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We study equivalence classes of boundary conditions in a gauge theory on the orbifold
T2/Z3. Orbifold conditions and those gauge transformation properties are given and the
gauge equivalence is understood by the Hosotani mechanism. Mode expansions are carried
out for six-dimensional Z3 singlet fields and a Z3 triplet field, and the one-loop effective
potential for Wilson line phases is calculated.

§1. Introduction

The boundary conditions (BCs) to be imposed on the fields in the bulk are clas-
sified into the equivalence classes using the gauge invariance, in higher-dimensional
gauge theories. Several sets of BCs belong to the same equivalence class and de-
scribe the same physics, if they are related to gauge transformations. Specifically,
the symmetry of BCs is not necessarily the same as the physical symmetry. The
physical symmetry is determined by the Hosotani mechanism after the rearrange-
ment of gauge symmetry.)

Grand unified theories on an orbifold have been attracted phenomenologically
since Higgs mass splitting was well realized by the orbifold breaking mechanism.?)3):**)
Equivalence classes of BCs and dynamical gauge symmetry breaking were studied
for gauge theories on the orbifolds S'/Zy%)6)**) and T2/Z,.8) 1t is interesting to
study equivalence classes of BCs and the Hosotani mechanism for gauge theories on
other orbifolds and to construct a phenomenologically viable model based on them.
The Z3 orbifold T%/Z3 is a candidate and has been utilized in the search for the
origin of three families?) and the unification of gauge, Higgs and family.'®)-1)

In the present paper, we study equivalence classes of BCs in a gauge theory on
T?/Zs. Orbifold conditions and those gauge transformation properties are given and
the gauge equivalence is understood by the Hosotani mechanism. Mode expansions
are carried out for six-dimensional Z3 singlet fields and a Z3 triplet field, and the
one-loop effective potential for Wilson line phases is calculated.

In §2, general arguments are given for BCs in gauge theories on 72/Z3, and
equivalence classes of BCs are defined by the invariance under the gauge transforma-

*) E-mail: haru@azusa.shinshu-u.ac.jp
**) In four-dimensional heterotic string models, extra colored Higgs are projected by the Wilson
line mechanism.?
***) See Ref. 7) for the breakdown of gauge symmetry on S*/Zs by the Hosotani mechanism.
) The six-dimensional extension of Zs orbifold was initially introduced into the construction of
four-dimensional heterotic string models.™V
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tion. In §3, mode expansions on six-dimensional fields are given and the classification
of BCs for the SU(N) gauge group is carried out with the aid of equivalence rela-
tions. The one-loop effective potential for Wilson line phases is calculated using an
SU(3) gauge theory. Section 4 is devoted to conclusions.

§2. Orbifold conditions and equivalence classes

Let « and z be coordinates of M*
and T?/Z3, respectively. T2 is the two-
dimensional torus whose basis vectors

. are SU(3) root vectors, e; = 1 and
2 eg = e2™/3 =w* On T2, the point z
. is identified by z + nie; + nses, where

z1 ny and ng are integers. T2/Z3 is ob-

el tained by further identifying points on
T? through a Z3 rotation, i.e., z is iden-

Fig. 1. Orbifold T?%/Zs. tified with 8z where 63 = 1. The resul-
tant space is the area depicted in Fig. 1,

€2

20

which contains the information on T2.

2.1. Boundary conditions

The fixed points 2z, on T 2/Z5 are points that transform themselves under the
Z3 transformation z — 6z and satisfy

2p = Oz + nep + mea, (2-1)

where n and m are integers that characterize fixed points. There are three kinds of
fixed points, namely,

20=0, (n=m=0)

1 1
Zl:§(2€1+62):%67r1/6, (n—l,m: )
1 1 wi/2
29 = 5(61 + 2e9) = %e , (n=m=1) (2-2)

where we take 8 = w. The Z3 transformations around the fixed points zg, z1 and zo
and shifts by e; and eo are defined by

So:z—0z=wz, s1:2—21—0(z—21), s2:2—20— 0(z— 22),
ti:z—z+er=2z+1, to:z—2+e=2+w. (2-3)

Using Eq. (2-2), the operations s; and s are written as

sS1:2—0z4+e=wz+1,
So:z—b0z4+e1+tes=wz+14+w=wz—0, (2:4)

*) We take the SU(3) lattice as the unit lattice. On the estimation of physical quantities, we
use physical sizes such as e; = 27 R and ex = 27 Rw.
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where @ = e~ 27/3 = ¢47/3 and we use the relation 1+w +@ = 0. Among the above

operations, the following relations hold:

58 = 8?1) = s%’ = §95081 = S0S1S2 = §1S98¢ = 1,
s1 =1t150, s2 =tat1S0, tita = taly, (2-5)

where [ is the identity operation. so, 1 and to are not independent of sy and s;.

On T?/Z3, the point z is identified by the points z + e1, z + e and 6z, but all
six-dimensional bulk fields do not necessarily take identical values at these points.
Let the bulk field &(z, z, Z) be a multiplet of some transformation group G and the
Lagrangian density £ be invariant under the transformation &(z, z, 2) — &'(z, 2z, 2) =
TpP(x, 2, Z) such that

L@z, 2,2)) = L@ (2, 2,2)), (2:6)
where T is a representation matrix of G on @. When we require L to be single-valued
on M* x (T?/Z3), i.e.,

L(P(2,2,2)) = L(O(x,2+ 1,2+ 1)) = L(O(z,2 + w,Z + ©))
= L(P(z,wz,wZ)), (2:7)
the field can be identified such that*)
B(x,wz,0z) = Tp|Oo]P(z, 2,2), Plz,wz+ 1,0z + 1) = Tp|01]P(x, 2, 2),
B(r,wz+ 14 w,0z+ 1+ o) = Tp[O2)d(z, 2, 2),
B(x,z+ 1,2+ 1) = Tp[Z1]D(x, 2, 2), P(x,2+w,Z+ @) = Tp|Zo)P(z, 2, Z), (2-8)

where Ts[O0], T|61], Tp[O2], Tu[Z1] and Tp[Z5] represent appropriate representa-
tion matrices, including an arbitrary Z3 phase factor. The counterparts of Eq. (2-5)
are given by

Tp[61] = To[Z1]T5[O0], T[O2] = T Z2]Ts[Z1]Ts[O0),
T Z2)To[Z1] = To[Z1)To[Z0), (2-9)

where I stands for the unit matrix. For instance, if @ belongs to the fundamental
representation of the SU(N) gauge group and a singlet under Zs transformation,
then T¢[é0]@ is 7p@pP, where Oy is a U(N) matrix, i.e., (98 = @8 = 661, and 79 is
an intrinsic phase factor given by a qubic root. The same property applies to T@[él]
and Ty [ég} By using Eq. (2-9), the representations of shifts are given by those of
Z3 rotations such that

Tp|=1] = T¢[(3)1]T¢[é)0]* = T@[él]TqB[éo]Q,
To[Zs] = To[O2]T5[61]" = Tu[O2]Ts61]%. (2-10)

) If fields and their superpartners yield different BCs, the Scherk-Schwarz mechanism can
12)

[ )

work.
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Furthermore the representation of ss is given by other Z3 rotations such that
Tp[Os] = Tp[01] T [O0]! = T[61]*T5[60)>. (2:11)

Hereafter, we use two kinds of Z3 rotations, sy and s1, as independent operations.
Let G be a direct product of a gauge group and a ‘flavor’ group. The BCs
imposed on the six-dimensional gauge field A/(x, z, Z) are given by
u(r,wz,wz) = @oAu(sc,z,Z)@g, A(z,wz,wZ) = @@oAz(x,z,E)@g,
T,wz,wZ) = w@oAg(:z:,z,Z)Qg, (2-12)
pr,wz+1,024+1) =O014,(z, 2, 2)@1[,
(213)

r,wz+1l,wz+1) =w61Az(2,2,2

A
Az
A
A
Az
Ay(z,wz+1+w,wZ+1+o) =6024,(z, 2, 2)(9;,
A
Az

(
(
(
HAr,wz+1,0z41) = J)@lAz(m,z,E)@I,
( A )61,
(
Arywz4+14+w,wz+14+w0) =064, (z, 2, Z)@;,
(z,wz + 14w, 02+ 1+ @) = wO Az (z, 2, 2)O3,

Ay, z+1,241) = 51 Ay (2, 2,2) 5],
Ay (z, 2z +w, 2+ ) :EQAM(a:,z,E)Eg, (2-15)

(2-14)

where (0, 01,64, =1, Z2) are representation matrices of the gauge group (times
U(1)s). These BCs are consistent with the gauge covariance of the derivative Dy; =
On +igAp(z, 2, Z), where g is a gauge coupling constant. For the bulk scalar field
o(x, z, Z), which is a singlet under Z3 transformation, BCs are given by

d(x,wz,wz) = Ty[Oo)d(x, 2, 2),

d(xr,wz+ 1,0z + 1) = Ty[O1]¢(x, 2, Z),
dr,wz+1+w,wz+14+0) =TyO:]¢(z, 2, 2),

oz, z+ 1,24+ 1) =Ty[=1]o(x, 2, 2),

oz, 2+ w, 2+ w) =Ty[Z0]d(x, 2, 2). (2-16)

For a set of scalar fields qu(a:, z,zZ) (A =1,2,3) that form a triplet under Z3 trans-
formation, these BCs are given by

(X)ABTd)B [@0]¢B (.T), Z, Z)a

]

gbA(:U,wz,JJE) =Tya [é0]¢A(x,z,2) =

ov!
n

oMz wz+ 1,0z +1)

(e_meX)ABTqu (0165 (z, 2, 2),

NE

= Tya[61]¢* (2, 2,2) =

oy}
n

¢z, wz + 14+ w,07+1+0)

Mw

=Tya (0] (z, 2, Z) (e*m e x BT¢B [02)08 (2, 2, Z),

B:l
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¢z, 2+ 1,2+ 1)
3

= Tya[Z1]6M (2, 2,2) = D ( () Ty ]51)65 (1, 2, 2),
B=1

¢A(w,z+w,2+w)
3

= Tya[Z2)¢ (2,2,2) = ) (e72mYe)d Tyn[Z5)6" (, 2, 2), (2:17)

B=1

where X, Y, ), and )V are 3 x 3 matrices and the parameter v can take an arbitrary
real value. Here, the cyclic group Z3 is a discrete subgroup of the ‘flavor’ group. For
the Z3 singlet Dirac field ¢ (z, 2, z) defined in the bulk, the gauge invariance of the
kinetic energy term requires the following BCs:

Y(x,wz,wz) = Ty O] Sov(x, 2, Z),

Y(x,wz + 1,02+ 1) = Ty[01]S19(x, 2, Z),

P(r,wz + 14+ w,0z2+140) =Ty S0(x, 2, 2),

V(w2 + 1,2+ 1) = Ty[Z1]9155¢ (x, 2, 2),

Y(x, 2 +w, 2+ ©) = Ty[Z2]S2SF(x, 2, 2), (2-18)

where S; (i =0,1,2) are 8 x 8 matrices acting on the Dirac spinor given by

1 0

Si = Iixa ® ~ <0 "

> = é (I'*I'* + wl*I7). (2-19)

Here, I4x4 is the 4 x 4 unit matrix, and arbitrary Z3 phase factors are absorbed by
the intrinsic ones 7;. We use the following representation for six-dimensional gamma
matrices:

MM =yt@oy, I°=Ixi®o1, I®=I® o0,
I=T°+il* =20, @0y, I"=I°—il%=2I;,,®0_. (2-20)
The following relations hold:
IHS; = S;I*, I'*S; =wS; %, I'*S; = wS;I'?. (2:21)

The BCs for a Z3 triplet Dirac field are similarly given.

In this way, we find that BCs in gauge theories on T?/Z3 are specified by (6g, ©1,
) and additional Z3 phase factors.
2.2. Restdual gauge invariance and equivalence classes

Given the BCs (0q, 01,609, =1, 55, 7), there still remains residual gauge invari-
ance. Under gauge transformation with the transformation function 2 = 2(z, z, 2),
fields are transformed as

At — Aar = QA QT — 20000t ¢ — ¢ = Ty,
g

¢t — ¢ = Tyual2eh, ¢ — 't = Ty, (2:22)
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where Ay, (z, z, Z) satisfies, instead of Egs. (2-12) — (2:15),
Al (z,wz,07) = OYAl (2, 2,2)0/} — ;@gaue)’g,
Al (v, wz,02) =@ <(96A/Z(:c, z, 2)@/8 - ;@6&29/8) ,
AL, w7, 57) = w (@gA;(g;, 220 - ;@gaz(—)'@ ,
Az, wz + 1,07+ 1) = 0, Ay (z, 2, 2)0] ;@;au@'i,
A(z,we+ 1,0z +1) =0 (@1,4;(37, 2,2)0'1 — éegaze’{) :
Alzwz+1,02+1) =w (@;A;(x, 2,201 - ;@gag@ﬁ) :
Al (z,wz + 1+ w,02 +1+0) = 044, (z,2,2)0's — éegau@/g,
A(zwz+1+woi+14+) =0 (@gA;(:c, 2,2)0'} — ;@gaze’;> ,
Alzwr+1+w,oi+140) =w (@;A;(x, 2,2)0'} — ;(9’2@2@@) , (2:25)
Az, 241,24 1) = Z Ay (2, 2,2) 5" - ézjaME’{,
Az, 24w, 2+ @) = ShAy (2, 2,2) 5 — ;553M5’§.

Here, O, 0], 0}, =’ and =’y are given by

O, = Q(w,wz,@%)@oﬂT(aL’, z,Z),

O] = Q(z,wz+ 1,0z + 1)01021 (2, 2, 2),

Oy =z, wz+1+woz+1+0)0:02(z,2,7%),
=024+ 1,2+ 1502 (x, 2, 2),
'y =z, 2 +w, 2+ ©) 52021 (x, 2, 2).

—_
—
—

—_
—
—

The scalar fields ¢'(z, 2, z) and <;S’A(a;, z,z) and the Dirac fermion ¢/(z, z, z) satisfy
relations similar to Egs. (2-16) — (2:18), where (©y, O1,O2, =1, Z9,7) is replaced by

/ / ! =/ -/
(@Oa 17627:’17:277)'

The residual gauge invariance of the BCs is given by gauge transformations that

preserve the given BCs, O( = O, O] = 01, 04 = Oy, =1 = =} and Z)) = =y:
Q(z,wz,wz)0) = Opf2(x, 2, 2),
Q(z,wz+1L,wz+1)01 = O12(x, 2, 2),
Rr,wz+14+w,wz+10)Os = O282(x, 2, 2),
Rz, z+ 1,2+ 1)=1 = =2102(z, 2, 2),
Rz, z4+w,Z+w)Zy = Z202(x, 2, 2).
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We refer to the residual gauge invariance of BCs as the gauge symmetry of BCs.
The low-energy gauge symmetry of BCs is derived from the following relations that
are independent of extradimensional coordinates:

2(x)B = Opf2(x), 2(x)01 = O102(x), 2(x)O2=0O202(x),  (2:30)
The symmetry is generated by generators that commute with @y and O;.

Theories with different BCs should be equivalent in terms of physics content if
they are connected by gauge transformations. The key observation is that physics

I o= =

should not depend on the gauge chosen. If (6, O}, 04, =1, =) satisfies the conditions
OO, =0, 0yO] =0, 9yO, =0, dy=1=0, Iy=)=0, (2-32)
3 3 3
Oy =601 =0, = 0,0,0] = 0,010, = 010,60 =1, (2-33)
then the two sets of BCs are equivalent:
(60, O1,03, 51, 53) ~ (6o, 01,02, 51, Za). (2-34)

The equivalence relation (2-34) defines equivalence classes of BCs. Here, we illustrate
the change of BCs under a singular gauge transformation. Let us consider an SU(3)
gauge theory with (6, 01,609, 51, Z9) = (X, X, X, I,I). Here, X and I are given by

1 0 O 1 0 0
X=10 w 0 , I=10 1 0 (2-35)
0 0 w? 0 0 1
We carry out the gauge transformation defined by
2 =exp (ia (Yiz+Y!2)), (2:36)
where a is a real number, and Yj and Y! are defined by
0 1 0 0 0 1
vi=(o0o o0 1], Y'=10 0 (2-37)
1 0 0 0 1 0
Then we find the equivalence relation
(X, X, X,I,I) ~ (X, X, e7t0Yo X laY] olador), (2-38)
where Y, Y, and Y are defined by
0 1 1 0 w w? 0 w? w
Y=|10 1], Yo=|w 0 w |, Vo= w 0 w? |.(239
1 10 w w? 0 w w0

In particular, we have the equivalence relation

(X, X, X,1,1) ~ (X, Xo, Xo,wl,wl), (2-40)
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for a = 47 /3, and the equivalence relation

(X, X, X, I,I) ~ (X, Xp, Xy, wl, o), (2-41)
for a = 27 /3. Here, X, and X are defined by
w 0 0 w2 0 0
Xo=| 0 w?* 0|, Xo=[ 0 1 0 |. (2-42)
0O 0 1 0 0 w

In this way, BCs can change under gauge transformations.

The symmetry of BCs in one theory differs from that in the other, but two
theories should describe the same physics and be equivalent if they are related to by
gauge transformations. This equivalence is guaranteed in the Hosotani mechanism,
as will be explained in the next subsection.

2.3. Hosotani mechanism and physical symmetry

The Hosotani mechanism!) in gauge theories defined on T2 /Zs3 is summarized as
follows.
(i) Wilson line phases are phase factors in W;=; (j = 1,2) defined by

W=7 = Pexp {Zg/ (A.dz + Agdz)}El, (2-43)
C1

WaZ9 = Pexp {zg/ (A.dz + A;dé)}527 (2-44)
C2

where C; are noncontractible loops on T' 2. The eigenvalues of W;Z; are gauge-
invariant and become physical degrees of freedom. Hence, Wilson line phases cannot
be gauged away and parametrize degenerate vacua at the tree level.

(ii) The degeneracy is, in general, lifted by quantum effects. The physical vacuum is
given by the configuration of Wilson line phases that minimizes the effective poten-
tial Veg.

(iii) If the configuration of the Wilson line phases is nontrivial, the gauge symmetry
is spontaneously broken or restored by radiative corrections. Nonvanishing expecta-
tion values of the Wilson line phases give masses to gauge fields related to broken
symmetries. Extradimensional components of gauge fields and some matter fields
also acquire masses.

(iv) Two physical systems are equivalent if they are connected by a gauge transfor-
mation, which is a symmetry of the Lagrangian

L(P(z,2,%)) = L(¥(x, 2, 2))\

(2-45)
((A2),(A5),60,01)

((A2).(A1).6.64)
and is also preserved in the effective potential
V:eff (<AZ>7 <A2>7 907 @1) = ‘/eff ((A/Z>7 <A/2>7 @(l)a 8/1) . (246)

The physical symmetries, parameters and spectrum are determined by the combina-
tion of BCs and the expectation value of Wilson line phases.*)

*) The dynamical rearrangement of QCD theta parameter was studied in a five-dimensional
gauge theory with a mixed Chern-Simons term.'®
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Let us explain the last part of the mechanism in detail and how physical sym-
metry is determined. Dynamical phases are associated with the zero modes (z-
independent modes) of A, and Az given by

{Z APTP 4+ " APTP; TP TP € HW} , (2-47)

p p

where Hyy is a set of generators that satisfy:
Hw = {TP,T? ; T?O; = wO,T", TPO; =wO;T?, i=0,1,2}.  (2:48)

The potential for A,(z) and Az(x) at the tree level is given by

1 2
Viree = §tI‘[Dz, D2]2 = %tr[Azw A2]2- (249)

Viree takes a minimum when the expectation value of field strength F,s vanishes.
Suppose that, for (Og, ©1, O3, =1, Z9,7), Ve is minimized at (A,) and (Az) such that
(F.z) = 0 and Wy # I and/or Wy # I. Perform the gauge transformation given by
2 = exp{ig((A;)z + (Az)Z)}. This transforms (A,) and (Az) into (A’,) = (A%) = 0.
With this transformation, BCs change to

(04,601,603, 51, 55,7) = (Oo, 2(e1)O1, 2(e1 + €2)O2, 2(e1) =1, 2(e2) Za,7)
= (@Sym,@iym,ﬁzym,Eiym,E;ym,’y), (2~50)

where §2(e1), £2(e2) and £2(e; + ez) are defined by

Qer) = expligl{AL) + (A:))}, Q(e2) = expfiglw(A.) + @A)},
Qer + e2) = exp{—ig(@(A.) +w(A:))}. (2:51)

Because the expectation values of A, and A% vanish in the new gauge, the physical

symmetry is spanned by the generators that commute with (65", ©7"™):

HEYm — {Ta : [Ta, Q(S)ym] _ [Toz, Qiym] — 0} . (2.52)
The group generated by H*™ defines the unbroken physical symmetry of the theory.
§3. Mode expansions and effective potential

3.1. Mode expansions of siz-dimensional fields

Fields are classified as either Z3 singlets or Z3 triplets on 72/Z3. There are nine
kinds of Z3 singlet fields denoted by (;5(909192)(:1:, z,Z) where 6; are eigenvalues of ©;.*)
The mode expansions of ¢(6°9192)(1‘, z,Z) are given by

*) For convenience, # is denoted though it is not an independent parameter. Note that the
relation 6p0102 = 1 stems from T [O0]T5[O1|T6(O2] = I.
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oM (2, 2,2) = ¢oo(a +Z¢nm ),

¢(1ww) (2,2, %) Z@lm f(o (Z,Z),

n—i—s7

o1 (z, 2, %) qunm + m+2(z zZ), (3-1)

) (3, 2, 2) = Z¢nm Vi (2, 2),

)

(Zs(wwl) (z,2, ) Z¢nm f(1 L (2,2),

"+37m+3
o1 (2, 2, %) me fﬁ? 42(22) (3-2)
¢ (z, 2, ) Z o, (@  2),

d)(wlw) x 2, Z Zgbnm n+3’m+%(2,2>,

6@ (2, 2,2) Z¢nm )2,

n+3,m+3

5 (2,2), (3-3)

where Z;m means the summation over integers (n,m) excluding n = m = 0 and
normalization factors are absorbed by the four dimensional fields ¢, n(z). Note that

only ¢("V)(z, 2, Z) has a zero mode. Here, f ntamip(? Z) are defined by

0 _ _ _
fr(LJza,erﬁ(zv Z) = fotram+6(2,2) + fatamis(wz, @2)

+ frtam+s(@z,wZ), (3-4)
fé?a,m+ﬁ<za Z) = Ofntam+6(2,2) + wfntamtpswz, w2)

+ frtamip(@z,wZ), (3-5)
£ (52 2) = it 8(2,2) + @ fogaimys(wz, ©7)

+ Futagmes(@502), (36)

where fy4+a.m+3(2,2) is defined by

fn—i—a,m—i—ﬂ(zvg) = exp |:7Ti { <n+ o — n+a+\/2§(m+ﬂ)i) z

+<n+a+n+a+\/2§m+ﬁ)i>z}]. (3-7)

In the case of vanishing Wilson line phases, the mass squared of ¢, (z) is derived
from the kinetic terms after compactification such that

1
M (@, ) = <(n +a)’ + 5 (n+a+2(m+ 5))2>
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— 22t a) + (nt Q)m+ B) + (m+ B)’]

n+a« 2+ n+a« m+ [ . m+ [ 2
R R R R
where «, § = 0,1/3,2/3 and the physical size |e;| = |e2| = 27 R is used in the final
expression.

In gauge theories on T?/Z3, there is another important representation, a Z3
triplet. The Z3 triplet field ¢?(x, 2, 2) (A = 1,2, 3) satisfies BCs such that

3
¢A($,WZ,Q_JZ) = (X)‘AngB(:L"Z’Z)’
B=1

3
1
== 3-8
3 ’ ( )

3
oMz wz+ 1,0z +1) Z _27”73}/'\,’ quB(x, z,2),
B=1

; A
¢A(x,wz+1+w,c712+1+@) = (ezwwwa) B¢B(x,z,2),

NE

oy
Il
N

3
Az L2410 =3 () 6B(x,2,2),

B=1
3
oMz, 2 +w, 2+ ©) Z 72””3}“’ qﬁB(x, z,Z), (3-9)
B=1

where we take Tja [©;] = I and 7 is a real number. When we take (X, ), V., Vs) =
(X,Y,Y,,Y;), the mode expansion of ¢*(z, z, Z) is given by

fT(L?’y,m—l—'y(zv 2)
(x,2,2) Zqﬁnm f{g;%erﬁ/(z,z) , (3-10)
fn—&-fy,m—l—'y(zv 2)

where v can take an arbitrary value. In the case of vanishing Wilson line phases, the
mass squared of ¢, ,(x) is given by

M2 (r2) = (0424 g7+ 2m+9) )
() () () ()

where the physical size |e1| = |e2| = 27 R is used in the final expression. There are
no massless modes from the Z3 triplet in the case that v is not an integer.

1
3

3.2. Classification of equivalence classes

The classification of equivalence classes of BCs is reduced to the classification
of (O, 01). We classify equivalence classes, which contain a set of diagonal repre-
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sentation matrices (©p,©71). The diagonal matrices (Oy, ©;) are specified by nine
non-negative integers (I, mp, np, lg, Mg, ng, Iy, My, ny) such that

P q
@Ozdlag(la'”71717"'71717"'717(*‘)7"'7w7w7"'7w7w7"'7w
r=N-p—q

w, W, W, , W, W, 7(:})7

@1:dlag(1a"' ,1,0),"' 7“;’@"" 7‘3717"' ,1,(0,"' >w>a)7"' aU_Ja
]-a ,1,(4), W, W, 7"‘_1)5

QQZdiag(la”'717@7' ,G}w wvajv"'7@)w7 wu]-a' )17

—_——— —— —— —— ——

lp mp Np lq mq Ng

where ©5 is denoted, for convenience, N > [,, m,, ny, lq, mg, g, L, My, > 0, p =
lp+mp+mnp, ¢ =lg+mg+ng and r = I + m; +n,. We denote each BC specified by
(lp, mp, np, lg, Mg, g, Ly, My, my) (or a theory with such BCs) as [l,, my, np; lg, Mg, ng;
Ly i, M.

The matrix @ is interchanged with @2 by the following interchange among
entries such that

[lpa My, Nps Lg, Mg, Ng; Ly My nyl < [lp> Ny Mips Mgy M, Lgs My, L, ). (313)

The matrix @y is interchanged with ©; by the following interchange among entries
such that

[Lps Mpy 13 gy Mgy g ey My M| = [y gy U My Mgy s p, gy ). (3414)

The matrix @ is interchanged with @2 by the following interchange among entries
such that

[lpa My, Nps Lg, Mg, Ng; Ly My nr] = [lp7 Moy Mg Ly Mgy M3 Ly, M, nr]' (315)

Using the equivalence relations (2:40) and (2-41), we can derive the following
equivalence relations in the SU(N) gauge theory:

[Lps My T3 Uy Mg, g Ly 1, 1]
~ [l —1,mp+ 1,np;lg, mqg — 1,ng + 1,1, + 1, my, np — 1],

for 1,,mg,n, > 1,
~ |l +1,mp — 1,np;lg, mg+ 1,0 — 1;1, — 1, my, n,p + 1],

for mp,ng, l > 1,
~ |l —1,mp,ny + 1;1g+1,mg — 1,ng; 1, mp + 1,0, — 1],

for 1,,mg,n, > 1,
~lp+1,mp,n, — 151, — 1, mg+ 1,ng; L, my — 1,0, + 1],

for my,ng,l, > 1,
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~lp,mp —1,np + 151+ 1, mg,ng — 1; 1, — 1,my + 1,n,],

for my,ng,l, > 1,
~lp,mp+1,n, — 1,1, — 1,mg,ng + 1;1, + 1, m, — 1,n,],

for np,lg,my > 1. (3-16)

One can show that the number of equivalence classes of BCs including diagonal
representations is y4+8Cs — 2 - y45Cg for the SU(N) gauge group.

3.3. Effective potential

We study the effective potential for extradimensional components of the gauge
field in an SU(3) gauge theory on M* x (T2/Z3). Let us adopt the representation
matrices such that

O =61 =0, = (3-17)

o O =
o & o
€ oo

With this assignment, the eigenvalues
(0o,01,02) for gauge fields are deter-

Table I. (6o, 0:1,02) for gauge fields. : .
mined from the transformation proper-

= F f_j ?_: i_? ties under Z3 transformation (2-12) —
P Y TR (2-14), and are given in Table 1. Here
l Ai,HA8 S (A}\j, e A?\;) are defined by
AT AT A [ w w w
AT, AR AT L 1 Al = L (A, —iA3,), (3-18)
A3 A3 © @ @ M= ’
AT AT AT L1 - _ Lo e
Al A A | o o o Ay = 7 (Ay +i43,), (3-19)
A2 A8 woow  w 1
AtF = 7 (A3, —iA3y), (3-20)
_ 1 .
At = 7 (A3, +iA3), (3-21)
1 )
Abt = 7 (A%, —iAY,), (3-22)
_ 1 .
AS, = 7 (AS; +iAY,). (3-23)
We find that zero modes appear in A/?;,
A;Bu Ai77 A§+7 Agia A;’—v Aé_ and Ag+
From the vanishing field strength condi-
tion, A,(x) and Az(x) are parametrized
as
0 0 1 0 1 0
2 2
Au(z) = Vama (G . As(z) = Vama (0 gy ) (3-24)
g 01 0 g 1 00
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Here, we set the zero mode a to be real using the residual U(1) gauge symmetries.

Now we consider the effective potential V.g for a by treating it as a background
field. The effective potential is derived by writing Ay = AS, + A%, taking a suitable
gauge fixing and integrating over the quantum part A?M and every quantum flactu-
ation of other fields. Here A9, is a background configuration of the gauge field A;.
The Ve depends not only on A9, but also on BCs, i.e., Vog = Ve[AY,; O, O1, 7). If
the gauge fixing term is also invariant under the gauge transformation, i.e.,

DM(A% Ay =0 — DM(A) Ay, = QDM (A% Ay 0t =0, (3-25)
it is shown that Vg satisfies
‘/Yeff[A(])\/[;@Oa@177] = V:af‘f[AQ\O/I;@(I)a lla’Y] (326)

This property implies that the minimum Vg corresponds to the same symmetry as
that of (5™, 07™) .
The one-loop effective potential is given by

Ver[A34:600,01,7] = > :FiTr InDyr(A%) DM (A), (3-27)

d ~
=3 = / PE S @} + M2, —ie), (328

where pg is a four-dimensional Euclidean momentum and the Wick rotation is ap-
plied. Here, we consider that F ](\)/[ n = 0 and every field has no mass term on six-
dimensional space-time. The sums extend over all degrees of freedom of fields in the
bulk in Eq. (3-27) and over all degrees of freedom of four-dimensional fields whose
masses are M, ,,, in Eq. (3-28). The sign is negative (positive) for bosons (FP ghosts
and fermions). Dys(A%) denotes an appropriate covariant derivative with respect to
A(j)\/[. For later convenience, we write down the formula of one-loop effective potential

for N2, = M2, (0. §) as'

1
Verr[Afy: €0, 01,7] = Y Fol(a.9)

(o, ) / d'pr 21 e B) — i)

\[ ’ 1
= 2567T7R4Z (n2 +m2 — nm)3 Ccos 27T(om + ﬂm)
n,m

+ (o, f-independent terms). (3-29)

Our task now is to obtain mass
squareds Mﬁm for every field that cou-
ples to gauge fields. For simplicity,
we consider an SU(3) triplet scalar
field ¢ = (¢!, ¢, ¢3) whose eigenval-
ues (6o, 01, 02) are given in Table II. The

Table II. (9,61, 02) for ¢.

>
=)
>
[y
=)
)

%

€ —
€ —
€ ~

<%
€l
€l
€l
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point is to consider ¢ as a Z3 triplet, i.e.,
G (@) = 02 1 (x) = @3 1, (¥) = dnym(x). Then the covariant derivative for ¢(z, z, z)
is calculated as

0. 0  iV2ma £
Do = (0. +igA)¢ =Y bnm(@) [ ivV2ra 0, 0 )
n,m 0 iv2mra 0, f7§2m
a nvst? <m7%> - (2
| n— Vo) + 73 i | @ fnim
. . nmr2(me)
= Zqﬁnm(m) im|n— 5+ Wz wfn?m . (3-30)
n—g2(m-g5) |
| n— % + 73 7 wfn,m
Hence the mass squareds for ¢, ,,,(x) are three Mim(—%, —%)’s. In the same way,

those of gauge fields are calculated from the covariant derivative D, Ay = 0, Ay +

iglAz, Ay and are M2, (=a,—a), M2, (%320, 558a), M2, (1520, 1530) and
five M?,,(0,0)’s. The same result holds for FP ghosts.
Using mass squareds and Eq. (3-29), we obtain the one-loop effective potential

for a as

Vet = —21(—a,—a) — 21 < 5 5 5 '3

3 a a
—=I|——,—— ). 3-31
(7575 (331
The minimum Vg is given at a = 0. When fermions are introduced, the non-

vanishing expectation value of a can be obtained and the breakdown of U(1) gauge
symmetries can occur.

1+\/§a 1+\/§a> —2I<1_\/§a 1_\/§a)

§4. Conclusions

We have studied equivalence classes of BCs in a gauge theory on the orbifold
T?/Zs. General arguments have been given for BCs in gauge theories on T2%/Z3
including various relations of BCs, and equivalence classes of BCs have been defined
by the invariance under gauge transformation. Mode expansions have been given for
six-dimensional Z3 singlet fields and the Z3 triplet field, and the classification of BCs
for the SU (V) gauge group has been carried out with the aid of equivalence relations.
The one-loop effective potential for Wilson line phases has been calculated using the
SU(3) gauge theory. It is crucial to study dynamical gauge symmetry breaking
and mass generation in a realistic model including fermions. It is also important
to construct a phenomenologically viable model realizing gauge-Higgs unification'?)
and/or family unification'®) based on them. The local grand unification can be
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realized by taking nontrivial ©;’s.*) It is interesting to study the phenomenological
aspects of such models. We hope to further study these subjects in the near future.
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Appendix A
—— Useful Formulae

For Yf, YF (k=1,2,3) and X defined by

0 1 0 0 w 0 0 w? 0
vi=lo0oo0 1], v?2=[0 0 w |, Y= 0 0 |,
1 0 0 w 0 0 w2 0 0
0 0 1 0 0 w? 0 0 w
yi=l 10 0], V2= &w? 0 0 |, V3= w 0 0 |,
0 1 0 0 2.0 0 w 0
1 0 0
X=|10 w 0 |, (A1)
0 0 w?
the following relation holds:
3 3
X exp [—iZ(aka+akYk> = exp [—iZ(waka—FwakYk) X. (A2)
k=1 k=1
For Y, Y, and Y} defined by
0 1 1 0 w o w? 0 w? w
Y=(10 1|, YV,=(ww? 0 w |, o= w 0 w?* |,(A3
1 1 O w w2 0 W ow 0
the n-th powers of Y, Y,, and Y are calculated as
1 1
Y= 3 @"=(-)"Y + 3 2" +2(-1)")1,
1 1
Y) = 3 2" - (-1)") Y, + 3 (2" +2(-1)") 1,
1 1
Yo = 3 (2" — (-1 Y, + 3 (2" +2(-1)") 1. (A-4)

*) The ‘local’ gauge groups at fixed points were realized on T?/Z5 in Ref. 17). The string-derived
orbifold grand unification theories were studied in Refs. 18) and 19).
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Then ' | ¢!®e and Y% are calculated as

. 1 . . 1 . .
6zaY — g (62az _ e—az) Y + g (62112 + 26_0’2) I,

; 1 ) . 1 . )
eme _ g (62[” . efaz) Yw + g (e2a2 + 2efaz) I,

; 1 ) . 1 . )
elYe — 3 (62‘” - ef‘”) Yo + 3 (625” + 26*‘”) 1. (A-5)

For the function fy+a,m+(2, Z) defined by
_ . n+a+2(m+pf).
frtam+p(2,Z) = exp [m{<n—|—a— i)z
’ V3
2
+(n+a+n+a+\/§m+ﬁ)i>z}]7 (A-6)

the following transformation properties are derived:

fn-i-a,m-‘r,@(z +1,z+ 1) = w3afn+oc,m+ﬂ(zv 2)7

fn-i—oz,m—&-ﬁ(z +w,z+ ‘D) = Wgﬁfn—l—oz,m—i-ﬁ(za Z),

fn+a,m+6(z +@,Z74+w) = @3(a+ﬁ)fn+a,m+ﬁ(za Z),

fn+o¢,m+ﬂ(wz7 C_‘)Z) = fm—l—ﬁ,—m—n—oa—ﬁ(za 2)7

fn—i—oc,m—&-,@((‘jza wZ) = f—m—n—a—ﬁ,n—i—a(za 2)- (A7)
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