5．A舟mCわrJ：C→かねαWeαた1－e印加αgemCeげαm OmZyげ兢e

動mcわ叩け）‥可C）→打（刀）毎αme画γαJe71Ceqfcα吻Prぬ

ProげASSumethat7T（f）isanequivalenceofcategories，七henitisobviousthatfis

aweak1－equivalencebyProposition4・1・4andthefbllowingdiagramiscommutative

Conversely，aSSumethatf：Cニ→Disaweal11－equivalence・Since7Tn（BG，＊）＝O

foranypoirltedgroupoid（G，＊）andn≧2，theinducedmapB7T（f）＊：7rn（B7r（C），＊ト→

7Tn（B7T（D），＊）isanisomorphismforal1n≧0・ThisisaweakequivalenceinCat

withtheThomasonmodelstructureinExample3．1．3．Afunctorbetweengroupoids

isaweakequlValenceintheThomasonmodelstructureifandonlyifitisanequlV－

alenceofcategorieslCGTO4］・Thus7T（f）isanequivalenceofcategories・　　　□

1emma4．1．6．AβmαggCα吻0ry由甲壷CαJげαmdmZyげ宜士官βαgr0叩0最．

Pr0げIfGisagroupoid，

Map刷，G）＝Ⅳβ（G【1］）望ArG【1］gArGg∞＝Map（ぶ∞，G）．

ThereR）reP＊：Map（S∞，G）→Map（【1］，G）isaweakequivalenceinSetぎp．con－

versely assumethatGisp－locaL Since甲1SaCOfibrationinCatJT，

甲＊：Map（β∞，Gり一丁→Map（川，G）

isatrivialfibrationinSetぎp．Thereた）re，themapp・：Gざ∞－→GF］issurjective

andGisagroupoid・　　　　　　　　　　　　　　　　　　　　　　　　　　□

Corollary4：．1．7．AsmallcaiegoryisjibranfinCa七1げandonlyqitisagrO叩Oid．

ProojlByLemma4・1・6amdProposition3AA・　　　　　　　　　　　　　　□

Proposition4・1・8・AfLLnCtOrf‥X→Yisap－tOCalequivalenceげandonlyガ

混血αⅦeαた1－e印加αgemCe．

Proof LetfbeaP－localequivalence，theinducedmap

J＊：Ⅳ（Gy）→Ⅳ（Gズ）

isaweakequivalenceinSe七会叩foranygroupoidGbyLemma4・1・6・Sincetheboth

GXandGYaregroupoids，7r（f）＊：G打（Y）→G打（X）isanequivalenceofcategories．

Take G＝7T（X），七here exists aninversefunctor of7T（f）・ThlS，fis aJWeakl－

equivalence．Conversely，WeCanPrOVethatf＊isaweakequivalenceiffisaweak

l，equValenceuslngthereverseprocedureabove・　　　　　　　　　　　　　　ロ
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Thenotionsofweakl－equivalencesinTopaJndSet△Oparealreadyknown・

De丘nition4．1．9．Amorphismf：X→YinTopiscal1edaweakl－equivalence

ifthebothinducedmaps7To（X）→7To（Y）and7Tl（X，X）→7Tl（YJ（X））areis0－

morphismsforal1X∈X．Ontheotherhand，amOrPhismfinSet△OPiscal1eda

Weakl－equivalenceifthegeometricrealizationlfIisaweak1－eqldvalenceinTop．

ByTheorem2・1・4，fisaweakl－equivalenceinCatifandonlyifthenerveNfis

aweak1－equivalenceinSet△Op

Theorem4・1・10（［DP95］）・T7LereeD；isisacojibranfty’gene7Ⅶtedmodelsfruciure

omSet△Op血dc九

才′＝（∂△同一→△回IO≦乃≦2）

由α5eま0再e71e7℃翰1gCO渾rα如mβJ

J′＝（埠→△軋A夏→∂△［3］川くれ≦2，0≦J≦托，0≦た≦3）

ぬαβef扉ge71erα加夕か加わZ c頑占rα知れβJαmd兢e cαββガWeαたe u血αgemCeβ血統e

Cα占β0　ueα　Le触れαZemce5．Ⅳedemoね兢ecα吻0相好βmp泥Cαhe由eu卸pe W助

兢eαbovemodeはγM動mHねSetチOp．

Anotherwaytode丘nethel一七ypemodelstructureonCatistousethetransfbr

PrlnCipleinTheorem3．4．7．Ⅵ楠cantransfertheabovel一七ypemodelstructureon

Set△OptoCatusingthepairofadjoi血functorsc：Set△Op⇔Cat：N．

Theorem4・1・11．me caie90ryCat admiis amodelstruciurewhichIis asetqf

ge71erα血gc所brα知れβJJ由αβef扉ge71e7Ⅶ血再れVぬgco揮γα如れ占，αmd仇ecgαββげ

Ⅷeαたe押血αge71Ceβ血統e cα55げWeα　Le押血αJemce57血ereJαmdJαreg血e7もれ

Ⅳ0ね嘉DmJJ．J2．

ProojlWeveri秒thattheconditionsinTheorem3A．7aresatisfiedfbr

c：SetチOp⇔Cat‥N．

ThedomainofanyfunCtorinc（I／）orc（J′）isasmal1categoryconsistsoffinite

objectSandfinitemorphisms，thusc（I／）andc（J／）permitsmallobjectargunen七・

〇ntheotherhand，eVeryfunctorinc（JI）isatrivialcofibrationinCat1・Sincetrivial

COfibrationsinamodelcategoryareclosedunderretracts，PuShoutSandsequential

colimits，arelativec（J／）－Cellisaweak1－equivalence．Hence，Nsendsrelativec（J／）－

Cellstoweakl－equivalences．1鴨canobもainacofibrantlygeneratedmodelstructIne

onCa七withthesetofgeneratingcofibrationsc（Z／）andthesetofgeneratingtrivial

COfibrationsc（J／）byTheorem3．4・7．Final1y，WehaNeC（I／）－inj＝I－injandc（J／）－inj

＝J－inj，therefbreZis asetofgeneratingcofibrationsandJisasetofgenerating

trivialcofibrationsofthemodelcategory．　　　　　　　　　　　　　　　　　　□

Corollary4．1．12．memode～雨rWCねregねe71玩meorem4．．JJco血C揖eβⅦ助兢e

l一重伊e7乃OdehまmCかげeOmC如g血e71血刀頭md如れィ．⊥」．

ProoJIThe class Z generates cofibrationsin CatJT and Catl・The two model

StruCtureShaVethesameclassesofweakequlValencesandcofibrations，thusthese

modelstructuresareeqval．　　　　　　　　　　　　　　　　　　　　　　　　ロ
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4．2　Fibrations andcoverings

Inthissection，WeCharacterizefibrahionsinCa七1・Byobservlngthesetofgener－

atingtrivialco且brationsinCatl，itturnSOutthat丘brationsinCatlCOincidewith

categories丘beredandco丘beredingroupoids・AIsowecanseeacoveringinCatas

aspecialcaseoffibrations・

Definition4．2．1．Ah皿CtOrF：Cl→Discalledacategoryfiberedingroupoids

ifthefollowingtwoconditionsaresatisfied：

1．ForeveryobjectxinCandeverymorphis甲f：y→F（X）inD，thereexists

amorphismg：訂′→XinCsuchtha七F（9）＝f・

2．Foreverymorphismf：〇I→X′′inCandeveryobjectxinC，themap

α‥C匝，訂′）→C（諾，〇〝）×叩回舟〝））か（ア回目利巧）

givenby針→（f。9，F（9））isbijective・

Byreversingtheabovemorphisms，WeCandefinecategoriescofiberedingroupoids・

Proposition4・2・2・AfLLnCtOrF：Cl→Disacaie90ryPberedandcojiberedin

grO叩0通好αれdomJy酎拍αβ兢er励ま研血gprqper旬血統re叩eCまわJ・

ProげThefirstconditionofcategoriesfiberedandcofibered′ingroupoidscorre－

SpondstotheliftingpropertyforJl・ThemqpαissurjectiveifandonlyifFhas

therightliftingpropertywithrespecttoJ2・Final1y，themapαisinjectiveifand

onlyifFhastheright1iftingpropertywithrespecttOJ3・　　　　　　　　　□

Theorem4．2．3．me1－ま卯emOdeZcα吻0ryCat1COmβおおげ兢e．研bW九gβ亡rUChre．

茸′：ズ→y由α舟mcわれ兢eγL

J．′毎αWeα烏e画Vαge71Ceげαmdomgyげdf由αⅧeαた1－e画りαZerlCe，

2．才由αCq御m知れげαmdomZyげ広ま由毎ec血eom仇eβe土げ0毎ec由，

タ．　由αβγα嘉α几げαm OmJy椚由αCα吻Dry渾eγedmdco揮eredれgm叩0通・

ProげByCorolla町4・1・12andProposition4・2・2・　　　　　　　　　　　　　□

Theorem4・2・4（lLurO9］）・AfunciorpisajibraiioninCa七1ガandonlyげNpis

α∬α花月5m知れ．

Corollary4．2．5．Acα吻DryG毎α　γ0叩口相好αれ　0和げⅣ（G）由α∬αmCα汀画e〇・

ProげByProposition4・1．7，grOuPOidscoincidewithfibrantObjectsinCatl，and

KancomplexescoincidewithfibrantobjectsinSetだp．Theorem4．2．4impliesthat

GisagroupoidifandonlyifN（G）isaKancomplexsinceNpreservesterminal

Object．　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　□

I，emma4．2．6．Hp：E→Bisacovering，thenpis ajibraiioninCatl．
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Proof Bythede丘mitionofcoverings，Phastherightliftingpropertywithrespect

toJl・Supposetha七wehaNethefollowingcommutativediagram

l－∴rl

ヵllp

【2トすす且

Weobtainamorphismα：f（0）→f（2）0Verg（0→1）：g（0）→9（1）bytheright

1iftingpropertyofp・Wehavep（f（2→1）。α）＝9（0一→2）andf（2一一→1）。α＝

f（0→2）bytheumiqpelifbingproperty，thenphastheright1iftingpropertywith

respecttoJ2・Theunlqueliftingpropertyalsoimpliesthai・PhastherightIifting

PrOPertyWithrespecttoJ3，Simi1arly．　　　　　　　　　　　　　　　　　　　□

Definition4・2・7・Letf：X→Ybeafunctor，thenthecategoryoffiberf‾1（y）

0Very∈鴇isdefinedasthesubcategoryofXdefinebyf－1（y）0＝rl（y）and

J‾1（y）（α，わ）＝p【1（1y）・

Proposition4・2・8・A舟nctorp：E→Bis a coveringげand only好pis a

揮mf加わCat1αmd兢ecα吻叩0〃翫γp‾1（わ）毎払creねかαmyb∈執．

Pro（症Letp：E－→Bbeacovering，thenpisa丘brationbyLemma4．2．6，andevery

fiberhastheonlyidentitymorphismsbytheuniqueliftingproperty．Conversely，

1etpbeafibra七ionwithdiscretefibers・Sincepisafibration，Phastheright1ifling

PrOPertywithrespecttoJl．Wewillshowthatun1queneSS Ofthelifting．Fc）rthe

followlngCOmmutativediagram

＊－ヱ→一層

1、1p

［1］Tjヲ

We aSSumethatP，h：［1］→Esatis＆p。g＝P。h＝fandg（0）＝h（0）＝

e（＊）・Therig加1iftingpropertyofpwithrespecttoJ2impliesthatthereexists

W：g（1）→h（1）suchthatw。g＝handp。W＝1f（1）・Itfollowsthatwis

amorphisminp，1（f（1））．However，P‾1（f（1））hasonlyidentitymorphisms，thus

W＝1．Therefore，9＝h．　　　　　　　　　　　　　　　　　　　　　　　　　□

4・3　A factorizaiion ofmorphismsin thelTtyPe mOdel

CategOry

Thel一七ypemodelcategory CatlisequlPPedwithapairoffactori2；ationsofmor－

Phismssatisかingtheset ofaxiomsofmodelstructuregivenbythesmallobject

argumentlHirO3］，［Hov99］・Itisobtainedbytakingmanypushouts andsequenp

tialC01imits．This sectionglVeS anOtherfactorizationofCatl Whichinduces the

groupoidi五cationinDe五nition2．1．1anduniversalcoversinDefimition2．2．7．
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De丘nition4．3．1・Letf：X→Ybeafunctor・AcategoryEfisdefinedby

（勘）0＝〈（訂，y＊）∈XoxMor（汀（y））0日匝）＝yO）

勒（（瑚晶府′読））＝（（g＊，g）∈打（X）（訂，弟×y（批正）は。拍＊）＝タ。y＊∈打（y））

whereynandyL arethelastobjectsofy＊，yi，reSPeCtively・WhenX＝＊，the

CategoryEfispreciselyYinDefinition2・2・7・De丘neafunctorj‥X→Efby

j（X）＝（X，lf（＝））andp：Ef→Ybyp（X，y＊）＝yn，七ふenwehavef＝POj・

Proposition4・3・2・TheJunciorp：Efl→YisajibraiioninCatl・

Proof Supposethatwehavethefollowingcommutativediagram

＊一エー動

力llp

［11Ty

Letα（＊）＝（X，y＊），thenβ（0→1）：β（0）＝yn→β（1）・De且ne afunctor

7：【1］→勒by′†（0）＝α（＊）＝（訂，y＊），7（1）＝（訂，β（0→1）。y＊）and7（0－－→

1）＝（1，β（0→1））・ItmakestheabovediagramCOmmutative．，thusphastheright

liftingpropertywithrespecttoJl．

Next，SuPPOSethatwehavethefolloWlngCOmmutativediagram

長一．－一望ナ動

力11p

【2仁一万→y

Theimageofαdescribesthediagram

（琉履）（禦）匝，y＊）（空建）（。〝，淵

inEf・Sinceβ（1→2）isamorphismh・Omthelastobjectofyhoyr，themorphism

（毎。g∴β（1→2））三（〇′読）→（霊〝，祀）

givesafunctOrl2］→Efmakingtheabovediagramcommutative・Thus，Phasthe

rightlifhingpropertywithrespecttoJ2・

Final1y，SuPPOSethatwehavethefollowingcommutativediagram

C5rl一一三＋塾

ゴ311p

［2］一一す→y
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Theimageofαdescribesthediagram

（㌶粛立夏（瑞）二二（∬〝，淵
（九L九つ

inEf・Sinceh＊。9＊＝h宝。9＊in7「（X），

転＝九＊。g＊。gJl＝嫉。g＊○打1＝砿

in7T（X）・Moreover，βimpliesthath＝h′，then（h＊，h）＝（hi，h／）anditgivesa

functorl2］→EfmakingtheabovediagramCOmmutative，thusphastheright

liftingpropertywithI・eSPeCttoJ3．　　　　　　　　　　　　　　　　　　　　□

Proposition4・3・3・ThefLLnCiorj：X－→EfisairivialcoJibraiioninCat1・

ProofItisobviousthatjisacofibration，thusitsu毘cestoprovethatjisaweakl－

equivalence・Afunctorr：7TEf→7TXisdefinedbyr（X，y＊）＝Xandr（9＊，9）＝9＊．

Thisisaninversefunctorof7Tj：7TXl→7TEf，thereforeJ1SaWeakl－equivalence

byLemma4．1．5．　　　　　　　　　　　　　　　　　　　　　　　　　　　　　□

Corollary4・3・4．me舟Cね再Zα如mg血e71血刀頭痛われ宥3．Jβα軸和β兢eJαCわ河Zか

まわれα滋om扉mo加gβかuCねγe血刀所几摘om3．7．了．

Corollary4．3・5．エeまC beαβmαZ～Cα印0γ　αmd k叛：C・→＊わe班′e7血gWe

m叩兢mね兢e励m血Zo極ま＊玩Ca七．memq毎師0redαβC⊥且。エ＊．

meか毎払gc頑わ和をわ再：C－→属官由班沼Cα几0而（混血ch占われC→可C）α55OCdαねd

b兢e r0叩0揖研Cα掠れ血刀所作弱われ　JJ．

Corollary4・3・6・エeま（C，＊）beα画地dcommeCねdcα吻0ryαmdZeまた：＊一→C be

伽emあed肋拍mc加わ加わαβe画地memたま拍Cね代dαβ＊⊥鞄」Lc．me

．∵・∴・こ．‥．・‥′‾一一・‾、∫‥∴‥・・・∴・・・立一・・＿・●．亘－‥●∴．∴・．∴∴

4＝・4　Relations between thel一七ype model ca七egory and

Othermodelcategories

ThemodelcategoryCatlisrelatedtoothermodelcategoriesbythefollowingpalrS

Ofadjointfunctors

ム　　　　　∧r　　　　　トI

Grd＝cat．＝set△Op＝Top・
T C g＊

Proposition4．4．1．T7LePairqfa斬oini舟nciors

打：Cat1⇔GrdA：ん

ねαQ祝沼eme㍑血αge71Ce．

Proqf Since7TPreSerVeSWeakequivalencesandcofibrations，Proposition3．1．7im－

Pliesthat（7T，L）isaQuillenadjunction・Fhrthermore，（7r，L）isaQuillenequivalence

Since the canonicalinclusion C一一→7T（C）is aweak1－equivalence for anysmal1

CategoryCbyProposition4．1．4．　　　　　　　　　　　　　　　　　　　　　　□
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Proposition4・4・2・Thepairqfaaioinihnciors

c：Se七会Op⇔Ca七1‥N

dβαQW沼e71α郎肌C如m．

ProqfThefunctorhrpreservesfibra七ionsbyProposition4．2．4．Foraco丘bration

i：A→BinSetぎp，themaponthesetofvertexesio‥Ao・→Boisinjective・The

maponthesetofobjectsofci：CA→CBisio：Ao→Bo，thusciisacofibration．

Itfbllowsthatcpreservescofibrations，hence（C，N）isaQuillenadjunCtion．

WewillprovethatCat1isQuillenequivalenttoSetfOp．Recal1thede丘mition

offundamentalgroupsofsimplicialsets（Kancomplexes）inDefinitionl．3．19．Let

（K，＊）beapointedKancomplex・Twol－Simplicesx，y∈KISatis＆ingdi（X）＝

di（y）＝＊fori＝0，1arehomotopic，denotedbyx巴y，ifthereexistSa2－Simplex

z∈K2SuChthatdoz＝＊，dlZ＝Xandd2Z＝y・Thefundamentalgroup7Tl（K，＊）

isglVenby

（∬∈∬1td直）＝＊，宜＝0，号／巴・

Notethat7Tl（K，＊）isequaltothefundamentalgroupofcK・

1emma4．4．3．茸∬ねα∬αmCO77画e：ち兢e71Cg由αgrO叩0壱d．

Proojl AmorphismofcKfromatobisaclassofsequenceele2…enOf1－Simplices

ofK．Thereexistse∈KISatis＆inge＝ele2・・TenincKsinceKisaKanCOmPlex．

Furthermore，thereexistsd∈KISuChthatde＝aanded＝b，thusallmorphisms

ofcK areinvertible．　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　口

Proposition4．4・4・me CO肌五七m叩叩：∬→Ⅳcg毎αⅧeαた1一叩血流71Ceれ

Set△Op好∬由α此れCO7頑e訂．

ProofItisobviousthat77＊：7To（X）－→7To（NcX）isanisomorphismsinceXD；当

（NcX）0・ThecategorycKisa．gro†POidbyLemma4A・3，hencethemap叩＊On

fundamentalgroupsisthefollowlnglSOmOrPhism

れ（互，＊）＝C∬（＊，＊）⊆CⅣcg（＊，＊）望与圧（Ⅳcg，＊）・

［コ

Corollary4．4．5．7ecc肌肌孟m叩叩：∬→肌∬由αWeαた1－e画りαZemceれSet△Op

舟γαmy茸．

ProofBythefact0rizationinSetぎp，thereexistSaKancomplexRKwithatrivial

cofibrationi：K→RKinSetぎpforanySimplicialsetK．Thefollowlngdiagram

∬－．一・一三十Arcg

・i　　　巨

見方7ⅣcRだ
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is commutative，and77：RK－→NcRKis aweakl－equivalencebyProposition

4A・4andalsoiisaweak1－equivalence・ByProposition4A．2，

C：Setぎp⇔Ca七1：N

is a Quillen adjunCtion，therefore c preserves trivialcofibrations by Proposition

3・1・7・Therefore，CiisawealLl～eqldvalenceinCatamdNciisaweaklqequivalence

inSet△Op・Thediagramfbllowsthat叩：X→NcXisaweakl－equivalence・□

Theorem4・4・6．mepairofa㊥oin舟nciors

c：SetチOp⇔Ca七1‥N

ぬαQu沼eγL e混血αkmCe．

Proof ByTheorem4・2・3，（C，N）isaQuillenadjunCtion．SupposeXisacofibramt

objectinSetチOpandGisafibrantobjectinCat1andf：X－→NGisaweak

equivalenceinSetチOp．Ⅵ梅showthatthemapfH：CX→Ggi，enbycXエ

CNG望GisaweakequivalenceinCatl・Inthefollowingcommuta七ivediagram

g⊥LArG

り11空

的ズ‾‾手首ⅣcArG，

themap77isaweakl－equivalencefromCorollary4A＝．5，SOisNcf．Thus，Cfandfが

aI・eWeakequivalencesinCa七1．Conversely，itisobvioustha付isaweakequivalence

inSetチOpiffBisaweakequivalenceinCatl．　　　　　　　　　　　□

4・5　Thel－tyPemOdelcategoryandstacks

Categories（co）丘beredingroupoidsappearinginthedefinitionoffibrationsinCatl

arecloselyrelatedtostacks．Astackisageneralizednotionofsheafforacategory．

Althoughthereareseveraldefinitionsofstacks，Hollandergaveoneoftheminterms

OfhomotopylimitslH0107］．

Definition4・5・1（Stack）・Let（C，J）be asite（see［MM92］）・Afunctor（or

PreSheaf）F‥COP→Grdisastackif

g（茸）→holimダ（抗）

（seeinDefimitton3・3・1）isanequivalenceofcategoriesforanycover（Ui→X）・

InordertodealWithstacksusinghomotopytheory，Hollanderconsideramodel

structureonthecategoryGrdCOPoffunctorsvaluedingroupoidsandthecategory

F（C）ofcateiories丘beredingroupoidsonasmallcategoryC．Thesecaiegoriesare

relatedtoeachotherbytheGrothendieckconstructionandthesectionfunctor．

TheGrothendieckconstructionappearlnginDefinition2．2．6Canbede丘nedfor

afunctorF：COP→Cat．Itgivesafunctor致・OmthecategoryCatCOPoffunctors

OnCOPval11edinsmallcategories七〇七heovercategoryCat1C．
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Definition4．5．2．ForafunctorF：COP→Ca七，theGrothendieckconstruCtion

GrFisaca七egoryconsistingof

、（Grダ）0＝（（訂，可l∬∈Co，α∈（ダ可0）

and

Grf’（匝，可，（甘，瑚＝くけ，目口∈C（諾，y），㍑∈釣廟宮川）・

ItisequippedwiththecanOnicalprojectionpF：GrF－→C・Thiscorrespondence

givesafunctorGr：CatCOp→CatlC．ThereexistSarightadjointfunctorof

Gr．Thesectionfunctor

r‥Cat1C→CatCOp

isde丘nedby

rp（∬）＝（β：Cl〇→居座。β＝め

foranyfunctorp：E→C，Whereq：CIx→Cisthecanonicalprojection・

Proposition4．5．3．Gr：Ca七COP⇔Ca七lC：risapairofa句oinifunciors．

Proof For afunctor F：COP→Catand afunctorp：E→C，a natural

isomorphism

α‥CatCOp（F，rP）→Ca机C（GrF，E）

isde丘nedbyα拝）（諾，可＝㍍（α）（1。）hr（諾，α）∈（Grダ）0・　　　　　　　　　　□

Remark4．5．4．TheabovepairofadjointfunctorsinducesGr‥GrdCOp⇔7（C）‥

r．

LetusconsiderthefollowlngmOdelcategories．Atthistime，Wedonotneeda

Site，butOnlyasmal1category・

De丘nition4．5．5．LetCbeasmal1category，thenweconsiderthefollowlngmOdel

Categories．

・Ca七FOPisthecategoryoffunctorsonCOPvaluedinsmallcategorieswith

theprojectivemodelstructurewhichhasobjectwiseweakequivalences（resp・

丘brations）inCa七laSWeakequivalences（resp・丘bra七ions）・

・Grd20pisthecategoryoffunctorsonCOPvaluedingroupoidswiththeprojec－

tivemodelstructurewhichhasobjectwiseweakequivalences（resp・丘brations）

inGrdAaSWeakequivalences（resp・fibrations）．

・f（C）Histhecategoryofcategoriesfiberedingroupoidswiththeinduced

modelstructureh・OmGrd20pthroughthepairofadjointfunctors（Gr，r），

namely，fisaweakequivalence（resp．且bration）ifrfisaweakequivalence

（resp．肋ration）inGrd望Op．

Theorem4．5．6．Theabovethreemodelcaie90riesCa七FOP，Grd望Op andF（C）H

αre Ql上沼671egWhαge7ュまねeαC九0兢er・

ProdH011amdershowsthatGrd宝OpandF（C）HareQuillenequivalentbythepair

ofadjointfunctors（Gr，r）inlHolO7］．Moreover，Grd宣OpandCatFOPareQuillen

equivalerltSinceGrdAandCatlareQuillenequivalerrtbyProposition4A．1．　ロ
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Letusconsiderasmal1categoryCwithaGrothendiecktopologyJtodiscuss

stacks・HollanderusestheleftBousfieldlocalizationofGrd宣Oporf（C）HWith

respectto aclass ofmorphismsinducedbyhomotopycolimitS（seeinDe丘nition

3・3・1）ofcoversinJ．

De丘nition4・5・7・Let（C，J）beasite・ForanobjectX∈Cb，SOmetimesweidentibT

itwiththefunctorC（－，X）：COP→Set⊂Ca七byYonedalemma．Fbracover

（Ui→X）onX∈Cb，thenerveU＊isthecosimplicialobjectinGrdCOp

‰＝Ⅲ抗。×ズ抗1×ズ‥・×ズ‰・

LetSJbethesetofmorphisms

SJ＝（hocolimU．→XHUi→X）：COVer），

theleftBousfieldlocalizationofGrd宣OpwithrespecttoSJisdenotedbyGrdgOp，

Similarly，theleftBousfieldlocalizationofCatFOPwithrespecttoSJisdenotedby

Ca堵Op．

AIsowecandefineasetSiofmorphismsinF（C）by

島＝匝ocolim（Cln）→Clgl（抗一→ズ）：COVer）．

TheleftBousfieldlocalizationoff（C）withrespecttoSlisdenotedbyF（C）L・

ThefollowlngtheoI・emisinducedbyTheorem4．5．6

Theorem4・5・8・Theaboveihriemodetcaie90riesGrdgOp，CatgOpandF（C）Lare

Qu招em e u血αgem　わeαC九〇兢er．

Theorem4・5・9（［HolO7］）・A舟mCかmCOpM血ed玩grD叩0通わα5ねぶたげαmd

m転げ正克郎m混血GrdgOp．

ProojlA丘brantobjectinGrdgOpcoincideswithanSJ－localobject．HenceFis

fibrantifandonlyif

GrdCOp（X，F）－→GrdCOp（hocolimU．，F）望holimGrdCOp（Ui，F）

isamequlValence ofcategories・TheYonedalemmafor2－CategOriesimpliesthat

F（X）→holimF（U．）isanequivalenceofcategories．　　　　　　　　　　□

Weintroduce．OnemoremodelstructureontheovercategoryCat1C．induced

homCatl．

I）efinition4・5・10・Forasmal1categoryC，Ca七1lCistheovercategoryCatlC

WithamodelstruCtl∬e，inwhichamapISWeakequivalence，fibrationorcofibration

ifitisoneofCat1．

Theorem4．5．11．Thepairofa郎oinihnciors

Gr：Ca七FOp⇔CatllC‥r

毎αQu招e7日伸助弱肌
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Proof The Grothendieck construCtionsends theset ofgenerating cofibrations of

CatFOPto

〈1×乞：Cl訂×∬→Cl〇×yI戌∈J）

inCat1C．Thesemorphisms arecofibrationsofCat1，henceGrpreserves cofi－

brations．Simi1arly，Grsendsthesetofgeneratingtrivialco五brationsofCatFOp

to trivialcofibrations ofCa七11C．Hence，Grpreserves trivialcofibrations，and

（Gr，r）isaQuillenadjunCtion・　　　　　　　　　　　　　　　　　　　　□
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