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Abstract
The Feynman path integral for the Dirac equation in the general
dimensional spacetime is determined mathematically in the form of the
sum-over-histories satisfying the superposition principle, i.e. the “sum”
of the probability amplitudes with a common weight, over all possible
paths that go in any direction at any speed forward and backward in
time. It should be noted that our Feynman path integral is determined

not in configuration space, but in phase space.

1 Introduction

Let T > 0 be an arbitrary constant, 0 < t < T and x = (x1,...,24) €

RY. Let E(t,x) = (Ey,...,Eq) € R and (Bj(t, x))1<jek<a € RMD/? de-
*Research partially supported by Grant-in-Aid for Scientific Research No.23540195, Min-

istry of Education, Culture, Sports, Science and Technology, Japanese Government.



note the electric strength and the magnetic strength tensor, respectively and

(V(t,z),Alt,z)) = (V, Ay, ..., Ag) € R an electromagnetic potential, i.e.

_ oA oV
ot ox’
DA, DA,

o= _ ~J <9 < .

where 0V /0x = (0V/0xy,...,0V/0z4). We consider the Dirac equation

L ou
zha(t) = H(t)u(t)

u(t) (1.2)

d
VAR .
— Al [ 22 _¢A. 2
: [c];oz (i@xj e ](t,:v)> + Bmc* + eV (t, x)

asin (11) of §67, p.257 of [4] or (4.19), p.70 of [11], where 'u(t) = (uy(t), ..., un(t)) €
CN, av(j = 1,2,...,d) and B are constant N x N Hermitian matrices, ¢ is

the velocity of light, A is the Plank constant and e is the charge of an electron.

For the sake of simplicity we suppose h = 1 and e = 1 hereafter. We note that
through the present paper constant matrices a¥) (j = 1,2,...,d) and B are
assumed to be only Hermitian.

Let us take the Hamiltonian function
d A~
H(t,z,p) =c ) aP (p; — Aj(t,z)) + Bmc® + V(t,z) (1.3)
j=1

as in (23) of §69, p.261 of [4], where p € R? is the canonical momentum. It
follows from the classical rule of the replacement as in §67, p.257 of [4] that
€ =p— A(t,z) € R%is the kinetic momentum. So, the Lagrangian function is

given by

L(t,x,&)=p-—H(t,x,p)

=¢dt i Al z) = V(t,z) — (ca- £+ Bmc?), (1.4)



where p- & = Y0 pjij,a=(a",...,a¥)and a-£ = Y7 avlg;.

We will determine the Feynman path integral in phase space in terms of
(14). Let 0 <73 < T (j =1,2,...,v—1) and set A := {r;})-]. We
don’t necessarily assume 7; < 7j1;. We set 79 = 0 and 7, = t. Let o € R
be fixed. For arbitrary points ) € R? (j = 0,1,...,v — 1) and ¢V ¢
R?(j=0,1,...,v—1) let us denote the broken line path in R? joining =) at
7 (1=0,1,...,v,2® = z) in order by qa (@, ..., "V z) and the piecewise
constant path in R? taking value €W (j = 0,1,...,v — 1) for 0 € [r}, 7)) if
7j < Tjp1 ot 0 € (141, 75) if T < 75 and €07V at ¢ by A€, ..., 0T,
We note that the paths ga and £a go in any direction forward and backward
in time and that ga have any speed. Let us write ga and éa for 0 € 75, 7j11)
or (7j41,7;] by ga(f) and &a(6).

The approximation Kpa(t,0)f of the Feynman path integral for the Dirac

equation (1.2) is determined in terms of the oscillatory integral (cf. p.45 of

[23]) by

Kpa(t0)f = [ [ 50956 (g5 (0)) Daa D
— Os — / . / e* 1908 8a) £ (2O 4O L g = Uge©) . gev=1) (1.5)

for f € S(RY)N, i.e. the Schwartz rapidly decreasing function, where d¢V) =
(2m)~?d¢V) and the probability amplitude exp *iS(t, ga, a) for a path (ga, €a)
is defined as a product of matirices from the Lagrangian function (1.4) by

Tj+1

01 2[00 05(0) +ia(0)- 46020 ~ V020

t T N
X exp —i/ {ca - Ea(0) + Bmc?}dO - exp —i/ {ca - €a(0) + Bmc? }do

v—

. exp—i /n{ca.gA(e) + Bme?}db. (1.6)
0



A little simpler definition of exp *iS(t, ga,&a) than (1.6) will be given in Re-
mark 2.3 of the present paper.

The main results of the present paper are stated in Theorems 2.1 and 2.2.
Let L?(R?) denote the space of all square integrable functions in R¢ with inner
product (f,g) == [ f (m)mdaz and norm || f|, where @ denotes the complex
conjugate of g(x). Let f € L2(RY)Y and Ly > 0 an arbitrary constant. Then,

we will prove in Theorem 2.1 that as |A| := maxo<j<,—1 |Tj+1 — 75| = 0 under

the assumption
v—1
Z 7j11 — 75| < Lo, (1.7)
=0

then Kpa(t,0)f converges to Kp(t,0)f independently of the choice of Ly,
which we call the Feynman path integral, in L*(R%)Y uniformly in ¢ € [0, 7]
and that Kp(t,0)f is the solution to (1.2) with «(0) = f. In Theorem 2.2 we
will prove the convergence of Kp(t,0)f to Kp(t,0)f in some weighted Soblolev
spaces as |A| — 0 uniformly in ¢ € [0, 7] under the assumption (1.7).

We could say from (1.5) that the Feynman path integral Kp(t,0)f is writ-
ten in the form of the “sum” of the probability amplitudes with a common
weight over all possible paths, i.e. the form of the sum-over-histories satisfying
the superposition principle as is stated in sections 1-4, 2-2, 2-5 and 2-6 of [9],
in (13) and (14), p.752 of [6], in (2) and (4), p.772 of [7], in (37) and (38),
p.447 of [8], in p.146 of [22], in (9.2), p.276 of [25] and in §2.3 of [27]. As
Feynman noted in p.376 of [5] that the electron goes in any direction at any
speed forward or backward in time, we consider all possible paths to determine
Kp(t,0)f along which the electron goes in any direction at any speed foward
or backward in time. We remark that Feynman also noted for the probability
amplitude of a photon in pp.88 and 89 of [10] that there is also an amplitude

of a photon, i.e. light to go faster (or slower) than the conventional speed ¢ of
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light and not to go only in straight lines.
We note that it is stated in §2-6, p.38, §9-1, p.237 and §9-8, p.264 of [9]
that in the relativistic theory of the electron we shall not find it possible to

S or in any other simple way.

express the amplitude for a path as e’

It should be also noted that the paths ga and {a to determine Kpa(t,0)f
were also used to determine the Feynman path integrals for the Schrodinger
equation in Main Theorem of [18] and the Pauli equation in Theorem 2.3 of
[20], though we didn’t consider the paths that go backward in time, but could
consider as is seen from their proofs.

Now we go back to the past studies of the Feynman path integral for the
Dirac equation. There seems to be no past studies of the Feynman path integral
in phase space. All studies seem to be made of that in configuration space.
Consider the Dirac equation in two dimensional spacetime

i%(t) = [ca(”) (%a% — At a:>) u+BOme + V(t,x) | ult), (1.8)

where ‘u(t) = (u1(t), us(t)) € C? and

Let (V;A) = 0 in (1.8). Suppose that the interval [0,¢] is divided into small
equal steps of length ¢y > 0. We consider zigzags in the spacetime of straight
segments with velocity ¢ that go only forward in time. The amplitude for each
zigzag is given by (ieg)f, where R is the number of reversals. It follows from
the superposition principle that the Feynman path integral was determined by
(2-27), p.35 of [9]. See Appendix E, p.118 of [26] in detail. The other studies
below seem not to suppose the superposition principle and also consider the

paths that go backward in time. In [13] and Theorem 2.1 of [14] the solution to
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a general (1.8) was written in terms of a measure on the space of all continuous
paths in [0,¢]. In Theorem, p.8 of [1] and p.221 of [3] the solution to (1.8) was
written in terms of a Poisson process. It is noted that in [1, 3, 13, 14] the
support of the measure on the path space is included in the space consisting
of all zigzags with velocity ¢ that go only forward in time.

In Theorem, p.318 of [12] the Fourier transform u(t, &) = /e”{u(t,x)dx
of the solution wu(t,x) to (1.2) is represented in terms of a Poisson measure,
where A;(z) (j =0,1,...,d) (Ay = V/c) are assumed to be independent of ¢
and given by the Fourier transform of totally finite measures. In (5), p.2436
and (35), p.2448 of [21] the physical consideration is given to the representation
of the solution to (1.2) with d = 3 and N = 4 that generalizes the result to
(1.8) in [9] stated above.

We will explain an idea for proving our results. Let 0 < s < ¢t < T or

0<t<s<T. We define

4.50) =y + (z —y) (1.9)

t—s
ins<@<tort<f<sforaxandyin R and consider the classical action

in phase space
S(t, s;2.6,y) = / [6-45,(0) + (6) - A(6.q,(6)
— V(0,455,(0)) — (ca - € + Bmc?) }do
t
—(—y) £+ / [655,(0) - A(6,q2,(0)) — V(0.4,(6))}
— (t—s)(ca - & + Bmc?) (1.10)

from (1.4), where ¢4* () = dg.5,(0)/df. We take x € C§°(R?), i.e. an infinitely
differentiable function in R¢ with compact support, such that x(0) = 1. Let



€ > 0 be a constant and define an operator

(Gt s))(w) = [ [ 500 (e e (1.11)

for S(R?)N. Then we can write

Kpa(t,0)f =lm Ge(t, 7-1)x(€) Ge(rm1, To2)X(€) - - x(€)Gel(m1,0)f (1.12)

from (1.5) and (1.6). We can prove the main results from (1.12) as in the proof
of Theorem of [16], which is originated in [24].

In more detail we will prove that {Ge(t,s) is a bounded family of

}0<e§1

operators from S(R?)Y into itself, that there exists an operator G(t,s) on

S(R%)" independent of the choice of x satisfying

G(t,s)f :li_IQ%Ge(t, s)f (1.13)
in S(RY)N for f € S(RY)N, that the stability

IG(t, 5) £I] < X 1] (1.14)

holds with a constant K > 0 and that the consistency

(i 10 Gt s)fH <C-s<->"f (115)

holds with a constant C' > 0 and a positive integer M, where < =z >=

VI[P and || fI? = S50 15117 for f = (fi..., fa) € LA(RD)N.
Let U(t,0)f for f € S(RY)Y be the solution to (1.2) with u(0) = f. From
(1.12) and (1.13) we can easily see

Kpa(t,0)f = G(t,7-1)G(Ty-1,Ty2) -+~ G(11,0) f (1.16)
for f € S(RY)N. From (1.14) and (1.15) we will prove that

[1Kpa(t, 0)f = U 0)f|| = |Gt 70a) - G(1, 0)f = U(t, 71) - U7, 0) f]
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for f € L*(RY)N converges to 0 uniformly in ¢t € [0,7] as |A] — 0 under
the assumption (1.7). The convergence of Kpa(t,0)f in the weighted Sobolev
spaces as |A| — 0 under (1.7) can be proved in the same way. We note that
the theory of pseudo-differential operators plays an important role to prove
(1.14), (1.15) and their generalizations.

The plan of the present paper is as follows. In §2 the main results in the
present paper, i.e. Theorems 2.1 and 2.2 are stated. In sections 3 and 4 the
stability and the consistency of G(¢, s) are proved, respectively. In §5 we give

a complete proof of Theorems 2.1 and 2.2.

2 Main results

For an z = (z1,...,74) € R? and a multi-index a = (a4, ...,aq) we write
la| = Z;l:l aj, 2% = 2{" 1y, 0y, = 0/0x; and O = 051 -+ - Og¢. Let M and
a be positive integers. We introduce the weighted Sobolev spaces Bé,; (RN :=

{F € ZRYY: (flles, = 114+ S paions 1o+ S 02£1] < 00} Let
B3/ (RY)N denote their dual spaces. We set By, (RN := L*(RY)N.
Throughout the present paper we always assume for electromagnetic po-
tentials (V, A) that V,0,,V, 0, A and 0, Ay, (j,k = 1,2,...,d) are continuous
in [0,7] x R%. In the present paper we often use symbols C,C,,C, s and C,
to write down constants, though these values are different in general. We note
again that throughout the present paper constant matrices @) (j = 1,2,...,d)
and B in (1.2) are assumed to be only Hermitian. The following are the main

theorems in the present paper.

THEOREM 2.1. Suppose that OSE;(t,z) (7 =1,2,...,d),05B,,(t,z) (1 <



J <k <d) and 9,Bjx(t,x) are continuous in [0,T] x R? for all a. We assume
|07 Ej(t, 2)| < Cay o] 21, (2.1)

109Bju(t, 7)| < Co < & >0 || > 1 (2.2)

in [0, T] x R® with constants 6, > 0 for j,k =1,2,...,d. We define Kpa(t,0)f
for f € SN by (1.5). Then we have: (1) Kpa(t,0) on SN can be extended to
a bounded operator on (L*)N. (2) Let f € (L*)Y and Ly > 0 be an arbitrary
constant. Then, as |A| — 0 under the assumption (1.7), the approximation
Kpa(t,0)f converges to the Feynman path integral Kp(t,0)f in (L*)N inde-
pendent of the choice of Ly uniformly int € [0,T]. (3) Kp(t,0)f for f € (L*)V
belongs to EX([0,T]; (L?)N) and is the solution to the Dirac equation (1.2) in
distribution sense with u(0) = f, where ([0, T]; (L)) (j = 0,1,...) denotes
the space of all (L?)N -valued j-times continuously differentiable functions in

t€[0,T]. (4) Let 0 <ty <t. Then we have the rule for two events:
Kp(t,0)f = Kp(t,t1)Kp(t1,0) f, Kp(t,t)f = Kp(t,0)Kp(0,t1)f.  (2.3)

(5) Let ¥(t, ) be a real-valued function such that 0,,0,,%(t, x) and 0,0, (t, v)

(j,k =1,2,...,d) are continuous in [0,T] x R and consider the gauge trans-
formation
o o
Vi=V—-—, A =A+_—. 2.4
o TN gy, (24)

We write (1.5) as KhA(t,0)f for this (V', A"). Then we have the formula
Kpa(t,0)f = eV Kpa(t,0) (7)) (2.5)
for all f € (L*)N.

Remark 2.1. The rule for two events (2.3) in Theorem 2.1 is stated by
(2-31), p.37 of [9)].



Ezxample 2.1. Let us state an example of the family of A satisfying (1.7).
Let N > 1 be an arbitrary integer. We consider the family of A = {7; J”;ll :

OITO<T1<"‘<T[1>Tll+1>...>7'l/1<Tl/1+1<...<7'12

> Tpp1 > > < < Ty > > T <l <T,=1.
Then we have » 7, |7 — 71| < (2N + 1)T. So (1.7) always holds.
THEOREM 2.2. We assume (2.1) and (2.2). In addition, we suppose
00 A;(t,x)| < Cu, o > 1, (2.6)

in [0,T] x R for j = 1,2,...,d and that there exists an integer M > 1
satisfying
05V (t,2)] < Co <z >M, ol >1 (2.7)

and

020, Aj(t, 1) < Cp < 2 >M (2.8)
for all a in [0,T] x RY. Then we have: (1) Kpa(t,0) on SN can be extended
to a bounded operator on (B§)N (a = 0,1,...). (2) Let f € (Bj4,)" and

Ly > 0 an arbitrary constant. Then, as |A| — 0 under the assumption (1.7),

Kpa(t,0)f converges to Kp(t,0)f in (Bj 1) uniformly in ¢ € [0,T].

Remark 2.2. We can easily see from (1.1) that under the assumptions of
Theorem 2.2 92 E;(t, z), 0% B;x(t, ) and 8, B, (L, z) are continuous in [0, 7] x R
for all @ and so that the assumptions of Theorem 2.1 hold.

Remark 2.3. Let qga = qa(z(?, ..., 2"V 2) and €x = A (€O, ... D)
be the broken line path and the piecewise constant path respectively defined

in §1. Let L(¢,z,€) be the Lagrangian function defined by (1.4). Let us define
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F(0,7j;5qn,€n) for 0 € [1;,7j41) or 0 € (1j41,75] (j = 0,1,...,v — 1) by the

solution to
d

df
with F(7;,7;) = Iy, where Iy is an identity N x N matrix. Then we get

F(0,75) = iL(0, qa(0),€a(0)) F (0, 7;) (2.9)

exp *iS(t, qn, En) = F(t, Ty—1) F(To—1, Ty—2) - - - F (11, 0). (2.10)
For we have

F(ry11,75) = expi / T D) s (0) + 4a(6) - A(B. qa(8)) — V(8,46 (8))} dB

J

x exp —i(1j41 — 7;)(ca - €9 + Bmdc?)

from (1.4). Hence we obtain (2.10) from (1.6).
In [20] we determined the Feynman path integral for the Pauli equation.
There, to define the corresponding to exp *iS(t, ga, {a) we introduced the sim-

ilar equation (1.11) in [20] to (2.9).

3 Stability of G(t, s)

Hereafter, where no confusion can arise, we write S, L>(R%)" and B¢, (RN
as S, L?(R?) and B¢;(R?), respectively for the sake of simplicity, omitting the
superscript V.

Lemma 3.1. Let A(w) (w € R?) be an N X N matriz whose all components

are continuously differentiable with respect to w. Then we have

1
ieA(w):/ e(l—T)A(w)%(w)eTA(w)dT. (3.1)

11



Proof. We set u(t; w) = €A™, Then

ou
5 (Hw) = A(w)u(t; w).
So
d Ou ou 0A
dt 9w, 110 = Atz tw) + g (w)ult w)

with 0u(0; w)/0w; = 0. Consequently we have

t

A

%(t;w) _ / €<t—r>A(w>%(w)eTA<w>dT,
W 0 Wj

which shows (3.1). O
Let G(t, s) be the operator defined by (1.11).

Proposition 3.2. We assume (2.7) and that there exists a positive integer
M’ satisfying
09A;(t,2)| < Cou <z >M | o >1

in [0,T] x R for j = 1,2,...,d. Then {Ge(t,s is a bounded fam-

>}0<6§1

ily of operators from S into itself and there exists an operator G(t,s) on S

independent of the choice of x such that we have (1.13) in S for all f € S.

Proof. We write S(t, s;z, &, y) defined by (1.10) as (x —y) - & + So(t, s; 2, €, v).
Let a and  be arbitrary multi-indices, and [y and [, arbitrary positive integers.

Let f €S and A, = 3% | 92 . Then we have

Jj=1"z;"
// eis(tvm’f’y)x“fﬁf(y)X(Gf)diﬁf = // eiaz-é <z >72lo :L’a(l — Ag)lo
x {eTWET <€ ST (1= A )t f(y)x (e€) } dye.

Let [y and [, be large and note that a¥) (5 = 1,2,...,d) and B are Hermitian

matrices. Then we can prove from the assumptions of Proposition 3.2 in terms
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of Lemma 3.1 that {Ge(t, 5 is a bounded family of operators from &

)}D<e§1

into itself and that as e — 0, this converges to a bounded function
// I A (1 — Ag)lo{e”’y'éfﬂ
X <€>7 (1= ARt £ (y) byl
uniformly in RZ. In the same way we can easily complete the proof. O]
The main theorem in this section is the following.

THEOREM 3.3. Let G(t,s) be the operator on S defined in Proposition 3.2.
Assume (2.1), (2.2) and (2.6). Then we have: (1) G(t,s) can be extended to
a bounded operator on L?. (2) There exists a constant K > 0 such that (1.14)
holds for all f € L? and 0 < s5,t < T.

Leu us write x = (t,2) € R¥! and
aps, s ags,(0) = (0,455,(0)) € R™l (s<h<tort<<s). (3.2)
Lemma 3.4. We have
(/ —/ ) (A-de—=Vdt)= (v —z)-V(t,s;2,y, 2), (3.3)
ayy  Jag:
where ¥ = (Vy,...,V,) € R and
1
Ui(t, s;x,y,2) = —/ Ai(s,z24+0(x — 2))dd
L
+ (t — s)/ / o1 Ej(t —o1(t —s),y+o01(z —y) + o102(z — 2))dordo,
0 Jo

+ Z(yk — 21, /0 /0 Bjp(t —o1(t = s),y + 01(2 — y) + 0102(x — 2))dodo,.

k=1

(3.4)
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Proof. The Stokes theorem shows

/ —/ —1—/ (A-dm—th)://d(A-dm—th), (3.5)
ay’s ays a2 A

where A is the 2-dimensional plane with oriented boundary consisting of qy - qty’fz
and q3%. We introduce coordinates o = (01, 02) (0 < 01,09 < 1) with the pos-

itive orientation in A by

(7(0),¢(0))
= o{o1(s,2) + (1 —o1)(t,y)} + (1 — o2){o1(s,2) + (1 — 01)(¢,9)}

=(t—o1(t—s),y+oi(z—y) +o09(z —2)) € R
Since

d(A-dex —Vdt) = =Y Ej(t,x)dt Adx;+ > Bjdr; Aday

j=1 1<j<k<d
holds from (1.1), Lemma 3.4 can be proved from (3.5) as in the proof of Lemma

3.2 in [16]. O
To avoid the complexity we suppose hereafter that x in (1.11) is real-valued.

Proposition 3.5. Let U = (¢, s;2,y, 2) be the function defined by (3.4).
Then for f € S we have

(Ge(t,8)"G(t // i(z—2 5dzd‘§ // —inw gi(t—s)(ca-E+ed: U+Bme?)

< e~ i(t—s)(c@-E+cA-U+Bme? —can) ( <§+\I;)) €+\P 77))]"( )duﬂn (3 6)

with ¥ = U(t,s;x,w + 2,2), where n € R, w € R and G.(t,s)* denotes the

formally adjoint operator of G(t,s).
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Proof. Since S(t,s;z,€,y) is a Hermitian matrix from (1.10), G.(t, s)* is writ-

ten by

(Gult.s) D)(a) = [ [ 50 ply ey (3.7
from (1.11). So from (1.10) we have
(Gu(t, 5) Gt // exp i )+/t (A-da— V)

—(t—s)(c&-g—l—gch) X(eﬁ)dyi‘ﬁ// exp i n~(y—z)—|—/ (A-dx —Vdt)

t,,s
\Z

- (t - 5) (Ca N+ Bm02)H X(En)f(z)dzdn = // ei(x—z)'§6i(t—8)(ca~£+ﬁmc2)

egdzdg// iE=m)-(y==) {exp—z(/ /tﬁ)(A-dx—th)}

x e NETEIND)  () (=)

Making the change of variables by /¥ = —n:np—=nandw=y—2z:y - w
and using (3.3), we get

(Ge(ty S)*Ge(t78)f) (l‘) e // ei(m_z){ei(t_s)(ca'£+am52)X(Gé')dﬂg // e_in/'w
x e Y iR E T =)y (o€ — 1)) F(2)duitf

with ¥ = (¢, s;2,w + z,2). Making the change of variables by ¢ = & —
U(t,s;x,w+2,2): & — &, we obtain (3.6). O

Proposition 3.6. Under the assumptions of Theorem 3.3 we have
|8§858;’\I/j(t,s;x,y, 2)| £ Capas la+B+7[21 (3.8)
in0<st<Tandx,y,z€ R forj=1,2,....d.

Proof. 1t follows from (2.6) and (2.1) that the first term and the second one in

(3.4) satisfy the relations (3.8), respectively. We can easily see from (2.2) that
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0% Bj(t, x) for all o are bounded in [0, 7] x R So, using (ii) of Lemma 3.5 in
[16], we can see from (2.2) that the third term in (3.4) also satisfies (3.8). [

Lemma 3.7. Let A and B be N x N matrices. Then we have
1 1
oA+B :€A+/ d@/ o(1=7)(A+0B) g T(A+0B) (3.9)
0 0

Proof. Set u(f) = e**%8 (§ € R). Then we have

ou

1
@(9):/ o(1=T)(A+0B) g m(A+0B) 1.
0

from (3.1). Because of

(3.9) follows from this. O
Let us prove Theorem 3.3. Let f € S. In terms of (3.9) we can write

efi(tfs) (ca-§+ca-\ll+,§m02 —ca-n) t—s) (ca-§+ca-\ll+§mcz)

= eii(
1 1 _
+ / de/ d,]_e—i(t—s)(l—T)(Ca-£+Ca-\I/+ﬂmcz—Gc&n)
0 0

X it — s)ca - ne—i(t—s)T(c&-{—f—Ca-W-&-Bmcz—Hca-n)‘
Applying this to (3.6), we get
(Gult.s) Gt @) = [ [ e epaste [[ emeniete + )
x x(€(§ + ¥ —n))dwdn + c(t — s) // ei(mfz)'fdzd‘f // o~ w i(t—s) (cA-&+c@-U+Fme?)

1 1 - ~
> {/ d&/ dr e—i(t—s)(1—7’)(ca~§+ca~\lf+ﬂm02—0¢:a~n)ia . ne—i(t—s)r(c&-f-i—ca-‘If-‘rﬁch—9c6?-77)}
0 0

x x(e(€ +0))x(e(§ + ¥ —n)) f(z)dudn.
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Consequently we obtain

(Gt sy Gult9)f) (0) = [ [ et [[[emoniete + )
x X(e(€ + ¥ —n))dwdn + c(t — s) // iz—z 5dzd‘§/ d@/ dr

% // o i(t—s)(ca-&+ca- T+ Bmc? ) —z(t $)(1—7)(ca-&+ca- \Il+ﬁm02—00a77 6 WA . n

« e—i(t—s)T(ca-f—l-ca-\If—&—B\ch—06&'77)X(6<§ + \IJ))X(E(é' + U — n))f(z)dudn, (310)

where U = U(t, s;x,w + z, 2).
Let us consider the first term in (3.10). Let [y be an integer such that

2lg > d. Then we can write

// e N (e(€ + W) x(e(é + T —n))dwdn = // eI < 5o (1 A Yo
. { < w > (1-— An)lo}x(e(&' + U))x(e(€ 4+ U — n))dudn.

Noting (3.8), we can see as in the proof of Proposition 3.2 that as € — 0, the
first term in (3.10) converges to lim,_,o //ei(z_z)ff(z)dzdf//e_m'wx(en)x(ew)dudn
= f(z) in S.

Let us consider the second term in (3.10). Noting (—0,,)e """ = ine” """,
we first integrate by parts with respect to w. Next we use Lemma 3.1, (3.8)
and the fact that @) (j = 1,2,...,d) and B\ are Hermitian and integrate by
parts with respect to w and 7 as in the proof of the first term. Then we can
prove that as e — 0, the second term converges to a pseudo-differential operator
(t—s5)2P(t,s)f = (t—s)*P(t,s; X, Dx, X') f := //ei(’”_z){p(:z:,g,z)f(z)dzdf in
S, where the symbol p;;(t, s;2,€, 2) (i,7 =1,2,..., N) of the (7, j)-component
of P(t,s) satisfies

OB pii(t,s:2,6,2) < Copnryy 0<8,t<T 3.11
&- r Tz J 7&77
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in B3 for all a, 8 and 7. Consequently we get
1135 G(t,s)*G(t,s)f = f+ (t — s)*P(t,s)f (3.12)
in §, which shows
G(t,s)*G(t,s)f = f + (t —s5)*P(t,s)f (3.13)
from Proposition 3.2. Hence we obtain

G, s)fI7 = (f. )+ (t = s)*(P(t,5)f. f)
< AP+ 2K (= 5P fIIP < X £

for f € S with a constant K > 0 from the Calderén-Vaillancourt theorem (cf.
2], Theorem 1.6, p.224 of [23]). Thus we could complete the proof of Theorem
3.3.

4 Consistency of G(t,s)

Let G(t, s) be the operator defined by (1.11).
Proposition 4.1. Let H(t) be the Dirac operator defined by (1.2). Then

for f € S we have

0

{z% - H(t)} Ge(t,s)f = Rc(t,s)f
= / / (8, 552, y) S £(y) (e )y, (4.1)
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where
1
rt,sia,y) = (z—y) - / (1— 0)E(t — 0(t — s),0 — O(a — y))do
0
d
— CZ al)
j=1
0A

+(z—y) -/0 (1 —Q)a—(t—H(t—s),x —0(x —y))do

L

/0 {A;(t—0(t —s),2—0(x —y)) — A;(t,x)}db

—(t—s>/0 (1—Q)S—Z(t—e(t—s),x—Q(x—y))del. (4.2)

Proof. We sometimes write p = t—s. The classical action S(t, s; z, £, y) defined

by (1.10) can be written as

s<t,s;x,5,y>=<x—y>'§+<x—y>-/o At — 0(t — 5).2 — 0(z — y))df

—/ V(Q,y+f:j(x—y)) do — (t — s)(ca - € + Bmc?)

~@=u)-&+ @) [ Alt=0p.s—0—y)as
—(t—s)/o V(t—0p,x—0(x—y))dd — (t — s)(ca - € + Bmc?). (4.3)

So we have
! dA
0S(t,si2.6) = (2=0)+ [ (1= 0) 53t~ bp.0 — b(a — )db — V(t.3)
0

t
1 " —s ov 0—s N ~
t—s/s t_s(x—y)-%(Q,y—l—t_s(x—y))de_(ca.§+ﬁmc)
0A

:<x—y>-/0 (1= )72t~ 00,2 — 6z — )8~ V(1,)

+ (z —vy) -/0 (1-— 0)88—‘;(15 —Op,x —0(x —y))do — (ca ~£+Bm02),
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which shows
6t5(t7 5, 57 y) = _V(t7 ﬂf) - (Ca : 5 + B\mcz)

—(z —y) - /o (1-0)E(t—0p,x —0(x —y))do (4.4)

from (1.1). We should note

gezS(st,f,y) J— /l/@ezs(tﬂs?x?évy) — Zels(tvsvx7§7y)@

ot ot ot (4.5)

because the matrix term in S is only —(t — s)(ca - € + B\mc2). From (4.3) we

have
1
02, S(t,8;0,&,y) = & + / Ai(t—0p,x —0(z —y))do
0
! 0A
o) [ (1057 (¢~ Op.n — 0a )it
0 O
1
o [ 05t~ 8. — 0~ y))as
0 O;
and so

J

1
0y, S(t, 533, &,y) — Aj(t, ) =§j+/0 {A;(t—0p,x—0(x —y))
0A

J

—Aj(t,m)}dﬁ—f—(x—y)-/o (1—0)87(t—9p,x—0(x—y))d9

—,0/0 A=t —0p. 2 — 0z — ). (4.6)

Ox;
We also note

_ 08 ieis(t,s;m,ﬁyy)a_s, (47)

ieiS(t,s;x,g,y) . ) eis(tﬁ;zf,y)
8xj axj axj
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From (4.4)-(4.7) we have
D ] esteamen _ 2 fomqm (12 _
[Zf)t H(t)] e = |5 {cZa i o, A;(t, x)

+Bch+V(t,x)} e = —{——l—c av(8,,5 — A;) + fme?

d 1
+V(t,x)}ei5: —| = +c Q(j){£j+/ (A;(t —0p,z — O(z — y))
=1 0

— Aj(t,2))do + (v — y) - /O (1— 9)2—2@ —Op,x — 0(x —y))do

1 oV ~ .
—p/ (1—9)—(t—9p,x—9(x—y))d9} + Bmc + V(t,z)| e
0 du;

_ [(x _y)- /0 (1—0)E(t —0p,x — O(x — y))dl

—cZa@{/o (A;(t — 0p,x — O(z — y)) — A;(t, z))do
+<x—y>-/o <1—6>§—2<t—9p,x—e<x—y>>de
— / (=021~ 0p.2— 0z — )b }]

which shows (4.2).

THEOREM 4.2. Let R.(t,s) be the operator defined by (4.1). Then under

the assumptions of Theorem 2.2 there exists an operator R(t,s) independent

of the choice of x on S such that

15% Re(t’ S)f = R(t’ S)f (48)

in S forall f € S. We also have

IRt s)fl <Clt=sll <->Y fl, 0<s,t<T (4.9)

for f € S with a constant C' > 0.
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Proof. Since we assume (2.1), (2.6) and (2.7), we can prove (4.8)inSfor f € S
from (4.1) and (4.2) as in the proof of Proposition 3.2.

We note that r(t, s;z,y) defined by (4.2) is a Hermitian matrix. So as in
the proof of (3.7) we have

<&@£Vﬁ@%=[/fww““Ww&%wV@MQOWE- (4.10)

Hence we can prove
(Ru(ts) Rlt)f) ) = [ [ S0t s )x(e€) e
// r(t, 53y, 2)e SS9 £(2)y (en dzd‘n—// W@=2)€ gl
//e inw gi(t—s)(c@-E+ca-+Bme?) r(t,s;w+ z,2)r(t, s;w + 2, 2)

% efi(tfs)(c&-£+c&-\ll+gm027ca-n)X(€<§ +U))x(e(€ +¥ —n))f(2)dudn  (4.11)

with W = U(¢, s; 2, w + z, z) as in the proof of (3.6).
We can write (4.2) as

rit.siz) = =) [ (1=0)B(=0p.2 =0z —y)as

+c J>{t—s / ede/ Lt —00p,x—0(x—y))do'

+(J:—y)~/0 ede/ %@,x—e/e(x—y))de/

=9 [ =05 (= b a )i

+(t—s)/0 (1—9)2;/]( 0p, e(as—y))de}. (4.12)

Let us apply (4.12) to r(t,s;w + z,2) and r(t,s;w + z,2) in (4.11). Noting

wHz—zr=w—(z—2),w+z—2z=w, iwe " = =0, e and i(z; —
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Z’j)e*i(:’:*z)'5 = 8@.64(“%)'5, we integrate by parts with respect to € and 7 in

(4.11). Then from the assumptions of Theorem 4.2 we can prove
lir% Rc(t,s)*R(t,s)f = (t — 5)?Q(t,s) f (4.13)
e—

as in the proof of (3.12), where Q(¢, s) is a pseudo-differential operator with
symbol ¢;;(t,s;x,&, 2) (1,7 =1,2,..., N) satisfying

|8§‘6§8§q,~j(t, $;7,6,2)] < Capr(<a>M 4 <25M) 0<s,t<T (4.14)
in B3 for all a, 8 and 7. Set
Gij(t,s;2,8) =< a2 >"M Os—// e VMgt 8w, E4n, a+y) < oty >M dyln.
Then from (4.14) we have
10805Gi;(t,5;2,8)] < Cap, 0<5,t<T
in R?*? for all a and B as in the proof of Proposition 3.2, which shows
1Quj(t, 5 X. DI < ClIfIl, 0< 5,6 <T

for f € L? with a constant C' > 0 from the Calderén-Vaillancourt theorem.

We also have
Qt,s)f =< ->" Q(t,5)(< - >M f)

from Theorem 2.5, p.73 of [23]. Hence from (4.8) and (4.13) we get

IR(t,s)fII* = (t — $)2(Q(t, s)f, f)
= (t—s)*(<->MQ(t,s)(< - >M f), f) Ot —s)?| < >M fI?

with another constant C' > 0. Thus we could complete the proof. [
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THEOREM 4.3. Under the assumptions of Theorem 2.2 we have
I1R(E,5) fllsg, < Calt = s[l[fllperrs 0< st <T (4.15)
fora=0,1,2,... with constants C, > 0.

Proof. For a = 0 we proved (4.15) in Theorem 4.2. Let a = 1,2,.... We can

easily have
<> R = [[ <0 s ) fg)n it
from (4.1). So as in the proof of (4.9) we get
| <->MR(t,s)f|]| < Cult —s||| <->@DM f|, 0<s,t<T.  (4.16)
Let w € R? and set
1
o(t, sz, &, w) = —w-£—w ‘/0 A(t —0p,x + 6w)db
— p/ol V(t —0p,z+ 0w)do — p(ca - &+ gmc2). (4.17)
Then from (4.1) and (4.3) we can write

(Re(t,s)f)(x) = // r(t, 530, 0 4 w)e BTG f (g 4wy (ef)dudE.  (4.18)

Let v be a multi-index such that |y| = a. Then it follows from (4.12), (4.17)
and (4.18) that

07 (Re(t,8)f) = Ruelt, s)05 . (4.19)

K<y
re(t, siz,y) =w -t siz,y) + (E— s)rP(t, siz,y), w=y—z, (4.20)

K

where 7",({1) € R? and we have

|8§‘857’,(j)(t, s;7,Y)| < Cop(<z>M + <y SMyh=rl+l 0 <5t <T
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for all o, 5 and j = 1,2 from (2.1) and (2.6)-(2.8). Hence as in the proof of

(4.9) we can see

107 (R(t, ) )| < Calt = s] Y || < - MO0 grpy 0 (4.21)
K<y
Because of
1 1 1 1
8182§—S§;+—Sg, —+—:1
b q

for s1,s9 > 0 and 1 < p it holds
M(k+1—k') w1 M(k+1) 1 k1
<z> <E>ST< —<ax> +-<E> (4.22)
p q

for integers 0 < k' < k with some constants p > 1 and ¢ = p/(1 — p)(> 1).
It follows from Lemma 2.3 in [15] that there exist a constant p, > 0 and a

function p, (2, €) satistying
|8§8§pa,M(x,§)| <Cop(l+ <z >AM 4 g5t (4.23)
in R?? for all a and 3, and
Pori(z, D) f = N5 f o= (ot < X >M 4+ <D, > f (4.24)

for f € §. Consequently we can easily see from (4.22) as in the proof of (4.9)
that < - >M=~l+D g~ . p ., (X, D,) is a bounded operator on L?. Hence

from (4.21) and (4.24) we have

102 (R(t,5)£) | < Calt = sl Aasrar £,

which shows

102 (R(t, $) )1l < Calt = 5|1 fl| gz (4.25)

for |y| = a with another constant C, > 0 from Lemma 2.4 in [15]. Thus we

can complete the proof together with (4.16). O
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Corollary 4.4. Let G(t,s) be the operator defined in Proposition 3.2. We
assume (2.1), (2.2), (2.6) and (2.7). Then we have

G, s) fllsg, < CallfllBg,, 0<s,t<T (4.26)
fora=0,1,2,... with constants Cy > 0.

Proof. We proved (4.26) in Theorem 3.3 for a = 0. Let a > 1. We can easily
see

I <->"" Gt s)fll < Call <> f]

as in the proof of (4.16). We can also prove
107Gt 5) [ < Call £l 5,

for |y| = a as in the proof of (4.25). Hence we can complete the proof. O

5 Proof of the main results

THEOREM 5.1. Let G(t, s) be the operator defined in Proposition 3.2. We
assume (2.1), (2.2), (2.6) and (2.7). Then, there exist constants K, > 0 (a =
1,2,...) such that

Gt ) fllsg, < e = fllpg,, 0<st<T (5.1)
for fes.

Proof. Letting ¢(t, s; x,&, w) be the function defined by (4.17), we can write

(Gu(t, 5))(x) = / / EHTED) £ (o 1 )y (e )dute (5.2)
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from (1.11) and (4.3) as in the way of (4.18). Let v be a multi-index such that
|v| = aM. Then it holds

G (t,s)f — Ge(t,s)(a7f) = // wtsrtw) (x4 w) — 27}
< fla - w(e)duts = [ [ 205 g, w) (o + w)le)dus
= / / SN (y — ) - q(x,y — ) f (y) x () dyt, (5.3)
where we have
10208 (7, w)] < Cpp(< v >M71 4 < >2M71) (5.4)

for all @ and § and j = 1,2,...,d as in the proof of (4.22). Consequently as

in the proof of Theorem 4.2 we can prove
l27G(t,s)f = G(t,s) (@7 )| < Clt = s[[| <- > f]], (5.5)
which shows

127G (¢, s) Il < |G(t ) (@7 f) ]| + Clt = s} < - > f]]

< KT f + Ol — sl < - > g (5.6)

for |v| = aM from (1.14).
Let v be a multi-index such that |y| = a. From (4.17) and (5.2) we write

R (Gelt.5)f) = Gelt, ) (02f) + ) Pult, )05 f, (5.7)

K<y

where we have
pe(t,s;z,y) =w-pWO (L, s;2y) + (t — s)pP(t, s;2,9), w=y —x (5.8)
and
laﬁayﬁpg)(t, 5:2,Y)| < Cop(< x> 4 <y>Mef g<st<T  (5.9)
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for all & and § and j = 1,2 as in the proof of (4.19) and (4.20). Consequently

as in the proof of Theorem 4.2 or (4.21) we get
1P:(t, )05 fIl < CJt = sf|| < - >MetD g5
and so as in the proof of (4.25)
|1P(t, )05 fIl < C'[t = sll| fll s,
which shows

102 (G (t, ) ) < 1G(E, ) (L) T+ C"[t = sl f |,
< ML f )+ CE = s £, (5.10)

from (1.14) and (5.7). Hence we obtain

—s)2 alt—s
Gt ) fllsg, < e N fllng, + Calt — sl fllg, < e fllng,

M —
together with (5.6), which completes the proof. O
The theorem below has been proved in Example 1.1, p.329 of [15].

THEOREM 5.2. We assume (2.6) and (2.7). Let 0 < s < T and consider
the Dirac equation (1.2) with u(s) = f € By;,, (a = 0,1,2,...). Then there
exists a unique solution U(t,s)f € ([0, T]; B4ry1) NEN[0,T); Byrly), which

satisfies

1Ot s)fI =[£I, MU 9) fllgg,,, < CaDflsg,,,
(a=1,2,...), 0<s,t<T. (5.11)

Proposition 5.3. Under the assumptions of Theorem 2.2 we have
IG(t.8)f = U, 5)flly,,, < Calt =) fllpsrz, 0<s,t<T  (5.12)
fora=0,1,2,... and f € S.
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Proof. Let us write p =t — s as in §4. From (4.1) we have

Gels+ps)f —f

' G,
:/0 Zw(s—i-@p,s)fde

P
—/ {H(s+6p)Gc(s+0p,s)f + Re(s+0p,s)f}db (5.13)
0
and so
Glstp ) o [ L
e 1) = [ Bls+0p.5) a0+ [ 1 Gs+0p)
G5+ 6p.5)f - ﬁM+/{H&Wp (s))1do.

In the same way we have

Uls+ps)f—[f
p

/{Hs—|—0p (s)}fdf.

Consequently we get

Ge(s+p,8)f ~U(s +p,5)
p

-{Ge(s—l—ep,s)f—f}dé—/o H(s+0p){U(s+0p,s)f — f}db,

s)f:/O H(s+0p){U(s+0p,s)f— f}db

[ 1
_/O RE(3+9p,s)fd9+/O H(s+ 0p)

which shows

G(s+ps)f —U(s+ps)f [ '
i ; —/0 R(s+0p,s)fd9+/0 H(s+0p)

'{G(s—l—ﬁp,s)f—f}dQ—/o H(s+0p){U(s+0p,s)f — f}dd  (5.14)

for f € S from Proposition 3.2 and Theorem 4.2 as ¢ — 0. Applying Theorem
4.3 to (5.14) we get
1
TG ) = Ut 5) s, < oIl gz, + | 16+ 0p.5)1

~ Fllgan o+ / U5+ 8p,5)f = gz, 49). (5.15)
0
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Now we go back to (5.13). Then it follows from (4.15) and (4.26) that

1 1

— — a+1 < a+2
G+ .90 = s, < Co [ (16 + 009 g

+ 1R(s + 0p,9) g2, )0 < Coll gz, (5.16)

In the same way it follows from (5.11) that

1 /
U (s +p.8)f = Fllpgr, < Callfllpez, -

|p| M+1 M+1

Hence together with (5.15) we obtain

IG(t,s)f = Ut s)fllsg,,, < Cap®[|fl pare

M+1

with another constant C,, which shows (5.12). O

Let us prove Theorem 2.1. We first state the lemma below, which has been

proved in Lemma 6.1 of [17].

Lemma 5.4. Under the assumptions of Theorem 2.1 there exists an elec-

tromagnetic potential (V, A) such that V =0 and
024,(t, )| + 1802 As(1,2)| < Cay o] 21 (5.17)
in [0,T] x R for j =1,2,...,d.

For a while we fix the electromagnetic potential (V, A) found in Lemma 5.4.
We note that this (V, A) satisfies (2.6), (2.7) and (2.8) for all o with M = 1.
Applying Proposition 3.2 to (1.12), we have (1.16) for f € S. So we can see
from Theorem 3.3 that Kpa(t,0) can be extended to a bounded operator on
L2
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Let |A| < 1 and f € B2 From (1.16) we have
Kpa(t,0)f — U(t,0)f = G(t, 1) -G, 0)f — Uty 1) -l 0)f
_ Z Glt, 1)+ Glry0, G 751) — Ul 73 1)U (3 1,0) 1. (5.19)
Applying (1.7), (1.14), (5.11) and (5.12) to (5.18), we get

1Kpa(t,0)f = U0)f[| < C Y e (r; = 75-0)|U (751, 0) fl| 53

j=1

< C'|A[Loe" ™| 1|5 (5.19)

with constants C' and C".
Let f € L?. For any € > 0 we take a g € B3 such that ||g — f|| < e. Then
from (1.14), (5.11) and (5.19) we have

[ Kpa(t,0)f =U(t,0)f|| < [|Kpa(t,0)g = U(t,0)gll + [[Kpa(t, 0)(f — gl
+HUE,0)(f = g)ll < C'|AILoe™ (gl sz + e [lf = gll +1|f — gl

< C/|A|L0€KLO||9||B§ + (1 + SKLO)E.

Hence we can prove that as |[A| — 0 under the assumption (1.7), Kpa(t,0)f
converges to the solution U(t,0)f to (1.2) with u(0) = f in L? uniformly in
t € 10,77

Let 0 < t; < t. We take arbitrary subdivisions A; and A, of [0,#;] and
[t1,t] respectively. Let us consider the subdivision A = Ay U Ay of [0,¢]. The

point ¢; is included in A as a subdividing point. Then from (1.16) we have

Kpa(t,0)f = Kpa,(t,t1)Kpa, (t1,0) f

for f € S and so f € L?. So, letting |A| — 0, we can prove the first equation
of the rule of two events (2.3) from the convergence of Kpa(t,0)f to Kp(t,0)f
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proved above and the stability (1.14). In the same way we can also prove the
second equation of (2.3).
Let us consider the gauge transformation (2.4). Let us write S(t, s;x, &, y)

defined by (1.10) for (V', A") as S'(t,s;x,&,y). Then we have

S'(t,s;x,6,y) = S(t, s 2,6, y) + (L ) —P(s,y). (5.20)

Since (G'(t, s)f)(z) = VG (t, ) (e~ £) () holds from (1.11), K}y, (¢,0)f =
V) Kpa(t, 0)(e= ) f) follows from (1.16). Hence we have (2.5) for f € L.
Thus we could complete the proof of Theorem 2.1 for (V, A) found in Lemma
5.4.

Let (V', A") be a general electromagnetic potential for £ and (B)i<j<k<d
in Theorem 2.1 such that V’,0,,V’,0, A} and 0., A; (j,k = 1,2,...,d) are
continuous in [0,7] x R?. Let (V, A) be the potential found in Lemma 5.4.
Then, as was proved in p. 1024 of [17], there exists a real-valued function
¥(t, x) such that 8,,0,,¢ and 9,0,,¢ are continuous in [0,7] x R? and (2.4)
holds. We know in the above that (2.5) holds. We proved the results (1)-(5)
of Theorem 2.1 for (V, A). Thus we can easily complete the proof of Theorem
2.1 for (V' A’) from (2.5).

As in the proof of Theorem 2.1 we can prove Theorem 2.2 from Theorems

5.1, 5.2 and Proposition 5.3.

Remark 5.1. In the present paper, to prove Theorems 2.1 and 2.2 we used
the existence theorem of the solutions to the Dirac equation (1.2) stated in
Theorem 5.2. This idea is originated in [24]. Here we note that following the
proof of Theorem 1 in [19], we can prove directly Theorems 2.1 and 2.2 in the
present paper from Theorems 3.3, 4.3 and 5.1 without the existence theorem,

i.e. Theorem 5.2 to (1.2), though the proof is more complicated than ours.
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