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We present the kinetic energy contribution to the exchange-correlation energy functional of the extended
constrained-search 共ECS兲 theory by means of the generalized Bauer’s relation. Due to the nature of the
exchange-correlation energy functional being a function of the Bohr radius and e2, three kinds of expressions
for the kinetic energy contribution are obtained. These can be utilized as constraints in developing and/or
evaluating the approximate form of the exchange-correlation energy functional of the ECS theory. Furthermore, by combining three expressions with the virial relation, we derive other useful relations that include not
the kinetic energy contribution but only the exchange-correlation energy functional.
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I. INTRODUCTION

In the framework of the density-functional theory 共DFT兲
关1,2兴, the constrained-search formulation 关3–5兴 was originally proposed by Levy, and was extended to specific cases
by several workers. For instance, the electron density and
off-diagonal elements of the first-order reduced density matrix were treated as basic variables in Levy’s original paper
关3兴. Also, the extensions of the constrained search formula to
the spin-density-functional theory 共SDFT兲 关6兴, the
current-density-functional theory 共CDFT兲 关7兴, the pair
density-functional theory 共PDFT兲 关8,9兴, and the symmetryadopted version 关10,11兴 have been done so far. Thus, the
constrained-search formulation has been pursued in specific
cases.
We have previously proposed the generalized framework
of the constrained-search formulation, in which arbitrary
physical quantities can be chosen as basic variables in addition to the electron density 关12–14兴. In this framework, the
extended version of the constrained-search formula is utilized in defining the universal functional and the kinetic energy functional. Therefore, we call the framework the extended constrained-search 共ECS兲 theory. The validity of the
ECS theory has been confirmed by revisiting various kinds
of previous theories 关12,13兴 such as the SDFT 关15,16兴,
CDFT 关17–24兴, the Hartree-Fock-Kohn-Sham scheme
关25,26兴, and the LDA+ U method 关27–30兴. The ECS theory
has the possibility to provide a specially made theory for
each individual system, because quantities that characterize
the ground state of the system can be chosen as basic variables. Indeed, various kinds of quantities, for example the
pair density 关31–36兴, the local density of state at the Fermi
level 关13兴, and the spin current density 关37兴 have been chosen as basic variables so far.
In order to perform electronic structure calculations by
means of the ECS theory, we have to develop the approximate form of the exchange-correlation energy functional. For
this aim, the discussion on how to develop the exchangecorrelation energy functional of the conventional DFT is a
1050-2947/2009/79共2兲/022113共8兲

good reference. There are, in general, two strategies for developing the approximate form of the exchange-correlation
energy functional 关14,38兴. One is to utilize the couplingconstant integration expression for the exchange-correlation
energy functional. Various kinds of approximations have
been proposed on the basis of the coupling-constant expression in previous theories 关2,17,18,38–44兴. These include the
local-density approximation 关2,17,18,38兴, the weighteddensity approximation 关38,40–44兴, and the average-density
approximation 关38–44兴. Along this strategy, we have already
derived the coupling-constant integration expression in the
ECS theory 关14兴. This expression is one of the good starting
points toward the development of the approximate form.
Another strategy is to employ as constraints exact relations that are fulfilled by the exchange-correlation energy
functional. In accordance with this strategy, approximate
forms of the exchange and correlation energy functionals
have been developed in the previous theories. For example,
the generalized gradient approximation 共GGA兲 关45–47兴, the
density-moment expansion method 关48–52兴, the local and
variable-separation approximation 关53兴, and the vorticity expansion approximation 共VEA兲 关21–24兴 have been developed
in the DFT, SDFT, and/or CDFT. Concerning the exchangecorrelation energy functional of the ECS theory, some exact
relations have already been obtained 关14,54兴. We have presented the virial relation in the ECS theory 关14兴. Furthermore, by using the coordinate scaling of electrons and adiabatic connection, Nagy has derived exact relations and
equations of hierarchy in the ECS theory 关54兴, similarly to
the case of the DFT 关55,56兴.
Along the latter strategy, exact relations that are associated with the kinetic energy contribution to the exchangecorrelation energy functional have also been derived in the
conventional DFT 关26,57–61兴. Since it is on the same order
of magnitude as the correlation energy for atomic and molecular systems 关26,57兴, the kinetic energy contribution is
one of the important issues in the conventional DFT. Bass
关58兴 has derived its useful formula within the conventional
DFT by using Bauer’s relation 关59兴. Also, Görling, Levy, and
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Perdew have revisited both Bauer’s relation and Bass’s expression within the constrained-search formulation of the
DFT 关61兴. An alternative expression for this kinetic energy
contribution can be obtained from the virial theorem 关60兴.
In this paper, the kinetic energy contribution to the
exchange-correlation energy functional is derived in the
framework of the ECS theory by generalizing Bauer’s relation. Furthermore, we shall derive the set of exact relations
that will be useful in developing and/or evaluating the approximate form of the exchange-correlation energy functional of the ECS theory.
The organization of this paper is as follows. In Sec. II, a
generalized version of Bauer’s relation is derived in the
framework of the ECS theory. In Secs. III and IV, the relation
is utilized to present the kinetic energy contribution to the
exchange-correlation energy functional of the ECS theory.
Three kinds of expressions are presented. Furthermore, some
exact relations that can be used as constraints to the
exchange-correlation energy functional of the ECS theory
are derived in combination with the virial relation. Finally, in
Sec. V, we summarize the results and give some comments
on them.

It is shown that the minimum exists for v-representable
(共r兲 , X共r兲), but it is an open question whether the minimum
exists or not for (共r兲 , X共r兲) that is both non-v-representable
and N-representable. Also, whether the minimum is unique
or not is the remaining issue that should be discussed. Although such problems are pointed out and discussed in specific cases 关4,5,10,11,15,63–72兴, we shall proceed to a discussion under the assumption that the minimum uniquely
exists on the right-hand side of Eq. 共2兲, i.e., (共r兲 , X共r兲) is
supposed to be of that type.
If we assume the differentiability of Eq. 共2兲 and denote
the minimizing wave function in Eq. 共2兲 as ⌿关 , X兴g, then
⌿关 , X兴g obeys the following equation:

再

vext共r兲ˆ 共r兲dr + Ô,

⌿→共,X兲

冕

冓

冏

Eg = ⌿关,X兴g T̂ + gŴ + Ô +

共1兲

+

共2兲

where ⌿ → 共 , X兲 indicates that the minimization is performed among all antisymmetric wave functions which yield
the prescribed 共r兲 and X共r兲. Of course, Eq. 共2兲 becomes the
usual universal functional F关 , X兴 in the case of 共 , g兲
= 共0 , 1兲, i.e., F关 , X兴共0 , 1兲 = F关 , X兴. It should be noted that
since the necessary and sufficient conditions for
N-representability of (共r兲 , X共r兲) are unknown except for in
specific cases, there may not exist some ⌿ that is associated
with (共r兲 , X共r兲) of interest. One possible way to avoid this
difficulty was recently proposed by Levy and Ayers 关62兴.
Here we shall give a comment on the existence and
uniqueness of the minimum on the right-hand side of Eq. 共2兲.

ag共r兲 · X̂共r兲dr

冎

共3兲

冕

冏

冕

vg共r兲ˆ 共r兲dr

冔

ag共r兲 · X̂共r兲dr ⌿关,X兴g .

共4兲

Differentiating both sides of Eq. 共4兲 with respect to  or g,
we get

Eg
= 具⌿关,X兴g兩Ô兩⌿关,X兴g典 +


where T̂, Ŵ, and ˆ 共r兲 are operators of the kinetic energy,
electron-electron interaction, and electron density, respectively, and where g denotes the coupling constant for the
electron-electron interaction. It should be mentioned that if 
and g are equal to 0 and 1, respectively, then Eq. 共1兲 becomes
the actual Hamiltonian of a many-electron system in an external potential vext共r兲.
In the ECS theory 关12–14兴, arbitrary physical quantities
can be chosen as basic variables in addition to the electron
density 共r兲. Here, suppose that the basic variable chosen is
denoted by X共r兲. Using the ECS formula, the universal functional is defined as
F关,X兴共,g兲 = Min 具⌿兩T̂ + gŴ + Ô兩⌿典,

vg共r兲ˆ 共r兲dr +

where Eg, vg共r兲, and ag共r兲 are the Lagrange multipliers
that correspond to constraints on ⌿关 , X兴g, i.e., ⌿关 , X兴g is
normalized to unity, and yields both 共r兲 and X共r兲. From Eq.
共3兲, Eg is given by

With reference to the derivation procedure of Bauer’s relation 关59,61兴, let us start with the Hamiltonian that is augmented by an arbitrary operator Ô via a scalar field ,

冕

冕

⫻兩⌿关,X兴g典 = Eg兩⌿关,X兴g典,

II. GENERALIZATION OF BAUER’S RELATION
TO THE ECS THEORY

Ĥ = T̂ + gŴ +

T̂ + gŴ + Ô +

+

冕

冕

vg共r兲
共r兲dr


ag共r兲
· X共r兲dr,


共5兲

Eg
= 具⌿关,X兴g兩Ŵ兩⌿关,X兴g典 +
g
+

冕
冕

vg共r兲
共r兲dr
g

ag共r兲
· X共r兲dr.
g

共6兲

Here, the Hellmann-Feynman theorem has been used. On the
other hand, using Eq. 共2兲, we can rewrite Eq. 共4兲 as
Eg = F关,X兴共,g兲 +

冕

vg共r兲共r兲dr +

冕

ag共r兲 · X共r兲dr.
共7兲

Differentiating both sides of Eq. 共7兲 with respect to  or g,
we also get

022113-2

Eg F关,X兴共,g兲
=
+


+

冕

冕

vg共r兲
共r兲dr


ag共r兲
· X共r兲dr,


共8兲
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Eg F关,X兴共,g兲
=
+
g
g
+

冕

冕

vg共r兲
共r兲dr
g

ag共r兲
· X共r兲dr.
g

共9兲

Comparison of Eq. 共5兲 with Eq. 共8兲, and that of Eq. 共6兲 with
Eq. 共9兲, leads to

F关,X兴共,g兲
= 具⌿关,X兴g兩Ô兩⌿关,X兴g典,


共10兲

F关,X兴共,g兲
= 具⌿关,X兴g兩Ŵ兩⌿关,X兴g典,
g

共11兲

respectively.
By utilizing Eq. 共10兲, we obtain


兵F关,X兴共,1兲 − F关,X兴共,0兲其=0


Next, we shall associate the right-hand side of Eq. 共15兲
with the exchange-correlation energy functional of the ECS
theory. For this purpose, we define the functional
Exc关 , X兴共兲 by
Exc关,X兴共兲 = F关,X兴共,1兲 − F关,X兴共,0兲 − U关兴,
共16兲
with
U关兴 =


兵F关,X兴共,1兲 − F关,X兴共,0兲其=0

= 具⌿关,X兴兩Ô兩⌿关,X兴典 − 具⌽关,X兴兩Ô兩⌽关,X兴典, 共13兲
where we have used the fact that ⌿关 , X兴01 is identical with
the minimizing wave function ⌿关 , X兴 in the definition of
F关 , X兴 共=Min⌿→共,X兲具⌿兩T̂ + Ŵ兩⌿典兲. The left-hand side of
Eq. 共13兲 can also be obtained by integrating the left-hand
side of Eq. 共11兲 with respect to g from 0 to 1 and by differentiating the result with respect to . We have

再冕

1

具⌿关,X兴g兩Ŵ兩⌿关,X兴g典dg

0

冎

.

共14兲

=0

Substitution of Eq. 共14兲 into Eq. 共13兲 leads to

Exc关,X兴共兲 =

再冕

1

0

具⌿关,X兴g兩Ŵ兩⌿关,X兴g典dg

冎

共18兲

1

=

dF关,X兴共,g兲
dg − U关兴
dg

1

具⌿关,X兴g兩Ŵ兩⌿关,X兴g典dg − U关兴.

0

共19兲
Since U关兴 is independent of , substitution of Eq. 共19兲 into
Eq. 共15兲 leads to
具⌿关,X兴兩Ô兩⌿关,X兴典 − 具⌽关,X兴兩Ô兩⌽关,X兴典
=

再

Exc关,X兴共兲


冎

共20兲

.
=0

If the ground-state values of basic variables are denoted by
0共r兲 and X0共r兲, then the ECS theory ensures that ⌿关0 , X0兴
is the ground-state wave function ⌿0. In addition, ⌽关0 , X0兴
is the Slater determinant that is constructed from the solutions for the single-particle equation of the ECS theory.
When 共r兲 = 0共r兲 and X共r兲 = X0共r兲, Eq. 共20兲 becomes
具⌿0兩Ô兩⌿0典 − 具⌽关0,X0兴兩Ô兩⌽关0,X0兴典
=

再

Exc关0,X0兴共兲


冎

.
=0

共21兲

This is the generalization of Bauer’s relation. The original
Bauer’s relation 关59兴 has been successfully used for the derivation of the kinetic energy contribution to the exchange and
correlation energy functional of the conventional DFT 关58兴.
In the following section, we shall utilize Eqs. 共20兲 and 共21兲
in order to derive the kinetic energy contribution to the exchange and correlation energy functional of the ECS theory.
III. KINETIC ENERGY CONTRIBUTION TO Exc[ , X]

.
=0

冕
冕

0

具⌿关,X兴兩Ô兩⌿关,X兴典 − 具⌽关,X兴兩Ô兩⌽关,X兴典


=


共17兲

Using Eq. 共11兲, Eq. 共16兲 is rewritten as

Here, we shall suppose that 共r兲 and X共r兲 are noninteracting
v-representable, and that X共r兲 is a single-particle property
such as the spin density or paramagnetic current density.
Under these assumptions, ⌿关 , X兴00 is equal to the minimizing Slater determinant in the definition of the kinetic
energy functional Ts关 , X兴 = Min⌽→共,X兲具⌽兩T̂兩⌽典, where ⌽
denotes the Slater determinant. This is because these
assumptions lead to the equation Min⌿→共,X兲具⌿兩T̂兩⌿典
= Min⌽→共,X兲具⌽兩T̂兩⌽典, i.e., F关 , X兴共0 , 0兲 = Ts关 , X兴 关14兴. If we
denote the minimizing Slater determinant as ⌽关 , X兴, then
we get ⌿关 , X兴00 = ⌽关 , X兴. Under this assumption, Eq. 共12兲
is rewritten as




共r兲共r⬘兲
drdr⬘ .
兩r − r⬘兩

As mentioned above, since F关 , X兴共0 , 1兲 and F关 , X兴共0 , 0兲
are equal to F关 , X兴 and Ts关 , X兴, respectively, Exc关 , X兴共兲
becomes the exchange-correlation energy functional
Exc关 , X兴 of the ECS theory in the case of  = 0. Namely, we
have

共12兲

=

冕冕

Exc关,X兴共0兲 = Exc关,X兴.

= 具⌿关,X兴01兩Ô兩⌿关,X兴01典 − 具⌿关,X兴00兩Ô兩⌿关,X兴00典.


兵F关,X兴共,1兲 − F关,X兴共,0兲其=0


e2
2

共15兲

In the ECS theory, the kinetic energy contribution to
Exc关 , X兴 is expressed as T关 , X兴 − Ts关 , X兴 关12–14兴, where
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T关 , X兴 and Ts关 , X兴 are given by 具⌿关 , X兴兩T̂兩⌿关 , X兴典 and
具⌽关 , X兴兩T̂兩⌽关 , X兴典, respectively. In order to derive the kinetic energy contribution, let us choose T̂ as Ô in Eq. 共20兲.
We have
T关,X兴 − Ts关,X兴 =

再

Exc关,X兴共兲


冎

.
=0

共22兲

This is an expression for the kinetic energy contribution to
Exc关 , X兴 关73兴. It should be noticed that the right-hand side
of Eq. 共22兲 is an incalculable expression. In the DFT, the
right-hand side of Eq. 共22兲 is rewritten in a calculable expression by Bass 关58兴. Namely, it is rewritten in terms of the
Bohr radius 共aB兲 dependence by treating aB as a variable
parameter 关58兴. The calculable expression by Bass is called a
useful formula 关74兴, and is applied to the homogeneous electron gas 关58,74兴 and inhomogeneous systems 关58,61兴 in
evaluating the kinetic energy contribution to the exchangecorrelation energy functional. Therefore, it is undoubtedly
meaningful to replace the incalculable expression 关Eq. 共22兲兴
with a calculable one. In order to rewrite the right-hand side
of Eq. 共22兲 by a calculable expression, we shall formally
treat e2, m, and ប2 as variable parameters, although they are
fundamental physical constants. As shown below, this enables us to rewrite the right-hand side of Eq. 共22兲 in terms of
the e2, m, or ប2 dependence.
In order to get the , e2, m, and ប2 dependences of
Exc关 , X兴共兲, it is necessary to know those of ⌿关 , X兴g.
Since ⌿关 , X兴g is the minimizing wave function defined in
Min⌿→共,X兲具⌿兩共1 + 兲T̂ + gŴ兩⌿典, the equation

are determined by requiring that ⌿关 , X兴g yields the prescribed basic variables, they can be denoted as v关 , X兴共r兲
and a关 , X兴共r兲, respectively. For the present purpose, let us
suppose that the Lagrange multipliers are determined for the
prescribed 共r兲 and X共r兲, and consider the case in which ,
e2, m, and ប2 are changed such that 共1 + 兲ប2me2 is left invariant. In this case, the first and second terms of Eq. 共23兲 are
unchanged. If we tentatively substitute v关 , X兴共r兲 and
a关 , X兴共r兲 into Eq. 共23兲, then the left-hand side of Eq. 共23兲 is
exactly the same as before due to the assumption on X̂共r兲.
Then, we again obtain ⌿关 , X兴g as the solution. Since
⌿关 , X兴g yields the prescribed 共r兲 and X共r兲, v关 , X兴共r兲
and a关 , X兴共r兲 are just Lagrange multipliers that are needed
in this case. Thus, both v关 , X兴共r兲 and a关 , X兴共r兲 are left
invariant under the changes such that 共1 + 兲ប2me2 is left
invariant. Namely, we can say that both v关 , X兴共r兲 and
a关 , X兴共r兲 depend on , e2, m, and ប2 only through the factor
共1 + 兲ប2me2. This leads to the important fact that ⌿关 , X兴g
depends on , e2, m, and ប2 only through the factor
共1 + 兲ប2me2.
In order to express this dependency explicitly, we shall
rewrite ⌿关 , X兴g as ⌿̃关 , X兴(共1 + 兲共ប2 / me2兲 , g). By using
this expression, Eq. 共19兲 is rewritten as
Exc关,X兴共兲
=
e2

holds. Dividing both sides of this equation by e2, we notice
that ⌿关 , X兴g is also the minimizing wave function in
Min⌿→共,X兲具⌿兩共1 + 兲共ប2 / me2兲Tˆ⬘ + gWˆ ⬘兩⌿典, where Tˆ⬘ and Wˆ ⬘
are defined as Tˆ⬘ = 共m / ប2兲T̂ and Wˆ ⬘ = 共1 / e2兲Ŵ, respectively.
Applying the Lagrange multiplier method, we get the equation for ⌿关 , X兴g,

冕

v共r兲ˆ 共r兲dr +

⫻兩⌿关,X兴g典 = 兩⌿关,X兴g典,

冕

0

−

= 具⌿关,X兴g兩共1 + 兲T̂ + gŴ兩⌿关,X兴g典

再

1

a共r兲 · X̂共r兲dr

冎

ប2
,g
me2

1
2

冊冏
冊冔

ប2
,g
me2

dg

共r兲共r⬘兲
drdr⬘ .
兩r − r⬘兩

共24兲

The right-hand side of Eq. 共24兲 can be regarded as a function
of 共1 + 兲ប2me2. If Ẽxc关 , X兴(共1 + 兲共ប2 / me2兲) is defined as
the right-hand side of Eq. 共24兲, then we get

冉

Exc关,X兴共兲 = e2Ẽxc关,X兴 共1 + 兲

冊

ប2
.
me2

共25兲

Since Exc关 , X兴共0兲 is equal to Exc关 , X兴 as shown in Eq. 共18兲,
substitution of  = 0 into Eq. 共25兲 leads to

共23兲

where , v共r兲, and a共r兲 stand for the Lagrange multipliers. In
order to discuss the , e2, m, and ប2 dependences of
⌿关 , X兴g, we assume that X̂共r兲 is normalized by a factor
f共e2 , m , ប2兲 so that it is independent of e2, m, and ប2, i.e.,
X̂共r兲 is given by x̂共r兲 / f共e2 , m , ប2兲 if x̂共r兲 is the usual physical operator. For example, instead of the paramagnetic current density ĵ p共r兲, the normalized quantity 共m / ប兲ĵ p共r兲 is supposed to be chosen as X̂共r兲. In Sec. IV, we will discuss this
assumption again from a practical point of view.
Under the above-mentioned assumption, we shall first
consider the , e2, m, and ប2 dependences of the Lagrange
multipliers v共r兲 and a共r兲. Since these Lagrange multipliers

冉
冏 冉
冕冕

⌿̃关,X兴 共1 + 兲

⫻Ŵ⬘ ⌿̃关,X兴 共1 + 兲

Min⌿→共,X兲具⌿兩共1 + 兲T̂ + gŴ兩⌿典

ប2
共1 + 兲 2 T̂⬘ + gŴ⬘ +
me

冕冓

Exc关,X兴 = e2Ẽxc关,X兴

冉 冊

ប2
.
me2

共26兲

This relation means that Exc关 , X兴 is a function of the Bohr
radius aB共=ប2me2兲 and e2. Differentiating Eq. 共25兲 with respect to , and changing e2, m, and ប2 as variables, we obtain
three kinds of expressions for 兵Exc关 , X兴共兲 / 其=0,

再

Exc关,X兴共兲
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冎

=0

= Exc关,X兴 − e2

=− m

再

再

Exc关,X兴
共e2兲

Exc关,X兴
m

冎

ប2,e2

冎

ប2,m

共27a兲

共27b兲
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=ប2

再

Exc关,X兴
共ប2兲

冎

共27c兲

.
e2,m

− Exc关0,X0兴 −

The reason why three different expressions are obtained is
due to the fact that Exc关 , X兴 is a function of aB and e2 关see
Eq. 共26兲兴. By substituting Eqs. 共27兲 into Eq. 共22兲, the kinetic
energy contribution to Exc关 , X兴 can be obtained as follows:
T关,X兴 − Ts关,X兴 = Exc关,X兴 − e2

再

Exc关,X兴
共e2兲

冎

−

再
再

冎
冎

ប2,m

=ប2

Exc关,X兴
共ប2兲

共28c兲

.

e2,m

The right-hand sides of Eqs. 共28兲 contain the derivatives of
Exc关 , X兴 that are calculable enough. Thus, the right-hand
side of Eq. 共22兲 is rewritten by three kinds of calculable
expressions 关Eqs. 共28兲兴.
Equations 共28兲 show the exact relations between Exc关 , X兴
and T关 , X兴 − Ts关 , X兴. If we get one of the two functionals,
then each of Eqs. 共28兲 can be utilized as a constraint to
another functional. Also, focusing only on the right-hand
sides of Eqs. 共28a兲–共28c兲, these equalities can be utilized as
constraints in developing the approximate form of Exc关 , X兴.
It should be noted that the kinetic energy contribution to
Exc关兴 of the conventional DFT is given in terms of the derivative with respect to not e2, m, or ប2 but the Bohr radius
alone 关58兴. The above-mentioned relations that include
Exc关 , X兴 alone can be obtained only by expressing the kinetic energy contribution in terms of multiple kinds of
derivatives.
The difference T关 , X兴 − Ts关 , X兴 is alternatively estimated
by using the virial relation 关14兴. The virial relation in the
ECS theory has been derived under the assumption that
X0共r兲 is transformed into dX0共r兲 by the coordinate scaling
of electrons, where  is the scale factor. Under this assumption, the virial relation for isolated systems is given by 关14兴
T关0,X0兴 − Ts关,X兴 + Exc关0,X0兴
+

+

冕
冕

0共r兲r · 
X0共r兲 ·

再

再冏

␦Exc关,X兴
␦共r兲

冏
冏

=0
X=X0

冎

dr

␦Exc关,X兴
␦X共r兲

共r · − d + 3兲

冏

=0
X=X0

冎

再
再

=− m

=ប2

共28b兲

ប2,e2

X0共r兲 ·

0共r兲r · 

再

再冏

␦Exc关,X兴
␦共r兲

再

Exc关0,X0兴
共e2兲

冎
冎

Exc关0,X0兴
m

Exc关0,X0兴
共ប2兲

冏

冏

=0
X=X0

␦Exc关,X兴
␦X共r兲

共r · − d + 3兲

= Exc关0,X0兴 − e2

共28a兲

Exc关,X兴
=− m
m

冕

冕

冎

冏

冎

dr

=0
X=X0

冎

dr

共30a兲

ប2,m

共30b兲

ប2,e2

共30c兲

.

e2,m

Equations 共30兲 can also be utilized as constraints in developing the approximate form of Exc关 , X兴. In addition, we may
employ Eqs. 共30兲 as sum rules in the so-called virial method
关75,76兴, in which the virial relation 共29兲 is used in calculating the orbital-dependent exchange-correlation potential. It is
preferable to use Eqs. 共30兲 in place of Eq. 共29兲, because we
do not need T关 , X兴 − Ts关 , X兴 in Eqs. 共30兲.
Next, we shall divide Eqs. 共28兲 into two parts, i.e., exchange and correlation parts, because the exchange and correlation energy functionals, Ex关 , X兴 and Ec关 , X兴, are often
developed in parts as in the case of the GGA 关45–47兴 and
VEA 关21–24兴. Similarly to the DFT, Ex关 , X兴 of the ECS
theory is defined by
Ex关,X兴 = 具⌽关,X兴兩Ŵ兩⌽关,X兴典 − U关兴.

共31兲

Since it is the minimizing Slater determinant in the
definition of Ts关 , X兴, ⌽关 , X兴 satisfies the equation
Min⌽→共,X兲具⌽兩T̂⬘兩⌽典 = 具⌽关 , X兴兩T̂⬘兩⌽关 , X兴典. By applying the
Lagrange multiplier method, the equation for ⌽关 , X兴 can be
obtained as follows:

再

T̂ +

冕

vs共r兲ˆ 共r兲dr +

冕

冎

as共r兲 · X̂共r兲dr 兩⌽关,X兴典

= s兩⌽关,X兴典,

共32兲

where vs共r兲, as共r兲, and s are the Lagrange multipliers. In the
same way as the discussion below Eq. 共23兲, we can show that
both vs关 , X兴共r兲 and as关 , X兴共r兲 are independent of e2, m,
and ប2. Therefore, it is concluded that ⌽关 , X兴 is also independent of them.
Differentiating Eq. 共31兲 with respect to e2, m, or ប2 with
the aid of the above-mentioned fact, we get
Ex关,X兴 − e2

dr = 0.
共29兲

Combining Eqs. 共28兲 with Eq. 共29兲, we can eliminate
T关 , X兴 − Ts关 , X兴 and obtain the exact relations that include
only Exc关 , X兴,
022113-5

再
再

再

Ex关,X兴
共e2兲

Ex关,X兴
m
Ex关,X兴
共ប2兲

冎
冎

冎

= 0,
ប2,m

= 0,

共33b兲

= 0.

共33c兲

e2,ប2

e2,m

共33a兲
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Concerning the correlation energy functional, it is given
by Ec关 , X兴 = Exc关 , X兴 − Ex关 , X兴. By using Eqs. 共33兲, Eqs.
共28兲 can therefore be rewritten as
T关,X兴 − Ts关,X兴 = Ec关,X兴 − e2

Ec关,X兴
共e2兲

再 冎
再 冎

=− m

=ប2

再

Ec关,X兴
m

Ec关X兴
共ប2兲

冎

xc关,x兴 = xc关, f共e2,m,ប2兲X兴 ¬ ¯xc关,X兴,

ប2,m

共34a兲

ប2,e2

e2,m

.

On the other hand, by means of the relation x共r兲
= f共e2 , m , ប2兲X共r兲, the functional of 共r兲 and X共r兲 is formally obtained from that of 共r兲 and x共r兲. For example, we
have

共34b兲

共34c兲

These exact relations Eqs. 共33兲 and 共34兲 can be employed as
constraints in devising the approximate form of Ex关 , X兴 and
Ec关 , X兴 as well as in the virial method 关75,76兴.

where ¯xc关 , X兴 is the functional of 共r兲 and X共r兲. From Eqs.
共37兲 and 共40兲, we can immediately construct ¯xc关 , X兴
共=Exc关 , X兴兲 and evaluate it by means of exact relations that
are derived in the previous section.
These discussions give the conditions that indicate which
type of quantities can be included in the formula of the kinetic energy contribution. For example, if we choose the
paramagnetic current density as X共r兲, then the present results
are applicable as mentioned above. However, that is not the
case if the sum of the paramagnetic current density and spincurrent density is chosen as X共r兲. Thus, the assumption introduced is not a restriction in usual cases.
V. CONCLUDING REMARKS

IV. DISCUSSION

In this section, we shall discuss the assumption that X̂共r兲
is independent of e2, m, and ប2. Let us consider the case in
which x̂共r兲 is chosen as the basic variable instead of X̂共r兲.
Here recall that x̂共r兲 is the operator of the usual physical
quantity and is related to X̂共r兲 as X̂共r兲 = x̂共r兲 / f共e2 , m , ប2兲.
The universal functional of this case is defined by f关 , x兴
= Min⌿→共,x兲具⌿兩T̂ + Ŵ兩⌿典. The search area in this definition
is the set of antisymmetric wave functions that yield both
共r兲 and x共r兲. It should be noticed that antisymmetric wave
functions in this set simultaneously yield both 共r兲 and X共r兲.
Therefore, the set of antisymmetric wave functions yielding
both 共r兲 and x共r兲 coincide with that of antisymmetric wave
functions yielding both 共r兲 and X共r兲. Consequently, it can
be concluded that Min⌿→共,x兲具⌿兩T̂ + Ŵ兩⌿典 = Min⌿→共,X兲具⌿兩T̂
+ Ŵ兩⌿典. This equation leads to
⌿关,x兴 = ⌿关,X兴,

共35兲

where ⌿关 , x兴 is the minimizing wave function in the definition of f关 , x兴. The same discussion holds for the minimizing Slater determinant in the kinetic energy functional.
Namely, we have
⌽关,x兴 = ⌽关,X兴,

共40兲

共36兲

where ⌽关 , x兴 is the minimizing Slater determinant in
Min⌽→共,x兲具⌽兩T̂兩⌽典 共=ts关 , x兴兲. Using Eqs. 共35兲 and 共36兲, we
can conclude the following equations:
xc关,x兴 = Exc关,X兴,

共37兲

x关,x兴 = Ex关,X兴,

共38兲

c关,x兴 = Ec关,X兴,

共39兲

where xc关 , x兴 is the exchange-correlation energy functional
of the ECS theory including x共r兲 as a basic variable.

In the framework of the ECS theory, we have derived the
generalized version of Bauer’s relation 关59兴. The relation
represents the difference between expectation values of an
arbitrary quantity with respect to the ground-state wave function and that with respect to the Kohn-Sham determinant of
the ECS theory. This expression is similar to that of the
conventional DFT, except that the arbitrary physical quantity
X共r兲 is added to it as the basic variable.
The generalized Bauer’s relation is successfully used to
derive the kinetic energy contribution to the exchangecorrelation energy functional. Since the exchange-correlation
energy functional of the ECS theory can be expressed as a
function of the Bohr radius and e2, three kinds of expressions
for the kinetic energy contribution are derived. That is, the
kinetic energy contribution is expressed in terms of three
kinds of derivatives with respect to e2, m, or ប2, while it is in
terms of the derivative with respect to the Bohr radius alone
in Bass’s expression of the conventional DFT 关58兴.
Here, we shall give a comment on the importance of this
type of work. As mentioned in Sec. I, exact relations have
been effectively used in developing the approximate form of
the exchange-correlation energy functional in the DFT,
SDFT, CDFT, and so on. For example, the GGA is also developed with the aid of many kinds of exact relations. It is
one of the established methods to utilize as constraints exact
relations that are fulfilled by the exchange-correlation energy
functional. Many works concerning exact relations have
been done so far. We derive exact relations in this paper.
Their exact relations will be utilized as constraints in developing and/or evaluating the approximate form of the
exchange-correlation energy functional of the ECS theory.
Furthermore, by means of these expressions, we can
eliminate the kinetic energy contribution term in the virial
relation of the ECS theory. The resultant relations 关Eqs. 共30兲兴
include not the kinetic energy contribution but the exchangecorrelation energy functional alone, which also could be
strong sum rules not only for the ECS theory 关12–14兴 but
also for the virial method 关75,76兴. Let us go into details. In

022113-6

KINETIC ENERGY CONTRIBUTION TO THE EXCHANGE-…

PHYSICAL REVIEW A 79, 022113 共2009兲

the virial method, the virial relation 关Eq. 共29兲兴 is utilized in
calculating the exchange-correlation potential. Since the
virial relation includes the kinetic energy contribution, we
need it in order to obtain the exchange-correlation potential.
As mentioned in the paper, we can eliminate the kinetic energy contribution term in the virial relation by using exact
relations obtained here. Consequently, we may calculate the
exchange-correlation potential without the kinetic energy

contribution. This is an example of an effective application
of exact relations obtained in this paper.
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