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1.1 EESHTOEEM
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BILTHEAT 28 MER) ZRDZEHRETH BT LH, REBOLZEHD
BRLE x5,
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ROREI. MESRERBAERERE 7V O ) XL RRE I N T ze, MRS
HORETH-TEH, BETHIEEVERTES, TDDH, BEERIENT
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%, TNHOFEMNS, EICHBR/7ZBD FL—YRT7 7 FESDORZERRTH S
TV 73 & THMERESNEH SN T3,

FEOihiRIE, SR TRIATESAC LAHBHLTH S, BET 4 e
REFET VIV XLBMHEREN TS, FHC. BHEREES ORZe%ZiEd 5
Fedlc, BABKET NI XLPREENTED, ZhHORRICK D, A
BMOBEHRDREBL TS, KR TR E IR O SHRIRET 5
BT 2 BT, Mizar ICB) %, FBMBHKROERLHEET 5 EMk & O AR
ZEREL TV,



2.2 15RO ES |
FHE EOMICH L. UFOT T ¢ L S e R X N 5,

B 2.1 (BB8) FHE LICFEETZHP = (2,y) KWL, (z,9)ZEPDT T4 VE
BEMES, 6, P=[X,Y,Z,r=X/Z,y=Y/Z &Lt ¥, [X,Y,Z]Z P
ONEEEL LS, T TREMEET A0, BBIZIE. 7,9, XY, ZdH 5
KK DT TH5, £ic, FHEBEEEFEICIE [X,Y, Z]) € K3\{[0,0,0]]} 2= L.
XY, Z DG NTOEEMNFRFFC 0 £755 T &R,

774 VEBETRP,QMELNT L2, HEEBETEVS edHIic, IFOHTE
BFOFEMERRZEAT %,

8 2.2 (HEEORIE) 5 TiE LD 2K P = [Xp,Yr, Zp|,Q = [Xq, Yg, Zg]
HEHETH B L3, UTORZHT c e K\{0} FET BT L2,

XQ = CXP
YQ = CYP (21)
ZQ = CZP

FEMEARIE . RO 3 MR TERET NS D, JERR 3 R I T TER
ENBTAY—2a b T ADEEB L NAHEFAME L Z 5T, AfmXTEEITD
K D IR Z &Y B0

TR 2.3 (R (77 1 VER) TAY— a2 b5 AOFER
v=1*+ar+b (2.2)

FERHERNCHES, ERARETH S SRR ZBAMR E TS, FBHERNIER
RBThdced, 22+ax+bDHFIR N

6 =4a®+ 270> #£0 (2.3)

THBT LEAETHS, —RICHh K ETRBENHEMERL 3 0be K TH
BHEHEOC L2 S, BFMRO K-EBALIE. o,y BEA K ICET 55T
BV, TORLBTRND WL O BEFDIMAE B(K) THT,

FROERET T 4 VI BT SOERTH B, WY T 3
FEHROERIIUTOLE B TH S,
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FEZBHENCHED., JEFETH 2R 2 FEMAMhR oS, BV IERET
Hircel, X3+aX +bDHHIKsH

§ =4a® + 270 # 0 (2.5)

THBT LBRETHS. —RICHk K ETERENIHMIBRE & o,be K TH
BHRIEOC L2 >, HFERO K-ERA LR X, Y, Z BN KBS 54
THY, ZOHEKE B(K) TET,

LEETERUBHERIE, o, b NEDX S HMETH->TEH, OB LD
RO =[0,1,0](JEE R L PER) BMFHES %o CDTTIE, BRTBNBHEMEFRDO R
DEE (NE) ICBT 2 HAT (Ft) Lix>TW0W5, k., BEERIEZT T« VBB
BTRERVETHS D, 774 VERTIIEEETIRRE I, HIC0 LXRT,

2.3 HBHRHFE

FEM AR TR S 1k K(EBA L PER) 3L 2 OZFIFTE 20, MR
BIBOTE, KELER pISHT ZERAETF,(p > 3) ¥, Fy DIEKREFyn (nid
2 LI EDEE) 2S5 T LB, KL TR, TOHDEF, Z2H o5, F, 3AR
THo, UTTEBRTHEMARTHSD. BREFELTINS,

EH 2.5 (RF) BoEHLONCER  MEZ Rl NE%Z, RE LS,

ZEIHERTHNIT, (p ). BRTHNIFHELEQDAFET HT LM
MonTWB, KawX TlE, FICLLTOEEZBIIET S,

EE 2.1 Eplctl, F, 3EAEKTDH B,

CDEHIT. F, OFMEICEZENS 1 mod pH S F, DIIEZHNWT. F, DTN
TOREERTESZ LEAVTIEAT %,



2.4 FEMAEOF,-BELDOEK

FEHEROERAEF, L35 L%, BHMRELOF, FHERUIT T 1 VEBIET
RIEE. P=(zp,up) (zp,yp € Fp) THIF 5, TOMICHEHERE LOKE LT,
MRS O = [0,1,0] BEET %,

zp € F, &2 o BB L T 5 R, FEMEROAER y? = 23 +az+b KD, 2 +azp+b
DFEARE UTHRD y DEBADTFET %, 3505, 23 +azp +bH 0 TENE
B, 13 +azp + b EFEHBE UTERD y BEFEETHHE. —y AR EES T
D, zp B BIELT BRI 2DFEL. BELAVWEERZOX I BREBFREL
B Fiz, 2h +azp +0D0DFHEIE, y=0THB7D, zpZ s BIFELTS
R 1DFET %,

—%. s DEHBOFHEICH L, UTOREARRILENERI NS,

EE 2.6 (FHRIRES) s e F iU T, FHRHRES () ZUTOL I ITER

-

Lizh> T, 7% +azp + b DFEAHIROE. §75b5, zp 2 o BIEL T B HOM
Bk, ARG ESEH> TUTOXSICERETE %,

EE 2.2

0 (s=00DBAHE) (2.6)

1 (s DVFARBVEFET B5H)
-1 (s DFAENMFELEWVER)

1 3 AR B BB = (iﬂ‘;”—*b) i1 @)

EXD, F, ZEHKL T 2R E O F,-AHEROMEE (#E(F,) TXKiL)
F. UTOXSICRHETE %,

TR 2.3 F, 2 EHRK L T HEMHER E O F,-AERAOMENRAEF,) &, U T2H

29,
#E[F,) =p+1+ » ( (2.8)

.’L'pE]Fp

$3P+&$P+b>
p

FUHE2HD 11d, EREEDOSRZRLTVS, FHRERILEZMENICGET
57 NVIVRXLMFET B0, pAVNEVERTE, #2372V T, M
HRROD F - A DEE #E(F,) ZEE T2 M2V, Kk, BHMRDF,-A
BN O #E(F,) . &8 E(F,) ODREL EFS,
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2.5 FEAHRORDER

FEMHRD K- BHEROER E(K) &, UTOER +ICXD, 7—N)VEOMREIE
8D,

EE 2.7 (BRE +(T7 71 VEHE)) HBHMER =2 +az+b LOR P = (zp,yp),
Q= (zq,yq) # —P, R=P+Q = (zgr,yr) IZH L,

Tp = —xp—1Ig+ M\
2.9
yr = —Mzr—1zP)—yp (2.9)

THE + Z2E&RT 5, L.

ot b
\ = 2.10
3% +a P=0 (2.10)

2yp

"Gﬁéo ?ﬁi‘:’o = [0,1,0], P@ﬁﬁ% —P = (.’L‘p,—’yp) a_d—%o

7T 4 VBRI B AEED FEERDOES. P+ (—P) BEEICEERINTE
59, P+ (=P) =0 LHICEBVRBRETH S, TR, HEBRCHBITS
ITFOERDES. P+ (—P)bEBEINTVS, BB, —P = [Xp,—Yp,Zp] T
BB

8 2.8 (RE +(SIER)) BHEMYZ = X3 +aXZ2+ 023 LOR P =
[Xp,Yp, Zp), Q = [Xq,Yg, Zgl, R=P+Q = [Xg,Yg, Zg] ICX L. AFDKSIC
HHE + ZERT S,

Case 1. P=0DHFAE, R=Q
Case 2. P#0 D, Q=0DHEH. R=P
Case 3. P#0, Q # 0 HhD. Q # P DIFAH.

XR = vA (211)
YR = U(’U2XPZQ - A) — ’UBYPZQ (2.12)
Zrp = v*ZpZg (2.13)

c C'(“, u= YQZP—YPZQ, V= XQZP—XPZQ, A= U2ZPZQ—"03—2’I)2XPZQ
TH%,
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Case 4. P#£ 0, Q # O D, Q = P DFA.

Xp = 2hs (2.14)
Yz = w(4B —~h)—8Y3s? (2.15)
Zp = 8s° (2.16)

2T T, w=aZ%+3X2, s=YpZp, B=XpYps, h=uw?—8BTH%.

LEEDEBDBRE. HEBEDOTER (&K 2.1) B5 [Xg, Yr, Zg| # [0,0,0] 27
eI RENDH S, Case 1, 2DHEEITURMET I LIEZFT A SM, Case 3DHFH
BN TERBTERT T EMEHMBEETH 5, Case 4 DFFICHBOTIE, HIHIR
§#0THARMTTHI RIS T EAGEATETH 5,
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¥3E FEMeEHRORRIL

COETR, F2EBTRXRAGHHERICEET 2 EH - THZ Mizar IKBNT
BRILT %, LU Tl Mizar TIHER(E LIZER - EHZBEOBEDER - €8 L
XA9 57, EE [Mizar FzzU(L]. EBE [Mizar lezl{k] &£ LTET, LB, XU
TR EOFELRNZIWS Z L ZHMICHAL TE D, EERICIIMomE -
FTHOECEHRETHEI LZERLTHEL

3.1 E&

Z 2T, 2.3 HiTHRREERZEEA Mizar BN TIERILT %, Mizar DA
T TE. HOERDEBN NS, BEZERT HENCETS., BoREEESR
5,

E28 [Mizar FER1E] 3.1 (E4531F)
definition

let K be Field;

mode Subfield of K -> Field means

the carrier of it c= the carrier of K
& the addF of it = (the addF of K) || the carrier of it
& the multF of it = (the multF of K) || the carrier of it
& 1.it = 1.K & 0.it = 0.K;

end;

the carrier of it &, B ARZHK T 28R E (BHREGL™S) Z/RL. (the
addF of K) || the carrier of it&UF(the multF of K) || the carrier of
itld, R K ONMEKRUCERZHMAIEOEGIBET S5 LWV EKRTH S, £k,
1.it, 0.itEFNEFN., BHMEDOFREDEA TR UCIIEDOBAT (Ft) Z/rLT
Wb, FELDERIE. K OESMAE,

e MM SERED K DERSOMITRS
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o FENUMENK O LI ESICBELZED
o FELIMEDHEAMITLHEL

TERTSH. LVIERTH 5,
RiCEEDOERZLALT %,

EE [Mizar FZRUE] 3.2 (RF)
definition let IT be Field;

attr IT is prime means

K1 is strict Subfield of IT implies K1 = IT;
end;

CDEHIL. EB25EZDEEFHZIFLEBDTHS, bbb, Mok KL
TTOEZFDEDENVIEKRTH D, THREESEHLINSHERNEELRNE
WHZ L ERILTH S,

DIFT, @21 2ERILT %, F, WRETHSH LZIEHEEDH B EUATD
X21Z7%%%, GF(p) B F, Z/RL TV %,

EE [Mizar fiz3U{k] 3.1 (RH&F,)
theorem
for p be Prime holds GF(p) is prime
proof
set K = GF(p);
PO: p > 1 by INT_2:def 5;
now let K1 be strict Subfield of K;
set C = the carrier of K;
set C1 = the carrier of Ki;
set nl = p-1;
reconsider nl as Element of NAT by PO,NAT_1:20;
Al: for x st x in K holds x in K1
proof
A5: for n be Element of NAT st n in Segm(p) holds n in C1
proof
defpred P[Nat] means $1 in Ci;
0 in Segm(p) by NAT_1:45;
then 0.K = 0 by FUNCT_7:def 1;
then 0.K1 = 0 by PFDef2;
then A2: P[0];

13



A3: now let n be Element of NAT such that BO: 0<=n & n<nl;
assume Bl: P[n];
B2: 1.K1 = 1.K by PFDef2
.= 1 by PO,INT_3:24;
then B3: [1,n] in [:C1,C1:] by B1,ZFMISC_1:106;
B4: the addF of K1 = (the addF of K) || Cl1 by PFDef2;
B6: 1+n < ni+1 by BO,XREAL_1:8;
n < ni+l by BO,NAT_1:13;
then B7: 1 in Segm(p) & n in Segm(p) by PO,NAT_1:45;
(the addF of K1).(1,n) = (addint(p)).(1,n)
by B3,B4,FUNCT_1:72
.= (1+n) mod p by B7,GR_CY_1:def 5
.= 1+n by B6,INT_3:10;
hence P[n+1] by B1,B2,BINOP_1:29;
end;
A4: for n being Element of NAT st O <= n & n <= nl holds
P[n] from INT_1:sch 7(A2,A3);
thus for n be Element of NAT st n in Segm(p) holds P[n]
proof
let n be Element of NAT such that
BO: n in Segm(p);
0 <=n & n < nl+1l by BO,ALGSEQ_1:10;
then 0 <= n & n <= nl by NAT_1:13;
hence P[n] by A4;
end;
end;
thus for x st x in K holds x in K1
proof
let x be set such that BO: x in K;
x in C by BO,STRUCT_O:def 5;
then x in C1 by A5;
hence x in K1 by STRUCT_O:def 5;
end;
end;
K is strict Subfield of K by PF1;
then K is strict Subfield of K1 by Al,PF8;

14



hence K1 = K by PF5;
end;

then K1 is strict Subfield of K implies K1 = K;
hence thesis by PFDef3;

end;

end;

COFEFHDOEARBHRIIATOEB D TH 5,

1.

K = GF(p) DEDMAKL ZEAL, FEDOKDOILxAKLICEENS T L Z3E
BH,
Al: for x st x in K holds x in Ki LA FOIEFARZNICHINT B,

FiE& D, KB KL DEHETH D, JTLRKLIE K DT ERTHBT LS KL
= K %%TEEEO
hence K1 = K by PF5 B ZHUIHIET %,

RO, REEERACCIERL TS, BAMRICIE.

(1)

(2)

(3)

defpred P[Nat] means $1 in C1/H5 then A2: P[0] DEZDTOMKLIC
BENBC L

assume B1: P[n] ToAKLICEENS EIRET S & ¥, hence P[n+1] T
1 DKLICFENS T &

(1), (2) &b, FEEFNT, 005 p-1 ETOTRTOEAKLICEEN
BTl

ZHEBH L TW5, K = GF(p) DITIF 05 p-1 TH B, KOTNTDILZ K1
N LIcikd, L3 (2) &, KM WFTERTHEI LMD 1K = 1 ZKLAHF
B ERFALTWS, BAMICE, KIOIMENKL TEHEUTWAZ Eh S, 1 &
aAEENTONUE, 1B KLICEBT EERLTWVS, THIE, (the addF of

K1).(1,n) = ... L FOEXERDOEH S THEREL T35,
3.2 FHERILE

-
-

T TR, E#K 2.6 TRNCEARRELS & 2 058K = o DROERE D

BEROMEZERET S, £9. a mod plcXd B FEAHFR. FAHIERRZUTD
K ICERIET %,

15



& [Mizar iZzUE] 3.3 (FHER)
definition let p, a;
attr a is quadratic_residue means
a <> 0 & ex x being Element of GF(p) st x[°2 = a;
attr a is not_quadratic_residue means
a <> 0 & not ex x being Element of GF(p) st x|"2 = a;
end;

THbB, amodp #£0THD, hDr?=a iz HWFET SHEE2FHEIR.
FELEVBEZELERREEET %, RCEAHRRESZLUTOL S ITER
td 5,

&, [Mizar FZ3U1L] 3.4 (FHRIRES)
definition let p, a;
func Lege_p(a) -> Integer equals
0 if a = 0,
1 if a is quadratic_residue
otherwise -1;
end;

Lege p(a) AVEEK 2.6 i< B 2 FARIRLLE (2) ZRL TS, TOVHFIRICS
ZRIAL T, 25K = o O b DIEBUCTH L. LT DD,

EB [Mizar fizzt(L] 3.2 (2 RAERERDEDEL)
theorem
2 < p implies card({b : b|"2 = a}) = 1 + Lege_p(a);

i, TARRIE (2101 RET T LT, b = a DROMBKITES L1 @il
T,

3.3 15MBhiR

T T T MERL TN AV TREMROERZBRET %, €& 2.1 D5
WEEEZ LT X S ICERILS %,

E# [Mizar FSRUL] 3.5 (HRIER)
definition

let K be Field;

func ProjCo(K) -> non empty Subset of

16



[:the carrier of K, the carrier of K, the carrier of K:] equals
[:the carrier of K, the carrier of K, the carrier of K:]
\ {[0.X,0.K,0.K]};

end;

£ 2.2 DHEEIEOREBIFRZU TOX S IKBRILT 5, LT TR, K HF,
DEETHIIEL TV 5,

E# [Mizar l520t] 3.6 (HEEEEDEIE)
definition
let p be Prime;
let P,Q be Element of ProjCo(GF(p));
pred P _EQ_ Q means
ex a be Element of GF(p) st a <> 0.GF(p)
& P‘1 = a*xQ‘1 & P2 = axQ‘2 & P‘3 = a*Q‘3;
reflexivity;
symmetry;
end;

P1, Q1A Xp, Xg, P2, Q2D Yp, Yy, P3, Q3N Zp, Zo ZZNETIURLT
W5,

E 5, BHEROROESZEMET 2% HmL LT, #HIN I (LT TiXDisc)
LM OEE TR EC_WEqProjCo ZLA FD X S ICERILT %,

E# [Mizar f2z0L] 3.7 (FEMBRRDAIFIT)
definition
let p be Prime;
let a, b be Element of GF(p);
func Disc(a,b,p) -> Element of GF(p) means
for g4, g27 be Element of GF(p) st g4 = 4 mod p &
g27 = 27 mod p
holds it = gé*al|"3 + g27*b|"2;
end;

E#; [Mizar figzl{L] 3.8 (FRAEMROEHHEN)
definition

let p be Prime;

let a, b be Element of GF(p);

17



func EC_WEqProjCo(a,b,p) -> Function of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):], GF(p) means
for P be Element of [:the carrier of GF(p),
the carrier of GF(p), the carrier of GF(p):] holds
it. P = ((P‘2) |72)*(P‘3)-((P‘1) |3 +a*x(P‘1)*(P‘3) |72
+b*(P‘3) [°3);
end;

FEMHRRD F-EEROERIE. EBABAZHVT, UTOXSIKERILT %,
E# [Mizar Fezti(L] 3.9 (FERHRD F - BERDES)

definition
let p be Prime;
let a, b be Element of GF(p);
func EC_SetProjCo(a,b,p) -> non empty Subset of ProjCo(GF(p))
equals {P where P is Element of ProjCo(GF(p)) :
EC_WEqProjCo(a,b,p).P = 0.GF(p)};

end;

FEE, HHEROROREZERTEIDN 0 XS RDEETERL TV S,

3.4 HEMHGOTF HESOER

T T Tk, EH 23 2 UkT B,
X9, BHMROERDF,-BHAN 0 =1[0,1,00 /& P = [X,Y, 1] DIED R
DELLHHEEREL UTHMEICRSZ L2 TOX S ITERILT %,

EE [Mizar fi530{t) 3.3 (EMBRD ADF)E)
theorem
for p be Prime, a, b be Element of GF(p), X be set st
p > 3 & Disc(a,b,p) <> 0.GF(p)
& x in Class (R_EllCur(a,b,p)) holds
( ex P be Element of ProjCo(GF(p)) st P in EC_SetProjCo(a,b,p)
& P=[0,1,0]
& x = Class(R_EllCur(a,b,p),P) ) or
ex P be Element of ProjCo(GF(p)), X,Y be Element of GF(p)
st P in EC_SetProjCo(a,b,p) & P=[X,Y,1]
& x = Class(R_EllCur(a,b,p),P);

18



Class(R_EllCur(a,b,p),P) l&. EF [Mizar FER1t]3.6 TRk L7z FMEREFR EQ.
D P ZEZUCREFEZRL TS, X7, Class(REllCur(a,b,p)) EFIEHLA,
THEOLEIRNTDF,-FHRADESZRL TS, TOFEHI,

RO F,-FERATH S xiE, P = [0,1,0] ZBTHEERHICEENS D,
P=[X, Y, 1] Z80UHEERHICEZEND

EWVWHERTH S, EH Mizar ERL]3.3 ZFIHL T, UTFOEEMERILTE S,
EIE [Mizar fiz30(t] 3.4 (FEMEhRDRDEHES)

theorem
for p be Prime, a, b be Element of GF(p) st
p > 3 & Disc(a,b,p) <> 0.GF(p) holds
Class (R_EllCur(a,b,p)) = {Class(R_EllCur(a,b,p),[0,1,01)3}
\/ {Class(R_EllCur(a,b,p),P)
where P is Element of ProjCo(GF(p)):
P in EC_SetProjCo(a,b,p) & ex X,Y be Element of GF(p)
st P=[X,Y,1]};

FElEEIE, AR F-AEROREFR2MEIE. P = [0,1,0] ZETHEEE
ELP = [X, Y 1] ZEUCREMEHONEATHE T EERLTWVS,
Ric, BH22ZLTDOX S IcERELT 5,

EE [Mizar f53U{L] 3.5 (X EBEE F,-BEROME)
theorem
for p be Prime, a, b, d be Element of GF(p) st
p > 3 & Disc(a,b,p) <> 0.GF(p) holds
card ({Class(R_EllCur(a,b,p),[d,Y,1]) where Y is Element of GF(p)
: [d,Y,1] in EC_SetProjCo(a,b,p) }) = 1 + Lege_p(dl"3 + axd + b);

FROEEIZ, X BENd THY. ZBEN L Tabb. z BIEN d DRDOMEE
M1 + Lege_p(dl~3 + a*d + b) THBHI LZRL TS, TOFEHDIH T,
EH [Mizar FEE]3.2 ZFV 5,

U TROBEEZERZ LT 578, ThZTNORMEENMRERS L ZRT, X
3. 0=1[0,1,0] £ P=[X,Y, 1] DENENDRMEENZDLRNT EZLTD
I IERILY %,

EE [Mizar fizzt(b] 3.6 (FMEBEDRF®R 1)
theorem
for p be Prime, a, b be Element of GF(p),
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F1,F2 be set st p > 3 & Disc(a,b,p) <> 0.GF(p)

& F1 = {Class(R_EllCur(a,b,p),[0,1,01)} &

F2 = {Class(R_EllCur(a,b,p),P) where P is

Element of ProjCo(GF(p)): P in EC_SetProjCo(a,b,p) &

ex X,Y be Element of GF(p) st P=[X,Y,1]} holds F1 misses F2;

EHIC. X BENRES [X,Y,1) D% LTcmd 2 DOREFEMRZb LRV &
ZUTFDXSITERIET %,

EE [Mizar fiszt(t] 3.7 (FEMEEDEER 2)

theorem

for p be Prime,

a, b,d1,Y1,d2,Y2 be Element of GF(p)

st p > 3 & Disc(a,b,p) <> 0.GF(p)

& [d1,Y1,1] in EC_SetProjCo(a,b,p)

& [d2,Y2,1] in EC_SetProjCo(a,b,p) holds
Class(R_EllCur(a,b,p),[d1,Y1,1]) =
Class(R_EllCur(a,b,p), [d2,Y2,1]) iff di1=d2 & Y1=Y2;

FElEEOEKIZ. X BEAN 4L O [d1, Y1, 1] OFREEE X EEHN 42 D [d2,
Y2, 1] DFMEEIE LW L L, d1 = d2 & Y1 = 2O EMTHA &ZRLT
W5, ZOMNBZED L, d1 & @2hFELIZWVEE, [d1, Y1, 1] OEMEFRE
[d2, Y2, 1] DFMEEIRDL RN ENFT A %,

M ET, B 2.3 DERILOEFENES 2, B 2.3EUTDOXSIERLT %,

EE [Mizar As30{t] 3.8 (FEMEHRD F,-BERDE)

theorem

for p be Prime, a, b be Element of GF(p)

st p > 3 & Disc(a,b,p) <> 0.GF(p)

ex F be FinSequence of INT st len F = p &

(for n be Nat st n in Seg p ex d be Element of GF (p)
st d=n-1 & F.n = Lege_p(d|~3 + axd + b)) &
card(Class(R_E11Cur(a,b,p))) =1 + p + Sum(F);

3.5 IBAHRDORDEE

T T Tk, 2.5 HITHRAN7AEMR O mOEFEZERILT %,
%9, POMIL —P = [Xp,~Yp, Zp| ZLLFD &K S ICHERILT B,
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E 2 [Mizar fzt{b] 3.10 (FEMBEERD DM TT)
definition
let p be 5_or_greater Prime;
let z be Element of EC_WParam p;
func compell_ProjCo(z,p) ->
Function of EC_SetProjCo(z‘1,z‘2,p), EC_SetProjCo(z‘1,z2,p)
means
for P be Element of EC_SetProjCo(z‘1,z‘2,p)
holds it.P = [P‘1,-P‘2,P‘3];
end;

E2D compell ProjCo(z,p) .PH —P Z/RL T %, 5_or_greater Prime {3,
5L ED (3 ko K&ER) ZEAERT, ECWParam p &l&, plci L., HlFIX 6 =
403 +2T0? £ 0 B2 I NG A—R a, b TH B, LETIE. z1Ha. z2Wb %R
LTW5,

kB, P = —P # O THNI. [Xp,Yp, Zp| = [Xp,—Yp,Zp] THBTW,
Yp=-YpRUp>3&D, Yp=0THBHILHEIND, TOTLIEFLTOX
I IERIET %,

X [Mizar fi530{t] 3.9 (HEMBNIRD 2 FR)

theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
P be Element of EC_SetProjCo(z‘1,z‘2,p) st P‘3 <> 0 holds
P _EQ_ compell_ProjCo(z,p).P iff P‘2 = 0;

P=—-P&D, 2P=0TH3H, TOXI R PR 2FTREENI,
EF 2.8 I B BEMMBROME + XU TDOK S IERILT %,

E# [Mizar f530(E] 3.11 (FEFBHRDEH +)
definition
let p be 5_or_greater Prime,
z be Element of EC_WParam p;

func addell_ProjCo(z,p) -> Function of
[:EC_SetProjCo(z‘1,z‘2,p) ,EC_SetProjCo(z‘1,z‘2,p):],
EC_SetProjCo(z‘1,z‘2,p) means

for P, Q, O being Element of EC_SetProjCo(z‘1,z‘2,p) st
0 = [0,1,0]
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holds
(P _EQ_ O implies it.(P,Q) =Q) &
((Q _EQ_ 0 & not P _EQ_ 0) implies it.(P,Q) =P) &
((not P _EQ_ 0 & not Q _EQ_ 0 & not P _EQ_ Q) implies
for g2, gfl, gf2, gf3 being Element of GF(p)
st g2 = 2 mod p & gfl = Q2%P‘3 - P‘2%xQ‘3 &
gf2 = Q1%P‘3 - P*1%Q‘3 &
gf3 = (gfl |"2)*P3%Q‘3 - (gf2 |"3) - g2x(gf2 |"2)*P‘1%Q‘3
holds it.(P,Q) = [gf2*gf3,
gfl * ((gf2 |"2)*P‘1xQ‘3-gf3) - (gf2 |"3)*P‘2xQ‘3,
(gf2 |"3)*P‘3%xQ‘3]) &
((not P _EQ_ O & not Q _EQ_ O & P _EQ_ Q) implies
for g2, g3, g4, g8, gfl, gf2, gf3, gf4 being Element of GF(p)
st g2 =2mod p & g3 =3mod p & gd4d =4 mod pé&
g8 =8 mod p & gfl = (z°'1)*(P‘3 |72) + g3x(P‘1 |72) &
gf2 = P‘2%P‘3 &
gf3 = P 1xP‘2%gf2 &
gfd = (gfl [72) - g8xgf3
holds it.(P,Q) = [g2*gfdx*gf2,
gfix(g4 * gf3-gf4) - g8x(P‘2 |°2)*(gf2 |°2),
g8x(gf2 1°3)1);
end;

ERETI, EF28ICBIFB Case 1 &

(P _EQ_ 0 implies it.(P,Q) = Q)
T#FY, Case 2%

((Q _EQ_ O & not P _EQ_ 0) implies it.(P,Q) = P)
T&Y, Case 3%

((not P _EQ_ 0 & not Q _EQ_ 0 & not P _EQ_ Q) implies

for g2, gfl, gf2, gf3 being Element of GF(p)

st g2 = 2 mod p & gfl = Q‘2%P‘3 - P‘2*xQ‘3 &

gf2 = QU1%P‘3 - P1*Q‘3 &

gf3 = (gfl |"2)*P‘3%Q‘3 - (gf2 |°3) - g2*(gf2 |"2)#P 1%Q3
holds it.(P,Q) = [gf2*gf3,
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gf1 * ((gf2 [2)*P‘1%Q‘3-gf3) - (gf2 | ~3)*P‘2%Q‘3,
(g£2 |~3)*P¢3%Q‘3])

THI, TT T, gfliZE&HE28Du, gf2ldv, gf3lF AZZNEFNRLTVS,
Case 4 &

((not P _EQ_ 0 & not Q _EQ_ 0 & P _EQ_ Q) implies

for g2, g3, g4, g8, gfl, gf2, gf3, gf4 being Element of GF(p)
st g2 =2mod p & g3 =3 mod p& g4 =4modpé&

g8 = 8 mod p & gfl = (z°1)*x(P‘3 |72) + g3x(P‘1 |"2) &

gf2 = P‘2%P‘3 &

gf3 = P 1P 2xgf2 &

gf4 = (gfl |72) - g8gf3

holds it.(P,Q) = [g2xgféxgf2,

gfix(gd * gf3-gfd) - g8x(P‘2 |"2)*(gf2 |"2),

g8x(gf2 |°3)1)

THEY, TTT, gftiZEHE 28D w, gf2ld s, gf3ld B, gf4 T h ZZFNTFIURL
Tl(\6o

R, HE LR addell ProjCo(z,p) . (P,Q) (L FTIER (@HEOEKXT
RIBERIE R = P+Q) &9 %) WWEMEHRRD F, DG EC_SetProjCo(z‘1,z¢2,p)
KEENBIRENDH D, 2O LI,

1. RAProjCo(GF(p)) ICEFENS, §7xbH, addell ProjCo(z,p).(P,Q M
[0, 0, 0] T&LY,

2. RAEC_WEqProjCo(z‘1,z¢2,p).R = 0.GF(p) 2z d,

ZRLTW5,
EED 12D T, 2.5H TN X ST Case 1, 2 DFEIEEBEICHTZT T
EWNE AR B, Case 3DHFEE, UTFDXS KB,

e P=-Q(P EQ_ compell ProjCo(z,p).Q) D& &:
EH28KD, v=0L%2DBu#0THBD. Y B 0IESRW,

e P# —Q(not P EQ_ compell ProjCo(z,p).qQ) D& E:
EER28KD. v#£0THBD, Zg B OILEDLE,

Case 4 DFEZ. UTDEH k35,
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o Yp=0T9%bb, PH2¥FSTR) DL E:
BTHRRBZEHID w#0THAD. Xp=Zr=0THBM, Y #0T
H5 (bbb, R=0TH%),

([ ] Yp;é()o)éi%
s£0THBID, Zrn#0ThHb,

}}:OQ%éEﬂ?%E@%quﬁ&%o
EE [Mizar i2xi{t] 3.10 (IEAEROHIBINE 2 FHR)

theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
g3 be Element of GF(p), P be Element of EC_SetProjCo(z‘1,z‘2,p)
st g3 =3 mod p & P'2=0%& P‘3 <> 0 holds
(zD*(P3 |72) + g3x(P‘1 |"2) <> 0;

CODEHEOEKIE, Yop=0THBP#O0 DAL, w#0HBKDIIDENST
ETHB, COEMIT. BHIHROYHIKG£0THAEI LZHVTEHT 31,

E2D 2(R AV EC_WEQProjCo(z‘1,z‘2,p) .R = 0.GF(p) 2’z 9 ) l&. Mz
2R LT T L THEHANARETH 5, LT TEORER THELBEFRAZE
AL TWL,

DIFTIR, £9. 77«4 VEBIEIBNT, BHEROMERU 2580 28
o BT, ZOBRICHIRT 28R EZRT, Mizar TiX, ZDBRINAFE IR
OMERU2EETHKOII DT L ZFHAL T3,

FEFHBROR P,QP#AQ DIMER=P+ Q. K3.1DKSIL, P& QZEH
SERHDEHMRE R D272 —RE L, 0Oy BEZADMEICKIEE B e R
RELTHES,

P,Q Z@5ERE. LTOABEATEZASNS,

y = x+v
N = Yo~ Up (3.1)
o —Tp
V= yp—zpx YO TUP
IL'Q —XTp
Lleho T, LECEMREBHERORRIE. LFORZHEZT,
M +v)Y=z+ax+b (3.2)

VEMBRROFIFIIE. 2 B0 aIERE TRV, Tabb, 2FSRTERNSTE T L2
BT BIDDRTH B, 2F7RUSNOEMER LD, HRRICKS T, IRFRICRD T LD
HMohTW3, Lich->T, HRRD 0 ThiFhE, AR EDOTRTOEANIERRICES, &
B [Mizar FER1E]3.10 &, 2 B R THERDSF BT LZRLTWVS,
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\

3.1: FEMHAROINE

CDORZERTB L,
¥ = Nz? 4 (a—-20)z + (b+ %) =0 (3.3)

ERE, z=zp,7 =10, = 2g DENEFNTHRD LD/, EFEAD ¢ DEIR
N zp, zg, 2 ZRRE L THD, LA T,

2 — Nz% + (a — 20v)z + (b+17)

= (z—zp)(z—2z9)(x —zR) (3.4)

FROWLE 2 DZERE L THRBZREBTR L, 22 DFBEELSL1TH
Bizéh, 2,1, 0 ROBEUT LU LLBET % &,

X = —(zp+q+2R) (3.5)
a—2\v = 2zprg+ TQTR+ TRTP (3.6)
b+1? = —ZpTQIR (3.7)
DK DILDT Ehbh b,
iz, Eff% —RHIESHDT, 3.1K0D,
—-sz—yQ_yPCL'R-{- (yp—.'Ile—-myQ_yP> (38)
TQ — Irp o —Zp
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TH5,

W, EFE2.7DEE + DRRICBNT, o5 LTy M 3.8, 3.5, 3.6 RU3.7%
Sz, RAWFEHER EOETHATERES, CDZ LIKEHL T, Mizar
TUTOEEPER( Uz, 3. Mizar I K BERAL TR T 7 0 VEETIE &
<. GHEEREICBVT3S, 3.5,3.6 KU 3.7 LDZ 2B L T,

R 38DV T, UTFD XS I EL Tz,

EE [Mizar fzzl{t] 3.11 (FERROMEICEET B8R 1)
theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, gfl, gf2, gf3 be Element of GF(p),
P, Q be Element of EC_SetProjCo(z‘1,z‘2,p),
R be Element of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):]
st g2 =2mod p & gfl = Q'2%P‘3 - P‘2%xQ‘3 &
gf2 = Q1¥P‘3 - P‘1*Q‘3 &
gf3 = (gfl ["2)*P‘3*xQ‘3 - (gf2 |"3)
- g2x(gf2 |"2)*P1*Q‘3 &
R = [gf2xgf3, gfix((gf2 |"2)*P‘1xQ‘3-gf3)
-(gf2 |73)xP‘2%Q‘3, (gf2 [~3)*P‘3%Q‘3]
holds gf2*P‘3*R‘2
= -(gf1x(R‘1xP‘3-P‘1%R‘3)+gf2*P‘2%R‘3) ;

R 35DV TI, ULTFDES Iz,
EH [Mizar fizztE] 3.12 (FEMEHROMEICRI T S BFR 2)

theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, gfl, gf2, gf3 be Element of GF(p),
P, Q be Element of EC_SetProjCo(z‘1,z‘2,p),
R be Element of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):]
st g2 =2 mod p & gfl = Q‘2%P‘3 - P‘2*Q‘3 &
gf2 = Q1*P‘3 - P1*Q‘3 &
gf3 = (gfl |"2)*P3*Q‘3 - (gf2 [°3)
- g2x(gf2 |"2)*P‘1xQ‘3 &

It

[}
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R = [gf2xgf3, gfl * ((gf2 |"2)*P‘1xQ‘3-gf3)
-(gf2 1"3)*P2xQ‘3, (gf2 |"3)*P‘3%Q*3]
holds -(gf2 |"2)*(P‘3*Q‘3*R‘1
+ P3*%Q 1*R‘3+P¢1*Q‘3*R‘3)
+ P‘3*Q‘3*R‘3*(gf1 |"2) = 0.GF(p);

A 3.6ITDNTIE, YTk icERIEL Tz,
EE [Mizar fzzt{t] 3.13 (F8MBhROMEICET 2% 3)

theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, gfl, gf2, gf3 be Element of GF(p),
P, Q be Element of EC_SetProjCo(z‘1,z‘2,p),
R be Element of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):]
st g2 = 2 mod p & gfl = Q‘2%P‘3 - P‘2*Q‘3 &
gf2 = Q1%P‘3 - P‘1xQ‘3 &
gf3 = (gfl |"2)*P‘3*Q‘3 - (gf2 |°3)
- g2+(gf2 |"2)*P‘1xQ‘3 &
R = [gf2xgf3, gfl * ((gf2 |~2)*P‘1xQ‘3-gf3)
-(gf2 |"3)*xP‘2xQ‘3, (gf2 |~"3)*P‘3xQ‘3]
holds z‘1%*(gf2 |"2)*P‘3*Q‘3%R‘3 =
(gf2 ["2)* (P 1*Q 1*xR‘3+P‘3*Q‘1*R‘1
+ P“1*%Q‘3*%R‘1)
+ g2xgf1*xQ‘3*%R‘3x(gf2%P‘2 ~ gf1*P‘1);

R37IECDNTRE. LTS iIcERIEL T,
EHE [Mizar fizzl{b] 3.14 (F8MBROMEICEET S8R0 4)

theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, gfl, gf2, gf3 be Element of GF(p),
P, Q be Element of EC_SetProjCo(z‘1,z‘2,p),
R be Element of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):]
st g2 = 2 mod p & gfl = Q2%P‘3 - P‘2¥Q‘3 &
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gf2
gf3

Q1*xP‘3 - P1*Q‘3 &
(gf1 172)*xP‘3*Q‘3 - (gf2 |73)
- g2x(gf2 |"2)*P1xQ‘3 &

R = [gf2xgf3, gfl * ((gf2 |"2)*P‘1xQ‘3-gf3)

-(gf2 ["3)*xP‘2xQ‘3, (gf2 |"3)*P‘3xQ‘3]

holds z‘2x(gf2 ["2)*(P‘3 [~2)*Q‘3*%R‘3

= —(gf2 |"2)*P‘3*P 1%Q‘1*R‘1

+ ((gf2¥P‘2 - gf1xP‘1) |~2)*Q‘3%R‘3;

EF [Mizar FE2UE]3.11, 3.12, 3.13, 3.14 ZFWVT. MITFOBFRRZERIL LT,
B [Mizar Fz3{t] 3.15 (FEMBROINKICEET HRE6F% 5)

theorem

for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, gfl, gf2, gf3 be Element of GF(p),
P, Q be Element of EC_SetProjCo(z‘1,z‘2,p),
R be Element of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):]
st g2 =2 mod p & gfl = Q‘2%P‘3 - P‘2%Q‘3 &
gf2 = Q1*P‘3 - P1*Q‘3 &
gf3 = (gfl |"2)*P3%Q‘3 - (gf2 |°3)
- g2x(gf2 |"2)*P‘1*Q‘3 &
R = [gf2*gf3, gfl * ((gf2 |~2)*P‘1*Q‘3-gf3)
~-(gf2 ["3)*P‘2xQ‘3, (gf2 |~3)*P‘3xQ‘3]
holds (gf2 ["2)*(P‘3 ["2)*Q‘3*x((R‘2 |"2)*R‘3
- ((R1 |73) + z“1*xR“1*x(R‘3 |"2) + z‘2*(R‘3 |"3)))
= 0.GF(p);

FEH Mizar FER{E]3.15 A $ 5 T LI & D, RAEC_WEQProjCo(z‘1,2¢2,p) .R
= 0.GF(p) i3 T L ERE 5,
PR P D 2fEH R = 2P 13, K320 &K 51T, P %% HiRh FEMth
MERXDBRE-REL, FOyBEZEDMICKIREET2RZ RELTHES,
P @5 EME. UTOAREATEA 5N,

y = AXr+v
322 +a :
A= £ 3.9
2yp (3:9)
3z% +a
Vv = Yyp —Tp X
2yp
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x O

P+P=R —
R

P
R

X 3.2: FEFIHERRD 215 H
L7e> T, LECER EBHMRROR HIE. UTORZ#2 9,
A+v)i=z+az+b (3.10)
CORZELT B L,
2 — Nz 4 (a = 20)z + (b+ %) =0 (3.11)

ERE z=2p,2 =20,z =g DENETNTHD LD, EXELD z DEIH
NS zp,zg 2 (zp X 2EM) ELTHRD, LA T,
2 — N222 4 (a — 2\W)z + (b + 1?)
= (z—zp)*(z — 2R) (3.12)

FROWI% 2 DZERE UTHREERET S L, B ORBEEBELE1TH
ékb\zLom@%&wﬂbmﬁﬁéa\

~2? = —(2zp +p) (3.13)
a—2\v = b+ 2zprp (3.14)
b+1v? = —zizg (3.15)

A5 IRVASTERp A oYV
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e, Hf%Z —RDEZDT, N3.9&KD,

yp= YTV, (yp N u) (3.16)
o —Tp g —Tp
TH5,

W, EH 2.7 DEE + OARNICBWVT, o5 MU yr B 3.16, 3.13, 3.14 R T
3.15 Bz, ROVEHER EOETH AT ZmES, TOTEIKEBLT,
Mizar TUUTOEBEERIL Uz, &I, IED L ¥ LEERIC, Mizar i K B
ETIET 71 VEETIREL, GHEEEBICBWTR S.16, 3.13, 3.14 U 3.15 BVK
DAIDT &EER{E LTz,

N3.16 KDV T, Tk sickER kL,

EHE [Mizar i5R1E] 3.16 (HMEMROD 2 fHICET 2RE%R 1)
theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, g3, g4, g8, gfl, gf2, gf3, gf4 be Element of GF(p),
P be Element of EC_SetProjCo(z‘1,z‘2,p),
R be Element of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):]
st g2 =2mod p & g3 =3 mod p & g4 =4 mod p & g8 =8 mod p &
gfl = z1x(P3 [72) + g3x(P‘1 |"2) &
gf2 = P‘2%P‘3 &
gf3 = P 1xP‘2xgf2 & gf4 = (gfl [~2) - g8xgf3 &
R = [g2xgfaxgf2, gfix(gd*gf3-gfd)-g8x(P‘2 |~2)*(gf2 |72),
g8x*(gf2 |73)]
holds g2*gf2*P‘3%R‘2
= —(gf1*x(P‘3%R‘1 - P‘1*R‘3)
+ g2*xgf2xP‘2*R‘3);

R 313DV TIE. ULTFD&K 3 IcHERIE LT,
EE [Mizar fz304b] 3.17 (F8FIERIRD 2 (ERICEET 8RN 2)

theorem

for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, g3, g4, g8, gfl, gf2, gf3, gf4 be Element of GF(p),

P be Element of EC_SetProjCo(z‘1,z‘2,p),

R be Element of
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[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):]
st g2 =2mod p& g3 =3mod pé&gd=4modp & g8 =8mod p&
gfl = z1x(P‘3 |72) + g3*x(P‘1 |72) &
gf2 = P‘2*P‘3 &
gf3 = P 1#P‘2%gf2 & gfd = (gfl |°2) - g8gf3 &
R = [go+gfd*gf2, gfix(gaxgf3-gfa)-g8x(P 2 [~2)*(gf2 |°2),
g8*(gf2 1~3)] ‘
holds gdx*(gf2 |"2)*P‘3*R‘1
= R‘3x((gfl |"2)*P‘3 - g8x(gf2 |"2)*P‘1);

314DV TR, AT X3 ickEasEL Tz,
EE [Mizar fi2z{{t) 3.18 (FEMEhIRD 2 BRICEET SRR 3)

theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, g3, g4, g8, gfl, gf2, gf3, gf4 be Element of GF(p),
P be Element of EC_SetProjCo(z‘1,z‘2,p),
R be Element of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):]
st g2 =2mod p & g3 =3modp&gsd=4modp&gd8=28modpé&
gfl = z1x(P‘3 |72) + g3x(P‘1 |72) &
gf2 = P‘2%P‘3 &
gf3 = P 1xP‘2xgf2 & gf4 = (gfl |72) - g8*gf3 &
R = [g2xgfaxgf2, gfix(gdxgf3-gf4)-g8*(P‘2 |"2)*(gf2 |~2),
g8*(gf2 [~3)]
holds g2x(gf2 |"2)*(P‘3 |~2)*(z 1*R‘3)
= gf1xP‘3*R‘3*(g2xgf2+P‘2-gf1%P‘1)
+ (gf2 |72)*(g4*P‘1%P‘3*R‘1
+ g2x(P‘1 |"2)*R‘3);

R 315DV TIE. LTS ickIEL 7,
B [Mizar fis3U{E] 3.19 (FSMIhRD 2 FHICEAT SR80 4)

theorem
for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, g3, g4, g8, gfl, gf2, gf3, gf4 be Element of GF(p),
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P be Element of EC_SetProjCo(z‘1,z‘2,p),
R be Element of
[:the carrier of GF(p), the carrier of GF(p),
the carrier of GF(p):]
st g2=2mod p & g3 =3mod p&gd=4modp& g8 =8modpé&
gfl = z 1x(P‘3 |°2) + g3x(P‘1 |"2) &
gf2 = P‘2*P‘3 &
gf3 = P1xP‘2%gf2 & gf4 = (gfl |°2) - g8*gf3 &
R = [g2xgfaxgf2, gflx(gd*gf3-gf4)-g8x (P2 |~2)*(gf2 |°2),
g8x(gf2 °3)]
holds géx*(gf2 |"2)*(P‘3 |~2)*(z‘2*R‘3)
= R‘3%((g2+gf2+P‘2-gf1+P1) |°2)
- g4x(gf2 |"2)*(P‘1 ["2)*R‘1;

EH [Mizar JE2{t]3.16, 3.17, 3.18, 3.19 Z VT, LITOEGKRAZKL LT,
EE [Mizar fzat(b] 3.20 (FEFEEIRD 2 FEICEIT S8R 5)

theorem

for p be 5_or_greater Prime, z be Element of EC_WParam p,
g2, g3, g4, g8, gfl, gf2, gf3, gf4 be Element of GF(p),
P be Element of EC_SetProjCo(z‘1,z‘2,p),
R be Element of
[:the carrier of GF(p), the carrier of GF(p),

the carrier of GF(p):]
st g2 =2mod p & g3 =3modp&gd=4modp & g8 =8mod p&

gfl = z1x(P‘3 |72) + g3%(P‘1 |"2) &

gf2 = P2*P‘3 §&

gf3 = PY1xP‘2*gf2 & gf4 = (gfl |°2) - g8*gf3 &

R = [g2*xgfaxgf2, gfix(gd*gf3-gfd)-g8x(P‘2 |~2)x(gf2 |°2),

g8x(gf2 1°3)]

holds g4x*(gf2 |"2)*(P‘3 |"2)*((R‘2 |"2)*R‘3

- ((R1 [73) + z‘1*R“1*(R‘3 |72) + z‘2%x(R‘3 ["3)))

= 0.GF(p);

TEH [Mizar TER(E]3.20 BE T 5 T LIk D, RAYEC_WEqProjCo(z‘1,2¢2,p) .R
= 0.GF(p) /=9 T L RIRE 5,
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FAE Z-MBATHHEFNES
B

CDETIE, Z-MBECDVTOREWPBAER « EHZHIAT %,

4.1 BFE&Z-MN

B, N7 MIVER EOBRRDOEETH S, FIZIE, K4.1D&K 5 EHRIE
LR MATEE (RY P V) DB TH S, ORI 2 KTOMTFONTHS, HO
E5IC, R Mo L BBFICEEN, 5=+ bTDORTFICETENTH
%, Tbb, BFICEENBEEDNT MILORIE. BFICETENS, BBTD
EEONY MG, BOIC—JHN RS FVORIC > TV, BFI3%
TIBND Z-MMBEOEEE R > TV 5, HMFICETENE =M EXRT MIVOEZ
KTE (& UL IZRER) . — LAY MLV ehEEE LS, FOREKZ, 1H#
DEIRBEEV, FlZE, K41DXIIT (v, v) FETFOEETH S, (vs,v2)
LHEEKTH 5,

4.1: *ﬁ?@ﬁﬂ
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MACBEL T, RERHEZFHEEREL LT, LTO2DHRKHLENTS,
1. ®BEAXY MVEE
2. BOEfENT BIVRTE

b, —ROBFICH L, ReAKEFNEEFESRE (BARICE, NP R
) THBHTLHHOENT VS, LT TENTNDORERFHIHAT %,

EEB 4.1 (RENY IVRIRE (Shortest Vector Problem, SVP)) & FDEER
BEZlzL &, BRTFOREANY MVERDD ZEZBRENY MV (Shortest
Vector Problem, SVP) &5,

BEANY MV, X7 FVD IV (REE) BT bV TH B, BTOE
EICREANY MVAEEN TV A 5EEE. BEAEETHEH,. Ll ThNzES
IC, BEIE 18D TR BEEDEEY %, KouhV/hEWGSE, BEORD
3 BEUI DI, RITHIKEL EBICONT, BRCE kS, LizhoT,
RIEDRKENE AT, SVP 2 T L HAN#IC/x %, LLL(Lenstra, Lenstra
and Lovédsz) 7))V 3V XL [10] l&. BEND JIVLAVNERNT MV2H/1T 25T
WAV XLTHD, TORMEZEL Izdic, REIFENETIVIY XTHBT L
DHIENTWVS, L L, ZehKELAS L LLL 7))V 3V ALBHEEXNY b
TR, TR0 ROKRER/IVLDANT MIVEHTIT 5728, SVP Z2f#<
CENTERLES,

8 4.2 (BAFENY VR (Closest Vector Problem, CVP)) & FDEJE
L. BFEEOAY MVERICBT 2\ M EEZ T L& ZOXNT MVICR
LB FICEENEZANT ML RO 582 &RAEHENY b IVERE (Closest
Vector Problem, CVP)] &9,

WFOICHEE LT, BESPRVETENSHH 5,

WFZRAVERESE, EREOX S g7 LORBRE L EEMEZZ 2D
BRE LTWB, Ajtai-Dwork B55 [11]. GGHEES [12] *® NTRU B [13] A&+
BELLTHONT WS, F£2. Gentry KK DIBBINEF LNEZA TOREET
B % e eSS [15) Tlk. Learning with Error(LWE) [ & W 5 8+ L DR
B2 ORIE LTW5, LWE BB, BoEfE7 bIVRIEICEEIU 72RE
THD, BFOXRT MLOnHZHZ T LICED, BFCEENSNT MILERER
DRT MILEDHITHS, BOMNEDRY VNSO FONT MV EKRD S
FETH S [14].
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BFDORNY MVOBERDZNENZ mod2 TEILY B &, RVFTENS LR,
ROETERS TR, RaERT MVHEZREPTVKIBTIRZITSHT LT, &
DAETENBNT MV (FF558) A OIEELWIFSEZ KD TS,

PEDK ST, BFREESPRVITENSNCHENAEATBFERTH 5,
FNoDIAICEALTERET 57201ch, BRTFOBRLBBETH S, KiwX
T, T2 T 57eDICEL 2% Z-MBEDOTEREZ T %,

4.2 R-IN&¥

Z-hngEE. —ROB RICXHT 5 R-IMBHCENVT, R=ZIKBELRZLEDTH
%, TT T, R-IMBTDOWTEHHAT %,

T 4.3 (R-MB) REZW VET—NVELTHLE FEDaeR EvEV
XU, Bav eV BEBEIN, UTORGZRFITEE. V Z RIMBETHEZ L
LR

1)V RIOSEER fEED a € R, v,w e VIER L, a(v +w) = av + aw
(2)  [REIOSEIER]) EED abe R, ve VIEH L. (a+b)v=av+bv
3)  [REIOKAEA] EEDabe R, ve VIZHL. (ab) = a(bv)

(4)  [EOMATORIE] EEDve VISHL, lu=1

Ric, RESHBEDEER BN,

T, 4.4 (R-BOMEE) V Z RIIBEE L. W 2V OFOHLTELE W AV
D REIIBETHDLE. FBEDaec R, weW IHLT, Baw PWICET
BLERNI,

CZT. awDWICBT B id, BHIW THUTWAZ ZRLTWVA,
RIT, R-INBEV OERTIBEW IC K BBIRMBEZLUTOX S ICERT S,

T8 4.5 (RIRMEY) V& R-INEE . WRZOHSMBZ LT S, 7T—NIVEEE LT
DERBEV/W ISR U, EBDa € REV/W Dtw+W DR a(w+W) = aw+W
LEETDBE, V/W IS RNBECR D, TORNMBEV/W &, V OEDINEEW I
XBFIRIBEE NS,
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4.3 Z-Ing¥

TR BRMIBEEZ THS LIS, 7—VVBEV IS L THRE Z-ng
DEENA BT L BIRNB,

EE 4.1 (7’—’\“ID§¥CCA6 Z-TNBHDOWE) V BT—NIVEELTBRELEE, AED
i€Z&zeVIEHL, i>0DLZE,
i times
ir=r+--+z (4.1)

i=00D E, iz=0, i<0DELE, iz=—((—i)z) LBE, CTNEBAHTHELT
o TOAANFHEICKD V ZZ-hEEZET,

iz, T—NIWEEVICAS Z-IBEOREIX L THERRTEAASBOAIIRELE NS,
W BT —NNVEBEV OEDELTAH, icZbwe WIZHLT, wldWoDrt
THZDT, WIRV DZ-EBEL R0, XRREEV/W L Z-(BIR) i & /&
BT LEERLTEL

LIFRTE, EBplcH LT, VOFSEEpV = {pr|lz e W} 2EZX %, LTh
RNIEFEBEED, pV &V O Z-HEETH . FIRE V/pV ICRREIRMAEEE LT
D Z-MEDEEDAD, FBEDz+pV € V/pV IKH LT pr € pV K0, FIERMEE
V/pV Dt LT p(x +pV)=0TH%, TOIEXDEITFAKDILD,

EE 4.2 (p HSERETND Z-MBED SEDN BT FIVER) RERIEEV/pV &,
BRRIATF, LONT FIVZEROREIEZ RO,

4.4 $RAZIHRIL

T 4.6 (BES) BREn, Z-IBEV DTy, v, -+, vn, BE(AHT)
a1, a2, ,0n L:)‘ﬁj‘b‘
a1V1 + QU + + -+ + ApUn (42)

’%’Ul,’l)g, e, Up D (al,ag, e, 0 %%ﬁ&j—% ) ﬁﬁ?ﬁﬁkﬂ?go

EH 4.7 (BAIRIL) Z-HBEDTT v, g, -+ v WXL DUFORZ R T HREL
(a1, 02, ,a,) BERTDODHFEDHTHS L &, WML LS,

i a;v; = 0 (43)
i=1

36



4.5 BHMNE

T T TR, EEMBOBEENERLEHICOWTHHAT %,

BEMBEHAT 5720, BEDOERETHLENDHS7H, £7. BED
FERBICOWVTERRS, BER Z-INBEERTI2EE8TH 520, BRAICHIES
ICE D ERENBESMBEECDNT., UTDESICERT 5,

T 4.8 (BOEATERTNZWBOMEY) Z-EEV ORSES AKBT BTD
312 e AN
(@:{E}WM%62meA} (4.4)
A ¢
TET, TDLXE, (A XV OEIMEERTT, TOETNEERZ A TERETNS
WomaEs 5, |

CODEBLEHRLTEHNT, BEZUTOELSICEET %,

T 4.9 (BE) Z2-Bf VOSDES IH., LLTORGEEZTLE, IZV D
Ef_ﬂc‘.’.b“ao '

(1)  TI3EMT

2) VIZITERENhS

BEOEHRZHAVTEHHMEZ, UTDOXIICEERT %,

T 4.10 (HEMEY) Z-MEEV KEERZEDLE, VIZBHMEBEL VI,

4.6 BERMEDRERN

EHMBEDNERESEH OEREINZ L E, BEHPEBETE S, TTTIE. B
DEHBICDOWVTHHET 3,

EE 4.11 (AREE) Z-EEV DEHMFETH Y, TORENARESTHS L
. V2EREETHZ L,

BTOREN—D LIRS ANE S, BHRMBEORKE —D LRSI, L
hL. HRERTHZ L&, BEOITOME (BREDRE) &, UTOEHEKD &
DEEZH > THLRCEICES T EHMNZ B,
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X 4.3 (BEORED—EN) Z-MEEV BEBINFTHS L E. ZTORKDE
BREEDOIWOAICISITRICMHEICK S,

FEOBEDOBREO—ERKXD, BEEUTOXSICERT %,
TR 4.12 () Z-EV DEEMETH2 L&, TOEERDOREZEHEE VS,
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E5E Z-MEEDHIE

CDETIX, BAETHENZ Z-NBHCBEET 2ER - EEHZ Mizar IKBVTE
At B, LLF Tl Mizar TERMELTZES « EHAERZOEEDOESR « €L
XAIT 2728, 553 E LFRICER [Mizar 2RUb]. BE [Mizar FEilik) L LT
9, &H. UTTREXMoFEZRNZWAZ L ZEMICHHALTED., £
BUCIZMOMmE - EEOERERBETHA L 2ERLTEL

5.1 Z-hngf

T T Tl 4.3HI TNz Z-hnEE% Mizar i BOWTHERIET %, Mizar D547
STk, BEBICHBEZERLLRBMHEERZ., AUDICERT S, THIK, £C
ICES 4.3 TNz R-INEtE% R = Z IZfBE Utz Z- B DSR2 Find 52 & T,
Z-MEtE EFET o

9., Z-hBEOREREETH S Z-INBEEZ LI TOX S ITERT %,

B [Mizar izzUE] 5.1 (Z-INBFEIE)
definition
struct (addLoopStr) Z_ModuleStruct
(# carrier -> set,

ZeroF -> Element of the carrier,
addF -> BinOp of the carrier,
Mult -> Function of [:INT, the carrier :], the carrier #);

end;

carrier, ZeroF, addF ZZNFh, Z-IEHEDHRESR. Fo. MEEREZR
L. Mult BAAHTHEOEBZRLTWVWA, V2L Z-NBkEL 35 L E, Mizar
5475V Tld the carrier of VEEIFIEVOEESE. the ZeroF of VH LK
Zo.vEBIREVORTERT, £/, VICET 7w, wicK L. (the addF of
V., )L Zviw EBIE v & wDIMEBRERT,

\
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FIC0. VI vw i, REAEE Z_ ModuleStruct D MiAEiE TdH % addLoopStr
TEBEINTVA 20, FRCEREZ LES LLMEHT A LNARETH S, L
L. AAFRICDVTEEBENTOERNWED, UITTERT %,

E#8 [Mizar A23U{t] 5.2 (RASEDES)
definition
let V,v;
let a be integer number;
func a * v -> Element of V equals
(the Mult of V).(a,v);
end;

COERICED, BlalVOILvIIHL, axvDa b vDAATHEERT I &I
VAQIR
R, Z-MMEEDZRFITDONTIERILT 5,

8 [Mizar Az301k] 5.3 (Z-INBEDEM)
definition
let IT be non empty Z_ModuleStruct;

attr IT is vector-distributive means
for a for v, w being VECTOR of IT holds
a*x (v+w) =ax*xv+ax*xuw;

attr IT is scalar-distributive means
for a, b for v being VECTOR of IT holds
(a+b) *xv=ax*xv+Db*xyv;

attr IT is scalar—-associative means
for a, b for v being VECTOR of IT holds
(a*b) *xv=ax(bx*v);

attr IT is scalar-unital means
for v being VECTOR of IT holds 1 * v = v;
end;

vector-distributive AVE# 4.3 DM (1), scalar-distributive A% (2),
scalar-associative A (3), scalar-unital A (4) Z/RL T\ %,
DLEXD., Z-MBHEULTOXSICERT 5,
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£ [Mizar is3l{L] 5.4 (Z-IN8¥)
definition
mode Z_Module is Abelian add-associative right_zeroed
right_complementable scalar-distributive vector-distributive
scalar-associative scalar-unital non empty Z_ModuleStruct;
end;

FEERIE. EE43DRMN (1)~(4) 2GS Z-MEHER Z-IMBEEER LTV
%, TT T, Abelian, add-associative, right_zeroed, right_complementable
7 —NIVBEDOEZHTH D, LIzH>T, VHIERLIDE ST —NIVEETHN
E. WL Tna,

ERILATR=ZICBELIZL ED Z-HA MBI TOK S ITFBRILT %,

B [Mizar Aszt1t] 5.5 (Z-8B5hNE¥)
definition

let V;

mode Submodule of V -> Z_Module means

the carrier of it c¢= the carrier of V & 0.it = 0.V

& the addF of it = (the addF of V) || the carrier of it

& the Mult of it = (the Mult of V) | [:INT, the carrier of it:];
end;

C T T, the carrier of it c= the carrier of V,0.it = 0.V &2{fthe addF
of it = (the addF of V || the carrier of it) !X, it VDL THSC
% R_LTWV%, the Mult of it = (the Mult of V) | [:INT, the carrier
of it:]1l&. AATHEMN it THALTWVAEZ LZRL TS,

5.2 T —NIVEDS Z-MMEFDEA

EH AL THHALEE I T —NIVBICHERBE AW SBEERT A L TZM
HRPEL LN TES, AHTR. ZOEHICODWVWTERLET %,
FF, FHI4ITEBLEAATSHEEUTOLSICERT 5,

& [Mizar F61t)] 5.6 (7—NIVEOBRT X H STH#)
definition

let AG be non empty addLoopStr;

func Int-mult-left(AG) -> Function of

[:INT,the carrier of AG:], the carrier of AG means
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for i being Element of INT, a being Element of AG holds

(i >= 0 implies it.(i,a) = (Nat-mult-left(AG)).(i,a)) &

(i < 0 implies it.(i,a) = (Nat-mult-left(AG)).(-i,-a));
end;

T TT. Nat-mult-left(AG) i, 7—NIEEAGICBUIIZBERBDRANISDANS
BERLTWVWS, Thid. Mizar Tld BINOM:def 3 TEHZEIN T 5,
T—NIVEN LEEBOAASHEZEA LT, Z-McEsDICE, EH4.3
DFTRTOEGEEIZTHEND S, ITT. TNETNOEMGEET LR
TEHOERZT 5,
9, TE43D ()BT BT MIVOSFERERNIC DOV TR, BIFD XS
ks 2,

EE [Mizar F6xiMt] 5.1 (N7 FIVOSEER)
theorem
for R being Abelian right_zeroed add-associative
right_complementable non empty addLoopStr,
a, b being Element of R, i being Element of INT
holds (Int-mult-left(R)).(i,a+b)
= (Int-mult-left(R)).(i,a) + (Int-mult-left(R)).(i,b);

(2) IZHHST B AH T DHEEANC DOV TR, UTFD X3 IR T %,
EE [Mizar fisi(t) 5.2 (R H S D5 EER)

theorem
for R being Abelian right_zeroed add-associative
right_complementable non empty addLoopStr,
a being Element of R, i, j being Element of INT
holds (Int-mult-left(R)).(i+j,a)
= (Int-mult-left(R)).(i,a) + (Int-mult-left(R)).(j,a);

(3) IS B A AT DREREANCDVTIE, UFDX S IR 3,
EE [Mizar FextMt] 5.3 (RH S DESER))

theorem
for R being Abelian right_zeroed add-associative
right_complementable non empty addLoopStr,
a being Element of R, i, j being Element of INT holds
(Int-mult-left(R)).(ixj,a)
= (Int-mult-left(R)). (i, (Int-mult-left(R)).(j,a));
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BIBIC, (4)IS5T 5 A h THOBMTOFIECHN TR, LR S KR
k335,

B [Mizar i¢1t] 5.4 (R A SROBHITOEFRE)

theorem
for R being right_zeroed non empty addLoopStr, a being Element of R,
i be Element of INT st i =1
holds (Int-mult-left(R)).(i,a) = a;

TS DOEM Mizar ERE]5.1 55 5.4 ZFHWT, 7—N)VEf & ER [Mizar &
NE)5.6 05 Z-EZE W TES, O LZRITEHIE, LTFDOKS I
RT3,

EE [Mizar fie31k) 5.5 (7 —NIVEED S Z-NIBEDHA)

" theorem

for AG be non empty Abelian add-associative right_zeroed
right_complementable addLoopStr holds

Z_ModuleStruct (# the carrier of AG, the ZeroF of AG, the addF of AG,
Int-mult-left(AG) #) is Z_Module;

5.3 E=HpHOSERMITNSZ-IELSEHNEZINT IV
A

Z-IEE V OFIRINEE V/W ICBId 2 E& 4.5 2XLT %, 9. RERIMEOS
REZUTDXIICERT %,

B [Mizar FZzUE)] 5.7 (Z-INEDORRMBOESEKS)
definition
let V be Z_Module;
let W be Submodule of V;
func CosetSet(V,W) ->non empty Subset-Family of V equals
{A where A is Coset of W: not contradiction};
end;

FIRMBEV/W OT7—N)UEEL LTOFTE, UTOX S IKBRILT %,
E#H [Mizar iz3l{k] 5.8 (Z-MMBORRIMBDETT)

definition
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let V be Z_Module;
let W be Submodule of V;
func zeroCoset(V,W) -> Element of CosetSet(V,W) equals
the carrier of W;
end;

BIRIBEV/W O7 —~VEEE LTOMER, MTOXSICBERILT %,
TE# [Mizar i2301t] 5.9 (Z-INBORIKRMEEDOME)

definition
let V be Z_Module;
let W be Submodule of V;
func addCoset(V,W) -> BinOp of CosetSet(V,W) means
for A,B be Element of CosetSet(V,W)
for a,b be VECTOR of Vst A=a +W & B =D>b + W holds
it.(A,B) = (a+b)+W;

end;

BIRIEE V/W OREMTO X 31 HRIET .
8% [Mizar FSRE] 5.10 (Z-MBOBSIBOH)

definition

let V be Z_Module;

let W be Submodule of V;

func 1lmultCoset(V,W) -> Function of [:INT, CosetSet(V,W):],

CosetSet (V,W) means

for z be Element of INT, A be Element of CosetSet(V,W)

for a be VECTOR of V st A = a+W holds it.(z,A) = z*a + W;
end;

Z-HNEEV ORIERINEE V/W I, ThEDEHEE, Fn. MERTEZAVT, X
TOXSIKERIET %,

E# [Mizar A2z0(L] 5.11 (Z-hIBDRIRMEF)
definition
let V be Z_Module;
let W be Submodule of V;
func Z_ModuleQuot(V,W) -> strict Z_Module means
the carrier of it = CosetSet(V,W) &
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the addF of it = addCoset(V,W) &
0.it = zeroCoset(V,W) & the Mult of it = lmultCoset(V,W);
end;

R, Z-MNEEV 7% aff (2 BEBE) L7cmeK oV DV OFIEEZZIT L%
T, £9. oV OEBZLUTOLSIERILT B,

E& [Mizar fl23t1t] 5.12 (aV DEESR)
definition

let V be Z_Module;

let a be integer number;

func a * V -> non empty Subset of V equals

{a * v where v is Element of V : not contradiction};
end;

aV DETLZLUTDX S IS %,
B [Mizar fizzU{L] 5.13 (aV DFEIT)

definition
let V be Z_Module;
let a be integer number;
func Zero_(a,V) -> Element of a*V
equals
0.V;
end;

Fod, VERUO.VERS,
aV OINBEZUTO X 5L d %,

& [Mizar Az3U{t] 5.14 (aV OINR)
definition
let V be Z_Module;
let a be integer number; :
func Add_(a,V) -> Function of [:axV,a*V :], a*V
equals
(the addF of V) | [:a*xV,a*V:];
end;

CDEBRDEAICBOTERIE. MEN oV THUTWAZ EBHHAL TV,
aV OFEZLITO XS IcERLT 3,
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E®. [Mizar fz3U1k] 5.15 (aV DIE)
definition
let V be Z_Module;
let a be integer number;
func Mult_(a,V) —> Function of [:INT,a*V :], ax*xV
equals
(the Mult of V) | [:INT,axV:];
end; '

CDEBDIERLICBNTEREIX., BV TEHUTWAZ LLIEFAL TV 5,
TNHDEES. T, IERUCEERNT, (Z-)FomiEEaeV ZLITFDELS I
k9 %,

EE [Mizar fizRi1t] 5.16 (BB IN8F V)
definition

let V be Z_Module;

let a be integer number;

func a (x) V -> Submodule of V equals

Z_ModuleStruct (# a * V, Zero_(a,V), Add_(a,V), Mult_(a,V) #);
end;

TTT, aVODV DESIEEL LTOMER a (%) V. TOEBEHEEZ a *x VTR
LT\W3,

aZZFERp LT B LE, FIRMAEEV/pV (Mizar Tid. Z ModuleQuot(V, p(x)V)
E AL DRI TO K S Rt 216729,

EE [Mizar fi2zi1t] 5.6 (BIRMNEE V/pV OFRDYFHYE)

theorem
for p, i be Integer, V, X be Z_Module, W be Submodule of V,
x be VECTOR of X st p<> 0 & W=p (¥) V&
X = Z_ModuleQuot(V, W) holds i * x = (i mod p) * Xx;

FEEIC L D, F, Ot a L EIRNEEV/pV Ot L OB RO X > ICFER
'C‘.‘% %o

E# [Mizar fiezt(b] 5.17 (V/pV DIR)
definition

let p be Prime;

let V be Z_Module;
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func Mult_Mod_pV(V,p) -> Function of
[:the carrier of GF(p), the carrier of Z_ModuleQuot(V,p(*)V):],
the carrier of Z_ModuleQuot(V,p(*)V) means
for a being Element of GF(p), i being Integer,
x being Element of Z_ModuleQuot(V,p(*)V) st a = i mod p
holds it.(a,x) = (i mod p) * x;
end;

FEORMERN BT LT, BARIE V/pV 13 ZMBEORER S T2, F, £D
N7 MIVEBOBELR/F O LHVR B, UTTEOEEZEA(LT S, TOE
X, @B A2ICIS LTV,

EE [Mizar fiszUE) 5.7 (BIRNEF V/pV EXJ FIVZER)
theorem
for p be Prime, V be Z_Module holds
VectSpStr (# the carrier of Z_ModuleQuot(V,p(*¥)V),
the addF of Z_ModuleQuot(V,p(*)V),
the ZeroF of Z_ModuleQuot(V,p(*)V), Mult_Mod_pV(V,p) #)
is VectSp of GF(p);

FIRMBEV/pV ISHET BT MVERE, LUTFOX S ICEERT 5.
E# [Mizar fiezUE] 5.18 (BISRMEE V/pV ITHET BT MIVERM)

definition
let p be Prime, V be Z_Module;
func Z_MQ_VectSp(V,p) -> VectSp of GF(p) equals
VectSpStr (# the carrier of Z_ModuleQuot(V,p(*¥)V),
the addF of Z_ModuleQuot(V,p(*)V), the ZeroF of Z_ModuleQuot(V,p(x)V),
Mult_Mod_pV(V,p) #);
end;

X5, VOTTh S FEERY FVZEROTEAEHEESE ., UTDL S ICERT 5,
£ [Mizar i5U1t] 5.19 (Z-MBDFTTH SN M IVERDTTNADEHR)

definition
let p be Prime, V be Z_Module, v be VECTOR of V;
func ZMtoMQV(V,p,v) -> Vector of Z_MQ_VectSp(V,p) equals
v + p(x)V; '

end;
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5.4 ZRBOBHAES

B 4.6 DREREZUTTIEILT %, £9. BERESTHERT 28 a1, a0, -
a, THBHT LZRTE—RFZUTOXIITEERT %,

& [Mizar Fz3t{t] 5.20 (RS DE— F (REDKRS))
definition
let V be non empty ZeroStr;
mode Z_Linear_Combination of V ->
Element of Funcs(the carrier of V, INT)
means
ex T being finite Subset of V st for v being Element of V
st not v in T holds it.v = 0;
end;

T DE— K2l THREAMERT % Z-IBEDIT v1, ve, - -+ , v, DEBELITDX
SNICEERT B,

=8 [Mizar 5L 5.21 (B DRBOLES)

definition
let V be non empty addLoopStr, L be Z_Linear_Combination of V;
func Carrier(L) -> finite Subset of V equals
{v where v is Element of V : L.v <> 0};

end;

BIAEEE. a1v1, agvs, -+, anvy DHITH %, Mizar TR ZERLT B720IC,
£9. MIZED IZWENFND a1vy, agve, -+ , R anv, ZEHIE LT, LFDXKS
ICERT 5o

& [Mizar fZ3U1L] 5.22 (RESORED S ER TN BEF)
definition
let V;
let F;
let f;
func £ (#) F -> FinSequence of the carrier of V means
len it = len F & for i st i in dom it holds
it.i = £.(F/.1) * F/.i;
end;

RIHAERE. ThODOESOMTHB L, LUTDXSITERT %,
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£ [Mizar fizal{t] 5.23 (IRAES)
definition

let V;

let L;

func Sum(L) -> Element of V means

ex F st F is one-to-one & rng F = Carrier(L) & it = Sum(L (#) F);
end;

COMEREEDEBREAVT, EHR4TEUTOXSICEAILT %,
E [Mizar fizzl(b] 5.24 (FRAZHIL)

definition

let V;

let A;

attr A is linearly-independent means

for 1 st Sum(l) = 0.V holds Carrier(1l) = {};
end;

5.5 BRI

TR, 45 HiTHRR g hnEErRLT %,
EFA48F. LT3 IcERILT B,

E# [Mizar As3t{t] 5.25 (BRSO SEM TN B ERIINEE)
definition

let V;

let A;

func Lin(A) -> strict Submodule of V means

the carrier of it = {Sum(1l) : not contradiction};
end;

C T T, Lin(a) FEH48ICEBIFS (A) ZRL TV 5,
RICES 4.10 2R LT %,

& [Mizar fzxU{b] 5.26 (BEBNEF)
definition

let IT be Z_Module;

attr IT is free means
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ex A being Subset of IT
st A is linearly-independent & Lin(A) = the Z_ModuleStruct of IT;
end;

CCTC. FEROEBHDOAZITORETH S,
EFA49F. LT3 IERILT 5,

8 [Mizar f230{t) 5.27 (BHMBEORE)
definition

let V be free Z_Module;

mode Basis of V -> Subset of V means

it is linearly-independent & Lin (it) = the Z_ModuleStruct of V;
end;

5.6 BHRMEEEDREE

C T TR, 4.6 HiTHRANTHEINFORBEZIERILT %,
EE 411 LTFO XS ITERILT %,

TE# [Mizar fz30{k] 5.28 (BREER)
definition

let IT be free Z_Module;

attr IT is finite-rank means

ex A being finite Subset of IT st A is Basis of IT;
end;

RICHEEOBEO—EMZEAILL TN, —EHE, Z-nff v OREL, FIR
gt V/pV OEEN B THINT 2 L 2FHTE, COLE, FRIMEEV/pZ
(3 EH Mizar FEUt] 5.7 TERME LK S IC F, EONT MVZERORIEZFFD T
EMNZA B, FIRIEEV/pV ORER. ZNUCHIST 5 F, EONT MVZERIOE
ETHD. ZDOBEEO—EMIE Mizar TBHCUTO X S ITEREEN TS [28]

B [Mizar flg{t] 5.8 (k K ENY MIVEBORERED—&EM)

theorem :: VECTSP_9:22
V is finite-dimensional implies for A, B being Basis of V holds
card A = card B;

CZT. VI3—ROEK KICHT B K ERY MV (AP V 2138 3) T
HO. A, BEAVORETHS, CTOEHIT. ADER card A £ BDEE card B
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BELNC ERRLTED, CORETH> TLEEOHEERRAL (—&) TH5
TE¢ZRLTWVAS,

9. HHZMEV Otv IS 2RIRMNEE V/pV OTEBFEET BT L2
Tk RT3,

B [Mizar AZ30E] 5.9 (BIRMBENDTOZEH)
theorem ’
for p being Prime, V being Z_Module,
ZQ being VectSp of GF(p), vq being Vector of ZQ
st ZQ = Z_MQ_VectSp(V,p)
holds ex v being VECTOR of V st vq = ZMtoMQV(V,p,v);

FFRED v IZHIET B V/pV DITIic B 2 ERMEE V/pV ORERESOFREL F
LW, oo liCBITBEE [IHT 2EESORB L v(THbH. Y, v D
Bl,ve)) WEET A L2, UTOLSIERILT B,

FEE [Mizar AiZR{E] 5.10 (HEBEME & RRMBOMTE S DRIIT)
theorem
for p being Prime, V being free Z_Module, I being Basis of V,
1g being Linear_Combination of Z_MQ_VectSp(V,p)
holds ex 1 being Z_Linear_Combination of I
st for v being VECTOR of V st v in I holds
l.v = 1q. (ZMtoMQV(V,p,Vv))

I Z-INEV OBIERES & EH [Mizar BRIE] 5.10 TEWE V/pV OBIERES
RIS BT &2, UTFDX S I Ed %,

FEE [Mizar FiER(L] 5.11 (BENEE & RRMBOBAAES DXIT)
theorem
for p being Prime, V being free Z_Module, I being Basis of V,
1 being Z_Linear_Combination of I,
IQ being Subset of Z_MQ_VectSp(V,p),
1q being Linear_Combination of IQ
st IQ = {ZMtoMQV(V,p,u) where u is VECTOR of V : u in I} &
(for v being VECTOR of V st v in I holds
1l.v = 1q.(ZMtoMQV(V,p,v)) )
holds Sum(1lq)., = ZMtoMQV(V,p,Sum(1));

CLET. BHZMEEV OEE TG 2BRMBEOEENEEL. ThEAN
TR B DNV ORIERES LG T 5 T L AVRE Tz, '
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Ric. BHZ IRV ORE T L ZNICHIST 2 RIRIMBEORE X D HHER
THIET B EZUTDXSIERET B,

EE [Mizar fiexi(t] 5.12 (ABNHOEELENET SRKRMEBEORS)
theorem
for p being Prime, V being free Z_Module, I being Basis of V,
X be non empty Subset of Z_MQ_VectSp(V,p)
st I is non empty
& X = {ZMtoMQV(V,p,u) where u is VECTOR of V : u in I}
holds
ex F be Function of X, the carrier of V
st
(for u be VECTOR of V st u in I
holds F.(ZMtoMQV(V,p,u)) = u)
& F is one-to-one & dom F = X & rng F = I;

T, FHIVREHEE/RTHABI L%, F is one-to-one & dom F = X & rng F
= ITRLTWVS,

EFE [Mizar FExUL]5.12 ZRIWT,. BHZ-I0EV OREORE L. THISHIS
THERMBEV/pV ORSDEENELNT L2, UTOX SIS %,

EE [Mizar f230{L] 5.13 (BEMBEOEEENGT 2R RIMBORKSDRE)
theorem '
for p being Prime, V being free Z_Module, I being Basis of V
holds :
card ( {ZMtoMQV(V,p,u) where u is VECTOR of V : u in I} )
= card(I);

EHIC, UTFT LRI TRANTRERAEE V/pV ORS IQVREEE XS T L2RL
TV, ERAIDERM (1) 2T T L. UTDXIIEAILT %,

EE [Mizar fsUME] 5.14 (BHNBHOEEENGT SRRMBOESDREL)
theorem

for p being Prime, V being free Z_Module, I being Basis of V,

ZQ being VectSp of GF(p), IQ being Subset of ZQ

st ZQ = Z_MQ_VectSp(V,p) &

IQ = {ZMtoMQV(V,p,u) where u is VECTOR of V : u in I}

holds IQ is linearly-independent;

4.9 DEM: (2) Bz ez, UTDX S IckLd %,
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EE [Mizar fi23l{t] 5.15 (BAMBORE LG T HRRMEDESDRFE 2)
theorem

for p being Prime, V being free Z_Module, I being Basis of V,

IQ being Subset of Z_MQ_VectSp(V,p),

1 be Z_Linear_Combination of I

st

I1Q = {ZMtoMQV(V,p,u) where u is VECTOR of V : u in I}

holds

ZMtoMQV (V,p,Sum(1)) in Lin(IQ);

EFE [Mizar FERAK]5.14, 5.15 Z AWV T. RIERIIBEOES 1Q HEIRINEE V/pV O
HETHBT L2, LUTOXSIBRAILT B,

7B [Mizar fiz3U{t] 5.16 (BHMBEOREENET HRIRIMEHDOEE)
theorem ThQuotBasisé:
for p being Prime, V being free Z_Module, I being Basis of V,
IQ being Subset of Z_MQ_VectSp(V,p)
st
1Q = {ZMtoMQV(V,p,u) where u is VECTOR of V : u in I}
holds IQ is Basis of Z_MQ_VectSp(V,p);

TEFE [Mizar FERE]5.13, 5.16 &, Mizar TEUIAIL E N TV 2 EH [Mizar B
1b)5.8 Z FVT. HHZ-h0EF V OBEDOREO—EEZLITDX 5 1BEILY %,

EH [Mizar ezl 5.17 (BEEOBED—EM)
theorem
for V be finite-rank free Z_Module
holds for A, B being Basis of V holds
card A = card B;

FROEEK D, BEDORE, $hbL, B —ETHS T LIRELDT, K
SHTEHH Z-MEEV OBBOERZ. DITOX S ICBILT %,

& [Mizar s3] 5.29 (BERMBEDOREE)
definition

let V being finite-rank free Z_Module;

func rank(V) -> Nat means

~for I being Basis of V holds it = card I;
end;
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BB, KWL TIEEHZIEH V OB O—EM%Z2. BIRNEEV/pV 2 F, EX
7 PVERE L TRIEEZDORTO—BEENSRUIN, VZEICLTESNS
Q BT FIVERQ @z V ORTTO—ENMN L &R T EWARETH 5, FRIZ.
V ORERE Q2 V DRIHFELNT LIZDWTEERILTEFETH S,
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6.1 ZFEEXOHER

AR X Tld. MRS SRS THAT 2 BHENTER CEHEOERIL
21T T, MRS SICBIL TiE. UFOERL2TT-> T2,

o XEN&F,

o B L EEORIE

o F, LM & IR L0 o R
e F, FOBMMRHO F, HEAOEMOM
e F, OMMHEOSORE

CNHDOBRILIC KD, FEFREE S ORSE - \BSET7 VTV XLPBRAERK
REE7 VTV XL THAY 2 MR LOBEZS A 75 L LTERYT ST L
MNTE%,

BFIESICELTE. LMo LZTT- T,

o ZINBEDER

o  T—N)VEEND Z-HNEEDE A

o FHBphLEKEING Z-MEENSEHINDT MIVZER
o ZIRBOWEMES

e HHZINEE

o  HHZ IO
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T—N)VEED D Z-IMBEOBEAIC DV TR, RIS TLLETH D, oy
BTLHAINSIERLMETDH S, KBTI BREBBOBEHZ-MEIC/ VL%
ERLIEZEDOTHD., Z-EE. FICEH Z-IBRZ OO LIS TR SIC
BOWTHATDH %,

NS OIS PRI S ORENER PERZEA(ET ST LT, £
NENDOBESOEAZHS T EHWAREICE S,

6.2 Mizar ICHSIFBREBEHEDOHNILICEAT 558D
MEOER

FEFTHE EIC 55U TIE . SHIAEFIERO F, G 7 —VBR 53 T &
EERIELTOE L, T0%iE. MFOES BEREOBMEEZZ TV,

(E1) F, HEMEBOR% L j RER
(E2) ERRZEA Q KU Q L#EM kiR
(E3) F), DK Fpn KU Fpn LG R

(B4) B8 o % FI 7 Q DA Q(a) KT Q(o) LHEMHR

(E5) B FEZ ROz Wz F, LM RO F,-A B R OEE O P
(E6) F, FHEFIHISROD MO R A SASEE T LT XL

(E7) F, BHEM s O A5 M kR DH S A A X

sk, BOOEREOFERZBAW TR L2 ED 5BFZRICH S, K611, £
DEFRZERLTNS, TORIKCBWT, KEIDHEEHDOERILOFERZ ., #bEhHME
R332 LRRLTVS, HlZE, (E1) DEFILORERZ (E6) BMERT 5,
BREICBOTIE, Z-IBECH L. VL RERL, BEESOAROERIL%E
LTWERZY, ZO%IE. UTOL S BERIEDBEZEZ TV 5,

(L1) BFOBEEHVIDEFBNY MVEHET VIV XL

(L2) /L@ 7 v 3V X s (LLL(Lenstra-Lenstra-Lovasz) 77V 3 U X 1)[10]
(L3) GGH(Goldreich-Goldwasser-Halevi) B 5 [12]

(L4) )V— MMEF. FDOEARI— b RUTEAIL— b OO
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X 6.1: FEM RO LD ERH

=t

#BE | L2 ——I

B 6.2: #&TF DXL RERM
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ZhbHld, BEVOEREDERZHNTERLZED ZBFRICH S, K6.21F, %
DEEBRZRL TS,

(L1), (L2), (L3) XM BICET 2L TH 5, (L4) &, FHBILERNEFZIS
AT 3RICEDNEZEDTHD., RO KXOFELEFANFRERRTFTHB I —
MEFICBETBHEDTH %,

6.3 HRESOR2MEARICET 2 5ROHAEDER

AMETER U BENERZEM IS5 T LT, BHERES OB FES
DRLICDONTE, ZOFMEL THTHREDATRRIC RS, ThHDEXbZ#E
HTNL T LT, BHRES P FIESOARNEEZEEL TN T e
BEICTR %, LA L. BRSSO TS OZeWiAZ L T Izoicid, &
H7 V3 X LOMERIERETREFM, MRS LD HOFENLET
H3, iz, LAETHRNZEK 5 RIAKBESATREEOHERR T — LY K B E 2
OGO AL E R ETH B,

NS OHEERICB VTR, REWIFHAZRESERT 57201, BE
SHRRNY ¥ 2 B & OZIBHOR SN Mizar TEML. S 70 b
IVREDOLZEMFHEIE% Dolev-Yao ETFNVD X 3 it 57 T —F TEMT
BNATV Yy ROZEHFARAEZELEROIBELEZ TS, £, F— LA
KBEEWIARACBNTE, 7F— LAEBOEHFIROT — LOBBRRINERDE
TSN ENT &% Mizar T, 7 — LSO BENER% CryptoVerif TIT5 K5 7&
NA Ty ROBZEWIERAGENDEICER S, TDX DI, Mizar Z{HRT 5 Efh
. BT E IR MCBRE LT, Mizar & & D RIRANCHER 9 5 Z2 M3
HZEZ TVERW,
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FRXERETBHICHD, FHREHEL LTHALCTHEEZERL, BEKT
Ham W22 2 X LBMNARZTEERIEHR TR 80% Bk BAeA I T
LET, EMAERERTERMERMER T2ER B8 Ml Bz iEicid, K
2OBLHBICAZETIREREZI TWEE, £, AR Z2EDBICHIZD,
HEXIODEREZCHRELCIKCHEZVWEEEE Lz, TTiTh& b E#HW:
LEY, KR ZEDBICHIZD, THHWTEEEE LRFEERRZEH T
EXRETERIER BBOTH . BMNRERER TERWZFR KE Kt
EACREH N LUET,

BHERZER R T2 8% BR Z—A4Iid, REOBLHEENDAZZE# D
Tzl e dic, ZLOTHEREATVREEEERHNIELET, KR E
METZICHIZD, EMREIEBER TR B0 R ek, #8E HY
Tbh - R=UVFA I, WER B FEILEICT, fIELLUTRELRIX
VhERWEREEE LU, TIWIKEBNTZLET,

FEDN AR IR 2 T EEMETHER LERERER KD, HROEDHFD
CTREZBO £ Lz, KREERSY: 808, HEB LEMMERY: BE80% TR i
FEIEFHOEZRLET, JUNRKERER B2 20% &1 BREELER
&, EEDEE T EMME A AERERIC, EHEREER7 VI XLICDOVTE
BAVWEE, £z, BHBRICETA2MADOTIRERZ N EEX L, TTIK
DEDBEHENTZUET, JLRERRRIERM RS BHREE 7R 8 =il
FFEEICIE. 2HARLEE, FBHERICBET A2MEDIRER W EE L,
T TN UET, KEREERY: SRIRRREAT H80% 1 B—Rdicd. o
EDTIRERNZEE U, TTIKEHOTIZLETD,

I8FY =y TRt R&D M M > 2 — K% Erl X AKX, LA
LR, BREOEDFDOIRER N -/2E2FE Uiz, CTIKBHOERZRLET, &
ENRICBIBFERKLEL LT, ARXZER LRI, TV =y KK
S TR 2y VT—TFFEEZ—CRM 757 FHHEZ CRM 779 K
FoF— L WF HDODEADTH KB LT ATY, TTIIKEHHNZLET,
iz, CRM 759 RE2F—LDF—LAVN—DFRICEH N LUET,

BRICEDELRED, HEX OB ZEWER, BICEHWZLET,
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