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Abstract

J. R. Holub introduced the concept of backward shift on Banach spaces. We
show that an infinite-dimensional function algebra does not admit a backward
shift. Moreover, we define a backward quasi-shift as a weak type of a back-
ward shift, and show that a function algebra A does not admit it, under the
assumption that the Choquet boundary of A has at most finitely many isolated
points.
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1. Introduction

Let ‘H be an infinite-dimensional separable Hilbert space and T a bounded
linear operator on H. We call T a (forward) shift on H, if there is a complete
orthonormal system {e, }52; in H such that Te, = e,11 for n =1,2,.... Also,
we call T' a backward shift on H, if there is a complete orthonormal system
{en}22, such that Te; = 0 and Te, = e,_1 for n = 2,3,.... In [5], R. M.
Crownover introduced a shift on a Banach space, as a generalization of a forward
shift on H. The isometric shifts on various function spaces have been studied
in [1], [6], [8], [14] and so on. In [10], J. R. Holub gave a similar generalization
for a backward shift, as follows:
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Definition. Let B be a Banach space and T a bounded linear operator on B.
We write ker T' to denote the kernel {f € B: Tf = 0}. We call T a backward
shift on B if T satisfies the following conditions:

(i) The dimension of ker T is 1.

(ii) The induced operator T : f+kerT — Tf from the quotient space B /ker T
into B is an isometry.

(iii) Up—, ker T™ is dense in B.

In this paper, we are concerned with this backward shift. Also, we say that T
is a backward quasi-shift on B, if T satisfies (i) and (ii) only.

Holub discussed the problem of the existence of backward shifts on various
function spaces. Onme of the spaces consists of continuous functions. Let X
be a compact Hausdorff space. By C(X), we denote the Banach space of all
continuous functions on X, equipped with the uniform norm. M. Rajagopalan
and K. Sundaresan proved that C(X) does not admit a backward shift if X is
infinite (The case that C'(X) consists of real-valued functions was proved in [12]
and the complex-value case was in [13]). A further generalization was given by
M. Rajagopalan, T. M. Rassias and K. Sundaresan ([11]).

In this paper, we consider C'(X) as the Banach algebra of all continuous
complex-valued functions on X, and deal with a function algebra as a general-
ization of C'(X). Recall that a function algebra A on X is a uniformly closed
subalgebra of C(X) which contains the constants and separates the points of
X, that is, for each pair of distinct points z1,29 € X, there exists f € A such
that f(x1) # f(x2). The book [3] is a good reference on function algebras. In
[2] and [7], J. Araujo and J. J. Font studied the finite-codimensional isometries
on function algebras.

The main result in this paper is the following:

Theorem 1.1. An infinite-dimensional function algebra does not admit a back-

ward shift.

This is a generalization of the Rajagopalan-Sundaresan theorem mentioned
above. Here the adjective “infinite-dimensional” is crucially necessary, because
a finite-dimensional space always admits a backward shift. Note that back-
ward shifts on finite-dimensional spaces are not surjective. On the other hand,
backward shifts on infinite-dimensional spaces are always surjective (see [12,
Proposition 1.2]).

We also prove the following theorem:

Theorem 1.2. Let A be a function algebra. Suppose that the Choquet bound-
ary of A has at most finitely many isolated points. Then A does mot admit a
surjective backward quasi-shift.



2. Lemmas

This section is devoted to the preparation for the proof of Theorems 1.1
and 1.2. Throughout this section, X is a compact Hausdorff space and A is a
function algebra on X. Also, we use the following notations: Let C be a set of
all complex numbers, and put T = {ae € C : |a| = 1}. For a normed linear space
S, we use the symbol ball S to denote the closed unit ball of S, and write S*
for the dual space of S.

[Step 1] We first define a measure on X which is an extreme point of a
certain measure space.

Let M(X) denote the Banach space of all complex regular Borel measures
on X, with the total variation norm. A simple example of a measure in M (X)
is a point mass §, concentrated at p € X. We know that ||§,] = 1.

Now, we use J, to construct another measure. Take u € C(X) and put
S(u) = {x € X : u(x) # 0}. Choose distinct points p,q € S(u). We put

_ u(q)
Furs = o+ @)

and define a measure \,;,q on X by
Aupq = FupqOp — Kugpdy-
Since |kypq| + |kugp| = 1, it follows that
[Aupgll < [Kupgl 19p | + [Kugp! [[64] = 1.

We characterize the measure A4, as follows:
Lemma 2.1. Let yp € M(X) and u € C(X). Suppose that p and q are distinct
points in S(u). Then u = Aypq if and only if v satisfies the following conditions:

n({p}) = kupg:  1({q}) = —kugp and [lul| < 1. (2.1)
Moreover, || Aupqgll =1 and |Aupg|(X \ {p,q}) = 0.

Proof. Tt is clear that 1 = Aypq satisfies (2.1). For the “if” part, suppose that
o satisfies (2.1). Then we have

0 < [ul(X\A{p. q}) = [ul(X) = |ul({p}) — [ul({q})
= [lull = lu({p})| = [n({a})]
= [|pll = |Kupq| — |Kugpl = [lpll =1 < 0.
Thus we obtain

lull =1 and |u[(X\{p,q}) = 0.

Now let us show p = Aypq. Take a Borel set E in X arbitrarily. If p,q ¢ E,
then [u(E)| < [ul(E) < ul(X \ {p,a}) = 0, and hence u(E) = 0 = Aypg(E). 1f
p€ E and ¢ ¢ E, then u(E \ {p}) =0, and so

W(E) = p(E\Ap}) + 1({p}) = Kupg = Aupq(E).-



If p¢ F and g € E, we can see p(E) = Aypg(E) similarly. Finally, if p,q € E,
then u(E \ {p,q}) =0, and so

w(E) = p(ENAp,q}) + p({p}) + p{a}) = Fupg = Fugp = Aupq(E)-

In any case, we obtain p(E) = Aypq(E). All is proven. O
For u € C(X), we define a subspace M ([u]*) of M(X) by

M([u]t) = {u eM(X): / ud,uzO}.
X
Lemma 2.2. Ifu € C(X), and if p and q are distinct points in S(u), then Aypq
is an extreme point of ball M ([u]*).

Proof. By Lemma 2.1, |Aypq|(X \ {p,q}) =0, and so

[ i = [ iy = ) hupa {61) + ) A (a)
X {p.q}

u(p)ul(q) u(q)u(p)
= u(p)kupq — u(q)kugp = - =0
Joura = DR = L) @]~ (@)l + o)
Hence Aypg € M ([u]t). Since [|Aupgll < 1, we get Aypq € ball M ([u]b).
Let us show that A,p, is an extreme point of ball M ([u]*). Assume that

Aupg = tp+ (1 = t)v, (2.2)
where 1, v € ball M ([u]*) and 0 < t < 1. We first observe the equations:

ln{ph)| + [e{ab)] = lv{pH] + [v{ah] = 1, (2.3)
arg p({p}) = argr({p}) and argu({q}) = argv({q}). (2.4)

Indeed, we have

1= [kupq| + [Kugp|

= [Aupg ({PH)] + [Aupg({a})]

= [tu({p}) + (1 = thir({p})] + [tu{a}) + (1 = t)r({a})]

< tlu({ph)l + A = )v({ph)| + tu{d) + (1 = )v({q})|

= t(|u({pH)| + le({aD)]) + @ = ) (l{pH] + [v{a})])

< tflpll+ @ =)v]

<t+(1—t)=1.
Thus all above inequalities become equalities. Note that the inequality in the
fourth line follows from the triangle inequality; |a+ 8] < |a|+|3|, where equality

holds if and only if arg v = arg 3 or a8 = 0. Hence we obtain (2.4). Moreover
the instance of equality in the last three lines implies (2.3).



Next, we show that

u(p)p({p}) +u(g)n({g}) = u(p)v({p}) + ulg)v({g}) = 0. (2.5)

Byd(2-3), we have [u[(X\ {p, ¢}) = |pl(X) = [ul({p}) = |pl({g}) = [[ull = 1 <0,
and so

0= /X wdps /{ = o {ph) + u(oul{a))

Similarly, we get u(p)v({p}) + u(q)v({¢q}) = 0.
By (2.5), u({q}) = —(u(p)/u(q)) p({p}). Inserting this into (2.3) gives

N )
HPDI = T ey = Vs

In the same way, we get |[v({p})| = |kupq|- Hence |u({p})| = [v({p})|. Combining
with the first equation in (2.4), we obtain u({p}) = v({p}). Hence (2.2) leads
to u({p}) = v({p}) = Aupe({p}) = kupy- By a similar argument, we can see

that u({¢}) = v({q}) = Aupq({q}) = —kugp- Here we recall that ||p| < 1
and |v|| < 1. By Lemma 2.1, we obtain gt = v = Ayp,. Thus (2.2) implies
Aupg = p = v, and hence A4 is an extreme point. O

[Step 2] We here summarize our tools about the Choquet boundary of a
function algebra.

Let ¢ € A*. The Hahn-Banach theorem and the Riesz representation theo-
rem guarantee the existence of a measure pu € M(X) such that

o(f) = /X fdu forall fe A and || = [l

Such a p is called a representing measure for ¢. We should note that a repre-
senting measure for ¢ is not always determined uniquely.

For each p € X, an evaluation functional 7, on A is defined by 7,(f) = f(p)
for all f € A. We know that 7, € A* and ||7,]| = 7,(1) = 1. Also, we easily
see that the point mass J,, is one of the representing measures for 7,,. We recall
that the Choquet boundary of A, which is denoted by Ch(A), is the set of all
p € X such that 6, is the only representing measure for 7,.

The next lemma seems to be known:

Lemma 2.3. Let ¢ € ball A*. Then ¢ is an extreme point of ball A* if and
only if there exist p € Ch(A) and a € T such that ¢ = aT,.

Sketch of proof. To prove the “if” part, it suffices to show that for p € Ch(A),
T, is an extreme point of ball A*. Assume that 7, = t¢ + (1 — t)1), where
p, Y € ball A* and 0 < t < 1. Let pu and v be representing measures for ¢ and
1, respectively. Then the measure tu + (1 — ¢)v is a representing measure for
Tp, and so tu + (1 — t)v = 6,. By [4, Theorem V.8.4], we see that p = v = 6,
and hence ¢ =19 = 7.



For the “only if” part, let ¢ be an extreme point of ball A*. Using the
method in [9, Page 145], we can find p € X and « € T such that ¢ = a7,. Here,
we easily see that 7, is an extreme point of the set {p € A* : [|¢] = (1) = 1}.
Hence it follows from [3, Theorem 2.2.8] that p € Ch(A). O

There is another characterization of Ch(A); the Bishop-deLueew theorem,
which states: A point p € X belongs to Ch(A) if and only if for each neighbor-
hood U of p and for each £ > 0, there exists g € ball A such that g(p) > 1 —¢
and |g(x)| < e for all z € X \ U (see [3, Theorem 2.3.4]).

Lemma 2.4. Let p be an isolated point of Ch(A). Then there exists f € A such
that f(p) =1 and f(x) =1 for all x € Ch(A) \ {p}.

Proof. Since p is isolated in Ch(A), we find a neighborhood U of p in X so
that U N Ch(A) = {p}. Then the Bishop-deLueew theorem gives a sequence of
functions {f,} C ball A such that f,(p) > 1—1/2" and |f,(z)| < 1/2™ for all
x € X \ U. This sequence satisfies sup{|f,n(z) — fn(z)| : * € Ch(A)} < 1/27~!
whenever m > n. Since |f|| = sup{|f(z)| : © € Ch(A)} for all f € A, it
follows that {f,} is a Cauchy sequence in A. By the completeness of A, there
exists f € A such that ||f, — f|| — 0. This function f must have the desired
properties. O

Lemma 2.5. Let p and q be distinct points in Ch(A), and let o, 8 € T. Then
for each neighborhood W of {p,q} and each ¢ > 0, there exists f € ball A such
that |f(p) —a| <e, |f(q) = 8] <e and |f(z)] <e forallz € X \ W.

Proof. Choose disjoint open sets U and V sothat pe U C W, qe V C W. By
the Bishop-deLeeuw theorem, there exist g, h € ball A such that

gp) >1—¢ and |g(z)|<e forze X\U,
h(q) >1—¢ and |h(z)|<e forze X\V.

Then we have

lgll +|h(z)| <1+e ifzeU,

|a9(x)+ﬂh(£€)|<{|g(x)|_|_||h||§5+1 ifre X\U.

Now, we define a function f € ball A by f = (g + Sh)/(1 + €). Then we have
|f(p) —a| <3¢/(1+¢), because

| (ag(p) + Bh(p)) — a(l +¢)

[f(p) —af = e
< lallg() =1+ 18 [h(P)| + |ofe _ 3¢
N 1+e¢ 1+e¢

Similarly, we obtain |f(q) — 8] < 3¢/(1 + ¢). Furthermore, if x € X \ W, then
lg(x)] < e and |h(x)| < €, so that | f(z)| < 2¢/(1 + €). Finally, we only have to
arrange a positive number ¢ to find the desired function f. O



[Step 3] Let us consider the functional on A that is represented by the
measure A,p,. For each v € A and for each pair of distinct points p,q € S(u),
we define the bounded linear functional 6,,, on A by

Oupq = kupqTp — KugpTq,

where the constants kg, kugp are defined in Step 1, and 7, 7, are the evaluation
functional defined in Step 2.

Lemma 2.6. Let u € A, and let p and q be distinct points in S(u) N Ch(A).
Then

(i) For each neighborhood W of {p,q} and each € > 0, there exists f € ball A
such that [Oypq(f)| >1—¢ and |f(x)| <e for allz € X \W.
(i) [[upqll = 1.

Proof. To see (i), take a = |u(q)|/u(g) and § = —|u(p)|/u(p) in Lemma 2.5.
Then the resulting function f in ball A satisfies |f(z)| < e forallz € X\ W. It
also satisfies | f(p) — a| < e and |f(¢) — 8| < &, so that

L= [Oupg ()] < Oupq(f) = 1| = [kupqf (P) = Kugpf(@) = (|kupg| + [Kugp|)]
= |kupg f (P) = Kugpf (@) — kupg@ + Kugpl|
< Nkupg| | f () — | + [kugp| | f(q) — B]
< |kupgle + [kugple = €.

Thus (i) is proved.

For (ii), note that [0upgll < [Fupgl |7l + [Kugp| I7qll = |Kupg| + [Kugp| = 1.
Also, the function f in (i) satisfies ||fupqll > |Gupg(f)] > 1 —e. Since ¢ is
arbitrary, we get ||@upqll > 1. O

Lemma 2.7. Let u € A, and let p and q be distinct points in S(u) N Ch(A).
Then Aypq 15 the only representing measure for 0ypq.

Proof. For any f € A, we have

gupq(f) = kuqup(f) - kquTq (f) = kupq /X fd(sp - kqu /X fd(sq = /X fd>\upq~

Also, Lemma 2.6 (ii) and Lemma 2.1 yield ||@yupq|l = 1 = ||Aupgll- Therefore,
Aupq is a representing measure for 6.

Let us show the uniqueness of A,p,. Let © be another representing measure
for 6,,q. For each neighborhood W of {p, ¢} and each ¢ > 0, Lemma 2.6 (i)
gives a function f € ball A such that |0,p¢(f)| > 1 — ¢ and |f(z)| < € for all

x € X \ W. Then we have
1 e < [Oupa(f)] = ‘/ fdu‘ < ‘/ fdu‘ [
X w X\W

< ANl (W) + el (XA W) < [uf(W) + (1 = [ul(W))
= (1 =)|pl(W) + e,




so that 1 9
— 2¢
Bl() 2 5=

Letting € — 0, we get |p|(W) > 1, and the regularity of u forces |u|({p, q}) = 1.
Since |p|(X) = ||p]| = [|0upqll = 1, it follows that |u|(X \ {p,q}) = 0. Hence, for
each f € A, we have

b F0) = Ko (@) = () = [ = /{pq}fdu

Fp)pp}) + f(@Dr{g})-

Taking f € A so that f(p) =1 and f(g) = 0, we obtain kypq = p({p}). While,
taking f so that f(p) = 0 and f(¢) = 1 yields —kyuqp = p({q}). Moreover, we
know ||| = 1. Finally, we appeal to Lemma 2.1 to get p = Aypq- O

[Step 4] In this step, we show the functional version of Lemma 2.2. For
u € A, we put
[u] = {au: a e C}

and

[u]* = {p € A" : p(u) = 0}.

Lemma 2.8. Ifu € A, and if p and q are distinct points in S(u) NCh(A), then
Oupq s an extreme point of ball[u]*

Proof. Since

Oupq (1) = KupgTp() — Kugprq(u) = u(@ulp)  ulp)ule) 0.

[u(p)| + [u()]  ulg)] + u(p)]

it follows 0y, € [u]*. Combining with Lemma 2.6 (ii), we get 0., € ballju]*
Next, we show that 6,,, is an extreme point of ball[u]1. Assume that

Hupq = W’ + (1 - t)wa

where ¢, € ball[u]* and 0 < t < 1. Take representing measures x and v for ¢
and 1, respectively. Put A =tu + (1 — ¢t)v. Then for any f € A, we have

/ fax =t / fdut (1— 1) / Fv = to(f) + (1= )6(F) = Bupa(1)-
X X X
This implies
0upq<f>|=\/xfdA]</X|f|d|A<||f AL
a1 50 [fupall < Al Also, [lull = o]l < 1 and v = [[9]] < 1, and hence

A< tllpll + (L= B[l < 1= |[fupgl-



Therefore, ||0upqll = ||\l As a consequence, A is a representing measure for
0upq, and Lemma 2.7 shows that A = \,,,. Thus we obtain

Aupg =t + (1 = t)v. (2.6)

Since ¢ and 9 belong to [u]*, it follows that
/ udp = p(u) =0 and / udv = (u) = 0.
b bl

Hence p,v € ball M([u]t). Recall from Lemma 2.2 that \,p, is an extreme
point of ball M ([u]!). Then (2.6) leads to Aypq = o = v. Thus we have

Ouoal) = [ S0y = [ fd =l

for all f € A, that is, 8,p = ¢. Similarly, we get 0,,, = 1. We reach the
desired equation 0, = ¢ = 1. O
[Step 5] In this step, we investigate the distance ||¢ — 1| for ¢, 1) € ball A*.

Lemma 2.9. If p and q are distinct points in Ch(A) and if o, 8 € T, then
o, — Brgll = 2.

Proof. Tt is clear that [|aT, — #7,|| < 2. For the reverse inequality, take € > 0.
Lemma 2.5 gives a function f € ball A such that |f(p)—a| < e and |f(q)+0| < e.
Then we have

2= lamp(f) = Brg(f) < lamp(f) = Bre(f) = 2|
= lo(f(p) —@) = B(f(q) + B)]
<lol|f(p) —al + Bl 1f(a) + Bl < e+e=2e.

Therefore, ||ar, — 8714l > |amp(f) — B14(f)| > 2 — 2e. Since ¢ is arbitrary, we
get |lar, — B4l > 2. O

Lemma 2.10. Letu € A. If the set S(u)NCh(A) contains at least three distinct
points, then there exist extreme points ¢ and ¢ of ball[u]t such that

(i) o =9l <2, and

(ii) ¢ and ¢ are linearly independent.

Proof. By hypothesis, we find three distinct points p, ¢ and r in S(u) N Ch(A).
Then we may assume that

argu(p) # arg(—u(q)). (2.7)

For, if there exist no such points p and ¢, then three equations

argu(p) = arg(—u(q)), argu(q) = arg(—u(r)) and argu(r) = arg(—u(p))



hold simultaneously, which is impossible. Now, put ¢ = 8,,, and 9 = 6,4,. By
Lemma 2.8,  and 1 are extreme points of ball[u]*.
Let us show (i). By (2.7),

arg ku?'p 7& arg(_kurq)'

Therefore, the triangle inequality |kyrp — kurgl < |Kurp| + |Kurq| holds strictly.
Hence we have

o =%l = 1Oupr — Ougrll = |(RuprTp — kurpTr) — (KugrTq — kurqTr)||
= [[FuprTp = (Kurp = Kurg)Tr — kugrTq|
< |kupr| + |kurp - kurq| + |kuqr|
< Nkupr| + [kurp| + [Kurq| + [Fugr| = 2.

To verify (ii), assume ap + 1 = 0 and a, 8 € C. Then, for any f € A, we
have

0= asﬁ(f) + 61/)(.]0) = a(kuper(f) - kurpTT(f)) + ﬂ(kuqr’rq(f) - kuqur(f))
= kupr [ (p) — (@kurp + Bhurg) f (1) + Bkugr f ().

Taking f € A so that f(p) = 1 and f(q) = f(r) = 0, we have 0 = akyy,.
Noting kypr # 0, we get @ = 0. On the other hand, if we take f € A so that
f(¢) =1 and f(p) = f(r) = 0, then we get 3 = 0. Thus ¢ and ¢ are linearly
independent. O

[Step 6] The preceding two lemmas yield the following lemma:

Lemma 2.11. Let u € A. If the set S(u)NCh(A) contains at least three distinct
points, then [u]* is not linearly isometric to A*.

Proof. Assume that [u]t is linearly isometric to A*. Then there is a linear
isometry T of [u]* onto A*. Consider extreme points ¢ and v of ball[u]-
described in Lemma 2.10. Then Tp and T become extreme points of ball A*.
Hence Lemma 2.3 shows T = at, and T = (7, where p,q € Ch(A) and
a,pBeT.

If p # ¢, Lemma 2.9 implies that | T — T9|| = ||at, — B74]| = 2. Since T is
an isometry, ||¢ — ¢|| = 2, which contradicts the condition (i) in Lemma 2.10.

On the other hand, if p = g, then we have

T(Be — ayp) = Tp — T = Bat, — afry = af(r, — 7p) = 0.

Since T is injective, it follows that Sy — atp = 0. Note that «, 3 # 0. This
contradicts the linear independence of ¢ and ¢ from Lemma 2.10 (ii). Conse-
quently, [u]* is not linearly isometric to A*. O

[Step 7] Let us consider a backward quasi-shift on A.

Lemma 2.12. Suppose that there exists a surjective backward quasi-shift T on
A If f e Up_ kerT™, then S(f) N Ch(A) is a finite set. In particular, if
ker T' = [u], then S(u) N Ch(A) is finite.

10



Proof. Since ker T is one-dimensional, we can write ker T' = [u], where u € A
and u # 0. Since the induced operator T : f + [u] — Tf is a linear isometry
from A/[u] onto A, the adjoint operator T* is a linear isometry from A* onto
(A/[u])*. Note that (A/[u])* is linearly isometric to [u]*, via the linear isometry
o (A/[u))* — [u]t defined by (o(®))(f) = ®(f + [u]) for all f € A and
® € (A/[u])*. Thus we have

(00 T*))(f) = (o(T*))(f) = (T*)(f + [u])

= (
= o(T(f + [u])) = @(Tf) = (T*¢)(f)

for all f € A and ¢ € A*. Hence o o T* = T*, and so T* is a linear isometry
from A* onto [u]*.

Once we have seen that [u]™ is linearly isometric to A*, Lemma 2.11 says that
the number of elements of S(u) NCh(A) is less than 2. Of course, S(u) N Ch(A)
is finite.

To prove the lemma, we show the following assertion for all n =1,2,.. .

If f € kerT™, then S(f) N Ch(A) is a finite set. (2.8)

We adopt an induction on n.
First, consider the case n = 1. If f € kerT = [u], then f = au for some
a € C. Hence

S(f) N Ch(A) = S(au) N Ch(A) C S(u) N Ch(A).

Since S(u) N Ch(A) is finite, so is S(f) NCh(A). Thus (2.8) is true when n = 1.

For the inductive step, assume that (2.8) is valid for some n. We must show
that if f € ker T, then S(f) NCh(A) is finite. Put g = T'f. Then g € ker T™,
and the assumption (2.8) implies that S(g) N Ch(A) is finite.

Consider the set P of all p € Ch(A) such that there exist ¢ € S(g) N Ch(A)
and « € T satisfying T*(ar,) = 7,. We know that for each p € P, the pair (¢, @)
as above is uniquely determined, because T* is injective. Thus we can define
the map 7 : P — S(g) N Ch(A) by m(p) = ¢, where p € P, g € S(g) N Ch(A),
a € T and T*(ary) = 7,. Let us show that = is injective. If not, there exist
p,p € P such that w(p) = n(p’) (= ¢q). Then T*(ary) = 7, and T* (/1) = 7
for some a,a’ € T. Take a function f so that f(p) =1 and f(p’) = 0. Then we
have

1= f(p) =1p(f) = (T"(ary))(f)
= %(T*(O/Tq/))(f) = %Tp’(f) — %f(p/) —0,

which is a contradiction. Hence m : P — S(g) N Ch(A) is injective, and so the
number of the elements of P is less than that of the elements of S(g) N Ch(A).
Since S(g) N Ch(A) is finite, so is P.

Next, we show the inclusion:

S(f) N Ch(A) C (S(u) N Ch(A)) U P. (2.9)
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For this, it suffices to show that if p € S(f) N Ch(A) and if p ¢ S(u), then
p € P. Since p ¢ S(u), 7,(u) = u(p) = 0, and so 7, € [u]*. Using Lemma
2.3, we easily see that 7, is an extreme point of ball[u]t. Since T* is a linear
isometry from A* onto [u]t, we find an extreme point ¢ of ball A* such that
T*p = 1, and Lemma 2.3 gives the form ¢ = ar,, where ¢ € Ch(A) and a € T.
Thus T*(ary) = 7. Also, p € S(f) implies

ag(q) = ary(g) = (ar)(Tf) = (T"(a7y))(f) = 7 (f) = f(p) # 0,

and so ¢ € S(g). Thus we arrive at p € P, and the inclusion (2.9) is established.

We now know that both S(u) N Ch(A) and P are finite. Therefore, (2.9)
implies that S(f) N Ch(A) is finite. This accomplishes the inductive step and
completes the proof. O

3. Proofs of Theorems
We are now in a position to prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Let A be an infinite-dimensional function algebra on a
compact Hausdorff space X. The linear space {f|cn(a) : f € A} is isomorphic
to A, and it is also infinite-dimensional. Hence Ch(A) must have infinitely many
points. Thus the compact set X contains an accumulation point p of Ch(A).
In other words, there exists a net {p;} consisting of infinitely many points of
Ch(A) such that {p;} converges to p.

Now, assume that there exists a backward shift 7" on A. From the comment
in Introduction, we know that T is a surjective backward quasi-shift on A. Take
f € U,2, ker T™ arbitrarily. By Lemma 2.12, the set S(f)NCh(A) is finite. So,
we may assume that {p;} C Ch(A)\ S(f). Then, for each i, we have f(p;) =0,
and the continuity of f shows that f(p) = 0. Thus we have

N=fll=1=flp)l=1

Since this holds for all f € [J;2, ker T™, the constant function 1 cannot lie in the
closure of | J;2 , ker T™. Hence, |J;- | ker T™ is not dense in A. This contradicts
the fact that T is a backward shift, and the theorem is proved. O

Proof of Theorem 1.2. Assume that there exists a surjective backward quasi-
shift T on A. Since ker T is one-dimensional, we can write ker T = [u], where
u € A and u # 0. Note that S(u) is open in X and that S(u) N Ch(A) is finite
by Lemma 2.12. We see that all points in S(u) N Ch(A) are isolated points of
Ch(A). While, u # 0 implies that S(u)NCh(A) is non-empty. As a consequence,
there exists at least one isolated point of Ch(A).

Now, let m be the number of isolated points of Ch(A). We show that
the dimension of ker 7% is less than m. Write down all isolated points of
Ch(A) as p1,...,pm. For each j = 1,...,m, Lemma 2.4 gives us a function
f; € A such that f;(p;) = 1 and f;j(z) = 0 for all x € Ch(A) \ {p;}. Pick
f € ker T™*! arbitrarily. By Lemma 2.12, S(f) N Ch(A) is finite, and so we
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again see that all points in S(f) N Ch(A) are isolated points of Ch(A), that is,
S(f)NCh(A) C {p1,...,pm}. Hence, if we put a; = f(p;) foreachj =1,...,m,
then

floncay = a1 filena)y + - + @ fmlcn(a)
= (arfi+ -+ amfm)lcna)s

which implies f = aifi + -+ + amfm. Thus every f € ker T™*! is written
as a linear combination of fi,..., f;,, and we conclude that the dimension of
ker 7™t is less than m.

Now note that

[u] =kerT C kerT? C -+ C ker T™ C ker T 1.

As a consequence of the preceding paragraph, we must have ker TV = ker 7V +1
for some N € {0,1,...,m}. Since T%, like T, is surjective, we find h € A with
TNh = u. Then TN*h = T(TVh) = Tu = 0 and so h € ker TV ! = ker TV.
Hence u = TV h = 0, a contradiction. O

4. Examples

In this section, we exhibit three examples related with Theorems 1.1 and
1.2. The first is an example of a surjective backward quasi-shift which is not a
backward shift.

Example 4.1. Let ¢ denote the Banach algebra of all convergent sequences with
the supremum norm. Define an operator T on ¢ by (z1, s, ...) — (z2,23,...).
It is easily seen that T is a surjective backward quasi-shift on c¢. However, T is
not a backward shift, because it does not satisfy (iii). Next, we identify ¢ with
C(X), where X is the one-point compactification of the natural numbers. Thus
we know that C'(X) can admit a surjective backward quasi-shift, for some X.

The next example deals with the L>°-spaces.

Example 4.2. Let L>(Q, 1) be the Banach algebra of essentially bounded mea-
surable functions on a finite measure space (€2, 1), with the essential supremum
norm. It is well known that L (£, 1) is isometrically isomorphic to C(X), where
X is the maximal ideal space of L™ (€, it). If the measure p has at most finitely
many atoms, then X has at most finitely many isolated points, and so Theorem
1.2 shows that L (€, 1) does not admit a surjective backward quasi-shift.

In the last example, we discuss the question whether the disc algebra admits
an isometric shift or a backward shift.

Example 4.3. Let A(D) be the disc algebra, that is, the function algebra of
all continuous functions on the closed unit disc which are analytic in the open
unit disc. The isometric shifts on A(D) are characterized by T. Takayama and
J. Wada [14]. A typical example of it is the multiplication operator T":

(Tf)(z) =2f(z) forall zand f € A(D).
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This example suggests to us that the following operator T' may be a backward
shift:

f(z)—£(0) if z #0,

(Tf)(z) = { z for all f € A(D).

1(0) if z=0,

It is easy to see that T is surjective and satisfies the conditions (i) and (iii)
in the definition of backward shift. But T is not a backward shift. Indeed, T
does not satisfy (ii), because ker T' is the subspace of constant functions, and
the function f(z) = 22 + 2 satisfies that

. 1 27
w1 + gl 9 < ert) < 7 - 5| =5 <2 =170,

Moreover, Theorem 1.2 implies that A(D) does not admit a surjective backward
quasi-shift, because Ch(A(D)) is the unit circle T which has no isolated points.
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