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Abstract
We give a definition of nilpotent association schemes as a generalization of
nilpotent groups and investigate their basic properties. Moreover, for a group-like
scheme, we characterize the nilpotency by its character products.

1 Introduction

The notion of a finite association scheme generalizes the one of a finite group. So it is
natural to ask which properties of finite groups hold for association schemes.

In [6], Takegahara defined nilpotent schemes as a generalization of finite groups, and
he consider some of their basic properties. However, Takegahara restricted himself to
commutative schemes. In this article, we suggest a definition of nilpotency for finite
schemes without assuming them to be commutative. For each finite schemes, we define
the upper central series and call a finite scheme nilpotent if the upper central series
ends at the scheme itself. Referring to this definition we will be able to show that
subschemes and factor schemes of nilpotent finite schemes are nilpotent (Proposition
2.7 and Proposition 2.8). But we do not know whether we can define the lower central
series (Question 2.11).

In [6], Takegahara also gave a characterization of commutative nilpotent schemes
by their Krein parameters. In general, non-commutative schemes do not have Krein
parameters. So we consider group-like schemes [2]. A scheme is said to be a group-like
scheme if any product of characters is a linear combination of irreducible characters. For
a group-like scheme, we can define the lower central series and show that it characterizes
nilpotency of the scheme (Theorem 4.12).

Also we will give some remarks on p-schemes.

2 Definitions and basic facts

We say that (X, .S) is an association scheme or a scheme in the sense of a finite scheme in
[7] or [8]. For s,t,u € S, let pY denote the intersection number or the structure constant,
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ns the valency, and o, the adjacency matriz. The diagonal relation will be denoted by
1. For T' C S, we also use the notations ny = > ,.,n and o = Y, .. 0. We call
ng = | X| the order of (X,S). An element s € S is said to be thin if ny, = 1. A closed
subset T is said to be thin if every element of T" is thin. Let Irr(S) denote the complete
set of complex irreducible characters of S. For the other notation and terminology, see
[7] or [8], and [1].

Let (X, S) be an association scheme. We say that s € S is centralin S if 050, = 0404
for all t € S. A closed subset T of S is said to be central in S if every element of T' is
central in S. Note that the set of all central elements of S does not need to be a closed
subset of S. Let Z(S) denote the maximal central thin closed subset. Namely

Z(S)={s€ S|ns=1and o0, = 010, for all t € S}.
Define

Zo(5) = {1}
and define Z;1(S) inductively by

Zin(9))2i(S) = Z(S) Zi(S))
for i € {0,1,2,---}. Then we have a sequence of closed subsets :
{1} =Zy(S) C Zy(S) C ---.

We call this sequence the upper central series of S. Note that Z;(S) is a normal closed
subset of S.

Definition 2.1. We say that (X, S) is a nilpotent scheme if Z,(S) = S for some non-
negative integer . We also say that S is nilpotent. In this case, we call the smallest
integer ¢ such that Z,(S) = S the nilpotency class of S.

A closed subset T of S is said to be nilpotent if a corresponding subscheme is nilpo-
tent. This definition is independent of the choice of a subscheme though a subscheme
is not uniquely determined.

Remark 2.2. If (X, S) is thin, then the upper central series is just the upper central
series of the corresponding finite group.

We investigate basic properties of nilpotent schemes and upper central series. The
next lemma is easy but very important in this section.

Lemma 2.3. Let s be a central thin element of S, T a closed subset of S. Then s’ is
a central thin element of S)T.

Proof. We have (T'sT)(Ts*T) = Tss*T C T. This means that s’ is thin.
Take any t € S. Then o40, = 040, = 0, for some u € S since s is thin. Then
agryryr # 0 and argr,r # 0. Since sT is also thin, we have oror = oyr = oprogr. O



Definition 2.4. We call a sequence
S=5%D>285D>---D85 ={1}
of closed subsets of S a central seriesof Sif S;_1 /S; C Z(S))S;) forevery i € {1,2,--- ,r}.

If Z,(S) = S for some non-negative integer ¢, then S = Z,(S) D --- D Zy(S) = {1}
is a central series of S.

Theorem 2.5. Suppose S has a central series S = Sy D Sy D --- D S, = {1}. Then
Zi(S) D S,_i for every i € {0,1,2,--- ;r}. Moreover, S is nilpotent and the nilpotency
class of S is at most that of S.

Proof. If i = 0, then the statement is clear by Zy(S5) = {1} = S,..

We suppose Z;(S) D S,_; and show that Z;;1(S) D S,_;_1. Since S,_; 1//S,_; is
central thin in S//S,_;, so is Z;(S)S,—i—1/Zi(S) in S)Z;(S) by Lemma 2.3. This means
that

Zi(8)Sr-i-1//Z:(S) C Z(S)Zi(S)) = Zi+1(S) [ Zi(S)

and Srfl',l C ZZ+1<S> ]
By this theorem, the next theorem holds.

Theorem 2.6. (1) A scheme (X,S) is nilpotent if and only if it has a central series.

(2) Let T be a closed subset contained in Z(S). Then S is nilpotent if and only if S||T
s nilpotent.

Proposition 2.7. Let T' be a closed subset of a nilpotent scheme (X,S). Then T is
nilpotent and the nilpotency class of T is at most that of S.

Proof. Let T be a closed subset of a nilpotent scheme S. Take a central series
S=5>28D>2---D85 ={1}
of S. Put T; =T N.S,;. We show that
T=TyoThD>---DOT, ={1}
is a central series of T. We have
T)Tixa=T)(TNSi11) = Si1T))Siv1 C S))Sisa.

This induces T; ) Ti+1 = Sip1T; )/ Siz1 C SiffSiy1. This means that T;)T;;; is a central
thin closed subset of T')/T;.. O

Proposition 2.8. Suppose S is nilpotent and T is a closed subset of S. Then ST is
nilpotent and the nilpotency class of SJ/T is at most that of S.



Proof. Take a central series
S=5%D>285D---D85 ={1}
of S. We show that
ST = SoT)T > S\T)T >---DS.T)T ={1}

is a central series of S)/T.
Since Z(S//Sl_g_l) D) Sz’//Si—i-l; we have Z(S//Sz+1T> D) SZT//SH_lT by Lemma 2.3.
This shows that Z((S)/T))(SiiT)T)) D (SiT)T) ) (SiaT)T). O

We note that T" does not need to be normal in Proposition 2.8.
Let 7" and U be closed subsets of S such that 7" C U. Following [8], we define

Ky(T)={ueU|uTucCT}.
Then T is strongly normal in Ky (7).

Proposition 2.9. Suppose S is nilpotent and T is a proper closed subset of S. Then
Z(S)T) is non-trivial. Especially K¢(T) 2 T.

Proof. There exists a positive integer ¢ such that Z;_1(S) C T and Z;(S) ¢ T. Then
Z;i(S)T is closed in S since Z;(5) is normal in S. Now Z;(S)T 2 T D Z;—1(S) and the
natural surjection S)/Z;_1(S) — S//T induces a surjection Z;(S)/)Z;—1(S) — Z;(S)T)T.
By Lemma 2.3, Z;(S)T)T is central thin in S//T. Especially Z;(S)T" C Kg(T) and
Ks(T) D T. O

Proposition 2.10. Let (X,S) be the direct product of schemes (X1,S51) and (Xa,52).
Then (X, S) is nilpotent if and only if both (X1,51) and (X2, S2) are nilpotent.

Proof. This is clear by the definition and the arguments above. O

Question 2.11. We want to define the lower central series for an association scheme.
Usually, in group theory, the lower central series is defined by higher commutators. But,
in scheme theory, they cannot be used. For any subset T' of S, the commutator [S,T]
contains the thin residue O?(S) of S by [8, Theorem 3.2.1 (ii)].

Put L°(S) = S. Then it seems to be natural to define L'*!(S) by the following. For
a fixed 7, let Z be the set of normal closed subsets T of S contained in L(S) such that
L'(S)JT c Z(S)T). Define L'"(S) = Npez T- If L'1(S) € Z, then the definition
seems to be very nice. But we do not know whether Li*1(S) € Z.

3 Character values and upper central series
In this section, we will determine the upper central series by character values. So we

can determine whether a scheme is nilpotent by its characters.
First, we recall the following facts.



Proposition 3.1 ([2, Lemma 2.2 and Lemma 2.3)). Let (X, S) be an association scheme,
s €8, and p € Irr(S). We fix a representation ® which affords p. Then the following
statments hold.

(1) If € is an eigenvalue of ®(oy), then |£] < ny.
(2) We have |p(os)] < nsp(1).
(3) The equlity o(os) = nsp(l) holds if and only if ®(os) = nsE, where E is the

tdentity matriz.

We consider the case |¢(0s)| = nsp(1) in the above proposition.

Proposition 3.2. Let (X, S) be an association scheme, s € S, and ¢ € Irr(S). We fix
a representation © which affords ¢. If |p(os)| = nsp(1) holds, then ®(os) = neE for
some root of unity .

Proof. Suppose |p(os)| = nsp(1). By Proposition 3.1 (1), all eigenvalues of ®(o;) are
nse for some complex number ¢ such that |¢| = 1.

By [8, Lemma 3.1.1 (ii)], there exists a positive integer ¢ such that 1 € s. Put
ol = > tes 0. Note that a; is non-negative integer for any ¢t € S and oy # 0.
We have n,t = > e wng. Then o(osf) = ngep(1). On the other hand, ¢(0,f) =
a1p(1) 4 22y cup(oy). Now

ns‘o(1) = lp(o.)] < anp(1) + Y aulp(on)| < arp(1) + Y awmp(1) = niep(1).
t£1 t£1

This shows that (o) = nyp(1) if o # 0. So ®(0y) = nyE if ay # 0. Hence ®(0,%) =
®(0,)" = nlE. If ®(0,) is not diagonalizable, then its power cannot be a diagonal
matrix, since its eigenvalues are non-zero. So we have ® (o) = nseE. Also we can see
that € is a ¢-th root of unity. O]

For y € Irr(S), we define
K(x) ={s € 5[ x(os) = nsx(1)}-
Then K (x) is a closed subset of S [2, Theorem 3.2]. Also we define
Z(x) ={s € S| Ix(o9)| = nax(1)}.
Then we have the following.
Proposition 3.3. For x € Irr(S), Z(x) is a closed subset of S.

Proof. Let ® be a representation which affords x. Suppose s,t € Z(x). Then ®(o,) and
®(0y) are scalar matrices and we have x(os0:) = x(0s)x(0¢)/x(1). Now

nanex(1) = [x(0:0)| <D philx(en)] <D phnux(1) = nenex(1).
u€esS uesS

This shows that |x(o,)| = nux (1) if u € st and this means that Z(x) is closed. O
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Remark 3.4. We note that Z(x) does not need to be normal in S.

We consider a normal closed subset T of S. For x € Irr(S/T), we can define a

character y’ of S by
/ LT
X() = 2 x(o)
Then ' € Irr(S). We identify x’" with y and regard Irr(S)T) as a subset of Irr(S) (see
3])-

Theorem 3.5. Let T' be a normal closed subset of a scheme (X,S). Then

Z(S)T) = N 2z ) IT.

XEIrr(S)T)

Especially, Z(S) =, cm(s) Z(X)-

Proof. Suppose s € Z(S)T). Since s’ is thin and central, easily we can see that
Ix(osr)| = ngrx(1) for x € Irr(S)/T). We know that x(o,r) = ngrx(os)/ns. This means
that s € Z(x) and s € (), cpr(syr) Z(X)-

Suppose s € () cpr(syry Z(X). Then we have s* € () 5/ Z(X) by Proposition
3.3. Let ¢ € Irr(S)T) and @ a representation affording ¢. Since ®(o;) = n,eE and
®(04:) = ne 'E, we have ®(o,07) = n,2E. This means that ss* C K(p). Since
Noetr(syry K(¢) = T, we have ss* C T. By the normality of T, sT is thin. Also s”
is central in S)/T since ®(o;) is scalar matrix for every irreducible representation ® of
S/T. O

By Theorem 3.5, we can determine Z;(.S), Z»(S), and so on, by character values. So
the upper central series is determined.

4 Group-like schemes

In [6], Takegahara gave an interesting characterization of nilpotent schemes for commu-
tative schemes. He used Krein parameters to characterize nilpotent schemes, but Krein
parameters are not defined for non-commutative schemes, in general. We will try to
characterize nilpotent schemes by a similar way for group-like schemes.

Let (X, S) be an association scheme. We will define a binary relation ~ on S as
follows. For s,t € S, we write s ~ t if

L (o) = 2 x(o)

Uz Uz

for every x € Irr(S). Then ~ is an equivalence relation. For s € S, put s =, .t and

S ={35|se S} Then S is a partition of X x X. Put V = ;.5 Cos. Then the center
of the adjacency algebra Z(CS) is contained in V.



For two characters x and ¢ of S, it seems to be natural to define the product x¢ by

(x0)(02) = - x(0.)(c7)

(see [4]). Note that the product does not need to be a character. Moreover, it does not
need to be a linear combination of irreducible characters.

Theorem 4.1. For an association scheme (X, S), the following statements are equiva-
lent.

(1
(2

V = Z(CS).
dime Z(CS) = |S].
(3
(4

(5) For any x,p € Irr(S), x¢ is a linear combination of Trr(S).

Proof. The equivalences of (1), (2), (3), and (4) are shown in [2, Theorem 4.1]. The
equivalence of (4) and (5) are by a direct calculation. O

There exists a partition S = |J,cp Tx such that {op, | X € A} is a basis of Z(CS).

)
)
)
) Z(CS) is closed under the Hadamard product.

We call a scheme (X, S) with the~ property in the above theorem a group-like scheme

2]. If (X, S) is group-like, then (X, S) becomes a commutative scheme. For a group-like
scheme (X, S), we can define a bijection Irr(S) — Irr(S) (x — X) by

~ x(03)
X\035) = .
(s) x(1)
Note that we write 1 for the identity element of the adjacency algebra CS here. Of

course, o1 = 1 holds. Recall that the primitive central idempotent of CS corresponding
to x € Irr(S) is given by

It is easy to see that e, = eg.
Since (X,S) is commutative for a group-like scheme (X,S), we can define Krein

X0 = j{: qzaes

gelrr(S)

parameters qfw by

for x, @, ge Irr(g). Since e, = ey, we also write qfw instead of qfw. It is known that the
Krein parameters are non-negative real numbers (Krein condition [1, IT, Theorem 3.8]).
Suppose (X, .S) is group-like. Then, for any x, ¢ € Irr(S), x is a linear combination

of Irr(9) :
= D

gelrr(S)
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and
e

3 3
r q
X¥ XP
MMy

by direct calculations (or see [4]). Note that %, is also a non-negative real number for
a group-like scheme.

Let T be a normal closed subset of S. For x € Irr(S), x € Irr(S/T) if and only if
eyer # 0, where ep = nrtop. Since T is normal, er is a central idempotent of CS and

we have
e = Z €x
xEIrr(S)T)

and
(er) = {X(n it x € re(S)/T),

0 otherwise.

Proposition 4.2. Let (X, S) be a group-like scheme, and T a normal closed subset of
S. Then the factor scheme (X/T,S|T) is group-like.

Proof. Let x, ¢ € rr(S/T). Since (X, 5) is group-like, we have X = 3 o1 (s) 7’)5“05. So
we have

> rtler) = (eer) = - S (o)lo) = 2= 3 —x(eelon)
Eelrr(S) teT teT
_ ni T nitntxmntw(l) - n—lwa(l) S = x(Dg(1)
= = Y ).
gelrr(S)

Since riw is a non-negative real number, this shows that rfw # 0 implies (er) # 0 and so
¢ € Irr(S)T). Now xy is a linear combination of Irr(S/T"), and ST is group-like. [J

Let T be a closed subset of (X, S). For s,u € S, sT = u! if and only if

1 1
— 070507 = —070,0T

S nu
by [8, Lemma2.3.2]. In the above condition, we can also replace o by er.

Remark 4.3. Let (X, S) be a group-like scheme, and T a closed subset of S. The factor
scheme (X/T,S)T) does not need to be group-like if 7" is not normal.

Proposition 4.4. Let (X, S) be a group-like scheme, and T a normal closed subset of
S. PutT={t|teT}. ThenT isa (normal) closed subset of S and ST = ST



Proof. Since T is normal in S, or is in the center of the adjacency algebra CS. So, if
teT, thentcC | uer Y- Hence o7 = o5 and this means that 7" is closed.

We show that S//T is a fusion of ST (for a fusion, see [7, §1.7]). Suppose 37 = u”
for s,u € S. For any x € Irr(S)/T), we have

1 1 1 1
(o) = —ox(02) = 2x(09) = -x(eroer)
1 1 1 1
= —X(erazer) = ~x(0w) = ~x(e2) = (o).

So we have s = u”. This means that §/7f is a fusion of ST

Since ST and ST are group-like, we have |Irr(S)/T)| = \S//T| and |Irr(S)7T)| =
|S/T|. For y € Irr(S), x € Irr(S//T) if and only if ¥ € Irr(S)T). So |Irr(S)T)| =
Irr(S /T)|. Now we have that |S//T| |S/T| and S//T ST. O

Theorem 4.5. Let (X,S) be a group-like scheme. Then (X, S) is nilpotent if and only
if (X,8) is nilpotent. Moreover, S = So D S1 D +++ D S, = {1} 15 a central series of S
if and only if S=S8,>85, DD 8, = {1} is a central series of S.

Proof. 1t is enough to show the second part of the theorem.
Suppose S = Sy D S; D -+ D S, = {1} is a central series of S. Then U§65:1 s =
Uses,_, s and S)/S,—1 = Sof/Sp—1 D S1f/Sr—1 D -+ D Sp1//S,—1 = {1} is a central

P e g

series of S//Sr 1. By the induction on the length r, we have that S/S,_1 = Sg/S,—1 D
5'1///3}/1 D= D Sr% 1 = {1} is a central series of S//S,_1. By Proposition 4.4,
S//ST S//ST 1 for every i € {0,1,--- ,r —1}. Now S =Sy D5 D+ Dg,,:{l}
is a central series of S.

The converse is proved similarly. O

Corollary 4.6. Let (X, S) be a group-like scheme. Suppose that (X,T) is a fusion of
(X,9) and (X,S) is a fusion of (X,T). Then (X,S) is nilpotent if and only if so is
(X,T).

Proof. In this case, (X, T) is group-like and (X, T) 2 (X, S). So the statement is clear
by Theorem 4.5. [

Example 4.7. Suppose (X, 5) is a thin scheme defined by a finite group GG. Then (X, )
is nilpotent if and only if the group G is nilpotent by the definition (Remark 2.2). The
relation ~ is just the conjugation of G. So (X,S) is always group-like and (X, §) is
the group association scheme of G [1, 11, Examples 2.1 (2)]. So the group association
scheme is nilpotent if and only if the corresponding finite group is nilpotent.

In [6], Takegahara characterized commutative nilpotent schemes by their Krein pa-
rameters. Now we can apply his method to group-like schemes. But his argument did
not mention the structure of schemes. Here we will consider his argument precisely.
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Let (X, S) be a group-like scheme. For x, ¢ € Irr(5), we define

Supp(xy) = {£ € Irr(S) | r§, # 0}.

Of course, Tiw can be replaced by the Krein parameter qfw. Let 1g be the trivial
character of S, namely 1g(co,) = ns, and put I°(S) = {1g5}. Define I'"1(S) inductively
by I'™1(S) = {x € Irr(S) | Supp(xx) C I'(S)}, where Y is the complex conjugate of
X- Note that x(os) = X(0s) for any s € S. One of the main results in [6] shows that
(X, S) is nilpotent if and only if I*(S) = Irr(S) for some non-negative integer ¢ when
(X, S) is commutative. Now we do not assume the commutativity of (X, S) and give a
central series. Put L(S) = {s € S| x(0s) = nyx(1) for any x € I'(S)}. Then L'(S) is
a normal closed subset of S by [2, Theorem 4.3].

Lemma 4.8. Let (X,S5) be a group-like scheme. We use the above notations. Then
LYS)JLTHS) € Z(S)L(9)).

Proof. First, we suppose that (X, S) is commutative. Let s € L*(S) and let y € I'"1(S5).
Then, since y is linear, we have

X(0.00) = X(0)x(0) = x(0)X(05) = n(xX)(05) = ns Y _1r5:6(0)

ger

= ns er& (Dns = ns2(xx)(1) = ng>.
gert

Now x(0s0s) = Etespgs*x<‘7t)a ng® = Ztespis*ntv and |x(oy)| < ng. So pis* # 0
implies that y(o;) = n;. Since this holds for every y € I""(S), we have ss* C LT1(S).
This means that s* (%) is thin. Since (X, S) is assumed to be commutative, we have
LI(S)JLH(S) € Z(SJL(S)).

Next we suppose that (X, .S) is group-like. We have the commutative scheme (X, S ).

— ~——

Then it is easy to see that L'(S) = Li(S) for any i. So we have Li(S)/L*'(S) C

Z(§//L7+T(§)) The isomorphism S/ Li+1(S) = S//ZTH/(S) in Proposition 4.4 shows
that Li(S))Li+Y(S) c Z(S)L+1(S)). Now we can conclude that L(S)/L(S) C
Z(S)LT(9)). O

This lemma shows the following.

Proposition 4.9. If (X, S) is group-like and L*(S) = {1} for some non-negative integer
(. Then S = L°(S) D LY(S) D --- D LYS) = {1} is a central series of S and (X, S) is
nilpotent.

Proposition 4.10. Let (X,S) be a group-like scheme. Suppose a sequence of closed
subset S =Sy D Sy D -+ satisfies S; )/ Siv1 C Z(S))Siv1) for any i € {0,1,---}. Then,
for x € Trr(S)/Sis1), Supp(xx) C Irr(S)/S;) holds. Especially, I'(S) D Irr(S)S;) and
LY(S) C S; for anyi€ {0,1,--- ,r}.
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Proof. Let x € Irr(S)/Si4+1) and s € S;. Since S;)/Siv1 C Z(S)/Si+1), we have (o) =
engx(1) for some ¢ € C such that |¢| = 1. Now

1

XX(05) = —x(o)x(05) = nsx(1)* = ns(XX)(1).

S

Now XX(0) = Ceerm(s) xl (05): 1O (1) = Lermns) Tzt (1), and [€(0,)] < ny&(1).
So, if 'r’f& # 0, then £(o5) = ns&(1). Since this holds for any s € S;, we have Supp(xx) C
Irr(S)S;).

We prove the last part by an induction on 4. Clearly I°(S) = {1} = Irr(5//Sp). For
x € Irr(S)/Si11), Supp(xx) C Irr(S)S;) C I(S). So x € I'*1(S) and Irr(S)/Si41) C
I'*1(S). Then clearly L™ (S) C Siy1. O

Corollary 4.11. Let (X, S) be a group-like scheme. Then I'(S) = Irr(S)/L;) for any
i€ {01, 1.

Proof. By the definition, it is clear that I*(S) C Irr(S//L;). The converse is by Lemma
4.8 and Proposition 4.10. O

By Proposition 4.10, we can see that L*(S) satisfies the property in Question 2.11.

So we call the sequence
S=L°S)DLY(S)D---

the lower central series of a group-like scheme (X, 5).
The following result is the main theorem in this section.

Theorem 4.12. A group-like scheme (X, S) is nilpotent if and only if L*(S) = {1} for
some non-negative integer £.

Proof. Clear by Proposition 4.9 and Proposition 4.10. ]

Remark 4.13. We expected that every nilpotent scheme is group-like, but there are
counter examples, for example, the schemes of order 16, No. 159, No. 177, No. 186, and
so on, in [5].

5 p-Schemes

Let p be a prime number. Following the definition in [8], we call an association scheme
(X,S) a p-scheme if ng and n, for all s € S are p-power numbers. We show that a
nilpotent scheme is a p-scheme if the order of the scheme is p-power. To show this fact,
we show the following proposition.

Proposition 5.1. Let (X, S) be a nilpotent scheme. Then ng | ng for every s € S.

Proof. We prove the proposition by the induction on ng. By the definition of nilpotent
schemes, there exists a central thin closed subset T'. For s € S, n, | ngrng by [8, Lemma
4.3.1]. Now nr is a divisor of ngyr by the inductive hyposesis and ng = nrngyr. So n,
is a divisor of ng. O
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Proposition 5.2. Let (X, S) be a nilpotent scheme of p-power order. Then (X,S) is a
p-scheme.

Proof. This is clear by Proposition 5.1 [

Remark 5.3. (1) We note that the converse of this proposition is not true. There
are p-schemes which have no nontrivial central thin element, for example, schemes
of order 32, No. 10851, No. 17336, and No. 17337 in the list [5] for p = 2.

(2) The association schemes of order 32, No. 17336 and No. 17337 in [5] are 2-schemes
and group-like, but not nilpotent.

(3) Let (X,S) be a nilpotent scheme, and let {pi,p2, -+ ,p,} be the set of prime
divisors of ng. In this case, (X, S) does not need to be a direct product of its p;-
subschemes. For example, for distinct prime numbers p and ¢, the wreath product
of the thin scheme of order p by the thin scheme of ¢ is nilpotent but it is not a
direct product of a p-scheme and a ¢-scheme.

Question 5.4. When is a p-scheme nilpotent ?
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