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Abstract

In a previous paper we presented 3+2M term recurrence relations with variable de-
pendent coefficients for M-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson
and Askey-Wilson types. In this paper we present (conjectures of) the recurrence re-
lations with constant coefficients for these multi-indexed orthogonal polynomials. The
simplest recurrence relations have 3 + 2¢ terms, where £ (> M) is the degree of the
lowest member of the multi-indexed orthogonal polynomials.

1 Introduction

Exactly solvable quantum mechanical systems in one dimension have seen remarkable devel-
opments in recent years and the central role is played by exceptional orthogonal polynomials
[1]-[30](and the references therein). A set of polynomials {P,(n)|n € Zxo} is called excep-
tional orthogonal polynomials, when the following conditions (i)—(iii) plus (iv) are satisfied;
(i) they are orthogonal with respect to some inner product, (ii) there are missing degrees,
i.e., {degPn|n € Zxo} G Zxo, (iii) but they form a complete set, and (iv) they satisfy second
order differential or difference equations. The constraints of Bochner’s theorem and its gener-
alizations [311 [32] are avoided by the condition (ii). We want to distinguish the following two
cases; the set of missing degrees Z = Zx\{deg P,|n € Z>¢} is case (1): T ={0,1,...,(—1},
case (2) Z # {0,1,...,¢ — 1}, where ¢ is a positive integer. The situation of case (1) is
called stable in [12]. The first example of the case (1) exceptional orthogonal polynomials,
X, Laguerre and Jacobi, was found by Gémez-Ullate, Kamran and Milson [I], and its quan-

tum mechanical formulation was given by Quesne [2]. Based on the quantum mechanical
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formulation (ordinary quantum mechanics (0QM), discrete quantum mechanics with pure
imaginary shifts (idQM)[I6]), Sasaki and the present author constructed X, polynomials
and their generalizations, multi-indexed orthogonal polynomials [4, 5, 17, 23]. The multi-
indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types, which
are obtained by multi-step Darboux transformations [33] [34], 35 [3] 9] with virtual state wave-
functions as seed solutions [17, 23], correspond to the case (1). The exceptional orthogonal
polynomials, which are obtained by multi-step Darboux transformations with eigenstate or
pseudo virtual state wavefunctions as seed solutions [25] 26, O, 29], correspond to the case
(2). For those having purely discrete orthogonality weight functions, the number of orthogo-
nal polynomials may be finite. The multi-indexed (¢-)Racah polynomials [I3] 21], which are
constructed based on discrete quantum mechanics with real shifts (rdQM) [16], correspond
to the case (1).

The ordinary orthogonal polynomials { P,(n)|n € Zs¢,deg P,, = n} satisfy the three term
recurrence relations, nP,(n) = A, Po11(n) + BoPo(n) + CPo_1(n) (Ay, By, Cy, : constants),
and conversely the polynomials satisfying the three term recurrence relations are orthogonal
polynomials (Favard’s theorem [32]). Since the exceptional orthogonal polynomials are not
ordinary orthogonal polynomials, they do not satisfy the three term recurrence relations.
In a previous paper [27], we showed that M-indexed orthogonal polynomials Pp,(n) of
Laguerre, Jacobi, Wilson and Askey-Wilson types satisfy 3 + 2M term recurrence relations
(D =A{ds,...,du}),

M+1
RN Poam =~ Y RN 0) Poin(n), (1.1)

k=—M-—1
k0

where R%j (n)’s are polynomials of degree M + 1 — |k| in . In contrast to the three term
recurrence relations, the coefficients of (ILI]) are not constants. The three term recurrence
relations are used to study bispectral properties or dual polynomials [32, [36], in which the
constant coefficients of the recurrence relations are important. To study bispectral properties,
recurrence relations with constant coefficients are desired,

L
X(n)Ppn(n) = Ti{}gDPD,n—l—k(n) (Vn € Z>y), (1.2)

k=—L

where rff ;3) ’s are constants and X (7) is some polynomial of degree L in 7. Such recurrence

relations for M = 1 case were first given by Sasaki, Tsujimoto and Zhedanov [I1]. They
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found 1 + 4/ term recurrence relations. Recently Miki and Tsujimoto found different re-
currence relations with 3 4 2¢ terms [37]. Their choices of X (n) are Z,(n)? and [ Z(y)dy,
respectively. Duran studied recurrence relations with constant coefficients for several excep-
tional orthogonal polynomials including exceptional Laguerre polynomials by using duality
[38]. The exceptional Laguerre polynomials in [38] correspond to eigenstates and type I vir-
tual states deletion, and our multi-indexed polynomials correspond to type I and II virtual
states deletion (see §M).

In this paper we present infinitely many (conjectures of) recurrence relations with con-
stant coefficients for M-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and
Askey-Wilson types, namely we present infinitely many polynomials X (1) leading to (I2I).
The minimal degree of X () is (conjectured as) fp + 1, where {p is the degree of the lowest
member multi-indexed orthogonal polynomial Pp o(n), and this gives 3+ 2¢p term recurrence
relations with constant coefficients.

This paper is organized as follows. In section [2] we recapitulate some fundamental formu-
las of the multi-indexed orthogonal polynomials and present a method deriving recurrence
relations with constant coefficients. Section [3lis the main part of the paper. After discussing
a necessary condition for X(n), we present (conjectures of) recurrence relations with con-
stant coefficients for the multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson
and Askey-Wilson types, Conjecture[l] and Conjecture2l The final section is for a summary
and comments. Some useful formulas of the multi-indexed orthogonal polynomials of La-
guerre, Jacobi, Wilson and Askey-Wilson types are listed in Appendix [Al Some examples
are presented in Appendix [Bl

2 Method

In this section we explain an idea for deriving the recurrence relations with constant coeffi-
cients. We follow the notation of [27]. The virtual state wavefunction ¢(z) is characterized
by the degree v and the type t (I or II), like &5(55) For simplicity, we suppress type t in
many places.

The fundamental formulas of the multi-indexed orthogonal polynomials of Laguerre, Ja-

cobi, Wilson and Askey-Wilson types are found in [27]. Among them we recall that

Adl...dssﬁdl...ds,ln(fC) = Gd,..d, n(T), Azgl,,,dséﬁdl...dsn@) = (& — gds)sﬁdl...ds,ln(fb’), (2.1)



Gy () = Uiy a0, (2) Pyt (0(2)) (0 € L), Payaun(n) £ 0 (n < 0), (2.2)

deg Fyy..dyn(n) = lay..a, + 1, degZa,.a,(n) =Lay..a,, dj >0,
liyoa, = > dj— 5s(s — 1) + 25151, s, = #{d;|d;:type t,j =1,...,s} (t =L1I), (2.3)
j=1

(¢d1...ds ny ¢d1...ds m) = (\Il?ll,,,dspdl...ds,n7 Pdl...ds,m> = hdl...ds,n(snma

hdl...ds,n == H(gn - gdj) ' hn (24)
j=1
The relations (2I) are rewritten by using the step forward (F) and backward (B) shift

operators as

ﬁdl...dspdl...ds,l,n(ﬁ) = Pyy.a.n(n), Bdl...dspdl...ds,n(n) = (&, — gds)Pdl...ds,l,n(Tl)- (2.5)

Here fdl...ds and Bdl...ds are defined by

def

_ 2 3 def
= Uy 0. (x) oAy q, 0 Vay.a, (), Baya, =

= Wy, a, (1) 0 Al 0 Wa (),

(2.6)
and their explicit forms are given in (AJ)-(A2) and (A8)-(A9). This gives Rodrigues
type formula, Py 4. ..(n) = fdl...ds . ~.7:"d1d2.7:"d1 P,(n). These formulas were not presented

-/le...dS

explicitly in our previous papers. We remark that, from their explicit forms, ﬁdl...ds and
Bdl...ds map rational functions of 7 to rational functions of 1. For an appropriate parameter
range (for example, see [17, 23, 39]), the Hamiltonians H4, 4, are non-singular and their
eigenfunctions {4, a.n(x)}22, form a complete set of the Hilbert space. For any polynomial
X(n) in 7, the function X (7(x))@a, .4, »(2) belongs to the Hilbert space.

The Hamiltonian Hg, 4, does not depend on the order of d;’s. On the other hand,
the multi-indexed orthogonal polynomial Py, 4, (1) changes the sign under a permuta-
tion of d;’s, Pdal...dos,n(n) = sgn(il"’"'js)Pdl,.,ds,n(n). The denominator polynomial =4, 4.(7)
also changes the sign, =g, _a,, (n) = sgn(clrl'.'.'. jS)Edl...ds (n). We write Ha,..ays Pdy...dyyn(T),
Py ayyn(1), EdlmdMin), Ry ...dys n» €tC. as Hp, ¢pn(2), Ppn(n), Ep(n), hp.n, ete., respectively
(D ={dy,...,dy})N

First we note the following property of orthogonal polynomials.

! Tn the Appendix of [27], we assumed the ‘standard order’ D = {d!, ... ’d§\41 it d%n} for simplicity.
We do not assume it in this paper.



Lemma 1 Let us assume for a certain polynomial X (n) of degree L in n that

X (1) Ppn(n Z 150 Ppsn(n) (Y € Zsg). (2.7)
k=—n
L L
Here ri;z) 's are constants. The sum Y can be replaced by > .
k=—n k=—L

Proof Multiplying by ¥p(z) to (2.7), we have

L
X(n)ppn(x) = 7155}?¢Dn+k(x>-
k=—n
By using (2.4) we have
L
(6D Xdpn) = Y 1o hpmbmmsk = 0(m <+ L) 170 hpm

k=—n

L
= (X¢Dma ¢Dn) = Z T;ﬁ:EhD,ndn,m-‘rk - e(m Z n— L) Tan:E_mh"D,na (28)

k=—m

where §(P) is a step function for a proposition P, §(P) =1 (P : true), 0 (P : false). This
means (¢pm, X¢pp) = 0 unless n — L < m < n + L. Namely rfi}? =0 unless —L <k < L.

O

Remark Although the inner product formulas used in the proof are valid only for ‘real” X (n)
(X* = X) and an appropriate parameter range such that the Hamiltonian is non-singular,
the final result, which represents the polynomial equations, is valid for any parameter values

and complex X (7).

Next we explain a method to obtain recurrence relations with constant coefficients. Let
X (n) be a polynomial of degree L in 7. Since X (n)¢p,(x) belongs to the Hilbert space and
{pn(x)}22, is a complete set, we have the expansion

o0

X(mdpn(r) = Y i ¢pasn(). (2.9)
k=—n
where rff,};D ’s are constants. By using this and (2.4]), we obtain

(¢DmaX¢Dn Z T, th myn+k — {ff_nh’D,m- (210)

k=—n



On the other hand, by using (Z.1)-(22) and (2.6)), we obtain

(¢Dms Xbp1)
= («‘idl g '/ldldgfld@m, X¢pn)
= (Gm, Al ALy - Al (X6p0))
= (¢o P, ¢03d1 U (W, Bt ¥3k) (Va1 Baroas V3, ay,) (War.ts X Po))
= (¢oPrm, d0BuBaras -+ Bay...ay, (X Pp )
= (08P, Bi Baya, By .aps (X Pp ). (2.11)

From the property of Bdl...d5> the function lg’dl lg’dl dy [S’dl,,,d v (X Pp ) is a rational function of
1. When it is not a polynomial in 7, we have infinitely many m such that (¢p ., X ép,) # 0,
namely r.h.s. of (2.9]) is an infinite sum. Let us consider the case that [S’dl Bd1d2 . 'Bdl...dM
(X Pp,,) is a polynomial of degree n + L’ in 7. Since any polynomial in 7 can be expanded

in P,(n), we have

%
BiBaay+ Bayoans(XPpy) = > v PP (), (2.12)
k=—n
where rfLOI)CX’D 's are constants. Substituting this to (2.11]), we obtain
1
(ODm: XOpn) = Z Tio,;)gX’Dhm5mn+k, =0(m < L' +n) r,(fzf_’ghm. (2.13)
k=—n
Egs.(2.10) and (2.13) imply
D=0 (k> L), 5 Phppr =1 Pho (—n <k <L), (2.14)
Thus we obtain
n)¢pn(T Z Tk P opnir(x), (2.15)
k=—n
namely,
X (7)Ppn(n Z r75P Pp en(n). (2.16)
k=—n

L
By comparing the degree of both sides, we have L' = L. By Lemmalll the sum )  can be

k=—n

L
replaced by > .
k=L

We summarize this argument as the following proposition.
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Proposition 1 Let us assume for a certain polynomial X (n) of degree L in n that the
function Bdllgdm = -Bdl.,,dM (X Pp,) is a polynomial in n. Expand it as (212). We have

1+ 2L term recurrence relations with constant coefficients for Pp,(n) :

L (0) X,D
Tn
X(n)Ppn(n) = Z Ty)::}gpPD,n-i-k(n) (Vn € Zxo), 7”7)5}3) = 7 - SN (2.17)
k=—L Hj:l(gn-i-k - gdj)

Remark 1 See Remark below Lemmalll
Remark 2 Under the assumption of this proposition, the functions Bdl_._dj Bdl...djdjﬂ e Bdl...dM
(XPp,) (j=2,...,M) are also polynomials in 7.

Remark 3 The function Bdl Bd1d2 . -Bdl.,,dM (X Pp,,) is rewritten as
Bdlédldg X 'Bdl...dM (XPp,) = (Bdlédldg X 'Bdl...dMXﬁdl...dM X 'ﬁdldzﬁd1>Pn- (2.18)

This operator Bdl e X ~.7:"d1 maps polynomials in 7 to rational functions of n. To find a
proper polynomial X (n) giving recurrence relations with constant coefficients is rephrased
as follows; Find a polynomial X (n) such that the operator Bdllgdm . ~l§d1,,,dMX.7:"dl,,,dM

X ~ﬁdld2fd1 maps polynomials in 1 to polynomials in 7.

3 Recurrence Relations with Constant Coeflicients

In this section we present recurrence relations with constant coefficients (L2]) for the multi-

indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson types.

3.1 Multi-indexed Laguerre and Jacobi polynomials

In this subsection we discuss the recurrence relations with constant coefficients for the multi-
indexed Laguerre and Jacobi polynomials. We note that the first order differential operator

of the form a(z)L + b(z) (a(x),b(x) : functions of z) acts on the product of two functions
f(z) and g(z) as

(a0)-2 +5(0) (F(2)o@) = £ (ale) =+ b)) g(a) + a0 D). (a1)

First we consider a necessary condition for X (n) giving recurrence relations with constant

coefficients. Let us assume (2.7)) for a polynomial X (n) of degree L in 1. Applying Bp =



Bdl...dM (A2) to [21), we have

L L
Bo(X(m)Ppu(n) = > i BoPpais(n) = D il (Ensk — Ean) Py ary.n(0)
k=—n k=—n

. 5 2B Edl---dM—l(n> dX(ﬁ)
= X(n)BpPpn(n) — czep(n) =0 (1) an Pp (1)

5 3 = Tee M71(77) dX
— (E — )X (1) Py ary o) — 2B () 2 W by (), (3.2)

Ep(n) dn

where ([B.]) and (2.5]) are used. Since the expression in the first line is a polynomial in 7, the
expression in the last line should be so. The denominator polynomial Zp(n) does not have
common roots with €2 () and Pp . (n) for some n. Therefore, if Zp(n) = Zq4,._4,,(n) does not
have common roots with =4, 4,,_, (1), the polynomial %7(7’7) should be divisible by Zp(n).

We summarize this argument as follows.

Proposition 2 Let X (n) be a polynomial of degree L in n. Assume (Z71) and

X
M Zp()Y (1), () a polynomial in (33)

Then one action of Bp to the both sides of (1) keeps the polynomiality intact.

Remark If two polynomials in 7, Ep(n) = Z4,._4,,(7) and Z4,__4,,_, (1), do not have common
roots, the polynomial of degree L in n, X(n), satisfying (271) should satisfy (B3] for some
polynomial Y (7).

The overall normalization and the constant term of X (n) are not important, because the
change of the former induces that of the overall normalization of 7“7); }QD and the shift of the
latter induces that of r,f P By taking the constant term of X (1) as X (0) = 0, the condition
for the candidate of X (n) B3] gives

X(n) = / Zo)Y (y)dy, degX(n) =L = tp+deg Y () + 1. (3.4)

The minimal degree candidate of X (), which corresponds to Y (n) =1, is
n
Xoial) = [ Eolu)dy, e Xon(n) = o+ 1 (3.5)
0

Based on these properties we present our main result. After one action of Bp to o),
further actions of Bdl.,,del,BdlmdeQ, ... give more conditions for X (n). However, it seems

that these additional conditions are satisfied automatically by the original condition (B.3])
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and by the properties of Py, 4, .(n) and =4, 4, (n), for example, see the proof of M = 2 case
in Remark 5 below. We conjecture that this candidate X (n) (8:4) actually gives recurrence

relations with constant coefficients.

Conjecture 1 For any polynomial Y (n), we take X (n) as (3.4). Then the multi-indezed La-

guerre and Jacobi polynomials Pp ,(n) satisfy 14 2L term recurrence relations with constant

coefficients (L2)).

Remark 1 If two polynomials in 1, Zp(n) = Z4 4, (n) and Z4  4,,_,(n), do not have
common roots, this conjecture exhausts all possible X (n) giving recurrence relations with
constant coefficients, and the minimal degree choice X (1) = Xuin(n) B3) gives 3+ 2¢p term
recurrence relations.

Remark 2 The minimal degree polynomial X,.;,(n) can be divisible by 1. The degree
of X%‘(") is ¢p, which is the lowest degree of Pp,(n). The recurrence relations (L2,
X%“(") X NPpn,(n) = > -+, can be regarded as a natural generalization of the three term
recurrence relations of the ordinary orthogonal polynomial P, (n), 1 x nP,(n) = A, Pui1(n) +
B, P,(n) + C,P,—1(n).

Remark 3 Since Y (n) is arbitrary, we obtain infinitely many recurrence relations. However
not all of them are independent. For ‘M = 0 case’ (namely, ordinary orthogonal polyno-
mials), it is trivial that recurrence relations obtained from arbitrary Y (n) (degY > 1) are
derived by the three term recurrence relations.

Remark 4 For M =1 case (D = {(}), the minimal degree choice X (1) = Xun(n), which
gives 3 + 2¢ term recurrence relations, was given by Miki and Tsujimoto [37], and the
choice X (n) = =Z4(n)?, which corresponds to Y (n) = 22,(n) and gives 1 + 4/ term recur-
rence relations, was given by Sasaki, Tsujimoto and Zhedanov [I1]. For general M, Y (n) =
20,Zp(n)p(n) + Ep(1)9yp(n), where p(n) is any polynomial in 7, gives X (1) = Ep(n)*p(n).
Remark 5 Direct verification of this conjecture is rather straightforward for lower M and
smaller d;, n and degY’, by a computer algebra system, e.g. Mathematica. The coefficients
rfi};D are explicitly obtained for small d; and n. However, to obtain the closed expression of
rff,};D for general n is not an easy task even for small d;, and it is a different kind of problem.
We present some examples in Appendix [Bl

Remark 6 For M = 1,2 we can prove this conjecture. Since we have Proposition[l] it is

sufficient to show that By, Ba,a, - - - Ba, ..a,, (X Pp ) is a polynomial in 7.



M =1 From ([B.2]) we have

Bay (X(0) Paya(m)) = (En — Ea) X (m) Pa(n) — €25 ()Y () Pay (1)-

This is a polynomial in 1. Thus M = 1 case is proved. 0
M = 2 From ([32) and (A2) we have

B, By, (X(n)Payasn(n))
= Bdl ((gn - gdz)*X(n)Pdhn(n) - Cied‘idg (n?Edl (U)Y(U)Pdldz,n(ﬂ))

= (&0 — E0) (80 = Ea)X (M) Paln) — 222550, (n)Y (1) Payn())

5 e
+ crel (0, (€60, () Payap.n(m) + 32
—C 6dBledBld2 (n)Y(n)Pdﬂzm(n)
By using (AG) with s = 2, this becomes
= (&0 —En)(En — f‘fdl)X( )Pu(n)

+ ¢ €d1 77)877 (€d1d2 1) P, n(ﬂ)) + ciefl (U)egldz (MY (1) 0y Paydyn(n)
(6d1 6d1d2 (77) + edl( )edldg)y(n)Pdld%n(n)'

This is a polynomial in 1. Thus M = 2 case is proved. 0

3.2 Multi-indexed Wilson and Askey-Wilson polynomials

In this subsection we discuss the recurrence relations with constant coefficients for the multi-
indexed Wilson and Askey-Wilson polynomials. We restrict the parameters: {a}, a3} =
{a1,a2} (as a set) and {a}, a}} = {as,as} (as a set).

The sinusoidal coordinate 7(z) is n(x) = x? for Wilson case and n(x) = cos z for Askey-

Wilson case. They satisfy [40]

n(x — i)™ —n(x + i3 Z
n(x —ig) —n(e+i3) ="

where gil(k) is given by [41]

2 k) ( Dk (2n+2
77(1')—37 Y9, 22k+1 (2]{?+1 )
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1)! n—k+r\ (=1)[n—Fk+1+2r]
= . 1(k) — = 9 ]f : (n+ )
n(z) =cosz: g, (k + even)—x 2 r )E—Dm—E+1+n)0
def €727 — €27
' 0

For a polynomial p(n) in n, when it is regarded as a function of x, we denote it by adding a
check,

. def
p(x) = p(n()). (3.8)
Since n(z—i%y)+n(z+i%y) and n(x—iFy)n(x+i%y) (m € Z) are expressed as polynomials

in 7(x), any symmetric polynomial in (z —i%) and n(x+i% ) is expressed as a polynomial

in n(z) [40, 27]. For example, the followings are polynomials in n(z) (p, p1,p2 : polynomials

in n):
. Pz —i3) — ple +i3)
r—13)+plr+i2), ==
R T ) I )

pi(r —iy)pa(r — i3) — pr(x + ivy)pa( +i3)
n(x —ig) —n(x+i3)

n(z) =2*: api(z+ id)pa(z — i2) + api(z — id)pa(z +i2),

Y

n(z) = cosz: e P (z+ i2)pa(x — i) + TPy (x — i2)pa(z +i2). (3.9)

For a polynomial p(n) in 7, let us define a polynomial in n, I[p](n), as follows:

Zakn — I[p Zbkn , (3.10)

where b;’s are defined by
b1 = y g™ b 1) (k=n,n—1,...,1,0), by=0. (3.11)
(0 j
j=k+1

The constant term of I[p](n) is chosen to be zero. It is easy to show that this polynomial

Ipl(n) = P(n) satisfies

= p(z). (3.12)

The operator of the form a(z)ez? — b(x)e~ 2P (a(x),b(x) : functions of z) acts on the

11



I
)

(@) f(x —i3)g(w —i3) = b(x) f(z +i3)g(x +i3)
FP(@) (al2)g(a —i3) —bx)g(z +1i3)) —if (@) (alz)g(z - i3) + b(x)g(x +i3))
() (a(m)e%p b(x)e” 2”) (z) —if () (a(x)g(z — i) + b(zx)g(z +142)), (3.13)

where f*)(z) are defined by [27]

FO@) S (=i + i), O L) - fatid). (314

The auxiliary function ¢(z) is rewritten as

o(x) = ic, (n(a: —i3) —n(z — z%)), Cp = { %sinh ?)_1 XVW ) (3.15)

First we consider a necessary condition for X (n) giving recurrence relations with constant
coefficients. Let us assume (277) for a polynomial X (1) of degree L in 5. Applying Bp =
Bdl...dM (A.9) to [21), we have

L L
Bo(X(2)Ppu(x)) = > 10 BpPopir(®) = Y o (Enik — Ean) Par.g (1)
k=—n k=—n
. icB 5 . .
= X (2)Bp Pp () — iX(_)(!E)(fpeg@)adl...wl(iﬂ+i%)P’D,n(!L” —i3)
p(z)=p(x)
i B VB a (x— i) Pp (:)3+21)>
p(x)Zp(x) © e 2 ?

= (gn - ng)XH_) (l’)pdl---dehn(l’)
(

Cg X (1) /4
: X ()(B

+ z) ¢(x) ep(z )‘—‘dl dng (T A+ 13 )PDn(x—z )

[1]¢

+ B (02, (@ = ) Poa(z +73)), (3.16)

where (3.13) and (2.5]) are used. Since the expression in the first line is a polynomial in 7, the

expression in the last line should be so. By (B.9) and (A.12]), X;E;(x) = ch((;(xl Z) )Xé?; 2 )))

and eg(:):)édlmdel (x+i2)Ppn(z—id)+ eg*(:v)édlmde1 (x—i2)Pp,(x+i2) are polynomials
in n(z). If the latter is not divisible by Zp (), the former should be divisible by Zp(x).

We summarize this argument as follows.

Proposition 3 Let X (n) be a polynomial of degree L in n. Assume ([2.1) and
X(z—id) — X(z+i)
n(z —iz) —n(z +i3)

= Zp(2)Y(z), Y(n): a polynomial in 7. (3.17)
Then one action of Bp to the both sides of (1) keeps the polynomiality intact.

12
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—

Remark If two polynomials in 7, Zp(z) = Edl.,.dM (x) and eg(x)édlmdel(x + i%)Ppm(x —
i3)+ B (2)Zq,. .y, (1 — i2)Pp ,(x +1i2), have no common roots for some n, the polynomial
of degree L in n, X (n), satisfying (271) should satisfy ([B.IT) for some polynomial Y (7).

By taking the constant term of X(n) as X (0) = 0, the condition for the candidate of

X(n) BID) gives
X(n) =1I[EpY](n), degX(n) =L ={p+degY(n)+1. (3.18)
The minimal degree candidate of X (), which corresponds to Y (n) =1, is

Xumin(n) = I[Zp](n), deg Xmin(n) ={p + 1. (3.19)

Based on these properties we present our another main result. Like as §[B3.1] we conjecture

that this candidate X (n) (3.18) actually gives recurrence relations with constant coefficients.

Conjecture 2 For any polynomial Y (n), we take X (n) as BI8). Then the multi-indexed
Wilson and Askey-Wilson polynomials Pp ,,(n) satisfy 1+ 2L term recurrence relations with

constant coefficients (L.2]).

—_
—

Remark 1 If two polynomials in 1, Zp(z) = Z4,. 4,, () and e%(m)édl___del(x+i%)}v’p7n(:z—
i3)+ eg*(:v)édl,,,de1 (x— i%)ppm([lf +13), have no common roots for some 7, this conjecture
exhausts all possible X (n) giving recurrence relations with constant coefficients, and the
minimal degree choice X (1) = Xpnin(n) B.I9) gives 3 4+ 2¢p term recurrence relations.
Remark 2 See Remark 2 and 3 below Conjecture[ll

Remark 3 By (3.9), for any polynomial p(n), Y (z) = ED(I_M);}EZ%;:f@fg;mmﬂ%) is also
a polynomial in 7. This Y (1) gives X(x) = Ep(x — i3)Zp(x + i3)p(x), which corresponds

to Remark 4 below Conjecture[ll
Remark 4 See Remark 5 below Conjecture[Il
Remark 5 For M = 1 we can prove this conjecture. Since we have Proposition[l] it is
sufficient to show that By, Ba,a, - - - Ba,..a,, (X Pp ) is a polynomial in 7.
M =1 From (3.I6]) we have
By, (X () Pyy (7))

- s Lz . TN .
= (& — Ea) XD (2) Py (z) + EY (z) (el (2) Pay n(x — i3) + €4 (x) Pay (x4 i3)).

This is a polynomial in . Thus M =1 case is proved. 0
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4 Summary and Comments

In addition to 3+2M term recurrence relations with variable dependent coefficients presented
in [27], we have presented (conjectures of) the recurrence relations with constant coefficients
for the multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson
types, Conjecture[ll and Conjecture2l Since Y'(n) is arbitrary, we obtain infinitely many
recurrence relations. However not all of them are independent. The most important one is
the minimal degree one X,,;,(7) (B.3) or (8:19), which gives 3+2¢p term recurrence relations.
Here {p (> M) is the degree of the lowest member polynomial Ppo(n). For this case, the
coefficients rﬁ‘,;““’p may have nice forms. Both derivations given in [27] and present paper
are based on multi-step Darboux transformations. Although we have discussed Laguerre,
Jacobi, Wilson and Askey-Wilson cases, the method is applicable to the multi-indexed (g-
JRacah polynomials (which correspond to the case (1) Z = {0,1,...,¢ — 1}) and various
case (2) polynomials. The results in [I1] and [37] (type I and II) correspond to special
cases of our results. In [37], type III case is also studied, which corresponds to case (2). In
[38], exceptional Charlier, Meixner, Hermite and Laguerre polynomials are studied and some
recurrence relations, which have minimal order (minimalness is stated as a conjecture), are
proved by a different method from our paper. The exceptional Laguerre polynomials in [3§]
are labeled by the two sets, 1 = {f1,..., fr, } (labels of eigenstates) and Iy = {f],..., fi,}
(labels of type T virtual states). For F; = (), they correspond to special cases of our multi-
indexed Laguerre polynomials with D = {d},...,d},;} = F, (no type II), for which existence
of (minimal degree) recurrence relations are proved [38]. For F; # (), they correspond to
case (2). For general case (2), the referee suggests that the minimal degree is equal to the
number of missing degrees. It is an interesting problem to show this suggestion. We hope
that Conjecture[l]l and [2] will be proved in the near future.

Multi-indexed orthogonal polynomials of Laguerre, Jacobi, Wilson and Askey-Wilson
types are labeled by an index set D but different index sets may give the same multi-indexed
orthogonal polynomials, Pp ,(n; X) o Ppr,,(n; X') [30]. For example, D; = {11, 31 411 511 g1
with A, Dy = {1, 2", 6", 8"} with A — 9; and Dy = {3, 5", 2"} with X — 68; give the same
multi-indexed orthogonal polynomials, Pp, ,(7; A) o Pp,n(7; X — 981) o Pp, . (1; A — 667).
The 3+ 2M term recurrence relations given in [27] states that these polynomials Pp, ,(7; ),
Pp,n(n; X — 98)) and Pp, ,(n7; X — 68;) satisfy 13, 11 and 9 term recurrence relations with

14



variable dependent coefficients, respectively. But the above equivalence implies that all of
them satisfy 9 term recurrence relations with variable dependent coefficients. On the other
hand, the degrees of lowest members Pp o(n) are ¢p, = {p, = {p, = 11, and for each case the
minimal degree polynomial X,,;,(7) gives 25 term recurrence relations with constant coeffi-
cients. The above equivalence, which gives Zp, (7; X) o Zp, (7; A — 981) o Ep, (1; A — 66),
implies that these three 25 term recurrence relations are essentially same.

The 3+ 2M term recurrence relations with variable dependent coefficients can be used to
calculate the multi-indexed orthogonal polynomials effectively and it needs M +1 initial data
Pp,(n) (n=0,1,..., M) [27]. The simplest recurrence relations with constant coefficients
corresponding to Xy,in(7) has 34+ 2¢p terms and it needs ¢p + 1 initial data. The difference of
M and lp, bp—M = Zj]\il(dj —1)4+2M; My, becomes large for large d;. In order to calculate
the multi-indexed orthogonal polynomials by using recurrence relations, the 3 + 2M term
recurrence relations with variable dependent coefficients are useful. On the other hand, in
order to study bispectral properties etc., recurrence relations with constant coefficients are
needed.

We hope that the recurrence relations with constants coefficients obtained in this paper
will be used as a starting point for theoretical developments of various problems involving

bispectrality, generalizations of the Jacobi matrix, spectral theory, etc.
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A  Some Formulas

The notation and fundamental formulas of the multi-indexed orthogonal polynomials of

Laguerre, Jacobi, Wilson and Askey-Wilson types are found in [27]. See also [23]. In this
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appendix we present other basic formulas. See footnote in §2 We write parameter ()

dependence explicitly.

A.1 Multi-indexed Laguerre and Jacobi polynomials

Explicit forms of the operators (2.6]) are

R C Zaa (M) : d  OnZa.a, (AN | -z
FupoaA) = ¢t —mde A A . (7 <c el — - Tl ) 1 LN ), (Al
nea(N) = S el ) (g - L NS ) F e N) (A

d 8175d1...d571(7]; A)

A = N[ :
B A)=c —Hdl'“ds*l(n’ (c e ——+ = +éh o (A )7 A.2
a.a () = ¢s Eaa.(mA) U7 dl‘“ds(n)< dn " Eayd, (M) ) i N ) (A2)

where ¢, (1), €5 .. (n), €. 4 (X) and &5, (X) are given by

L: edﬁln_ds(n) = { 71] zz z gi:l ; 651...ds(?7) = { 117 g: i 2121 ,
(X = { 2_(? + 81— si) + 1 Zi _ ;%1 ’
B LA = { 2_2(9“1 ~ o)+ g _ Z; , (A.3)
keium:{gﬁiz%,eigmz{ijijﬁ,
Tam={ Gt T
A ={ ool (A

By (AI)-(A2), eqs. [2.3) are

Py aon(mi X)

1 : - -
= <€£...ds(77) (B (1 X0y Pty ey (115 X) = Oy Zatyt, (115 A) Pty oy n (05 X))
_‘dl---dsfl(nﬂ >‘>
0 N Za 015N Par (5 V). (A5)
(En(X) = E0.(N) Pay.dy oy (0 X)
2 5 _ -
== v . <ecl81...d5 (77) (_‘:dl---dsfl (na )‘)anPdL..ds,n(n; )‘) + a77~:d1...d571 (777 A)Pch...ds,n(n; A))
Edyd, (M A)
80 Nt (N Paran () ). (A.6)

16



A.2 Multi-indexed Wilson and Askey-Wilson polynomials

We restrict the parameters: {af, a5} = {a1, a2} (as a set) and {a}, a}} = {as, a4} (as a set).

Explicit form of the potential function le...ds (z; A) is

: Epd (T 2A) By (2 — i A
Vd1...ds (,’L’7 A) _ le...dé,l (flf iy . (LU ny’ )

)
Bdyods (T =153 0) Ega, (@A)
y { KSTSI— IOZI(A)V([E, tI(A[SI 17811})) . ds — d£

KJSH_SI_:[OKH(A>V(:C;tH(A[SI’SII_H)) :ds :dIsI . (A.7)
Explicit forms of the operators (2.6]) are
7
A~ ’lCd d(A) F ~ . ol
F, A) = b Ty N2, a. (T +1iL; X)e2?
ot (V) = S (@ N (0 T3
e (BN = i3 N ), (A)
. ic5 () : . .
Bi,..q,(A) = —— 2 eBl___ (25 M) =4y, (T + 025 A)e2?
0(2)Za,...d, (7 A)< ol 1 ’
@ N (= F NP, (A9)
where cflmds()\), cd‘i___ds()\), 6dﬁl...d5 (x; A) and efl___ds (z; A) are given by
s—1 1
7 1B )k al(N): idy=db
Cdl...ds(A> b= Cdl...ds(A> - { Sgl II(}\)% st _ dIsI ) (A10>
2 _ vy (z; Ay g =t
€d, ..dg (2;A) = { vy (; Alst 811}) d, = d? ) (A.11)
B vg(ay A=y g = gt
a N = { AT T (A12)
Here vy (z; A) and vy(z; A) are given in [23]:
2 , 4 :
W
(e a) = ¢ il o0 -l = § Ll ) (a13)
H] (1 —aje ') AW Hg 5(1 —aje ') 1 AW

Note that vi(z; X) = v1(—x; ) and v3(z; A) = vo(—ax; ). By (A8)-([A9), eqgs. (23] are

Puy.ayn(T; )

ick A . 3
N ;dlmdS( ) (ei"-ds (23 M) Zaya, (T + 135 X) Paya, (T — i35 A)
o(2)Z4, a, (23 A)

2

[1]«

— e @ NZ (@ = BN Paa @+ i3N)), (A1)

17



(Ea(X) = E4.(N) Pay oy (3 )

- (65 0. (T3 )
O(2)2q,.a, (m; A) A ET

- eg:..ds (36’ ; A)

[1]¢

ot (24 3 M) Pay gy — 33 )

diodsr (T — 135 X) Pyy g, (2 + 035 A)) (A.15)

[1]¢

B Some Examples

: : . X,D .
For illustration, we present some examples of the coefficients 77 ;" of the recurrence relations

(L2) for X (n) = Xmin(n) and small d;.
B.1 Multi-indexed Laguerre polynomials
Ex.1 D = {1'} : 5-term recurrence relations

X () = Xuin(n) = Inn+ 29 + 1),
XD _ s(n+1)(n+2), rff”_Dz — 1(2g+2n — 3)(29 + 20 + 3),

Tn,2 -
r;jff) = —(n+1)(29+2n+3), rfi’_l = —1(29+2n —1)(2g + 2n + 3), (B.1)

ray = 1(24n% +4(10g + 11)n + (29 + 1)(6g + 13)),
Ex.2 D = {1121} : 7-term recurrence relations

X (1) = Xunin(n) = 30 (40" + 6(29 + 1)n + 3(29 + 1)(29 + 3)).
P ==+ Vs, B =~ 2+ 20— 5)(g 0+ D,

r,f’zp =1(n+1)2(29 + 2n +5), r,f’_% =129+2n—-3)(g+n+3),,
rat = —3(n+1)(2g + 2n + 3)(4dg + 5n + 12), (B.2)

rah = —1(2g 4+ 2n — 1)(2g + 2n + 5)(4g + 5n + 7),

ray, = 2= (160n° 4+ 96(4g + 7)n® + 8(369° + 1329 + 97)n + (29 + 1)(2g + 5)(14g + 45)),

Ex.3 D = {1, 1"} : 9-term recurrence relations

X(n) = Xum(n) = $0(20° + 429 — 1)n° + 3(29 — 3)(29 + 1)n + (29 — 3)(29 — 1)(29 + 1)),

xp _ (n+1)4(29+2n—3) XD 1 3
Tt T T gt g s woa T w292 =g n = 5)(2g + 20+ 3),

iy = —(n+1)3(2g+ 20— 3), 15 =—(g+n—3)s(29+2n+3),
XD _ (n+1)2(29 4+ 2n — 3)
2T 429+ 20+ 1)

(28n* 4+ 2(26g + 29)n + 3(29 + 1)(4g + 7)),

18



raDy = 1:(2g + 2n — 3)(2g + 2n + 3)(28n% + 2(269 — 27)n + 24¢% — 509 + 17), (B.3)

P =—L(n+1)(2g + 2n — 3)(2g + 2n + 3)(4g + Tn + 5),

.
raP = —(g+n— 2)s(2g + 2n + 3)(4g + Tn — 2),
ray = o5 (11200 4 160(22g + 3)n® + 8(492¢° + 168g — 299)n?

+ 8(224¢° + 1569° — 328¢ — 135)n + (29 — 3)(2g + 1)(6g + 5)(10g + 19)).

Note that we have equivalences [30],

1
g+n+
Py, (n:9) = =3(g +n = 3) Py (n; g — 2). (B.5)

Puion (n:9) = Py (n;9 + 3), (B.4)

Recurrence relations for Py ,,(n; g) were given in [37, [38] and those for Ppm, ,(n; g) were
given in [37].
B.2 Multi-indexed Jacobi polynomials

We set a =g+ h and b= g — h.

Ex.1 D = {1} : 5-term recurrence relations

X(n) :Xmln( ) ((b+2)77+2(a_ 1))>
XD _ (n+ 1), (b+2)(a+n) (2h + 2n — 3)

Tn2 (a+2n)4(2h +2n + 1) ’
XD _ (b+2)(2g+2n—3)(2g +2n+3)(h+n — 3),

w2 4(a+2n —3)4 ’

XD _ (n+1)(a—1)(a+n)(2g +2n+3)(2h + 2n — 3) (B.6)
™1 (a+2n —1)3(a+ 2n + 3) ’ '
XD _ (a—1)(29+2n—1)(2g + 2n + 3)(h + n — 2),

w1 (a+2n—3)(a+2n—1); ’

XD b+ 2

iy g 1w o e (b + ) (2n(a+n) = (@ = 2)(a - 1))

+(a+2n—1)(a+2n+1)(2n(a+n) — (a— 2)(2a — 1))),
Ex.2 D = {1%,2!} : 7-term recurrence relations

X(0) = Xuin(n) = &0+ Dn((0+2)(b+3)n* +3(b+3)(a — 1)y + 3(a® — 2a + b+ 3)),
xp (A 1)sb+2)s(a+n)s(h+n—3),
m 6(a+2n)s(h+n+ 3)s

Y
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o _ (b+2)1(2+ 20 = 5)(g + 1 + Dl +n = 3

‘3 12(a + 2n — 5)g !
xp _ (n+1)2(b+3)2(a— 1)(a+n)s(29 + 20 +5)(h+n — 3),
T2 T (a+2n—1)s5(a+2n+5)(2h +2n + 1) ’
xp _ (b+3)a(a—1)(29+2n-3)(g+n+ Ha(h+n—2);
e 2(a+2n — 5)(a+ 2n — 3); !
xp _ (b+4)(a+n)(29+2n +3)(2h + 2n — 5)
nl — 8(a+2n —2)4(a+2n+ 3),

X (b(b +9)(n+ 1) (nn+a+1) — (a—2),)
+(n+1)(209 — da + 2a%)n(n +a+1) + (a — 3)s(a+ 6))),
XD (b+4)(29+2n—1)(2g—|—2n+5)(h—|—n—%)2

! 8(a+2n—4)(a+2n—1),
X (b(b+9)(n(n+a—1)—(a—1)2—1)

+2n(2a® —da+9)(n+a—1)+ (a— 1) — 23(a — 1)* — 14),

XD _ (b+4)(a—1)
0 48(a 4 2n — 3)3(a + 2n 4 1
— b*(48n*(n + 2a) + 48(a”® + a — 14)n* + 48a(a — 14)n

— (@ —2)(a —3)(3a” + 3a — 104))
— 206%(264n*(n + 2a) + 6(45a® + 42a — 181)n” + 6a(a® + 42a — 181)n
— (a - 2)(a — 3)(15a* + 12a — 137))

)3 (b4(b +17)(6n(n + a) — (a — 2)(a — 3))

+ 3b(32n°(n + 3a) + 16(6a” + 3a — 43)n* + 32a(a”® + 3a — 43)n°
—2(3a" — 36a® + 358a” + 316a — 625)n*
— 2a(3a* — 12a® + 144’ 4 316a — 625)n
—(a—2)(a —3)(a* + 2a® — 32a* — 14a + 99))
+3(a+2n—1)(a+2n+1)(24n°(n + 2a) + 2(7a® + 22a — 111)n”
—2a(5a% — 22a+ 111)n — (a — 2)(a — 3)(4a® + 9a — 33))),

Ex.3 D = {1}, 11} : 9-term recurrence relations

—6—1417((19 b+ 2)0* + 46 (a — 1) + 6b(a — 1)
+4(a—3)(a—1)(a+1)),
xp _ (n+1)4(0—2)b(b+2)(a+n)s(29 +2n — 3)(2h + 2n — 3)

na = 4(a + 2n)s(2g + 2n + 5)(2h + 2n + 5) ’

X(77) = Xmin(n) =

20

(B.7)



XD (b—2)b(b+2)
m4 T T64(a + 20 — 7)s
X (2h+2n —7)(h+n — 2)5(2h + 2n + 3),
xp _(n 1)sb*(a — 1)(a +n)(29 + 2n — 3)(2h + 2n = 3)

2(a+2n—1)7(a+2n+7)

(29 +2n—T7)(g+n— 2)2(2g + 2n + 3)

Y

xo __la—1)(g+n—3)s(29 +2n+3)(h+n— 5)s(2h + 20 + 3)
m 2(a+2n—"T)(a+2n —5); ’
XD _ (n 4 1)9b(a + n)o(2g + 2n — 3)(2h + 2n — 3)

"2 T R(a+2n— 2g(a+ 2n+5)2(2g + 2n+ 1)(2h + 2n + 1)
X <b4(2n(n +a+2)—3(a—1)(a—2)
— b (8n*(n+2a+4) — 2(7a® — 50a — 15)n* — 2(a + 2)(11a® — 34a + 1)n
—3(a—1)(a —2)(2a* + 9a + 11))
—(a+2n—1)(a+2n+5)(4(3¢® — 6a + L)n(n+ a + 2)
+3(a—2)(a+ 1)2(a+2))>,
xp 0294 2n —3)(29 + 2n + 3)(2h + 2n — 3)(2h + 2n + 3)

-2 128(a + 2n — 6)3(a + 2n — 3)g
X (64(271(71 +a—2)—3d®+5a — 6)
— b (8n* + 16(a — 2)n® — 2(7a® — 2a — 15)n* — 2(a — 2)(11a® — 18a + 1)n

r

— 6a* + 354 — 68a® + 49a — 66)
—(2n+a+1)2n+a—5)(4(3a®> — 6a + 1)n(n+ a — 2)

4 (a—3)(3d® — 942 + 12a + 4))), (B.8)
xp __(n41)(a—1)(a+n)(2g+2n —3)(2g + 20 + 3)(2h + 2 — 3)(2h + 20 + 3)
ml 8(a+2n — 3)s5(a + 2n + 3)3
X <b2(3n(n—|—a+1) —(a—2)(a—3)) +(a—i—1)(@—3)(a+2n—2)(a+2n+4)>,
X ~ (a=1)(g+n=2)s2g+2n+3)(h+n—$)a(2h +2n +3)
m=l 2(a+2n —5)3(a+2n —1);
X <b2(3n(n+a—1)—a2+2a—6) +(a—3)(a+1)(a+2n—4)(a+2n+2)>,
XD b

64(a+2n —4)(a+2n+1),
X <66 (6n(n + 2a) — 6(a® — ba + 5)n* — 6a(2a> — 5a + 5)n + (a — 4)4)
— 26*(24n°(n + 3a) + 6(a® + 28a — 9)n" — 12a(9a” — 28a + 9)n’
—2(38a* — 71a® — 17a® + 5a + 117)n* — 2a(5a* + 13a* — 444 + 5a + 117)n
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+ (a — 4)4(2a* + 3a + 11))
+ b2 (961" (n + 4a) + 48(a® + 26a — 15)n°® — 48a(25a” — 78a + 45)n”
— 6(279a" — 616a° + 98a® + 376a — 417)n"
— 12a(75a* — 96a* — 2024 + 376a — 417)n?
—2(87a° + 153a” — 1139a* + 1262a* — 931a® — 1031a + 2775)n?
+ 2a(6a® — 129a° + 353a* — 134a® — 320a* + 1031a — 2775)n
+ (a — 4)4(6a* + 18a® + 37a” + 114a + 153))
+2(a+2n —3)(a+ 2n + 3)(48(2a° — 4a + 1)n°(n + 3a)
+ 4(76a* — 124a® — 73a® + 124a — 39)n*
+ 8a(16a* — 4a® — 103a” + 124a — 39)n®
+2(3a8 + 78a° — 274a* 4 142a* + 385a* — 544a — 114)n?
— 2a(5a® — 38a” + 56a* + 106a” — 463a* + 544a + 114)n
-4a—@m—2bm+¢hm&—3f—2w+m»)

Note that we have equivalences [30],

(g—h—|—4)(h+n—g)
Ag+n+3)
3(g+n—%)
g—h+1)(h+n+1)

2P@%Mm9+&h_3%

P{11,2I},n(7]; g, h) = -

Py (05 9,h) = ( Puign (9 —2,h 4 2).

Recurrence relations for Py, (; g,9) and Py ,(1; g, g) were given in [37].

B.3 Multi-indexed Wilson polynomials

We set by = a; + as + az + a4, 01 = a1 + az, 03 = a1as, 0y = az + a4 and o) = agay.

Ex.1 D = {1} : 5-term recurrence relations

X(n) = Xuin(n) = in(Q(al — 01 — 2)n + 4(090) — 010, — 0107 + 2049) + 01 + 307 — 2),

XD (01— ) —=2)(by +n —1)3(01 +n — 2)
™2 2(b1 + 2n — 1)4(0’1 + n) ’
X,D n(n—l)(01—01—2)

— —9)5(0) + 1 —2)(d 1
7 20 120 — 1) (o1 4+n—2)(0] +n—2) (o7 +n+1)

2 4
xHH(ai+aj+n—2)2,

i=1 j=3

r
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xp _ 2bi+n—1)(o1+n—-2)(0] +n+1)

"l =7 (bl + 2n — 2)3(61 + 2n + 2)
x ((o1 — o1 = 2)n(n+by) — (by — 2)(0} — 02 + aé +1)), (B.11)
X 2n(o1 +n —2)s(0] +n—1) 01+n+1
D _ . 1
X ((2=o1+op)n(n+b —2)+ (0'1 — 2)61 — (0'2 — a5) (b — 2)),
1
XD _

oo = A
™0 32(by + 2n — 3)9(by + 2n),
Here A is a polynomial of degree 8 in n, whose coefficients are polynomials in oy, 0y, 0] and
ol. Since A has a lengthy expression, we do not write down it here and put it on the web

page [42].

B.4 Multi-indexed Askey-Wilson polynomials

We set b4 = 1020304, 01 = A7 + 9, 09 = Q1039, O'i = a3+ aq and O'é — asay.

Ex.1 D = {1'} : 5-term recurrence relations

n 1 ) ’ ’ 2

X (1) = Xnin(n) = (2% (0> = o4a®)n — (1 1- ~ ),

(1) (1) 1T 00 q2 (02 — 05¢°)n — (1 + q) (01 (1 = 0%)q + o1 (02 — ¢°))
xp _ @31 =05 0303) (bag" 1 q)al(l = 00" )

"2 2(1 + q)(bag®> 15 q)4(1 — oag™)

n—1 1.7 .2 2 4

X.D (q ?C.I) (1—02 094 ) n—2 ! n— 2 / n+1

T o = (020" %1 q)2(1 — 05q a;a;q""
21+ ¢)q2 (bag> % q)s 1:[1}:[3 ’

xo_ (1= b (1~ 02" ) (1 — o)

TTL
! 247 05 (bag?=%; q)5(1 — byg?n+?)
x (albag™ + 1)(g01(1 = 0}) + 0} (0 — ¢%))
— (14 A" (glaé(az — ¢*) + dloaq(l — aé))), (B.12)
xo _ (L=q")(02¢" 5 g)a(1 — o9q" ") (1 — o3q™*) TTTIC - aasa™)
n,—1 = 5 (e}
2q202(1 - b4q2"_4)(b4q2"_2§ Q)i’) i=1 j=3

% ((bsg™ + %) (a1 (1 = 05) + 01(02 — ¢?))

— (14 ¢*)q"(o105(02 — ¢°) + oro2q(1 — Ué))>,
X,D 1
"0 T OO 2n—3 2
2q2 02(1 + q) (b4g®"=3; q)2(baq®™; )2

Here A is a polynomial of degree 8 in ¢", whose coefficients are polynomials in oy, o9, 0}

Y

and o). Since A has a lengthy expression, we put it on the web page [42].

23



References

1]

[9]

D. Gémez-Ullate, N. Kamran and R. Milson, “An extension of Bochner’s problem: ex-
ceptional invariant subspaces,” J. Approx. Theory 162 (2010) 987-1006, arXiv:0805.
3376 [math-ph]; “An extended class of orthogonal polynomials defined by a Sturm-
Liouville problem,” J. Math. Anal. Appl. 359 (2009) 352-367, larXiv:0807.3939 [math-
ph].

C. Quesne, “Exceptional orthogonal polynomials, exactly solvable potentials and super-

symmetry,” J. Phys. A41 (2008) 392001 (6pp), larXiv:0807.4087/[quant-ph].

S.Odake and R.Sasaki, “Crum’s theorem for ‘discrete’ quantum mechanics,” Prog.

Theor. Phys. 122 (2009) 1067-1079, larXiv:0902.2593/[math-ph].

S. Odake and R. Sasaki, “Infinitely many shape invariant potentials and new orthogonal
polynomials,” Phys. Lett. B679 (2009) 414-417, larXiv:0906.0142/[math-ph]; “An-
other set of infinitely many exceptional (X;) Laguerre polynomials,” Phys. Lett. B684
(2010) 173-176, larXiv:0911.3442|[math-ph].

S.Odake and R. Sasaki, “Infinitely many shape invariant discrete quantum mechanical
systems and new exceptional orthogonal polynomials related to the Wilson and Askey-

Wilson polynomials,” Phys. Lett. B682 (2009) 130-136, larXiv:0909.3668 [math-ph].

S.Odake and R.Sasaki, “Infinitely many shape invariant potentials and cubic identi-
ties of the Laguerre and Jacobi polynomials,” J. Math. Phys. 51 (2010) 053513 (9pp),
arXiv:0911.1585/[math-ph].

C.-L.Ho, S.Odake and R.Sasaki, “Properties of the exceptional (X,) Laguerre and
Jacobi polynomials,” SIGMA 7 (2011) 107 (24pp), larXiv:0912.5447/[math-ph].

D. Gomez-Ullate, N. Kamran and R. Milson, “Exceptional orthogonal polynomials and
the Darboux transformation,” J. Phys. A43 (2010) 434016, larXiv:1002.2666/[math-
ph].

L. Garcia-Gutiérrez, S. Odake and R. Sasaki, “Modification of Crum’s theorem for ‘dis-
crete’ quantum mechanics,” Prog. Theor. Phys. 124 (2010) 1-26, larXiv:1004.0289
[math-ph].

24


http://arxiv.org/abs/0807.3939
http://arxiv.org/abs/0807.4087
http://arxiv.org/abs/0902.2593
http://arxiv.org/abs/0906.0142
http://arxiv.org/abs/0911.3442
http://arxiv.org/abs/0909.3668
http://arxiv.org/abs/0911.1585
http://arxiv.org/abs/0912.5447
http://arxiv.org/abs/1002.2666
http://arxiv.org/abs/1004.0289

[10]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

S. Odake and R. Sasaki, “Exceptional Askey-Wilson type polynomials through Darboux-
Crum transformations,” J. Phys. A43 (2010) 335201 (18pp), larXiv:1004.0544/[math~-
ph].

R. Sasaki, S. Tsujimoto and A.Zhedanov, “Exceptional Laguerre and Jacobi polynomi-
als and the corresponding potentials through Darboux-Crum transformations,” J. Phys.

A43 (2010) 315204, larXiv:1004.4711/[math-ph].

D. Gémez-Ullate, N. Kamran and R.Milson, “On orthogonal polynomials spanning a

non-standard flag,” Contemp. Math. 563 (2011) 51-72, larXiv:1101.5584 [math-ph].

S. Odake and R. Sasaki, “Exceptional (X/) (¢)-Racah polynomials,” Prog. Theor. Phys.
125 (2011) 851-870, larXiv:1102.0812/[math-ph].

Y. Grandati, “Solvable rational extensions of the Morse and Kepler-Coulomb poten-

tials,” J. Math. Phys. 52 (2011) 103505 (12pp), larXiv:1103.5023/[math-ph].

D. Gémez-Ullate, N. Kamran and R.Milson, “Two-step Darboux transformations and
exceptional Laguerre polynomials,” J. Math. Anal. Appl. 387 (2012) 410-418, arXiv:
1103.5724 [math-ph].

S. Odake and R. Sasaki, “Discrete quantum mechanics,” (Topical Review) J. Phys. A44
(2011) 353001 (47pp), larXiv:1104.0473 [math-ph].

S.Odake and R.Sasaki, “Exactly solvable quantum mechanics and infinite families
of multi-indexed orthogonal polynomials,” Phys. Lett. B702 (2011) 164-170, arXiv:
1105.0508 [math-ph].

C.-L.Ho, “Prepotential approach to solvable rational extensions of harmonic oscilla-
tor and Morse potentials,” J. Math. Phys. 52 (2011) 122107 (8pp), larXiv:1105.3670
[math-ph].

C. Quesne, “Revisiting (quasi-)exactly solvable rational extensions of the Morse poten-

tial,” Int. J. Mod. Phys. A 27 (2012) 1250073 (18pp), larXiv:1203.1812/[math-ph].

Y. Grandati, “New rational extensions of solvable potentials with finite bound state

spectrum,” Phys. Lett. A376 (2012) 2866-2872, larXiv:1203.4149/[math-ph].

25


http://arxiv.org/abs/1004.0544
http://arxiv.org/abs/1004.4711
http://arxiv.org/abs/1101.5584
http://arxiv.org/abs/1102.0812
http://arxiv.org/abs/1103.5023
http://arxiv.org/abs/1104.0473
http://arxiv.org/abs/1105.3670
http://arxiv.org/abs/1203.1812
http://arxiv.org/abs/1203.4149

[21]

[22]

[23]

[24]

[25]

[29]

[30]

[31]

S. Odake and R. Sasaki, “Multi-indexed (¢-)Racah polynomials,” J. Phys. A 45 (2012)
385201 (21pp), larXiv:1203.5868 [math-ph].

D. Gémez-Ullate, N. Kamran and R.Milson, “A conjecture on exceptional orthogonal

polynomials,” Found. Comput. Math. 13 (2013) 615-666, arXiv:1203.6857 [math-ph].

S.Odake and R.Sasaki, “Multi-indexed Wilson and Askey-Wilson polynomials,” J.
Phys. A46 (2013) 045204 (22pp), larXiv:1207.5584/[math-ph].

C. Quesne, “Novel enlarged shape invariance property and exactly solvable rational
extensions of the Rosen-Morse II and Eckart potentials,” SIGMA 8 (2012) 080 (19pp),
arXiv:1208.6165 [math-ph].

S. Odake and R. Sasaki, “Krein-Adler transformations for shape-invariant potentials and
pseudo virtual states,” J. Phys. A46 (2013) 245201 (24pp), larXiv:1212.6595/[math-
ph].

S.Odake and R.Sasaki, “Extensions of solvable potentials with finitely many discrete

eigenstates,” J. Phys. A46 (2013) 235205 (15pp), larXiv:1301.3980/[math-ph].

S.Odake, “Recurrence Relations of the Multi-Indexed Orthogonal Polynomials,” J.
Math. Phys. 54 (2013) 083506 (18pp), larXiv:1303.5820 [math-ph].

D. Gomez-Ullate, Y. Grandati and R. Milson, “Rational extensions of the quantum har-
monic oscillator and exceptional Hermite polynomials,” J. Phys. A47 (2014) 015203
(27pp), larXiv:1306.5143 [math-ph].

S. Odake and R. Sasaki, “Casoratian Identities for the Wilson and Askey-Wilson Poly-
nomials,” J. Approx. Theory 193 (2015) 184-209, larXiv:1308.4240/[math-ph].

S. Odake, “Equivalences of the Multi-Indexed Orthogonal Polynomials,” J. Math. Phys.
55 (2014) 013502 (17pp), larXiv:1309.2346|[math-ph].

E.Routh, “On some properties of certain solutions of a differential equation of the
second order,” Proc. London Math. Soc. 16 (1884) 245-261; S. Bochner, “Uber Sturm-
Liouvillesche Polynomsysteme,” Math. Zeit. 29 (1929) 730-736.

26


http://arxiv.org/abs/1203.5868
http://arxiv.org/abs/1203.6857
http://arxiv.org/abs/1207.5584
http://arxiv.org/abs/1208.6165
http://arxiv.org/abs/1212.6595
http://arxiv.org/abs/1301.3980
http://arxiv.org/abs/1303.5820
http://arxiv.org/abs/1306.5143
http://arxiv.org/abs/1308.4240
http://arxiv.org/abs/1309.2346

[32]

[41]

[42]

G. Szegd, Orthogonal polynomials, Amer. Math. Soc., Providence, RI (1939); T.S. Chi-
hara, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York (1978);
M. E. H. Ismail, Classical and Quantum Orthogonal Polynomials in One Variable, vol.

98 of Encyclopedia of mathematics and its applications, Cambridge Univ. Press, Cam-

bridge (2005).
G. Darboux, Théorie générale des surfaces vol 2 (1888) Gauthier-Villars, Paris.

M. M. Crum, “Associated Sturm-Liouville systems,” Quart. J. Math. Oxford Ser. (2) 6
(1955) 121-127, [arXiv:physics/9908019.

M. G. Krein, “On continuous analogue of a formula of Christoffel from the theory of
orthogonal polynomials,” (Russian) Doklady Acad. Nauk. CCCP, 113 (1957) 970-973;
V. E. Adler, “A modification of Crum’s method,” Theor. Math. Phys. 101 (1994) 1381-
1386.

F. A. Griinbaum and L. Haine, “Bispectral Darboux transformations: an extension of

the Krall polynomials,” IMRN (1997) No. 8, 359-392.

H. Miki and S. T'sujimoto, “A new recurrence formula for generic exceptional orthogonal

polynomials,” J. Math. Phys. 56 (2015) 033502 (13pp), larXiv:1410.0183|[math.CA].

A.J.Durédn, “Higher order recurrence relation for exceptional Charlier, Meixner, Her-
mite and Laguerre orthogonal polynomials,” Integral Transforms Spec. Funct. 26 (2015)

357-376, larXiv:1409.4697/[math.CA].

A.J.Duran and M. Pérez, “Admissibility condition for exceptional Laguerre polynomi-

als,” J. Math. Anal. Appl. 424 (2015) 1042-1053, larXiv:1409.4901/[math.CA].

S. Odake and R. Sasaki, “Unified theory of exactly and quasi-exactly solvable ‘discrete’
quantum mechanics: 1. Formalism,” J. Math. Phys 51 (2010) 083502 (24pp), arXiv:
0903.2604 [math-ph].

S. Odake and R. Sasaki, “Solvable Discrete Quantum Mechanics: ¢g-Orthogonal Polyno-
mials with |¢| = 1 and Quantum Dilogarithm,” larXiv:1406.2768/[math-ph].

http://azusa.shinshu-u.ac.jp/ odake/paper/data/1410.8236.html.

27


http://arxiv.org/abs/physics/9908019
http://arxiv.org/abs/1410.0183
http://arxiv.org/abs/1409.4697
http://arxiv.org/abs/1409.4901
http://arxiv.org/abs/1406.2768

	1 Introduction
	2 Method
	3 Recurrence Relations with Constant Coefficients
	3.1 Multi-indexed Laguerre and Jacobi polynomials
	3.2 Multi-indexed Wilson and Askey-Wilson polynomials

	4 Summary and Comments
	A Some Formulas
	A.1 Multi-indexed Laguerre and Jacobi polynomials
	A.2 Multi-indexed Wilson and Askey-Wilson polynomials

	B Some Examples
	B.1 Multi-indexed Laguerre polynomials
	B.2 Multi-indexed Jacobi polynomials
	B.3 Multi-indexed Wilson polynomials
	B.4 Multi-indexed Askey-Wilson polynomials


