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Abstract

We analyze residual spectra of 3 K blackbody radiation (CMB) using non-extensive thermostatistics with a parameter
g - 1. The limits of|q — 1| < 1.2 x 107° and the temperature fluctuatiaiT| < (1.6 ~ 4.3) x 107> are smaller than

those by Tsallis et al. Moreover, analyzing the monopole spectrum by a formula including the chemical patential
we obtain the limit3g — 1| < 2.3x 10°° and|u| < 1.6 x 107*. |q— 1| is comparable with the Sunyaev-Zeldovidfeet

y.
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1. Int ti (@-1)<1 8rhv® g-1
ntroduction UpiancT, v) + i ;IX_ -
Very recently, it was reported [1] that there is a . 1+eX 2 1+3eX
similarity between the blackbody radiation law (i.e., x|In(1-e7) - Hoex t s (3)

the Planck distribution) and X-ray spectrum. An in-
teresting experimental investigation for this was car- Where ¢ — 1) is named the non-extensive or Tsallis pa-
ried out in [2].The authors cited several papers related fameter.
to the non-extensive formulas for the Planck distribu- ~ The authors of Ref. [3] analyzed the residual spec-
tion [3, 4, 5]. More useful information on non-extensive trum of the 3 K blackbody radiation (CMB) reported by
thermostatistics is found in Ref. [6]. The present study the NASA COBE Collaboration in 1994 [7], which can
is relating to the non-extensive formulas used in the de- Pe called the first residual spectrum. The residual spec-
scription of the 3 K blackbody radiation (cosmic mi- trumis computed as follows:
crowave background (CMB)) [3].

The essence of Ref. [3] is given as follows: The
Planck distribution is expressed as

srhy® 1 In their analyses, they utilized Eq. (3) with Eqg. (1), and
@ o 1 1) the following formula for the temperature fluctuation in

Eq. (2),
wherex = hv/KT; h, kandT are the Planck’s constant, oU e 5T
the Boltzmann’s constant and the temperature, respec- Plancks T = (4)
tively. c is the speed of the light. The non-extensive

[residual spectrum]
= [COBE data}- [Eq. (1) with T = Tcus K]

UplancdT, v) =

aT T (E-12 T
formula for the Planck distribution is computed as where 6T is the temperature fluctuation (a constant

number) and™ = T¢pmg. Our confirmation of their anal-

UMETPN(T, v, 0) = UptancdT, v)[1 - e7X] Y ysis and our analysis are shown in Fig. 1.

w11+ (- qx 1+e* x1+3e* @ Plastino et al. [4], also used Eq. (3) to estimate the
l-e* 2(1-e%?2|)’ parameterd — 1) in the analysis of 3 K blackbody radi-
ation.
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(Minoru Biyajima),mizoguti@toba-cmt.ac. jp (Takuya mula in the dilute gas approximation [5] The Bose-
Mizoguchi) Einstein distributions in that approximation is computed
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Figure 1: Analysis of the first residual spectrum (1994). Our confir-
mation of the analysis by Tsallis et al. [3] (1995). Dashed line: Eq. (3)
without UpjanckUsing ¢ — 1) = 3.6 x 107°. Dotted line: Eq. (4) with

6T = —0.1 mK. Solid line: Sum of themy€/NDF = 39/32). Dashed-
dotted line: Ours by using the method of minimw#i- (q — 1) =
3.2x10°%andsT = -9.4x 103 mK (y2/NDF = 32/32).
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Moreover, on the basis of the assumption of a g-on

gas, Ertik et al [8] obtained the following expression
with the Mittag-Lefler (ML) function. (See also [9].)

8rhy® 1
(NETD Ill) —
U 0= e e -
(@-1)<1 8rhv3 | 1 uer f(x)
3 [ex-l oo T Ve
(6)
where
(X+)"
Ea(x+4) = Z i T(na + 1)’
KXy (1 + k)
Z r1+k °

¥(2) = d(InT'(2))/dzis the digamma function, and £ 1)
is named the fractional parameter.

Several estimated values by means of non-extensive
thermostatistics are summarized in Table 1.

On the other hand, the NASA COBE Collaboration
published the residual spectrum computed from the full
COBE data in 1996 [10]. Hereafter we call it the sec-
ond residual spectrum. Of course, the second one is
different from that in 1994 [7]. Moreover, the Collab-
oration released their data on monopole spectrum of
CMB on their web site in 2005. We summarize the
various sources of the spectra reported by the NASA
COBE Collaboration [7, 10, 11, 12] in Table 2. (See
also Refs. [13, 14, 15, 16].)

Thus, our purpose of this paper is to analyze the
second residual spectrum reported in 1996 and the
monopole spectrum released in 2005, by means of
Egs. (1), (3), (4), (5) and (6).

This paper is divided in to following paragraphs. In
the second paragraph, we summarize data sources by
the NASA COBE Collaboration with an explanation on
the chemical potential and the Sunyaev-Zeldovich (S-
Z) effecty [14, 15, 16]. In the third paragraph, we an-
alyze the monopole spectrum [12] as well as residual
spectrum by means of non-extensive thermostatistics.

2. Data sources by NASA COBE Coll. — Including
chemical potential u and Sunyaev-Zeldovich ef-
fecty—

We should mention the roles of the dimensionless
chemical potentiali and of the Sunyaev-Zeldovich ef-
fecty [14, 15, 16, 17, 18] introduced in Table 2. The
former describes the distortion of the Planck distribu-
tion for the cosmic microwave background. The latter
is reflecting the influence due to scattering of hot elec-
trons with the CMB photons.

The dimensionless chemical potengiahtroduced in
the Planck distribution Eq. (1) is necessary in describing
the Compton scattering + € = y + € in an early
Universe, because the number of photons is conserved
in that scattering.

srhv® 1
cd ewu—1
8rhy® 1 e*
T e [ex—l_'u(ex—l)z]’ %
where BE stands for the Bose-Einstein distribution.
This calculation is also performed in Egs. (5) and (6).
The Sunyaev-Zeldovich (S-Z)fect is given as
Cevlyxel 4)
(ex -1y ’

Uge(T, v, p)

S-Z effect =

X
(x coth 5" (8)



Table 1: Values and limits estimated by using non-extensive thermostatistics.

Authors Formula data Estimated limitsy?/NDF
Tsallisetal [3] | UNETPD _ Uppanek | residual (9-1) = 3.6 x 107 (fixed),
+(0Upianc/dT)ST | spectrum | 6T = —1.0x 1074, 39.332
Our analysis (minimum+?) | (RS) (1994) | (9-1) = (0.3+1.4)x 107,
6T = (-0.9+5.1) x 10°5, 32.232
Plastino et al [4] | UNETPD _ Uppanek | RS (1994) | |g-1/ <5.3x 10
Tirnakli et al [5] UNETD 1) RS (1994) | -1 <41x10°
Ertik et al [8] U NETD 1D monopole | Tewe = 2.72842 K,
a: fractional para. spec. (1996) o —-1=-198x10"°

Table 2: Various data sources reported by the NASA COBE Collaboration. Cosmic microwave background tempgyatuneits of chemical
potentiallu| and the S-Z ffect|y| are presented by the NASA COBE Collaboration. Notice that the dipole spectrum is an observed quantity, which
is described by an expression Willmp, (Tamp/T)(x€*/(€* - 1)?) [13].

Year

Data

Refs. Estimated values

1994

Partial COBE data
Residual spectrum (numerical values)

[7] ApJ. 420, 439-444 (1994)
Toms = 2.726+ 0.010 K (95% CL)

1996

Full COBE data

- Dipole spectrum (numerical values)

- Monopole spectrum (Fig. only)

- Residual spectrum (numerical values)

[10] ApJ. 476, 576-587 (1996)

Tamp = 3.372 MK, andTgipoe = 2.717 K
Toms = 2.728+ 0.004 K

Il < 9% 1075, |yl < 1.5x 1075 (95% CL)

2002

Summary of estimated values
(lul <9x 107, |yl < L5x 107° (95% CL))

[11] ApJ. 581, 817-822 (2002)
Tems = 2.725+ 0.001 K

2005

Monopole spectrum (numerical values)
(Tems = 2.725+ 0.001 K)

[12] NASA COBE Web site
httpy/lambda.gsfc.nasa.ggproduct
/cobegfiras. monopoleget.cfm

cf.

Our analysis of monopole spectrum [12]
by Eqg. (10).

Tows = 2725+ 4x 10°° K,
lul < 1.4x 1074 |yl < 1.1x 1075




whereCg = 87h/c3. Moreover,y is the parameter for
the inverse Compton scattering,

KT, COBE (1996)
y:fdlneaTF;’ 9 100 T T T T T T

80

where |, ne, or and T, are the size of the high-
temperature region in the Universe, the number den- 60
sity of electrons, the cross section of Thomson scatter-

AR

ing and temperature of electron, respectively. See foot- 40
note?. 20
Their limits (u| and|y|) presented in Table 2 are esti- ke
mated in terms of the following formula for the descrip- § 0
tion of the monopole spectrum: 20 .
3

UNASA COBE) e + % (xcothg - 4). (10) -40 y
-60 -

From the analysis of the monopole spectrum with r 1

Eqg. (10), we obtain the following values: = 2.7250+ -80 0 ]

4x10°K, u = (-2.6+5.6)x 10°° andy = (1.6 +4.8)x qoo Ll bt bbbl

10°® (y?/NDF = 44.9/41), i.e.,|ul < 1.4 x 10 and 0 2 4 6 8 1012141618 20 22

Iyl < 1.1x 1075 (95% CL). v(cm™)

The second residual spectrum on the 3 K blackbody Figure 2: Confirmation of NASA CMB parameters: (8§ —-9x 10>

radiation (CMB) is shown in Fig. 2. The utilized values (le/NIDI': = 58/22)- (1bc))y :_1-5f10256¢¥2£’(\‘y2': :d12(1/412)é (C)lgtéf
are taken from those in Table 2. Zﬁ‘z‘fﬁ??i 5{7/1'15. ) with = ~26x 107 andy = 1.6

3. Analyses of monopole and residual COBE spectra
by means of non-extensive thermostatistics

Since the monopole spectrum of CMB is presented
in [12], we are able to analyze it by means of Egs. (1)—

(3). In the present analysis, the temperature can be de- 480 T Ié()IBiE '2665' |
termined with the CERN MINUIT program. Our results 400 |- (2005) ]
are shown in Figs. 3 and 4 and Table 3. 350 | i
300 | .
1 Notice that the S-Zféect is related to the temperature fluctuation g 250 .
AT (X) (a function ofx) through the Kompaneets equation [14, 18]: E\
200 —
su=yx2 2 (M =
=YX o\ X ax 150 -

whereUpianci/(87hv3/c3) = u.

AT(X) _udu(du ‘1_e>‘—16u_ 4 thx /. | | | | | | |
T _?U(d_T) _FU__y[ —xee 5]' 0

0O 2 4 6 8 10 12 14 16 18 20 22

As we useU NETD ) /(grh,3/c3) (Eq. (5)), we obtain a more compli- v (cm)

cated expression as follows:

AT(X)
= =

—=—1 Eq. (3):T = 2725 K, (- 1) = 1.2 x 107 andy?/NDF = 48.9/41.

1+3coth§] Figure 3: Analysis of monopole spectrum of CMB by means of
Error bars are 400.

X X
—y[4— xcothi] —yu [(4— X) cothi - X
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5 yx{B (5x° + 8x 2)c0th2+ <1 +6 =1 |



Table 3: Analysis of monopole spectrum (2005) and residual spectrum (1996) by me#i§ 81" [3]. Notice that the same errors appear in the
second column, because of a sign of “failure” in the CERN MINUIT program.

Formulas T (K) (g-1) 0T (K) Y*/NDF
UNETDD 27250 2% 10°% (-0.5+59)x 10 — 45.741
<1.23x10° (95 % CL)
Uplanck + @fxfi)zg 2.7250+ 6.8 x 1074 — 81x10°%+68x10% (failure)
UNETDD _ Upjanck+ (efi—ﬁ)z% 2.7250 (fixed) £0.2+5.9)x 10 (01+21)x10° 45.041
<12x10° <43x10° (95 % CL)
UNETDD _ Upjanck 2.7250 (fixed) (06+209)x 107 — 45.042
<42x10° (95 % CL)
(eff—’i)z % 2.7250 (fixed) — (B+76)x10° 45.042
<16x10° (95 % CL)
It is found that in the analysis of the monopole spec-
trum of CMB by Egs. (1)—(4) that the temperatdrand
6T in Eqg. (4) cannot be determined at the same time.
(See the second column in Table 3.) On the other hand,
the non-extensive parameter{ 1) and temperaturé
COBE (1996 are determined simultaneously.
100 —r—TTTTTT1— (I ; |)- The shape of the solid line (the sum of two magni-
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Figure 4: Analysis of the 2nd residual spectrum (1996) [10]. Dashed
line: Eq. (3) with g — 1) = 1.2 x 10°°. Dotted line: Eq. (4) with

6T = -43x 10°° K. Solid line: Sum of themy?/NDF = 49.6/41.
Dashed-dotted-dashed line: From limits by Eq. (b 0.4 x 1074

and - 1) = 0.58x 107% in Table 4 are chosew?/NDF = 51.6/41.

tudes attributed tog(— 1) andsT) in Fig. 4 can be com-
pared with that of the S-Zffect in Fig. 2.

Moreover, we analyze the monopole spectrum by
means of Egs. (5) and (6). In those cases, the CMB
temperatureTcmg, the chemical potentigl, the non-
extensive parameteq+{ 1) andor the fractional parame-
ter (@—1) are all determined simultaneously. Our results
are summarized in Table 4.

Finally, it should be stressed that, when an additional
factor, i.e., the temperature fluctuation Eq. (4) is in-
cluded in Eqg. (5), the four parameters cannot be deter-
mined as far as the CERN MINUIT program is utilized.

4. Concluding remarks and discussions

From the above mentioned studies, we summarize
several remarks (R1-R3) and, moreover add to the dis-
cussions (D1-D4).

R1) First of all, we analyze the second residual spec-
trum of 3 K blackbody radiation (CMB) [10] by means
of Eq. (3) UMNETPY) [3]. For the non-extensive pa-
rameter ¢ — 1), we obtainj]qg — 1] < 1.2 x 10°° ~
4.2 x 1078, which is somewhat smaller than that in Ta-
ble 1 (Ref. [3]).

Concerning the temperature fluctuati@T| in Ta-
ble 3, we obtain the limit 8x10°° ~ 1.6x10° which is



Table 4: Analysis of the monopole spectrumB{ETCM (Eq. (5)) andUNETD I (Eq. (6)).

T (K) H (g-1)or@-1) X*/NDF

ooy | 272502+3x 107 — (C053+498)x 10° 45741
<1.0x10° (95 % CL)

@-1) 57250: Tx10% (30:63)x10° (34:97)x10°  44.940
<16x10° <23x10° (95 % CL)

Joerom | 272505 1x 107 — (C022+ 14)x 10°  45.741
<3.0x10° (95 % CL)

(@-1) 57749: 7107 (<44:85)x10° (L5:36)x10°  44.840
<21x10° <87x10° (95 % CL)

approximately 50% smaller tha#T| = 0.1 mK (fixed)
in the analysis of the first residual spectrum (1994) in
Table 1 (Ref. [3]).

The non-extensive parametgr1/<1.2x107° and the
temperature fluctuatioldT/T| ~ 2.0 x 10°° are almost
of the same order.

Moreover, it can be said that a role of the sum of
the non-extensive parametar € 1) and the tempera-
ture fluctuationsT seems to be anfiective S-Z &ect,
becauséq — 1| ~ |y|. (Compare Fig. 4 with Figs. 2 and
1.¥

R2) When we simultaneously take into account of
the dimensionless chemical potentia[7, 10, 16, 17,
18] and the non-extensive paramdter 1 [3, 4, 5] in
Eq. (5) UNETP D), we obtain the following inequality,

lul > 19— 1I.

The limit |u| < 1.6 x 107* is almost of the same order as
that of Refs. [10, 11].

R3) The role and magnitude of the fractional param-
eter @ — 1) in Eq. (6) UNETP) are similar to those
of the non-extensive parameter< 1) in Eq. (5). This
is seen in Table 4. However, the magnitudeof-(1) is
three times larger than that af € 1).

D1) Itis worthwhile examining the normalization of
the Planck distribution in Eq. (1) [3]: Provided that the
magnitude of the distortion in the space-time is finite,

2 The following analytic calculation with Egs. (4) and (5) (instead
of Eq. (3)) may be possible:

_ex oT g-1 &% _g-1 e X%;LFI
(e-12 T 2 (e-12 2 (ex-1) q-1 T |
~ [an dfective (S- Z) effect]

asoT is assigned to be negative.

we can examine it in the monopole spectrum according
to Ref. [3]

792(d — 1)dh®
I(d/2 + 1)cd(ex - 1)°
whered = 3 + &. Our estimated limits areT =
2.7250£5.0x107° ands = (0.3+2.4)x107° (y?/NDF =
451/41), i.e.,|g] < 5.1 x 107° (95 % CL). The limit of

le] < 5.1 x 107° is almost the same as that 6| <
4.3x 107 in Table 3.

D2) In the future, we will elucidate whether or
not the non-extensive thermostatistics can describe the
CMB spectrum through the quantitT(x)/T [18].
(See footnote 1.)

U, v, e = (12)

D3) Third we would like to mention the study by
Zeng et al. [19], in which they calculated the following
formula on the basis of the assumption of a Kerr Non-
linear Blackbody (KNB),

(9-1)<1 8 hVSV(T)
ct
Xc€%(2 — 2€% + 3X; + XE€*)
(e=-1) ’
(12)
wherex. is a function ofx’ = x/(1+6T/T), (g— 1) and
v = V(T)/c, An explicit expression is given by Eq. (36)
in Ref. [19]. See our preliminary analysis

UEN(T, v, )

X

+(q-1)

e -1

D4) The present study is expected to be applicable
to other fields, for example, in analyses of the trans-
verse distributions in heavy-ion collisions [20, 21]. In-
deed, the determination of the temperatures and the non-
extensive parameteq & 1) is also important in describ-
ing Pb—Pb collisions at LHC energies [22], because the

3 A preliminary analysis of the monopole spectrum by Eq. (12) is
made by the present authofg- 1] < 1x107°, T = 2.7250+3x10™*
K and|sT| < 6 x 107* K, provided thaty = 1.0000+ 0.0001. The
CERN MINUIT program cannot precisely determine them, because
the number of parameters is large (4).



events including a little Big Bang in high energy heavy-
ion collisions are expected.
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