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152 A FPGA #HFHu\/- FIFO X £

DX

LAF, FPGA( Field-Programmable Gate Arrays ) (15] ZH\W/2 FIFO A€ D/n—
M7 ~0%k, FPGA #iRM LBH, $E6, RUOZOMHRIZOWVWTHNS

[20].

A.1 FPGA =i H L ¥R

FIFO A€V EN—F 72743 5I12H7-0, FPGA 2R L7:. FPGA ¥*#FH L
B U TICHET 5.

(1)

(2)

B PLD ICHB L TEFE - ADhE X FHEbIZEW

PE#, /NRBE PLD(=Programmable Logic Device) [9] ZHW/z/n—F % 27 o
KEEToTWIH, TOFERAMNE X HOBREE P72, KAE Y OFf
HLITHIEEA L2/ MR PLD LIZEEL, ZOMDT— 53y 772757
MD-FF 27422 — b THEL TR, FIFO OBREAZ TV IS
LA o THRENTEL RS, ->T, /MBBEPLD & ) LF#AT 10~20 fEFLEE
T, AHDEYHL 60 RFEBEL 5T EATE S FPGA ZHRAI L.

HAYLE =P T LAICHBLTHREY A 2 VH8E % A P HMEN

KEOWMREETIE, ZoHKLE, 2—FOFHFTH—F 727 EELTEZD
HIMESE L2 HEI O LIEEN L VELITDIL, LALEDOT A 2 )VIdEV. 5T,
X —H AOKED S OBFEIM A 2~3 BMEEDOH A ¥ L4 —+ 7 L 4 TH,
BISEH A 2 VAETE, TAREIA MO LS, EEEOTESVWEEEL
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T, BUBMBEYEKET S, LWotHlRT M 7 VTIRFEICHERITEN, U
% LT, FPGA IZBIRICLELBNAORRNS, WBHEMTHA, 1—FDF
HTTFINA ADEER Y 3 2L — 3 Y& ¥ 1{To COBEER R AT OBIEAT]
BETHB. T, FAM A I MBI THEARARITAD Y, AEIZ MUK
{Mzo5N3, B, FPGA OF A AOHERH, BHEOXR Y Y —IZ&>THT
bILTWBZ ET, BRIZbE2TOTF /A AEHEHOBBE BV, #€-T,
WMABEPLD & RS MBREEZ L LI LATES FPGA ZHRA L.

A.2 FPGA NDEEFIA

FPGA ~OHEHIX, KOFM (1)~(4) TITo 7. EBICE LK I1Z, ZOREH
FPGA &Gty — W EHWAROZ 72 bd 0, FMH(1)~(3) DEST Th % BIEEEK
ZHZ T H, FE (4) o5 THERATORIER Y 32— 3 225 HEEORH %
FL. COMETA 7 VICETLEMIX, V- Voo BIIZLAEA ST, 5
BEOHMFRAENS.

Flg (1) F5TEERELDIT—F v 2% PLD BV — X itk

9, 1.4 THB LA, FHT0EHEBE VOATF— v Yy (K1.9) Oitiki,
PALASM2 [10] DPLD IV — A7 7 A VOBRTITHIZ L & L. Zhid, LEirs
KA2ZZDEXTHOAT— 2L Vigik &, EMED PLD ~NDOEXOREERE A TV
LT, ZEOLDIZT T v b FR—LARHEY - VORBITETWAZEICLS, ¥
2, RD(2) T, COAT— b 7 Z2MARKEGY -V ETHETES L ) I2EHRT
%=L, TOPALASM2D7 7 A VERXEHR—F LTWAZ LI, BlEAD
., EWVDAT— I 7% PALASM2DY—A7 74 VTHB L-b0%, AL
N7
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;PALASM2 Design Description

Frases=sENe Declaration Segment ------------

TITLE Cell State Machine Specification for FIFO
PATTERN BCTRL1.PDS

REVISION 1.0

AUTHOR  K.Wasaki and N.Wakimoto

COMPANY FACULTY OF ENGINEERING SHINSHU UNIVERSITY
DATE Jan 13,1993

CHIP BCTRL1 PAL22V10

jomm e m——— PIN Declarations -------=-----oev

CLK RST PR FF1 FF2 NC NC NC NC NC NC GND
NC NC NC NC NC NC NC NC NC Q0 G1 VCC

e o Boolean Equation Segment --------

EQUATIONS

/Gl := * /RST
+ G1 * QO x /PR * FF1 * /FF2 * RST
+ /G1 = /QO * /PR * RST

/Q0 := /RST
+ G1 * QO = /PR * RST
+ /Q0 * /PR * RST

B A.l: £)V%Z PALASM2 DY — A7 7 4 )V Citik
Fig A.1: PALASM2 specification file for a cell.
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FIi§ (2) PLD BY —X7 7 1)L %, BREEY —IVAOV I 370
(CE R

FNE (1) Caiah L7, BHEHEVORTF— by vk, ERICEE T I 2HOMN
FEREEHH Y — v (WORKview [18]) THHAT270IZE, V-V ETOET 2—VIC
TS 210D EBZEH Y — v (ALES] (13]) 2#HLT, ShEzv7h~vra (=#
feilan) 22t 5.

SOEHY—VERHWT (1) Tt Lzt vy 7 b= soilZ®L, BIZELH
MM+ 2797 BLOF— 9Ny 7 7R LIRS TO, FIFO A€ —K5OER
Mm%, B A2IRT.

FlE (3) @E8EEHY —IV T, FIFO X E)2EFEETH 1>

FME (2) TREFF L - R AR E SR ICERL, FIFO & LA, F/o, MALELERCE
WA N T 27— & 2IY 154521, FPGA HRICNA A v E—¥ v AIKERAF
NETIENTELVWIEDNS, EEMDPLDOMNELL 27 FIZEoTE#EIRL, B
T2LIIILE. ToF—4EL 51, 8to-lbittL 2DV rusilqhfbes
TEIZX DREREL 7.

BgEatY — WERWT, =1L 252794 v LEKRE, FAIET.

T2, AEVIEMENTVET — 2 OB ENFNEDT 20121, &5
MLTVE 777 DIKER L I3—FF5 FlagLogic *Bi#& L7:. Z® FlagLogic |,
FOFM (1)(2) 2E 2 HEEFHWTPALASM2 Citilh LA vy a— ¥ 5L, &5
y—)vtETovruk LTRELZ.

Mg — V2 HWT, FIFO A€ &2 749 4 » LcHEKE, K A4IRT.

FIG (4) Y —NERAWTOREHREEE, YIa2L—-Y3>

RIEICE, THFHFAA YAV AL 740 FPGA [15] 2V, ERRICRERT-
7= FPGA (X EIFRBEAE) 2000 7 — M REEEO LB/ R R E LT
HLDTH5H.

COFPGA ¥ BT 57 0DBRRIELE Y 4 IV VB AITHI DD Y — Wit TL-
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Fig A.2: Basic schematic of FIFO memory.
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Fig A.5: FIFO memory simulation .

ALS [14] T, T»Y— )V ET, RFIFO A€ % FPGA IZE¥E T 5O ORREE,
B L OBERERM L E O 2T o7z, ST, TIALS L CEREHRIEE TV, 78
1 ADHBER &8 4 I VT ERY EOLFUT COMERZEZ{T> TV AT %,
B ASIZRT.

EEDA A v F 2 THHEIZBWTIE, SR LIMERDT 72 A ¥ 4 AH540nsec, &
Ad - AT LBEERD S D7 7 7 HHBIEAR K 160nsec FEECTH M ERHTHEL
it %o, F7:, ZoMIE, dHE L FPGA BAORKEIEE KK OVR TR
At BUERIT KR TH ), 5%, Bl % FPGA 754 ZADBIBIZHEY, B 125043
HRAENS.
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A.3 FPGA FHOAR, MBEASLUHEL4HEIX

A FIFO AE) % FPGA RIZERETLZLI24 ), ANEBPLD FTHZNTIE
LIz, ZLOMREFEZ L, —F, FPGA OBEENEENOTFHEEIZRE T
W/ER T, RERNCHBE L2 ie 7 uy 72 TR L0, EREEY EHE LT
AMELC) LI b H o7z, LTS, FPGA fHof &, MESB L U4 % TR
IonTEFL5.

9, FPGA R > TEZ LR IZ2WTEIT 2

(1) MOTHEY —NVEFEHLAICOBE ST, RG2S T N AREAATTO
FRET A 7 VA2 AMEETH Y, Ehhot. UL, FV—Lovr<Iy o4
V=T 12— AIMENTWVAB I LENET NS,

(2) ARV —NVEBBECET Ty A=A T— 2 AT —a 53 Thl, /15—
VIV 2—F SFRTE 270, FPGA RN L% 2 2 7.0 00iliEE
DV E R/ NRTIHEAT.

(3) EWVDARAT— XY VIEPLD OV —RA7 7 A VOERX TR LA, Zh%
FPGA ko~ s7ud LTEHLHERATEAEEZR Y - VHARHES LTV
12, BHYLIVESGOEREIIRS THo7.

(4) V=N ETAE)BEORIERIToA 0, WEICFHHITHIE RS TR % 4
ST, BCEEMOMRATEL. T, THAAANOHEEZRAAZKRIIBVTY,
BARHEENTVBART A EAZED, T34 ANEROTFABETELD,
FNA ANHEICHER O ERI T ENTEL.

(5) EREPRRELE ¥ 4 3 UKLk, EEOBERRE GOLMKOY I 2 L —
YAA[RETH o 7 .

—%, BMEABLUBALRTIRIZOWVWTET 5.

(1) 2000% — h OFHE &2 FPGA IR LT, 7'~ MIORRIL & THE S
Sk, BIREEOBRBTOEFONTLEY, TAMRETH > TOIEEED
CREIBLHEDN S ol THAAAPALTWEY — ML, FEBRITRG
By — PR EBETOHEDND 5.



(2) PIRBICNA A Y E—=¥ 2 ZARKERFIE L ENTELVWOT, HHNADES
eV 7P IEE LTI LSk o, COERIH->TEL 7 S 2RI
LEIMBEEMAI L2720, ZOTELRHSAY — FEHEEL, FIFO A £ DK
B35 HRIZ k7.

(3) PLD TIIRIREELTIFHSS, HHBERMPLADIZWTLEY T v T
B % S35 T T, ZOMAEFKORELAIE-Z D LTWwWaA. LAtL,
FPGA X WG, HBgERG L, RAREEE ¥ 1 I Y VT REEX T o2& TR
W&, FNAADNEPSRIAMN Y 4 3 T EHRIZHES e,

(1) SEEH L FPGA 1X, —A#RECOEWHETELWI AT THLHDOT, &5
AV LETEE L THUERTS, Lo EBOL NELICRARNETHS.
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18 B BMN 7 5 B\ DZEH#

B L CRELZLC-Petrinet . N LA R N2y b2 ZFOTEN—F 27
bt s L, BRPEMEICENBXE. N"—=Fy o748 LAz<F 1) 22 b (Boolean
Marking Net : BMN) BEZ 2% 21T [26]. BMN GBI 12 FRRIC SR T X 2.

B.1 Boolean Marking Net (BMN)

BMN OEFKIZUT O ) TH A BMN I, (kD<) Ay MIL, N—FYx
TADSBES BRIZ T L —AIPBETEY— 2 IIO0WTEELLODTHE. ZDEH
RERZEMZTY, HEOY AT LOBN - ZEHCE AN TH LI LD > T
V3 [25].

E#FE B.1 (Boolean Marking Net)
Boolean Marking Net BMN = (S.T; F) \3ROZ &M 27§

(i) S = {s1,82, ++8a} BROT = {ti,ts,-*,tm} 1, ENENTV—R, FT T
S avnBEETHY, FC(SXxT)U(TxS)IETLV—ARL 72T 7ar, b
LLIEFS v vavdb T L—ANDT— I DRETH 5.

(ii) BT L—R si(€ §) DY — 7 DF®EIX 1.

(iii) £7—7 fi(e F) DEAIE 1.

(iv) 7 L—2 5,0~ — 7 OfEIZ, 07 1. DD, AV b eEOTL—ADH
SWB<— 2IKENS LR BEE PIEP =2TKES.
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hﬁhmIW«m?h7%ﬁf5éf®7p~x®%%%w“n#6®@1®7~7ﬁ
BTV —ADEEE L. 2F D,

t, = {seS:CfIfeF f=(s.t))}
t7 = {8€8:(3f)Nf€eF.f=(t.9))]

LCHT B RAGHE L 1, LB TAETOT L —ANY—2ZFLTVENE
HEJAS, HLTWHEINLDT L—ARhbvY— 2%, tHIZBTAHETD
TL—ADT— OB E 1IZTHEIETHA.

SOV YYYa v t,ORKEHEL, UTIERTEAy b7 L—AD~v— 7 IKRE
M e P?j‘[:)?i(;"'.f) € PNDEZTHRTZ LHPHHKS.

0 1o "ty—iy”
YilM)=41 :on t;-

M :otherwise

Z O KIFMOKFHIE, BABOT L—ANOY— 7 OHEAAHIZH D, (EE
DARPY) 32y FTIE, BRKTEE LICRTE22TOT L —ARDY— 7% 11
%, LhL, chEZ0FEN—Fox7LEIETRE, BT VR
oYY THELZTINEEZLT, "—F Y2 7OBBEAKELE-oTLES. &
D, TZTRtCBTATV—ADY—20¥* 1 IZTHZEICL, &7
L—Z% 120 flipflop THEKTELEHIZL. Zov—20BEAHIE, &7
V=AY — 7 DFETHBEEZERLTEY, t, /" BAKTELELICBTHETL—A
\Z Boole {BINIY— 7 EME ST B ERLGT LAWK ENG, TDRPY
% b % Boolean Marking Net &5, O

Z ZTHii#i7% BMN OfI* K B.AIRYT. SOF v M, BT L— R 53, 4127 —
IEBEE, TV—Asllv— o MBENKEICLTEBE, 7Yy a v oRkEHx
tot1 ts i DIETIT ). T2E, JROT L= §,.5:.0MFEBIIY— I HBEF LD, TH
£V =7 PEVKETH UL B IFHIE 55 07— 7 DEBKRBEE B D, 51,50
KEFZNDATE s5ICv — 7P EVIRREEE 2 5. 2% 0, 20 BMN I 51,5, DB
e LTEMET 5.



sb

X B.1: 8% BMN TEF AL L 761
FigB.1: An Example of BMN for a Comparator.

B.2 BMN »5RIEKRADETHRFE|E

B.2.1 N—K91x7{tOF%

BMN O/ —F 7o =2 74LIX, UToOL ) ICBMMIZITS. RIB2IZr5 Y va vy,
DA E %R T

BT V—ARY = OFBEFIFT A0 RS-FFICHIE S D, v — 2 h% 2 KHE
X, RS-FF A3t v b (Q=1) SR TWB I L TET.

BrI T va YIBAFHEDS 4 I /A MBEE R B0, yuy s THIET R S
EEREZRD. ZDIOH, £+ T avIZid, Positive Edge Trigger B D-FF(D+)
&, Negative Edge Trigger 1 D-FF(D-) Oxf & s &€ 5.

b7y a v t,oRKEHEIIX, 702 ;@ Positive Edge THICBTA2LToT
L= = DWE B EIDPERRT, BRTEOENERETS. BATEHE
i, “tLICBT2LTOTSL—ADbv—2 %05, BN LEBER, £0H% 0
Negative Edge T, t;/ICBTA2TO7 LV —AIZv—27%#<. /2, {¥ o id, t,®
RIZEKFTHMEEND ST ar t, ORKFHEY 1 I Y 7RESTH 5.

Py arti, BAHESNABIHICEBTALTOT L—ANY— 2%
AHE, BXKTE, ok, tIBTATL—ADT— 7 OEEYET RS-FF ot
1% 4T AND [BO AN FIZHES L, AND RO )% D+DO AN FIZANS,



i OREST _‘\‘
s Q - I cl H
R ! Li
r .
0 | " CLR !'

o
i
I

: Lo et @——IS 0

z il m . omu aD'a' : R
' |
1
|

s J——
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FigB.2: A Hardware Implementation for the peripheral circuits of ;.

by astBRARKLTHIZBTAE T L—AREY—0REEINL I LK,
Thbbt D+ EENGDT L—A% KT RS-FF D)ty b Fll#HEmT A &
THEEIND., LB TAHEETLV—AH, ot 5T ar Dt IZbB LTV
EI2iX, D D+ 5D )y MEFLERINEGLD, Fb 7T aryhrbDY)
+ o MEFIX, ORBEKTINY &£/ LT, OR EHOHH% 7 L —A RS-FF © )
4y MUY .

—h, tIBTET VL —AIIY— 7D BEINDLIE, Thbb D-OHHEEND
DT V—A%EYT RS-FF Oty g FIlERTHILTERSINSG. BB 70T
arpbT— P UTVETL—ATR, 7T—27%#MIELTWwEB 5T var
DL, ENP—2OTUIRKTELEY—2HBINLLD, HEE5TV2arDD-D
71X, OR HEEETHY F &7 ET, OR BN % 7 L — AD RS-FF D+ » b i
FlIEHT 5.

LOMBIC LT, BALEHED IO DT—270OW N REMBRE, 1A DY~
DHZAHLI LR, “t,0t] #0THIHEND B0, FBIIZTHI ZEATEL
V. BMN OFERETRLIG(M) &0, “tnt;CBT27 L— A2}, BKikv—7
AEINTWRFIUELSELW., ZOhdD, v—270WM VKR E N L8 X AL L%
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D+& D-O#ERNT DAL LAY LB FANICHTTITHISET. 1 2709 7T
BEEN T T a Y OMENSETTELLHIICLL.
X B.3I13[X] B.1® BMN ¥ LREOFETHN—F 2 2 7L L= b D THh 5.

Xl B.3: BMN 7% 5 [ fg~Z4R S AL 76

FigB.3: An Example of Hardware Implementation from the BMN.

B.2.2 ErOovIND5AA

sty FERTRLEN—F 72 7R TR LRBEZ IS €501, &
Ty UL a v RRAEETA IOy 7 RS A G NERLRV, 2T, fEELL
BIAHMIZ A o BEX T 2720101}, &7 T2 a 2 ED L) ZIAFTEX
Sl 2 0%, CORET7Oy 7252 ER6RW,

SDE BITHELEY AT AR, ta, by, 13,1y OMMTRXIFES S EIEL CEET 5.
o, MBITRLABRIIBANT, §b7 Y2 a &R D-FF 252567
T2 e, e e cq d, IBATRT LG ZBLENDL. ZO%E, THEFIZEX
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X B4: iA#% 6 LAEE IO Y 2
FigB.4: Phase-shifted Clocks for the Comparator Circuit.

ON=F72T7I2BWVT, »58¥DL 7 Vv a ryORKFHEE FEICETL
TIToTHRRD S L OFEMFOBE LA LTHNE, FDLF Vv avitbz
570y 2%EA—ICLTHAKFHEXETSELIET, suy s ¥*BA Tk, A
AL TE %,

HHEALORFTOLBOIZIE, GRZONLELVWEERTH) Z A9 oTWVE T v
YT a y OFKFMBE L, FMEEELITIRE D N VY 3 ORBKEHNERF %
ETRKOL, TIT, FMiL I IMIAEHENITELENS L. RIZ, KOEL LR
KEEAHIEUE 225, FEKIHEONEE 22 L THLEEASfichr vV a3 v oMl
¥ROL, TOMDE T VY a L3, FIECEML TR0 BIEA Sl L 2 B =
EEWHLDPIZTDLENDD. b T 0T Y a YR OSMYE. B & Ui Th
PO WTREEIZRE AT b T W B [29][24][25][26] [27]. ch oMl (b5 2Ty 3
S TN=T) I LTRMMD 209 2 %52 22 125 ) EdAL L7 BIES % V5K
T5.



78 C PCB E{&& CCITT 7 Xk F
+ — b @ Run-length 978

C.1 BREFSEICSL DRSS

# C.1: 7 A MEGIZH T 2583 (%) g

Run-Length MH BPC
PCB-1 17.5 27.3 16.9
PCB-2 23.9 15.5 21.0
PCB-3 11.8 20.6 11.8
PCB-4 23.3 17.4 22.2
Average 19.1 20.2 18.0
CCITT-1 6.2 9.8 9.1
CCITT-2 5.7 7.8 9.3
CCITT-3 11.9 13.5 17.6
CCITT-4 21.3 224 30.3
CCITT-5 12.7 14.1 18.3
CCITT-6 9.5 11.0 14.5
CCITT-7 22.3 21.5 33.3
CCITT-8 11.6 12.8 18.4
Average 12.7 14.1 13.9
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F8D 2 OB EEKICEHT 3

Mizar article

D.1  Mizar \Z & 3L

Mizar(70][71] &, Warsaw KFD A Trybulec b % H.ls& L7z, Mizar Association' |2
FoTEDLNTVD, BEFHEREF-TREALTE27 0l 27 F ORMTH 5.
o7y bORNE, BEOWXDOREY AT LE(FHLIETH L. Mizar 71
TJxy M, FHEREL o THF LR T A OIES N Mizar EFEOCHE: [T0] 12
Rl > 7-50 8 O OREH T RC L, ZN 2 5t8EE ETEMET 5 Mizar Proof Checker |2
SoTHHOBEAT v 7OELMEREL, iEHIREFAOMEE T 177 1)1L (7]
TAHIELIZEoTITbIT NS,

Mizar \Z & > THEFEOFEH A BRI LB L2 article ETEE (B 2 1ECHR
(72]---[105]) . #7212 article &Rl T BB 1E, BEBLISGEHASREFATI 1477 1)
IZBFENTWBIRILD article ¥R L GO HD B, 5Lk L7 article 57 475 1)
IZBSEE NI, D article VMDD article BT H T EATE 5. article 1 Mizar
EEIc Lo TR T 5. Mizar 5781, BFEO— KM LI OS2I LTV 245,
Mizar S OEHE S 20T, TEOFEMIZH L TIESCH [70] 22 S nlzwn,

I Mizar Users Association : Institute of Mathematics Warsaw University, Bialystok Branch ul.

Akademicka 2, 15-267 Bialystok. Poland.
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D.2 BHEKXDEE

D.2.1 18 (terms)
(1) ZHEANF (identifiers of variables) IZHTH %.
(#) p, f, g, x1, T2, 0, S, S1, S2, 8, v, G
(2) Bl (numerals) 1ZHTH 5.
(#) 0,1, 2, -, 100, ---

(3) W% (functor) 2 &LUTORERIZHTH 5.
le ftside — arguments  functor — symbol rightside — arguments

(fl) 0, PUU, PNU, ~xy, 11 A2y, and2a({xy,z2}), Arity(o)

(4) 22 THRWEHZ I (bracket) THAZUTORERIZHTH 5.
le ftside — bracket non — zero — terms rightside — bracket

(#) [: M1, M2 :] (Cartesian product), (xxy, zo%) ( finite sequence), {x,y} (finite s

(5) HOBRT (selector) EE LU TOREKXITETH 5.

the symbol — of — selector of term

() the carrier of S, the topology of G

(6) HORER (structure) T ST U TORRIIHETH 5.
symbol — of — structure < list — of —terms >

(B1) ManySortedSignature < carrier, operation symbols, arity, result sort >

D.2.2 & (types)
(1) AT 7 5 A1d mode £V 9.

(mode DB) Any. set, Element of X, DOMAIN, Subset of D, Real, Nat, Boole
ZZT, mode xEFUUTOENRIBETH 5.
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symbol — of —mode of terms
(B1) Subset of G. Subset of the carrier of G, Relation of X
(2) HEETLRITF (symbol-of-structure) 13EI T .

(#1) ManySortedSignature, TopStruct, LattStr

D.2.3 X (formulas)

(1) #FEX (predicative formula) 13X TdH 5.

terms symbol — of — predicate terms

terms is type

(B1) InnerVertices CompStr(z.b) is Relation
InputVertices CompStr(xz,b) is without — pairs

(2) #RFEME (proposition formula) 13X TH 5.

for identifiers — of — variables holds formula

for segment — of — qualified — variables holds formula

(B1) for x,ybeing Element of BOOLE AN holds xor2b.(xx,y*) = xor2.(xx, y*)
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D.3 2’ Complement Circuit Mizar article

2's Complement Circuit.
by Katsumi Wasaki and Pauline N. Kawamoto

enviraon

vocabulary PAIR,HELATION,PBOOLE,FUNC,FUNC_REL,FINSEQ,TUPLES.CIHCOP1,VALUAT,
ZF_LANG,NISHIYA.LATTICES.BOOLE.MSUALG_1,FUNC4,AMI.AMIE.CIHCUITS,FULLADD,

TWOSCOMP ;

constructors ARYTM,REAL_1,NAT_1,MCART_1,CARD_3,FINSET_1,DOMAIN_1,MARGREL1,
BINARITH,CLASSES1,MSAFREE2,CIRCUIT1,CIRCUIT2,CIRCCOMB, ENUMSET1,PRVECT_1,

FACIRC_1;
requiremaents ARYTM;

notation ARYTM,STRUCT_O,TARSKI,BOOLE,ENUMSET1,NAT_1,MCART_1,RELAT_1,FUNCT_1,
FUNCT_2,REAL_1,INT_1,MARGREL1,BINOP_1,VECTSP_1,FINSEQ_1,FINSET_1,FINSEQ_2,
FINSEQ_4,FUNCOP_1,FUNCT_4 ,BINARITH,ORDINAL1,CARD_3,CLASSES1,PARTFUN1,
PRVECT_1,PBOOLE,MSUALG_1,PRE_CIRC,MSAFREE2,CIRCUIT1,CIRCUIT2,CIRCCOMSB,

FACIRC_1;

clusters STRUCT_O,RELAT_1,FUNCT_1,INT_1,FINSET_1,RELSET_1,FINSEQ_2,FRAENKEL,
PRVECT_1,PBOOLE,MARGREL1,MSUALG_1,PRE_CIRC,MSAFREE2,CIRCUIT1,CIRCCOMB,
FACIRC_1;

definitions TARSKI,BOOLE,RELAT_1,FINSEQ_1,MARGREL1,BINARITH,MSAFREE2,CIRCUITZ,
CIRCCOMB,FACIRC_1;

theorems TARSKI,BOOLE,ZFMISC_1,ENUMSET1,MARGREL1,BINARITH,FUNCT_1,FUNCT_2,
FINSEQ_1,FINSEQ_2,FINSEQ_3,CIRCUIT1,CIRCUIT2,CIRCCOMB, FACIRC_1;

schemes FACIRC_1;

begin

definition
redefine
let x be set;
func <*x*> -> FinSeqlLen of 1;
coherence proof thus len <*x*> = 1 by FINSEQ 1:57; end;
let vy be set;
func <*x,y*> -> FinSeqlLen of 2;
coherence proof thus len <*x,y*> = 2 by FINSEQ 1:61; end;
let z be set;
func <*x,y,z*> -> FinSeqlLen of 3:
coherence proof thus len <#*x,y,z*> = 3 by FINSEQ_1:62; end;
end;

definition Tet n,m be Nat:

let p be FinSeqlLen of n:

let g be FinSeaqlen of m;

redefine func p"q -> FinSeqlLen of n+m;

coherence

proof
thus len (p“q) len p + len g by FINSEQ 1:35

n+len q by CIRCCOMB:def 12
n+m by CIRCCOMB:def 12;

end;
end;

definition let S be unsplit non void non empty ManySortedSign;
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let A be Boolean Circuit of sS4
let s be State of A;
let v be Vertex of §:
redefine func s.v -> Element of BOOLEAN:
coherence
proof s.v € (the Sorts of A).v by CIRCUIT1:5;
hence thesis;
end;
end;

theorem PrelLem2':
for f being Function for x1,x2 being set st
x1 € dom f & x2 € dom f holds
f-<®¥x1,x2%2> = <*f x1,f.x2%>
proof
let f be Function;
let x1,x2 be set; assume
A: x1 € dom f & x2 € dom f; then
f.x1 € rng f by FUNCT_1:12: then
reconsider D = dom f, E = rng f as non empty set by A:
reconsider g = f as Function of D,E by FUNCT_2:95;
rng <*x1,x2%*> = {x1,x2) by FINSEQ_3:35: then
rng <*x1,x2%*> c= D by A,ZFMISC_1:38; then
reconsider p = <*x1,x2%> as FinSequence of D by FINSEQ 1:def 4;
thus f.<*x1,x2%> = g«p .= <*f x1,f.x2%> by FINSEQ_2:40;
end;

theorem ::PreLem3':
for f being Function for x1,x2,x3 being set st
x1 € dom f & x2 € dom f & x3 € dom f holds
f-<®x1,x2,x3%> = <*f x1,f.x2,f.x3%>
proof
let f be Function;
let x1,x2,x3 be set; assume
A: x1 € dom f & x2 € dom f & x3 € dom f: then
f.x1 € rng f by FUNCT_1:12; then
reconsider D = dom f, E = rng f as non empty set by A;
reconsider g = f as Function of D,E by FUNCT_2:95;
rng <*x1,x2,x3*> = {x1,x2,x3} by FINSEQ_3:36; then
rng <*x1,x2,x3*> = {x1,%x2) U {x3) & {x1,x2) c= D & (x3) c= D
by A,ZFMISC_1:37,38,ENUMSET1:43; then
rng <*x1,x2,x3*> c= D by BOOLE:32; then
reconsider p = <*x1,x2,x3*> as FinSequence of D by FINSEQ 1:def 4;
thus f+<®x1,x2,x3%> = gep .= <*f x1,f.x2,f.%x3%> by FINSEQ_2:41;
and;

:: Boolean Operations : 2,3-1Input and®*, nand*, or¥, nor*, xor#

:: 2-Input Operators

definition
func and2 -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:
AND: for x,y being Element of BOOLEAN holds it.<#*x,y*> = x "&' y;
correctness from 2AryBooleDef;
func and2a -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:
AND2A: for x,y being Element of BOOLEAN holds it.<*x,y*> = -~x '&' y;

correctness from 2AryBooleDef;
func and2b -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:

AND2B: for x,y being Element of BOOLEAN holds it.<*x,y*> = ~x '&' =~y;
correctness from 2AryBooleDef;
end;

definition
func nand? -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:
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NAND: for x,y being Element of BOOLEAN holds it.<*x,y*> = -~(x '&' y);
correctness from 2AryBooleDef;
func nand2a -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:
NAND2A: for x,y being Element of BOOLEAN holds it.<*x,y*> = ~(-x '&'
correctness from 2AryBooleDef;
func nand2b -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:
NAND2B: for x,y being Element of BOOLEAN holds it.<*x,y*> = -(-x '&'
correctness from 2AryBooleDef;
end;

definition
func or2 -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:

OR: for x,y being Element of BOOLEAN holds it.<tx,y*> = x 'or' y;
correctness from 2AryBooleDef;
func or2a -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:

OR2A: for x,y being Element of BOOLEAN holds it.<*x,y*> = -x 'or' y;
correctnass from 2AryBooleDef;
fune or2b -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:

OR2B: for x,y being Element of BOOLEAN holds it.<*x,y*> = -x ‘or' -y;
correctness from 2AryBooleDef;

end;

definition
func nor2 -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:
NOR: for x,y being Element of BOOLEAN holds it.<*x,y*> = -~(x 'or' y);
correctness from 2AryBooleDef;
func nor2a -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:
NOR2A: for x,y being Element of BOOLEAN holds it.<%x,y*> = ~(-x 'or'
correctness from 2AryBooleDef;
func nor2b -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:
NOR2B: for x,y being Element of BOOLEAN holds it.<*x,y*> = ~(-x 'or'
correctness from 2AryBooleDef;
end;

definition
func xor2 -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:

XOR: for x,y being Element of BOOLEAN holds it.<#*x,y*> = x 'xor' y:
correctness from 2AryBooleDef;
func xor2a -> Function of 2-tuples_on BOOLEAN, BOOLEAN means:

y):

v);

“y);

XOR2A: for x,y being Element of BOOLEAN holds it.<*x,y*> = -x ‘'xor' y;

correctness from 2AryBooleDef;
func xor2b => Function of 2-tuples_on BOOLEAN, BOOLEAN means:

XOR2B: for x,y being Element of BOOLEAN holds it.<*x,y*> = ~x 'xor' -~y;

correctness from 2AryBooleDef;
end;

theorem ::ThAnd2:
for x,y being Element of BOOLEAN holds and2.<*x,y*> = x '&' y &
and2a.<*x,y*> = ~x '&' y & and2b.<*x,y*> = ~x '&' -y
by AND, AND2A, AND2B;

theorem ::ThNAnd2:

for x,y being Element of BOOLEAN holds nand2.<#*x,y*> = -~(x '&' y) &

nand2a.<*x,y*> = -(~x '&' y) & nand2b.<*x,y*> = -~(~x '&' -~y)
by NAND, NAND2A, NAND2B;

theorem ::ThOr2:
for x,y being Element of BOOLEAN holds or2.<*x,y*> = x 'or’ y &
or2a.<*x,y*> = -x 'or' y & or2b.<*x,y*> = ~x ‘or' -~y
by OR, OR2A, ORZB;

theorem ::ThNOr2:

for x,y being Element of BOOLEAN holds nor2.<*x,y*> = =~(x ‘'or' y) &

nor2a.<*x,y*> = ~(->x 'or' y) & nor2b.<*x,y*> = ~(~x 'or' ~y)
by NOR, NOR2A, NOR2B;
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theorem ::ThXOr2:
for x,y being Element of BOOLEAN holds xor2.<*x,y*> = x 'xor' y &

Xor2a.<*x,y*> = -x ‘xor’ y & xor2b.<®x,y*> = =x 'xor' -y
by XOR, XOR2A, XOR2B:

theorem ::ThAltAnd2:
for x,y being Element of BOOLEAN holds and2.<*x,y*> = nor2b.<*x,y*> &
and2a,.<*x,y*> = nor2a.<*y,x*> & and2b.<*x,y*> = nor2.<tx,y*>
proof let x,y be Element of BOOLEAN;
thus and2.<*x, y*> x "&' y by AND
S(~x 'or' ~y) by BINARITH:12
norzb.<*x,y*> by NOR2B;
-x '&' vy by AND2A
“(==x 'or' -y) by BINARITH:12
“(x 'or' -y) by MARGREL1:40

thus and2a.<*x,y*>

~(~y 'or" x) by BINARITH:6
.= nor2a.<Ty x*> by NOR2A:
thus and2b.<*x,y*> X '8' -y by AND2B

=(==x 'or' ~~y) by BINARITH:12
“(x 'or' -~ay) by MARGREL1:40
-(x ‘or' y) by MARGREL1:40
nor2.<*x,y*> by NOR;

0

end;

theorem ::ThA1tOr2:
for x,y being Element of BOOLEAN holds or2.<*x,y*> = nand2b.<*x,y*> &
or2a.<*x,y*> = nand2a.<*y,x*> & or2b.<*x,y*> = nand2.<*x, y%t>
proof let x,y be Element of BOOLEAN;

thus or2.<*x,y*> = x 'or' y by OR
= a(~x ‘&' -y) by BINARITH:8
.= nand2b.<#*x,y*> by NAND2B;
thus or2a.<*x,y*> = ~x 'or' y by OR2A
.= (-~ x & y) by BINARITH:8
= =(x '&' =-y) by MARGREL1:40
= ~(~y '&' x) by MARGREL1:48
.= nand2a.<*y,x*> by NAND2A;
thus or2b.<*x,y*> = =~x 'or' -y by OR2B
= ~(~~x '&"' --y) by BINARITH:B
= "#wlx “&" y) by MARGREL1:40
==} &' w) by MARGREL1:40

nand2.<*x,y*> by NAND;
end;

theorem ::ThAltXor2:

for x,y being Element of BOOLEAN holds xor2b.<%*x,y*> = xOr2.<*x,y*>

proof let x,y be Element of BOOLEAN;

thus xor2b.<*®x, y*> -x 'xor' -y by XOR2B
.= (»~x '&" -y) 'or' (-x '&" =~-y) by BINARITH:def 2

(x '&" -~y) 'or' (-x '&' --y) by MARGREL1:40
(x '&' =y) 'or' (-x '&' y) by MARGREL1:40
(»x '&' y) 'or' (x '&" -~y) by BINARITH:6
x 'xor' y by BINARITH:def 2
xor2.<*x,y*> by XOR;

oW wwu

end;

theorem ::ThCalAnd2:

and2.<*0,0%*>=0 & and2.<*0,1*>=0 & and2.<*1,0*>=0 & and2.<*1,1*>=1 &

and2a.<*0,0%>=0 & and2a.<*0,1*>=1 & and2a.<*1,0*>=0 & and2a.<*1,1%*>=0 &

and2b.<*0,0¢>=1 & and2b.<*0,1*>=0 & and2b.<*1,0*>=0 & and2b.<*1,1%*>=0

proof A: TRUE = 1 & FALSE = 0 by MARGREL1:36;
thus and2.<%0,0%> FALSE '&' FALSE by A,AND .
thus and2.<*0,1%*> FALSE '&' TRUE by A,LAND 0 by A,MARGREL1:45;
thus and2.<*1,0%> TRUE '&' FALSE by A,AND 0 by A,MARGREL1:45;
thus and2.<*1,1%> TRUE ‘&' TRUE by A,AND . 1 by A,MARGREL1:45;
thus and2a.<*0,0*> = -~FALSE '&' FALSE by A ,AND2A .= 0 by A,MARGREL1:45;
thus and2a.<*0,1*> = ~FALSE '&" TRUE by A,AND2A

0 by A ,MARGREL1:45;

woaun
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= TRUE *&" TRUE by MARGREL1:41
.= 1 by A,MARGREL1:45;
thus and2a.<*1,0%*> = -TRUE ‘&' FALSE by A,AND2A .= 0 by A ,MARGREL1:45
thus and2a.<*1,1*> = -TRUE '&' TRUE by A, AND2A
= FALSE '&' TRUE by MARGREL1:41
= 0 by A,MARGREL1:45;
thus and2b.<*0,0*> = -FALSE '"&' -~FALSE by A,AND2B
= TRUE '&' -FALSE by MARGREL1:41
= TRUE ‘&' TRUE by MARGREL1:41
= 1 by A,MARGREL1:45;
thus and2b.<*0,1%> = ~FALSE '&' -TRUE by A, AND2B
= ~FALSE '&' FALSE by MARGREL1:41
= 0 by A,MARGREL1:45;
thus and2b.<*1,0*> = -TRUE '&' -FALSE by A,AND2B
= FALSE '&' -~FALSE by MARGREL1:41
= 0 by A,MARGREL1:45;
thus and2b.<*1,1%> = ~TRUE '&"' ~TRUE by A,6AND2B
.= FALSE '&' -TRUE by MARGREL1:41
.= 0 by A,MARGREL1:45;
end;
theorem ::ThCalOr2:
or2.<*0,0%>=0 & o0r2.<*0,1*>=1 & o0r2.<%*1,0%>=1 & o0r2.<*1,1%>=1 &
or2a.<*0,0*>=1 & or2a.<*0,1%*>=1 & or2a.<*1,0%*>=0 & or2a.<*1,1%>=1 &
or2b.<*0,0*>=1 & or2b.<*0,1%>=1 & or2b.<*1,0%*>=1 & or2b.<*1,1%>=0
proof A: TRUE = 1 & FALSE = 0 by MARGREL1:36;
thus or2.<*0,0%*> = FALSE 'or' FALSE by A,OR .= 0 by A,BINARITH:7;
thus or2.<*0,1%*> = FALSE 'or' TRUE by A,OR .= 1 by A ,BINARITH:19;
thus or2.<#*1,0*> = TRUE 'or' FALSE by A,OR .= 1 by A,BINARITH:19;
thus or2.<*1,1*> = TRUE ‘or' TRUE by A,OR .= 1 by A,BINARITH:19;
thus or2a.<*0,0%*> = ~FALSE 'or' FALSE by A,OR2A
= TRUE ‘or' FALSE by MARGREL1:41
.= 1 by A,BINARITH:19;
thus or2a.<*0,1%> = -~FALSE 'or' TRUE by A,OR2A .= 1 by A ,BINARITH:19;
thus or2a.<*1,0*> = ~TRUE ‘or' FALSE by A,OR2A
= FALSE 'or' FALSE by MARGREL1:41
.= 0 by A,BINARITH:7;
thus or2a.<*1,1%> = -TRUE ‘'or' TRUE by A,OR2A .= 1 by A,BINARITH:19;
thus or2b.<*0,0*> = -~FALSE 'or' -~FALSE by A,OR2B
= TRUE ‘or' -FALSE by MARGREL1:41
.= 1 by A,BINARITH:19;
thus or2b.<*0,1*> = -FALSE 'or' -TRUE by A,OR2B
= TRUE ‘or' ~TRUE by MARGREL1:41
.= 1 by A,BINARITH:19;
thus or2b.<*1,0%*> = ~TRUE 'or' -FALSE by A,OR2B
.= 2TRUE 'or' TRUE by MARGREL1:41
= 1 by A,BINARITH:19;
thus or2b.<*1,1%*> = -TRUE ‘'or' -TRUE by A,OR2B
= FALSE 'or' -TRUE by MARGREL1:41
= FALSE ‘or' FALSE by MARGREL1:41
= 0 by A,BINARITH:T7;
end;
theorem ::ThCalXor2:
X0r2.<*0,0*>=0 & x0r2.<%*0,1%*>=1 & x0r2.<*1,0%*>=1 & Xx0r2.<*1,1%*>=0 &

xor2a.<*0,0%>=1 & xor2a.<*0,1*>=0 & xor2a.<*1,0%>=0 & xor2a.<*1,1%>=1

proof A: TRUE = 1 &

thus
thus
thus
thus
thus
thus

thus

X0or2.<*0,0%*>
XOr2.<*0,1%>
Xor2.<=1,0%>
Xor2.<%1,1%>
xor2a.<*0,0*>
xor2a.<=*0,1*>

.

Xxor2a.<*1 ,0%>

0 by A,MARGREL1:40;
~TRUE 'xor' FALSE
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FALSE = 0 by MARGREL1:36;

FALSE 'xor' FALSE by A,XOR .=
FALSE 'xor' TRUE by A,XOR .=
TRUE ‘'xor' FALSE by A,XOR .=
TRUE 'xor' TRUE by A,XOR .=
~FALSE 'xor' FALSE by A, XOR2A
~FALSE 'xor' TRUE by A, XOR2A

--FALSE by BINARITH:13

by A,XOR2A

0 by A,BINARITH:15;
1 by A,BINARITH:14;
1 by A,BINARITH:14;
0 by A,BINARITH:15;

.= 1 by A,BINARITH:

T3



"TRUE by BINARITH:14

0 by A,MARGREL1:41;

"TRUE 'xor' TRUE by A, XOR2A
=~TRUE by BINARITH:13

1 by A ,MARGREL1:40;

thus xor2a.<*1,1%>

end;
3-1Input Operators

definition
func and3 -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
AND3: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*%¥> = x '8" y '&' z; correctness from 3AryBooleDef:
func and3a -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
AND3A: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = »x '&" y '&' z; correctness from 3AryBooleDef;
func and3b -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
AND3B: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = »x "&" -~y '&' z; correctness from 3AryBooleDef;
func and3c -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
AND3C: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = -x '&' -y "&' -z; correctness from 3AryBooleDef;
end;

definition
func nand3 -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
NAND3: for x,y,z being Element of BOOLEAN holds
jt.<*xx,y,z*> = ~(x '&" y '&' z); correctness from 3AryBooleDef;
func nand3a -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
NAND3A: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z%*> = =(~-x '&" y '&' z); correctness from 3AryBooleDef;
func nand3b -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
NAND3B: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = ~(~x '&' -~y '&' z); correctness from 3AryBooleDef;
func nand3c -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
NAND3C: for x,y,z being Element of BOOLEAN holds
jt.<*x,y,z*> = =(-x '&"' -y '&' -~z); correctness from 3AryBooleDef;
end;

definition
func or3 -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
OR3: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = x 'or' y 'or' z; correctness from 3AryBooleDef;
func or3a -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
OR3A: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = ~x 'or' y 'or' z; correctness from 3AryBooleDef;
func or3b -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
OR3B: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = ~x 'or' -~y 'or' z; correctness from 3AryBooleDef;
func or3c -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
OR3C: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = =~x 'or' -~y 'or' -z; correctness from 3AryBooleDef;
end;

definition
func nor3 -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
NOR3: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = ~(x 'or' y 'or' z); correctness from 3AryBooleDef;
func nor3a -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
NOR3A: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = =~(~x 'or' y 'or' z); correctness from 3AryBooleDef;
func nor3b -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
NOR3B: for x,y,z being Element of BOOLEAN holds
it.<*x,y,z*> = ~(-x 'or' -~y 'or' z); correctness from 3AryBooleDef;
func nor3c -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
NOR3C: for x,y.z being Element of BOOLEAN holds



it.<xx,y,z¥> -(~x 'or' -~y ‘or' =~z); correctness from 3AryBooleDef;

end;

definition
func xor3d -> Function of 3-tuples_on BOOLEAN, BOOLEAN means:
XOR3: for x,y.z being Element of BOOLEAN holds

it,<*x,y,z*> = x 'xor’ y 'xor' z; correctness from 3AryBooleDef;

end;
theorem ::ThAnd3: o o

for x,y,z being Element of BOOLEAN holds and3.<*x,y,z*> = x ‘& y ‘& 2z &

and3a.<*x,y,z*> = ~x '&" y '&' z & and3b.<*x,y,z*> = ~x '&' -~y '&" z &

and3c.<*x,y,z*®> = ~x '&' -~y '&' -z

by AND3, AND3A, AND3B, AND3C;
theorem ::ThNAnd3:

for x,y,z being Element of BOOLEAN holds nand3.<*x,y,z*>=-(x '&"' y '&' z) &

nand3a,.<*x,y,z*>=~(~x '&" y '&' z) & nand3b.<*x,y,z*>=-(~x '&"' -~y '&' 2z) &
nand3c.<*x,y,z*¥>=-(~x "&' -~y '&' -~z)
by NAND3, NAND3A, NAND3B, NAND3C;
theorem ::ThOr3:
for x,y,z being Element of BOOLEAN holds or3.<*x,y,z*¥> = x 'or' y 'or' z &
or3a.<*x,y,z*> = =% 'or' y 'or' z & or3b.<*x,y,z*> = -x ‘or' -y ‘or' z &
or3c.<*x,y,z%> = ~x 'or' -~y 'or' -~z
by OR3, OR3A, OR3B, OR3C;
theorem ::ThNOr3:
for x,y,z being Element of BOOLEAN holds nor3.<%*x,y,z*>=-(x ‘or' y 'or' z) &
nor3a.<*x,y,z*>=-(-x 'or' y 'or' z) & nor3b.<*x,y,z*>=~(-x 'or' -~y 'or' z) i
nor3c.<*x,y,z*t>=~(-x 'or' -~y 'or' -z)
by NOR3, NOR3A, NOR3B, NOR3C;
theorem ::ThXOr3:
for x,y,z being Element of BOOLEAN holds xor3.<*x,y,z*> = x 'xor' y 'xor' z
by XOR3;
theorem ::ThA1tAnd3:

for x,y,z being Element of BOOLEAN holds

and3.<*x,y,Z*> = nor3c.<*x,y,z*> & and3a.<*x.,y,z%>
and3b.<*x,y,z%> nor3a.<*z.,y,.x*> & and3c.<*x,y,z%>
proof let x,y,z be Element of BOOLEAN;

nor3b.<*z,y, x*> &
nor3.<*x,y,z%>

(]

thus and3.<*x,y,z*> = x '&' y '&' 2z by AND3
o= ==x 'or’ =y) Y& z by BINARITH:12
= A=A tort ay) Ter' -z) by BINARITH:12
= =(i{=x: tort ) tort «g) by MARGREL1:40
.= nor3c.<*x,y,z*> by NOR3C;

thus and3a.<*x,y,z*> = ~x "&"' y '&' z by AND3A
= ~(->x "or' -y) '&" z by BINARITH:12
= aifa=~{-=x Yor® ~y) ‘or* 2z) by BINARITH:12
= nfl-nx "or* sy} “or* 2) by MARGREL1:40
o= =00 Yor! =y) or! =z} by MARGREL1:40
= s{{2y "or' X) or' =z) by BINARITH:6
= ={=~Z "or" (2y "eor' x)) by BINARITH:86
= ~((~z 'or' ~y) 'or' x) by BINARITH:20
.= nor3b.<*z,y,x*> by NOR3B;

thus and3b.<*x,y,z*> = -x '&' -~y '&' z by AND3B
= a(-~x 'or' --y) '&' 2z by BINARITH:12
= =2(==(-~x 'or' -~~y) 'or' -z) by BINARITH:12
= S({79x "or' aay) "or' =z) by MARGREL1:40
= =f{x "or" a=y) Yer' =z) by MARGREL1:40
JF (R Yort ¥) Mor" ~E) by MARGREL1:40
.= ~((y 'or' x) 'or' -z) by BINARITH:6
= 2z ‘or’ (y "ar' x)) by BINARITH:6
= a((~z 'or' y) ‘or' x) by BINARITH:20
= nor3a.<*z,y,x*> by NOR3A;



thus and3c.<*x,y,z*> ax ‘& -~y '"&' -~z by ANDS3C

~{=a% Yor" =ay) “g" sz by BINARITH:12
a(==(-=x 'or' -~y) 'or' -=z) by BINARITH:12
((~=x 'or' ==y) 'or' --z) by MARGREL1:40
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S((x "or' =ay) 'or' --z) by MARGREL1:40
< {x: “or® y) Yor' s=z) by MARGREL1:40
A((x 'or' y) 'or' z) by MARGREL1:40
nor3.<*x,y,z*> by NOR3;

end;

theorem ::ThATtOr3:
for x,y,z being Element of BOOLEAN holds
Or3.<*x,y,z*> = pand3c.<*x,y,z*> & or3a.<*x,y,zZ*>
or3b.<*x,¥,2*> = nand3a.<*z,y x*> & or3c.<¥x,y,z*¥>
proof let x,y,z be Element of BOOLEAN;

nand3b.<*z ,y,x*> &
nand3.<*x,y,z%>

(1]

thus or3.<*x,y,z*> = x 'or' y 'or' z by OR3
= =(-x '&" -~y) 'or' z by BINARITH:8
= =~ (>x "&" ~y) '&' ~2) by BINARITH:8
= =((~x '&" ~y) '&' -~2z) by MARGREL1:40
.= nand3c.<*x,y,z*> by NAND3C:
thus or3a.<*x,y,z*> = =-x 'or' y 'or' z by OR3A
= (- x "&" ~y) 'or' z by BINARITH:8
= (= (~x T&T oy) &Y -mz) by BINARITH:8
= ((~x "&" y) '&" -~2) by MARGREL1:40
= -((x "&" ~y) '&"' -z) by MARGREL1:40
= ~(~z '&" y "&' Xx) by BINARITH:31
.= nand3b.<*z ,y, x*> by NAND3B;
thus or3b.<*x,y,z*> = =-x 'or' =y 'or' z by OR3B
= ~(~ax '&' -~ny) 'or' oz by BINARITH:B
= (- (~x '&' ~ny) ‘&' -zZ) by BINARITH:8
= 2((~x '&" -~ny) "&T -2Z) by MARGREL1:40
= -((x '&" -~y) '&" -z) by MARGREL1:40
= -((x '&" y) '&' -z) by MARGREL1:40
= ==z Y& 3 V& x) by BINARITH:31
.= nand3a.<*z,y, x*> by NAND3A;
thus or3c.<*x,y,z*> = =-x 'or' -y 'or' -z by OR3C
= a(~x "&" -ny) 'or' -z by BINARITH:8
= a(~n(~ax "&' -ny) ‘&' a-z) by BINARITH:8
= a((~x '&" -ny) &' 2nz) by MARGREL1:40
= a((x '&" -oy) '&' a02Z) by MARGREL1:40
= -((x '&" y) '&' -~-2z) by MARGREL1:40
= o((x "&" y) '&" z) by MARGREL1:40
= nand3.<*X,y,Z*> by NAND3;

end;

theorem ::ThCalAnd3:
and3.<*0,0,0*>=0 & and3.<*0,0,1*>=0 & and3.<*0,1,0*>=0 &
and3.<*0,1,1%>=0 & and3.<*1,0,0*>=0 & and3.<*1,0,1*>=0 &
and3.<*1,1,0%>=0 & and3.<*1,1,1*>=1
proof A: TRUE = 1 & FALSE = O by MARGREL1:36;
thus and3.<*0,0,0*> FALSE '&' FALSE '&' FALSE by A,LAND3
0 by A ,MARGREL1:45;
FALSE '&' FALSE '&' TRUE by A,AND3
FALSE '&' TRUE by MARGREL1:45
0 by A,MARGREL1:45;
FALSE '&' TRUE '&' FALSE by A,AND3
0 by A,MARGREL1:45;
FALSE '&' TRUE '&' TRUE by A,AND3
FALSE '&' TRUE by MARGREL1:45
0 by A ,MARGREL1:45;
TRUE '&' FALSE '&' FALSE by A,AND3
0 by A,MARGREL1:45;
TRUE '&' FALSE '&' TRUE by A,AND3
FALSE '&' TRUE by MARGREL1:45
0 by A,MARGREL1:45;
TRUE ‘&' TRUE '&' FALSE by A,AND3

thus and3.<*0,0,1*>

thus and3.<*0,1,0%>

thus and3.<*0,1,1*>

thus and3.<*1,0,0*>

thus and3.<*1,0,1%>
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thus and3.<*1,1,0%>

173



thus

end;

theorem

0 by A,MARGREL1:45;

TRUE '&' TRUE '&' TRUE by A,AND3
TRUE '&' TRUE by MARGREL1:45

1 by A,MARGREL1:45;

and3.<*1,1,1%*>
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::ThCalAnd3_a:

and3a.<*0,0,0#>=0 & and3a.<*0,0,1*>=0 & and3a.<*0,1,0%*>=0 &
and3a.<*0,1,1*>=1 & and3a.<*1,0,0*¥>=0 & and3a.<*1,0,1*>=0 &
and3a.<*1,1,0%*>=0 & and3a.<¥*1,1,1*%¥>=0

proof A: TRUE = 1 & FALSE = 0 by MARGREL1:36;

thus

thus

thus

thus

thus

thus

thus

thus

end;

theorem

~FALSE '&' FALSE '&' FALSE by A,AND3A
0 by A,MARGREL1:45;

~FALSE ‘&' FALSE '&' TRUE by A,AND3A
FALSE '&' TRUE by MARGREL1:45

0 by A,MARGREL1:45;

~FALSE '&' TRUE '&' FALSE by A,AND3A

0 by A,MARGREL1:45;

~FALSE '&' TRUE '&' TRUE by A,AND3A
(TRUE '&' ~FALSE) '&' TRUE by MARGREL1:48
~FALSE '&' TRUE by MARGREL1:50

TRUE  '&' TRUE by MARGREL1:41

1 by A,MARGREL1:45;

~TRUE '&' FALSE '&' FALSE by A,AND3A

0 by A,MARGREL1:45;

~TRUE '&' FALSE '&' TRUE by A,AND3A
FALSE '&' TRUE by MARGREL1:45

0 by A,MARGREL1:45;

~TRUE '&' TRUE '&' FALSE by A,AND3A

0 by A,MARGREL1:45:

~TRUE '&' TRUE '&' TRUE by A,AND3A
(TRUE '&' -~TRUE) '&' TRUE by MARGREL1:48
~TRUE '&' TRUE by MARGREL1:50

FALSE '&' TRUE by MARGREL1:41

0 by A,MARGREL1:45;

and3a.<*0,0,0*>

and3a.<*0,0,1*>

and3a.<*0,1,0%>

and3a.<*0,1,1%>

and3a.,<%1,0,0%>

and3a.<*1,0,1%*>

and3a.<%1,1,0%>

and3a.<*1,1,1%>
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::ThCalAnd3_b:

and3b.<*0,0,0*>=0 & and3b.<*0,0,1*>=1 & and3b.<*0,1,0*>=0 &
and3b.<*0,1,1*>=0 & and3b.<#*1,0,0%*>=0 & and3b.<*1,0,1%*>=0 &
and3b.<*1,1,0%*>=0 & and3b.<*1,1,1%*>=0

proof A: TRUE = 1 & FALSE = 0 by MARGREL1:36;

thus

thus

thus

thus

thus

thus

thus

thus

and3b.<*0,0,0%*> = -~FALSE '&' -~FALSE '&' FALSE by A,AND3B
0 by A,MARGREL1:45;

~FALSE '&' -~FALSE '&' TRUE by A,AND3B
TRUE '&' -FALSE '&' TRUE by MARGREL1:41
TRUE '&' TRUE '&' TRUE by MARGREL1:41
TRUE '&' TRUE by MARGREL1:45

1 by A,MARGREL1:45;

~FALSE '&' ~TRUE '&' FALSE by A,AND3B
0 by A,MARGREL1:45;

~FALSE '&' -TRUE '&' TRUE by A,AND3B
~FALSE '&' FALSE '&' TRUE by MARGREL1:41
FALSE '&' TRUE by MARGREL1:45

0 by A,MARGREL1:45;

~TRUE ‘&' -FALSE '&' FALSE by A,AND3B
0 by A,MARGREL1:45;

~TRUE '&"' -FALSE '&' TRUE by A,AND3B
FALSE '&' -FALSE '&' TRUE by MARGREL1: 41
FALSE "&' TRUE by MARGREL1:45

0 by A,MARGREL1:45;

~TRUE '&' ~TRUE '&' FALSE by A,AND3B
0 by A ,MARGREL1:45;

~TRUE '&' -~TRUE '&' TRUE by A,AND3B
FALSE '&' ~TRUE '&' TRUE by MARGREL1:41
FALSE '&' TRUE by MARGREL1:45

and3b.<*0,0,1*>

and3b.<*0,1,0%>
and3b.<*0,1,1%>
and3b.<*1,0,0%>

andab.<=1,0.1*>.

and3b.<*1,1,0%>

and3b.<*1,1,1%>
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end;
theorem
and3
and3

and3
proof

thus

thus

thus

thus

thus

thus

thus

end;
theorem
or3.
ors,
or3,
proof
thus
thus

thus

thus

thus

thus

thus

thus

::ThCalAnd3_c:
c.
C.
=19
A:

TRUE

*>

0 by A,MARGREL1:45;

<*0,0,0*>=1 & and3c.<*0,0,1*>=0 & and3c.<*0,1,0%>=0 &
<*0,1,1#>=0 & and3c.<*1,0,0*>=0 & and3c.<*1,0,1%*>=0 &
<*1,1,0*>=0 & and3c.<*1,1,1%>=0

1 & FALSE = 0 by MARGREL1:365;

thus and3c.<*0,0,0*>

~FALSE '&"' -~FALSE '&' -FALSE by A,AND3C
TRUE '&' ~FALSE '&' -FALSE by MARGREL1:41
TRUE '&' TRUE '&' -~FALSE by MARGREL1:41
TRUE '&' TRUE '&' TRUE by MARGREL1:41

TRUE "&' TRUE by MARGREL1:45
1 by A ,MARGREL1:45;

and3c.<*0,0,1 = -~FALSE '&' -FALSE '&' ~TRUE by A,6AND3C
= -FALSE '&"' -FALSE '&' FALSE by MARGREL1:41
.= 0 by A,MARGREL1:45;
and3c,.<*0,1,0*> = -FALSE '&' -TRUE '&' ~FALSE by A,AND3C
= -~FALSE '&' FALSE '&' -~FALSE by MARGREL1:41
.= ~FALSE '&' -~FALSE '&' FALSE by BINARITH:32
.= 0 by A,MARGREL1:45;
and3c.<*0,1,1*> = ~FALSE '&' -TRUE '&' -~TRUE by A,AND3C
= SFALSE '&' -TRUE '&' FALSE by MARGREL1:41
.= 0 by A,MARGREL1:45;
and3c.<*1,0,0*> = ~TRUE '&' ~FALSE '&' -~FALSE by A,AND3C
= FALSE '&' -FALSE '&' -~FALSE by MARGREL1:41
= -FALSE '&' -FALSE '&' FALSE by BINARITH:30
.= 0 by A,MARGREL1:45;
and3c.<*1,0,1*> = ~TRUE '&' -~FALSE ‘&' ~TRUE by A,AND3C
= -TRUE '&' -~FALSE '&' FALSE by MARGREL1:41
.= 0 by A ,MARGREL1:45;
and3c.<*1,1,0%> = -TRUE '&' -TRUE '&' -FALSE by A,AND3C
= FALSE '&' -~TRUE '&' -~FALSE by MARGREL1:41
= -TRUE '&' -~FALSE '&' FALSE by BINARITH:30
= 0 by A,MARGREL1:45;
and3c.<*1,1,1*> = -TRUE '&' -TRUE '&' ~TRUE by A,6AND3C
= FALSE '&' -~TRUE '&' ~TRUE by MARGREL1:41
= ~TRUE '&" ~TRUE '&' FALSE by BINARITH:30
= 0 by A,MARGREL1:45;
::ThCalor3:
<*0,0,0*> = 0 & or3.<*0,0,1*> = 1 & or3.<%0,1,0*> = 1 &
<*0,1,1%*> = 1 & 0r3.<%1,0,0%> = 1 & 0or3.<*1,0,1%> = 1 &
<*1,1,0%> =1 & or3.<*1,1,1%> =1
A: TRUE = 1 & FALSE = 0 by MARGREL1:36;
or3.<*0,0,0*> = FALSE 'or' FALSE 'or' FALSE by A,OR3
= FALSE 'or' FALSE by BINARITH:7
= 0 by A,BINARITH:7;
or3.<*0,0,1*> = FALSE 'or' FALSE 'or' TRUE by A,OR3
= 1 by A,BINARITH:19;
or3.<%*0,1,0%*> = FALSE 'or' TRUE ‘or’ FALSE by A,OR3
= TRUE 'or' FALSE by BINARITH:19
= 1 by A,BINARITH:18;
or3.<*0,1,1%> = FALSE 'or' TRUE 'or' TRUE by A,OR3
= 1 by A,BINARITH:19;
or3.<*1,0,0*> = TRUE 'or' FALSE 'or' FALSE by A,OR3
= TRUE ‘or' FALSE by BINARITH:7
= 1 by A,BINARITH:19;
or3.<*1,0,1*> = TRUE 'or' FALSE 'or' TRUE by A,OR3
= 1 by A,BINARITH:19;
or3.<*1,1,0%> = TRUE 'or' TRUE 'or' FALSE by A,OR3
= TRUE 'or' FALSE by BINARITH:19
= 1 by A,BINARITH:19;
or3.<*1,1,1%> = TRUE 'or' TRUE 'or' TRUE by A,OR3
= 1 by A,BINARITH:19;
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end;
theorem
or3a
or3a
or3a

thus

thus

thus

thus

thus

thus

thus

thus
end;

theorem

or3db.
or3b.
or3b.
proof A: TRUE = 1 & FALSE

thus

thus

thus

thus

thus

thus

thus

thus
end;

theorem
or3c

::ThCalOr3_a:
.<*%0,0,0%>
.<%0,1,1%>
+<¥1,1,0%>
proof A: TRUE = 1 & FALSE

1

o n

or3a.<*0,0,0*>

or3a.<*0,0,1%>

or3a.<*0,1,0%>

or3a.<*0,1,1%*>

or3a.<*1,0,0%>

or3a.<*1,0,1%>

or3a.<*1,1,0%>

or3a.<¥%1,1,1%>

:+ThCalOr3_b:

<*0,0,0%*>
<x0,1,1%>
<*1,1,0=2>

1
1

or3b.<*0,0,0%>

or3b.<*0,0,1%*>

or3b.<*0,1,0%>

or3b.<*0,1,1%>

or3b.<*1,0,0%*>

or3b.<*1,0,1%>

or3b.<*1,1,0*>

or3b.<*1,1,1*>

1:ThCalOor3_c:

(LU | O | T | T {1 1 ¥ 1 T O T 1

& or3b.<*0,0,1%*>
& or3b.<*1,0,0%*>
0 & or3b.<*1,1,1%>

nn -ll (1O T T 1 O ¥ 1 | O [ [ Y 1}

1 & or3a.<*0,0,1%*> =
& or3a.<*1,0,0%*> = 0 & or3a.<*1,0,1%>
1 & or3a.<*1,1,1%> = 1

1 & or3a.<*0,1,0%>

In
it
o oo

- 0 by MARGREL1:36;
‘or' FALSE ‘or' FALSE by A,OR3A
'or' FALSE by BINARITH:7

FALSE by MARGREL1:41

1 by A,BINARITH:19;
'or' FALSE 'or' TRUE by A,OR3A
1 by A,BINARITH:19;

'or' TRUE 'or' FALSE by A,OR3A

FALSE by BINARITH:19

1 by A,BINARITH:19;
‘or' TRUE 'or' TRUE by A,OR3A
1 by A,BINARITH:19;

FALSE 'or' FALSE by A,OR3A
FALSE by BINARITH:7
FALSE by MARGREL1:41

0 by A,BINARITH:7;

FALSE 'or' TRUE by A,OR3A

1 by A,BINARITH:19;

-FALSE
-FALSE
TRUE 'or'
~FALSE
-FALSE
TRUE 'or'
-FALSE
-TRUE 'or'
-TRUE 'or’
FALSE 'or'
-TRUE 'or'
-TRUE ‘or"’
TRUE ‘or'

TRUE 'or' FALSE by A,OR3A

FALSE by BINARITH:18

1 by A,BINARITH:19;

~TRUE

lcrn

TRUE 'or' TRUE by A,OR3A

1 by A,BINARITH:19;

1 & or3b.<*0,1,0%*>
1 & or3b.<*1,0,1*>
1

i n
-l
o g

mnwun

= 0 by MARGREL1:36;
'or' ~FALSE 'or' FALSE by A,OR3B

-FALSE 'or' FALSE by MARGREL1:41
FALSE by BINARITH:19

1 by A,BINARITH:19;

‘or' ~FALSE 'or' TRUE by A,OR3B
1 by A,BINARITH:19;

'or' ~TRUE 'or' FALSE by A,OR3B
'or' ~TRUE by BINARITH:7

~TRUE by MARGREL1:41

1 by A,BINARITH:19;
'or' -~TRUE 'or' TRUE by A,OR3B
1 by A,BINARITH:19;

~FALSE 'or' FALSE by A,OR3B
~FALSE by BINARITH:7
TRUE by MARGREL1:41

1 by A,BINARITH:19;

-FALSE 'or' TRUE by A,OR3B

1 by A,BINARITH:19;

~FALSE
TRUE 'or'
TRUE 'or'
~FALSE
“FALSE
-FALSE
TRUE 'or'
~FALSE
~TRUE 'or'
-TRUE 'or'
-TRUE ‘'or'
~TRUE 'or'
-TRUE 'or'
-TRUE 'or'
FALSE ‘or’
FALSE 'or'

~TRUE 'or' FALSE by A,OR3B
~TRUE by BINARITH:7
-TRUE by MARGREL1:41
FALSE by MARGREL1:41

0 by A,BINARITH:7;

-~ TRUE

lor.

~TRUE 'or' TRUE by A,OR3B

1 by A,BINARITH:19;

.<*0,0,0%> = 1 & 0or3c.<*0,0,1%*> = 1 & or3c.<*0,1,0%> = 1 &
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or3c.<*0,1,13> 1 & or3c.<*1,0,0*> = 1 & or3c.<*1,0,1%> = 1 &
or3c.<*1,1,0%*> 1 & or3c.<%1,1,1%> = 0
proof A: TRUE = 1 & FALSE = 0 by MARGREL1:36:
thus or3c.<*0,0,0%> ~FALSE 'or' =FALSE 'or' ~FALSE by A,OR3C
~FALSE 'or' -FALSE 'or' TRUE by MARGREL1:41
1 by A,BINARITH:19;
-FALSE 'or' -FALSE 'or' -TRUE by A,OR3C
~FALSE 'or' -~FALSE 'or' FALSE by MARGREL1:41
~FALSE 'or' -FALSE by BINARITH:7
TRUE 'or' -~FALSE by MARGREL1:41
1 by A,BINARITH:19;
-FALSE 'or' -~TRUE 'or' -~FALSE by A,OR3C
~FALSE 'or' -TRUE 'or' TRUE by MARGREL1:41
1 by A,BINARITH:19:
-FALSE 'or' -~TRUE 'or' -~TRUE by A,OR3C
TRUE 'or' ~TRUE 'or' -TRUE by MARGREL1:41
TRUE 'or' ~TRUE by BINARITH:19
1 by A,BINARITH:19;
~TRUE 'or' -FALSE 'or' -FALSE by A,OR3C
-~TRUE 'or' -FALSE 'or' TRUE by MARGREL1:41
1 by A,BINARITH:19;
-TRUE 'or' -FALSE 'or' -~TRUE by A,OR3C
~TRUE 'or' TRUE 'or' ~TRUE by MARGREL1:41
TRUE 'or' ~TRUE by BINARITH:19
1 by A,BINARITH:19;
-TRUE ‘or' -TRUE ‘'or' -FALSE by A,OR3C
-TRUE 'or' -~TRUE 'or' TRUE by MARGREL1:41
1 by A,BINARITH:19;
-TRUE 'or' -~TRUE 'or' -TRUE by A,OR3C
FALSE 'or' -~TRUE 'or' -TRUE by MARGREL1:41
FALSE 'or' FALSE 'or' -~TRUE by MARGREL1:41
FALSE 'or' FALSE 'or' FALSE by MARGREL1:41
FALSE 'or' FALSE by BINARITH:7
0 by A,BINARITH:T;

thus or3c.<*0,0,1%>

thus or3c.<*0,1,0%>

thus or3c.<*0,1,1®>

thus or3c.<*1,0,0%>

thus or3c.<#*1,0,1%>

thus or3c.<*1,1,0%>

thus or3c.<*1,1,1%>

(12T T T 1 1 T ¥ ¥ A ¥ O ¥ O | A | 1 (T O A A { S {1

end;

theorem ::ThCalXOr3:
x0or3.<*0,0,0%> 0 & xo0r3.<%0,0,1%>

Xor3.<*0,1,1%> 0 & x0r3.<*1,0,0%> 1 & xor3.<#*1,0,1%>
xor3.<*1,1,0%> 0 & xo0r3.<#*1,1,1%> 1

proof A: TRUE = 1 & FALSE = 0 by MARGREL1:36;
thus xor3.<*0,0,0%*> FALSE 'xor' FALSE 'xor' FALSE by A,6XOR3

FALSE 'xor' FALSE by BINARITH:15

0 by A,BINARITH:15;

FALSE 'xor' FALSE 'xor' TRUE by A,6XOR3

FALSE 'xor' TRUE by BINARITH:15

1 by A,BINARITH:33;

FALSE "xor' TRUE ‘xor' FALSE by A,XOR3

TRUE 'xor' FALSE by BINARITH:33

1 by A,BINARITH:33;

FALSE 'xor' TRUE 'xor' TRUE by A,XOR3

TRUE 'xor' TRUE by BINARITH:33

0 by A,BINARITH:15;

TRUE 'xor' FALSE 'xor' FALSE by A,XOR3

TRUE ‘'xor' FALSE by BINARITH:33

1 by A,BINARITH:33;

TRUE 'xor' FALSE 'xor' TRUE by A,XOR3

TRUE 'xor' TRUE by BINARITH:33

0 by A,BINARITH:15;

TRUE 'xor' TRUE 'xor' FALSE by A,XOR3

FALSE 'xor' FALSE by BINARITH:15

0 by A,BINARITH:15;

TRUE 'xor' TRUE 'xor' TRUE by A, XOR3

FALSE "xor' TRUE by BINARITH:15

1 by A,BINARITH:33;

1 & x0r3.<%0,1,0%*>

o n
wowun
nu
(=
= e

thus xor3.<%0,0,1%>

thus xor3.<*0,1,0%>

thus xor3.<3%0,1,1%>

thus xor3.<#%1,0,0%>

thus xor3.<*1,0,1%>

thus xor3.<#%1,1,0%>

thus xor3.<*1,1,1%>

{1 L | e | A 1 {1 1S A | T | I

end;
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Complementor

definition

let x,b be set;

func CompStr(x,b) -> unsplit gate'l=arity gate'2isBoolean

non void strict non empty ManySortedSign means:

COMPSTR:

it = 1GateCircStr(<*x,b*> xor2a);

correctness;
end;

definition
let x,b be set;
A: CompStr(x,b) = 1GateCircStr(<*x,b*> xor2a) by COMPSTR;
func CompCirc(x,b) —>
strict Boolean gate'2=den Circuit of CompStr(x,b) means
: tCOMPCIRC:
it = 1GateCircuit(x,b,xor2a);
uniqueness;
existence by A;
end;

definition
let x,b be set;
A: CompStr(x,b) = 1GateCircStr(<*x,b*>,xor2a) by COMPSTR:
func CompOutput(x,b) -> Element of InnerVertices CompStr(x,b) means:
COMPOUT :
it = [<*x,b*> ,xor2a]):
uniqueness;
existence
proof
set p = <*x,b*>;
[p,xor2a] € InnerVertices 1GateCircStr(p,xor2a) by FACIRC_1:47; then
[p,xor2a] € InnerVertices CompStr(x,b) by A;
hence thesis;
end;
end;

Incrementor

definition
let x,b be set;
func IncrementStr(x,b) -> unsplit gate'l=arity gate'2isBoolean
non void strict non empty ManySortedSign means:

INCSTR:
it = 1GateCircStr(<*x,b*>, and2a);
correctness;

end;

definition
let x,b be set;
A: IncrementStr(x,b) = 1GateCircStr(<*x,b*>,and2a) by INCSTR;
func IncrementCirc(x,b) ->
strict Boolean gate'2=den Circuit of IncrementStr(x,b) means
:+INCCIRC:
it = 1GateCircuit(x,b,and2a);
uniqueness;
existence by A:;
end;

definition



let x,b be set;
A: IncrementStr(x,b) = 1GateCircStr(<*x,b*>,and2a) by INCSTR:
Ifunc IncrementOutput(x,b) -> Element of InnerVertices IncrementStr(x,b) means:
NCOUT :
it = [<*x,b*>,and2a];
uniqueness;
existence
proof
set p = <*¥x,b*>:
[p.and2a) € InnerVertices 1GateCircStr(p,and2a) by FACIRC 1:47; then
[p,and2a) € InnerVertices IncrementStr(x,b) by A;
hence thesis:
end;
end;

2's-BitComplementor

definition
let x,b be set;
func BitCompStr(x,b) -> unsplit gate'1=arity gate'2isBoolean
non void strict non empty ManySortedSign means:
BITCOMPSTR:
it = CompStr(x,b) +- IncrementStr(x,b);
correctness;
end;

definition
let x,b be set;
A: BitCompStr(x,b) = CompStr(x,b) +- IncrementStr(x,b) by BITCOMPSTR;
func BitCompCirc(x.,b) ->
strict Boolean gate'2=den Circuit of BitCompStr(x,b) means
it = CompCirc(x,b) +- IncrementCirc(x,b):
uniqueness;
existence by A;
end;

:: Relation, carrier, InnerVertices, InputVertices and without_pair
Complementor

theorem ThCOMPIV:
for x,b being non pair set holds InnerVertices CompStr(x,b) is Relation
proof
let x,b be non pair set;
CompStr(x,b) = 1GateCircStr(<*x,b*> xor2a) by COMPSTR; then
InnerVertices CompStr(x,b) is Relation by FACIRC_1:38;
hence thesis;
end;

theorem ThCOMPCA:
for x,b being non pair set holds
x € the carrier of CompStr(x,b) &
b € the carrier of CompStr(x,b) &
[<*x,b*> ,xor2a] € the carrier of CompStr(x,b)
proof
let x,b be non pair set;
set S = CompStr(x,b);
S = 1GateCircStr(<*x,b*>, ,xor2a) by COMPSTR; then
x € the carrier of S & b € the carrier of S &
[<*x,b*>,xor2a] € the carrier of S by FACIRC_1:43;
hence thesis;
end;

theorem ThCOMPCA':

for x,b being non pair set holds
the carrier of CompStr(x,b) = {x,b} U {[<*x,b*>,x0or2a]}
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proof
let x,b be non pair set;
set p = <*x,b¥*>;
set S = CompStr(x,b);

A: rng p = {x,b} by FINSEQ_ 3:35;
the carrier of S = the carrier of 1GateCircStr(p,xor2a) by COMPSTR

= {x.b] U {[p,xor2al} by A,CIRCCOMB:def 6;

hence thesis;
end;

theorem ThCOMPF1:
for x,b being non pair set holds
InnervVertices CompStr(x,b) = {[<*x,b*> xor2al}
proof
let x,b be non pair set;
set p = <*x,b*>;
set S = CompStr(x,b);
InnerVertices S = InpnerVertices 1GateCircStr(p,xor2a) by COMPSTR
{[p.xor2al]} by CIRCCOMB:48;

hence thesis;
end;

theorem ThCOMPF1':
for x,b being non pair set holds
[<*x,b*>,xor2a) € InnerVertices CompStr(x,b)
proof
let x,b be non pair set;
InnerVertices CompStr(x,b) = {[<*x,b*>,x0or2al]} by ThCOMPF1;
hence thesis by TARSKI:def 1;
end;

theorem ThCOMPFZ2:
for x,b being non pair set holds
InputVertices CompStr(x,b) = {x,b}
proof
let x,b be non pair set;
set p = <*x,b*>;
set S = CompStr(x,b);
S = 1GateCirecStr(p,xor2a) by COMPSTR; then
InputVertices S = {x,b} by FACIRC_1:40;
hence thesis;
end;

theorem ::ThCOMPF2':
for x,b being non pair set holds
x € InputVertices CompStr(x,b) &
b € InputvVertices CompStr(x,b)
proof
let x,b be non pair set;
InputVertices CompStr(x,b) = {x,b} by ThCOMPF2;
hence thesis by ENUMSET1:9;
end;

theorem ThCOMPW:

for x,b being non pair set holds

InputVertices CompStr(x,b) is without pairs

proof

let x,b be non pair set;
InputVertices CompStr(x,b) = {x,b} by ThCOMPF2;
hence thesis;
end;

Incrementor

theorem ThINCIV:
for x,b being non pair set holds InnerVertices IncrementStr(x,b) is Relation
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proof
let x,b be non pair set:
IncrementStr(x,b) = 1GateCircStr(<*x,b*>,and2a) by INCSTR; then
InnerVertices IncrementStr(x,b) is Relation by FACIRC_1:38;
hence thesis;
end;

theorem ThINCCA:
for x,b being non pair set holds
x € the carrier of IncrementStr(x,b) &
b € the carrier of IncrementStr(x,b) &
[<*x,b*>,and2a] € the carrier of IncrementStr(x,b)
proof
let x,b be non pair set:
set S = IncrementStr(x,b);
S = 1GateCircStr(<*x,b*>,and2a) by INCSTR; then
x € the carrier of S & b € the carrier of S &
[<*x,b*>,and2a] € the carrier of S by FACIRC_1:43;
hence thesis;
end;

theorem ThINCCA':
for x,b being non pair set holds
the carrier of IncrementStr(x,b) = {x,b) U {[<*x,b*>,and2a]]}

proof
let x,b be non pair set;
set p = <*x,b*>;

set S = IncrementStr(x,b);
A: rng p = {x,b} by FINSEQ 3:35;
the carrier of S = the carrier of 1GateCircStr(p,and2a) by INCSTR
.= {x,b) U {[p,and2a])) by A,CIRCCOMB:def B&;

hence thesis;
end;

theorem ThINCF1:
for x,b being non pair set holds
InnervVertices IncrementStr(x,b) = {[<*x,b*> and2a]}
proof
let x,b be non pair set;
set p = <*x,b*>;
set S = IncrementStr(x,b);
InnerVertices S = InnerVertices 1GateCircStr(p,and2a) by INCSTR
= {[p,and2a]} by CIRCCOMB:49;

hence thesis;
end;

theorem ThINCF1':
for x,b being non pair set holds

[<*x,b*>,and2a) € InnerVertices IncrementStr(x.,b)

proof
let x,b be non pair set;
InnerVertices IncrementStr(x,b) = ([<*x,b*>,and2a]} by ThINCF1;

hence thesis by TARSKI:def 1;

end;

theorem ThINCF2:
for x,b being non pair set holds
InputVertices IncrementStr(x,b) = {x,b}
proof
let x,b be non pair set;
set p = <*x,b*>;
set S = IncrementStr(x,b);
S = 1GateCircStr(p,and2a) by INCSTR; then
InputVertices S = {x,b} by FACIRC_1:40;
hence thesis;
end;



theorem ::ThINCF2':
for x,b being non pair set holds
x € InputVertices IncrementStr(x,b) &
b € InputVertices IncrementStr(x,b)
proof
let x,b be non pair set;
InputVertices IncrementStr(x,b) = {x,b} by ThINCF2;
hence thesis by ENUMSET1:9;
end:

theorem ThINCW:
for x,b being non pair set holds
InputVertices IncrementStr(x,b) is without_pairs
proof
let x,b be non pair set;
InputVertices IncrementStr(x,b) = {x,b} by ThINCF2;
hence thesis;
end;

2's-BitComplementor

theorem ::ThBITCOMPIV:
for x,b being non pair set holds
InnervVertices BitCompStr(x,b) is Relation
proof
let x,b be non pair set;
set p = <*x,b*>;

set S1 = CompStr(x,b);
set S2 = IncrementStr(x,b);
set S = BitCompStr(x,b);

A: S = §51+-52 by BITCOMPSTR;
InnerVertices S1 is Relation & InnerVertices S2 is Relation
by ThCOMPIV,ThINCIV; then
InnerVertices (S1+-52) is Relation by FACIRC_1:3;
hence thesis by A;
end;

theorem ThBITCOMPCA:
for x,b being non pair set holds
X € the carrier of BitCompStr(x,b) &
b € the carrier of BitCompStr(x,b) &
[<*x,b*> xor2a] € the carrier of BitCompStr(x,b) &
[<*x,b*> and2a] € the carrier of BitCompStr(x,b)
proof
let x,b be non pair set;
set p = <*x,b%*>;

sat 51 = CompStr(x,b);
set 52 = IncrementStr(x,b);
set S = BitCompStr(x,b);

A: S = §514-52 by BITCOMPSTR;
x € the carrier of S1 & b € the carrier of 51 &
[p,xor2a] € the carrier of S1 &
x € the carrier of S2 & b € the carrier of S2 &
[p.and2a] € the carrier of S2 by ThCOMPCA,ThINCCA;
hence thesis by A,FACIRC_1:20;
end;

theorem ThBITCOMPCA':
for x,b being non pair set holds the carrier of BitCompStr(x,b) =
{x.b} U {[<*x,b*> xor2a],[<*x,b*>,and2a]}
proof
let x,b be non pair set;
set p = <*x b*>;

set S1 = CompStr(x,b);
set 52 = IncrementStr(x,b);
set § = BitCompStr(x,b);
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El: carrier of S1 {x,b} U {[p,x0or2al} &
carrier of S2 {x,b} U {[p,and2a]} by ThCOMPCA' ,éThINCCA';
carrier of S = the carrier of (S1+:52) by BITCOMPSTR
(the carrier of S1) U (the carrier of S2) by CIRCCOMB:def 2
({x,b} U {[p,xor2a]}) U ({x,b} U {[p,and2a]}) by E1
{x,b} U {[p,xor2al} U ({x,b) U {[p,and2al})
{x,b} U ({x,b} U {[p,xor2al}) U {[p,and2a]} by BOOLE:64
({x,b} U {x,b}) U {[p.xor2al} U {[p.and2a)) by BOOLE:64
{x,b} U {[p,xor2al]} U {[p,and2a]} by BOOLE:62
({x,b} U {[p,xor2al}) U ([p,and2a]}
{x,b} U ({[p,x0or2al} U {[p,and2a))) by BOOLE:64
.= {x,b} U {[p,xor2a],[p,and2a]} by ENUMSET1:41;

hence thesis;
end;

nu

- oo
= i = 2
@ @ ®

mwwmnmunnnnmnn

theorem ThBITCOMPF1:
for x,b being non pair set holds
InnerVertices BitCompStr(x,b) = {[<*x,b*> xor2a],[<*x,b*>,and2a]}
proof
let x,b be non pair set;
set p = <*x,b*>;

set S1 = CompStr(x,b);
set 52 = IncrementStr(x,b);
set S = BitCompStr(x,b);

A S = S1+4-52 by BITCOMPSTR;
B: InnerVertices 51 = {[p,xor2al} & InnerVertices S2 = {[p,and2a])
by ThCOMPF1,ThINCF1;
Innervertices S = InnerVertices (51+-52) by A
(InnerVertices S1) U InnerVertices S2 by FACIRC_1:27
{[p,xor2al}l U {[p,and2a]} by B
{[p,xor2a], [p,and2a]} by ENUMSET1:41;

w

hence thesis;
end;

theorem ThBITCOMPF1':
for x,b being non pair set hoids
[<*x,b*> ,xor2a) € InnerVertices BitCompStr(x,b) &
[<*x,b*>,and2a)] € InnerVertices BitCompStr(x,b)
proof
let x,b be non pair set;
InnerVertices BitCompStr(x,b) =
{[<*x,b*x> xor2a],[<*x,b*>,and2a]} by ThBITCOMPF1;
hence thesis by ENUMSET1:9;
end;

theorem ThBITCOMPF2:
for x,b being non pair set holds
InputVertices BitCompStr(x,b) = {x,b}
proof
let x,b be non pair set;
set p = <*¥x,b*>;
set S1 CompStr(x,b);
set S2 IncrementStr(x,b);
set S = BitCompStr(x,b);
A S = S$1++-S2 by BITCOMPSTR;

nn

8: InputVertices S1 is without_pairs & InputVertices S2 is without_pairs
by ThCOMPW, ThINCW;

C: InnerVertices S1 is Relation & InnerVertices S2 is Relation
by ThCOMPIV,ThINCIV;

D: InputVertices S1 = {x,b} & InputVertices S2 = {x,b])

by ThCOMPF2,ThINCF2;

InputVertices S = (InputVertices S1) U (InputVertices S2)
by A,B,C,FACIRC_1:7

{x,b} U {x,b} by D

{x,b} by BOOLE:62;

hence thesis;
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end;

theorem ThBITCOMPF2':
for x,b being non pair set holds
x € InputVertices BitCompStr(x,b) &
b € InputVertices BitCompStr(x,b)
proof
let x,b be non pair set;
InputVertices BitCompStr(x,b) = {x,b} by ThBITCOMPF2;
hence thesis by ENUMSET1:9;
end;

theorem ::ThBITCOMPW:
for x,b being non pafr set holds
InputVertices BitCompStr(x,b) is without_pairs
proof
let x,b be non pair set;
InputVertices BitCompStr(x,b) = {x,b} by ThBITCOMPF2;
hence thesis;
end;

for s being State of BitCompCirc(x,b) holds (Following s) is stable

theorem ThCOMPLem32':
for x,b being non pair set for s being State of CompCirc(x,b) holds
(Following s).CompOutput(x,b) = xor2a.<*s.x,s.b*> &
(Following s).x = s.x & (Following s).b = s.b
proof
let x,b be non pair set;
let s be State of CompCirc(x,b);
set p = <*x,b*>;
set S = CompStr(x,b);
reconsider x' = x, b' = b as Vertex of S by ThCOMPCA;
InputVertices S = (x,b) by ThCOMPF2; then
x € InputVertices S & b € InputVertices S by ENUMSET1:9; then
(Following s).x" = s.x & (Following s).b' = s.b by CIRCUIT2:def 5;
InnerVertices S = the OperSymbols of S by FACIRC_1:37;
dom s = the carrier of S by CIRCUIT1:4;
x € the carrier of S & b € the carrier of S by ThCOMPCA:;
: [p,xor2a] € InnerVertices S by ThCOMPF1';
thus (Following s).CompOutput(x,b)
(Following s).[p,xor2a] by COMPOUT
xor2a.(s-p) by £,B,FACIRC_1:35
.= xor2a.<*s.x,s.b*> by C,D,PreLem2"’;
thus thesis by F;
end;

mooOm@mm
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theorem ::ThCOMPLem22':
for x,b being non pair set for s being State of CompCirc(x,b)
for al,a2 being Element of BOOLEAN st al = s.x & a2 = s.b holds
(Following s).CompOutput(x,b) = =-a1 '"xor' a? &
(Following s).x = al & (Following s).b = a2
proof
let x,b be non pair set:
let s be State of CompCirc(x,b);
let al,a2 be Element of BOOLEAN: assume
A: al = s.x & a2 = s.b;
thus (Following s).CompOutput(x,b)
= xor2a.<*s.x,s.b*> by ThCOMPLem32'
.= ~al "xor' a2 by A,XOR2A:
thus thesis by A,ThCOMPLem32';
end;

thecrem ThCOMPLem32:
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for x,b being non pair set for s being State of BitCompCirc(x,b) holds
(Following s).CompOutput(x,b) = xor2a.<*s.x,s.b*> &
(Following s).x = s.x & (Following s).b = s.b
proof
let x,b be non pair set;
let s be State of BitCompCirc(x,b);
set p = <*x,b*>;
set S = BitCompStr(x,b):

reconsider x' = x, b' = b as Vertex of S by ThBITCOMPCA;
X € InputVertices S & b € InputVertices S by ThBITCOMPF2'; then
(Following s).x' = s.x & (Following s).b' = s.b by CIRCUIT2:def 5;

InnerVertices S = the OperSymbols of S by FACIRC_1:37;

dom s = the carrier of S by CIRCUIT1:4;

x € the carrier of S & b € the carrier of S by ThBITCOMPCA;
[p,xor2a)] € InnerVertices S by ThBITCOMPF1':
thus (Following s).CompOQutput(x,b)

(Following s).[p,xor2a] by COMPOUT
xor2a.(s-p) by E,B,FACIRC_1:35
xor2a.<*s.x,s.b*> by C,D,PreLem2’;

thus thesis by F;
end;

mooQomm

o n

theorem ThCOMPLem22:
for x,b being non pair set for s being State of BitCompCirc(x,b)
for al,a2 being Element of BOOLEAN st al = s.x & a2 = s.b holds
(Following s).CompOutput(x,b) = -al1 'xor' a2 &
(Following s).x = a1l & (Following s).b = a2
proof
let x,b be non pair set;
let s be State of BitCompCirc(x,b);
let al,a2 be Element of BOOLEAN; assume
A: al = s.x & a2 = s.b;
thus (Following s).CompQutput(x,b)
= Xor2a.<*s.x,s.b*> by ThCOMPLem32
.= ~al 'xor' a2 by A,XOR2A;
thus thesis by A, ThCOMPLem32;
end;

theorem ThINCLem32':
for x,b being non pair set for s being State of IncrementCirc(x,b) holds
(Following s).IncrementOutput(x,b) = and2a.<*s.x,s.b*> &
(Following s).x = s.x & (Following s).b = s.b
proof
let x,b be non pair set;
let s be State of IncrementCirc(x,b);
set p = <*x,b*>;
set 5 = IncrementStr(x,b);
reconsider x' = x, b' = b as Vertex of S by ThINCCA;
InputVertices S = {x,b} by ThINCF2; then
x € InputVertices S & b € InputVertices S by ENUMSET1:9; then
(Following s).x' = s.x & (Following s).b' = s.b by CIRCUIT2:def 5;
InnerVertices S = the OperSymbols of S by FACIRC_1:37;
dom s = the carrier of S by CIRCUIT1:4;
x € the carrier of S & b € the carrier of S by ThINCCA;
[p,and2a] € InnerVertices S by ThINCF1';
thus (Following s).IncrementOutput(x,b)
(Following s).[p,and2a] by INCOUT
and2a.(s+p) by E,B,FACIRC_1:35
and2a.<*s.x,s.b*> by C,D,PreLem2’;
thus thesis by F:
end;

moocmm

theorem ::ThINCLem22':
for x,b being non pair set for s being State of IncrementCirc(x,b)
for al,a? being Element of BOOLEAN st al = s.x & az = s.b holds
(Following s).IncrementOutput(x,b) = -al ‘s’ a? &
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(Following s).x = al & (Following s).b = a2
proof
let x,b be non pair set;
let s be State of IncrementCirc(x,b);
let al,a? be Element of BOOLEAN,; assume
A: al = s.x & a2 = s.b;
thus (Following s).IncrementQutput(x,b)
= and2a.<*s.x,s.b*> by ThINCLem32'
.= —al '"&' a2 by A,ANDZ2A;
thus thesis by A,ThINCLem32';
end;

theorem ThINCLem32:
for x,b being non pair set for s being State of BitCompCirc(x,b) holds
(Following s).IncrementOutput(x,b) = and2a.<*s.x,s.b*> &
(Following s).x = s.x & (Following s).b = s.b
proof
let x,b be non pair set;
let s be State of BitCompCirc(x,b);
set p = <*x,b*>;
set S = BitCompStr(x,b);
reconsider x' = x, b' = b as Vertex of S by ThBITCOMPCA;
InputVertices § = {x,b} by ThBITCOMPF2; then
x € InputVertices S & b € InputVertices S by ENUMSET1:9; then
(Following s).x' = s.x & (Following s).b' = s.b by CIRCUIT2:def 5;
InnerVertices S = the OperSymbols of S by FACIRC_1:37;
dom s = the carrier of S by CIRCUIT1:4;
x € the carrier of S & b € the carrier of S by ThBITCOMPCA;
[p,and2a] € InnerVertices S by ThBITCOMPF1';
thus (Following s).IncrementOutput(x,b)
(Following s).[p,and2a] by INCOUT
and2a.(s+p) by E,B,FACIRC_1:35
and?2a.<*s.x,s.b*> by C,D,PreLem2’;
thus thesis by F;
end;

moomm
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theorem ThINCLem22:
for x,b being non pair set for s being State of BitCompCirc(x,b)
for atl,a2 being Element of BOOLEAN st al = s.x & a2 = s.b holds
(Following s).IncrementOutput(x,b) = -~a1 '&' a2 &
(Following s).x = al & (Following s).b = a2
proof
let x,b be non pair set;
let s be State of BitCompCirc(x,b);
let al,a2 be Element of BOOLEAN; assume
A: al = s.x & a2 = s.b;
thus (Following s).IncrementOutput(x,b)
= and2a.<*s.x,s.b*> by ThINCLem32
.= ~al '&' a2 by A,AND2A;
thus thesis by A,ThINCLem32;
end;

theorem ThBITCOMPLem32:
for x,b being non pair set for s being State of BitCompCirc(x,b) holds
(Following s).CompOutput(x,b) = xor2a.<*s.x,s.b*> &
(Following s).IncrementOutput(x,b) = and?a.<*s.x,s.b*> &
(Following s).x = s.x & (Following s).b = s.b
by ThCOMPLem32,ThINCLem32;

theorem ::ThBITCOMPLem22:
for x,b being non pair set for s being State of BitCompCirc(x,b)
for al,a2 being Element of BOOLEAN st al = s.x & a2 = s.b holds
(Following s).CompOutput(x,b) = -al 'xor' a2 &
(Following s).IncrementOutput(x,b) = -al '&' a2z &
(Following s).x = al & (Following s).b = a2
by ThCOMPLem22,ThINCLem22;
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theorem ::ThCLAZ2E3:
for x,b being non pair set for s being State of BitCompCirc(x,b) holds
(Following s) is stable
proof
let x,b be non pair set;
set p = <*x b¥>:
set CompOut = CompQutput(x,b);
set IncOut = IncrementOutput(x,b);
set S = BitCompStr(x,b), A = BitCompCirc(x,b);
let s be State of A; set s1 = Following s, s2 = Following s1;
A: dom s1 = the carrier of S & dom s2 = the carrier of S by CIRCUIT1:4;
B: the carrier of $ = {x,b} U {[p,xor2al,[p,and2al} by ThBITCOMPCA';
now let a be set; assume a € the carrier of S; then
a € {x,b} or a € {[p,xor2a],[p,and2a]} by B,BOOLE:8; then

(o1 a=x or a=>bor a= [p,xor2a] or a = [p,and2a] by ENUMSET1:8;
D: s2.%x = s1.%x & s1.x = §.%x & s2.b = s1.b & s1.b = s.b by ThBITCOMPLem32;
ET1: s1.[p,xor2a] s1.CompOutput(x,b) by COMPOUT
.= xor2a.<*s.x, s.b*> by ThCOMPLem32;
E2: s1.[p,and2a] s1.IncrementOutput(x,b) by INCOUT
.= and2a.<*s.x, s.b*> by ThINCLem32;
E3: s2.[p,xor2a] s2.CompOutput(x,b) by COMPOUT

xor2a.<*sl1.x, sl1.b*> by ThCOMPLem32;
s2.IncrementOutput(x,b) by INCOUT
and2a.<*s1.x, s1.b*> by ThINCLem32;
.a by C,D,E1,E2,E3;

s2.[p,and2a]

=

hence s2.a = s
end;
hence Following s = Following Following s by A,FUNCT_1:9;
end;





