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Abstract
Group structures of the 2-primary components of the 31-stem ho-
motopy groups of spheres were studied by Oda in 1979. There are,
however, two incompletely determined groups. In this paper, our in-
vestigation with Toda’s composition method gives structures of them.

1 Introduction.

We denote by 7} the direct sum of the torsion-free part and the 2-primary
component of the k-th homotopy group 7 (S™) of the n-dimensional sphere
S™. The group 7} was studied by Toda [14] with his composition method,
and several authors [7, 5, 6, 9] followed the method. In particular, Oda
[9] investigated the 2-primary components of k-stem homotopy groups for
25 < k < 31. There are, however, two incompletely determined groups in
31-stem: 79, and 7.

We denote by {xi1,...,Xxn} & group generated by elements x1, ..., xn. If
the group is isomorphic to a group G, it is denoted by G{x1,...,xn}. For
the group Z of integers, we set Z, = Z/nZ, and let (Z,)* be the direct
sum Z,, @ - - - @ Zj, of k-copies of Z,,. Let E: n}} — WZj:ll be the suspension
homomorphism, and let P: wz’fgl — m be the P-homomorphism which is
denoted by A in [14]. We use generators of homotopy groups of spheres in
the same symbol as defined in [14, 7, 5, 6, 9].

Oda [9, Theorem 3(c)| showed

”go = 22{09516} S Z2{09ﬂ16033} © ZZ{GQ&IIG} @D Z2{59033} (&)
Zis{alV} @ G {Dovr17Ra0}

(1.1)
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and

(1.2) T = Ls{Poy} © Lie{ Eai”} ® Ga{riy, 010034},

where G is Z, or 0, and Gy is (Z,)? or Z,. We mention that equations
(1.3) P(11gkag) = Dgi7key  and  P(191024) = 010034

are obtained in [9, I11-(10.3), Proposition 4.7(6)]. We denote by [x1, x2] the
Whitehead product of x; and x2, and by ¢, € 7 the homotopy class of the
identity map on S™. Since PE?*Y = +[ip, tn]oX for an element y € 7" " (see
[14, Proposition 2.5]), we have PE""2x = [, t,] E"x = ﬂ:[Ln,EX] for an
element x € 77", Then images of elements by P are frequently written as
Whitehead products. For example, the equations of (1.3) are identical with

(1.4) [tg, VoR12) = Dg17Ree and  [t10, 10013] = 010034

Signs are unnecessary because 2ig17k99 = 0 and 2019034 = 0.
The purpose of this note is to determine the groups (1.1) and (1.2). Our
results are stated as follows.

Theorem 1.1. (1) [l,g, Vg/%lg] = DgV17/_620 =0 and
’/TZO = Z2{09516} P Z2{09ﬂ16033} &) 22{0'95'16} b 22{590'33} &) Zm{aév}.

(ii) [e10, V10013] = 10034 = 2K3, and
7y = Zs{ P}, } @ Zm{Ea;{,V} © Za{Kio}-

To show Theorem 1.1, we use Toda’s composition method which requires
generators of homotopy groups. In Section 2, we describe some relations of
generators. Section 3 gives details of our investigation concerning 7,. The
structure of 7} is obtained in Section 4.

At the end of this section, we recall [14, Proposition 4.2]: there exists an
exact sequence

2n+1 n+1 2n+1 n+1

called the EHP sequence, where H be the Hopf homomorphism.
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2 Recollection of some relations.

We use notations in [14] and properties of Toda brackets freely. We know

(2.1) 219 = [t2, 2], [14, Proposition 5.1];

(2.2) 2y — BV = £[ug, 1], [14, (5.8)];

(2.3) navs = Vne, mavs = (EV)nr = [ta,ma],  [14, (5.9), (5.11)];
(2.4) vsns = [ts,t5),  [14, (5.10)];

(2.5) 205 — Fo' = +[us,18], [14, (5.16)];

(2.6) N9010 + O9Mie = [Lg, o], [14, Lemma 6.4, (7.1)];

(2.7) mgog =r +er+0'ma, M09 = Vg + 29, [14, Lemma 6.4, (7.4)];
(2.8) M3€s = €3m1,  [14, (7.5)];

(2.9) e4V12 = [La, 4|7, [14, (7.13)];

(2.10) Vllg = VgEg = 20sv14 = (16, Vg, (14, (7.17), (7.18)];

(2.11) 2075 = [t15, 115),  [14, (10.10)];

(2.12) eso11 =0, 011818 =0, o4 =0, [14, Lemma 10.7];
(2.13) Nekr = Eg, Kollaz = &g, (14, (10.23)];

(2.14)  vsosvs = 1586, €5 = E3D11 = N34 = E3Mis, |14, Lemma 12.10].

By (2.7) and (2.12), we have

(2.15) Noosy = (Pg + €9) 017 = U017 + €917 = 0.
We recall [14, (7.19)]:

(2.16) 0'v14 = w1707 for some odd integer x.

Then (2.5) gives 209116 = xVgo12. Since 8ogrig = 8vgos = 0 (see [14,
Theorem 7.3]), we have

(217) V9019 = :1:20'9V16
and hence, by [14, (7.21)],
(2.18) V10013 = 2010V17 = [Lm, 7710]; 01118 = [Ln, Lu]-

Similarly, we obtain
Go020 = +209(16
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because 0'(14 = x(7015 for some odd integer x (see [14, Lemma 12.12]) and
809(16 = 89020 = 0 (see [14, Theorem 12.8]). The relation and [14, (12.25)]
imply

(2.19) Cloo21 = 2010C17 = [t10, fh10)-
By [12, Propositions (2.2)(5), (2.2)(6)] and [14, (7.25)], we have

(2.20) n5¢6 = 0,  CeMir = Vslto = 8[tg, Ls]o11.
By (2.18) and (2.4), we have

(2.21) maltiz, tia] = [m1, M) = [t e11)m3, = o1asna, = 0.

Toda brackets {1, V41, Onya} for n = 10, 11 are well defined by (2.3) and
(2.18). By the fact that {nig, 11,014} C may = {P(ra1)} (see [14, Theorem
7.6]), we have E{m, 111,014} = 0. Hence, by [14, (1.15), Proposition 1.3,
we have

0 = —E{nio, v11,014} € {m1, 12,015} mod mig 0 016 + M11 © Ta3.

By the fact that mii = 0 and 732 = {[t12, t12], G2} (see [14, Proposition 5.4,
Theorem 7,4]) and relations (2.21) and (2.20), we have i3 0 016 + 711 0 Ta3 =
{m1[t12, t12], m1Gi2} = 0. Hence, we obtain

(222) {7]11, V19, 0'15} - 0

By [14, Lemma 5.12 and Remark],

(2.23) (N Vns1s Mnsat = V2 for n > 5,

and hence, by d¢ € {vs,e9 + U9, 017}1 (see [14, p. 138]), (2.7), (2.16) and
(2.18),

N506 € N5 © {Vs, €9 + Ty, 017} = N5 © {V6, N9010, 017}
= —{775,V67779010} 0018 O '—{77571/67779} © 0%1 = —V5073

/ 9 6
= “1‘1/5(E0' )V150'18 = (0 mod N5V O Mos + 15 O Mg © O18

for some odd integer z. Here, nsvg = 0 by (2.3); 05 o 7% = {ns[t6, te]o11} by
(14, Theorem 7.6]. By (2.2), (2.4) and by relations 73 = 2/ and v'vg = 0
(see [14, (5.3), Proposition 5.11]), we have ns(ts, 1] = [15,15] = [t5,15]m8 =
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vsns = vs(2E°V') = 2us(E%V') = (E*V')(2u8) = 2E%(V'v6) = 0. This implies
15 0 wo = 0. Thus

We know [7, Lemma 16.1, p. 50

(2.25) 30 = Ls{Fo} @ Zs{B'},
where
(226) Eﬂ/ - 91823, H/Bl - <-19 and 2/6I — :t[lqo, CIO]'

By [12, Proposition (2.6)(2)], vs0' = (Eo’)e15 or (Ec’)ins. Then E(v;f3') =
vsb'eqa3 equals (Eo’)els or (Eo’)iy5e03. Here,

(227) ETS = 7)95_10 = V90'121/129 =0

by (2.14) and (2.18). Furthermore, 7se14 = 0 by [12, Proposition (2.8)(2)].
These imply E(v;8') = 0 and

(228) ]/76/ =0

because E: mi, — 75, is a monomorphism. On the other hand, E(f'03) =
9’6230’31 =0 by (212) and H(ﬂldgo) S C190'30 =0 by (219) Then 6’0‘30 €
ker E = Z4{Pv3,} (see [9, Theorem 2(a)]) and o3 € ker H. Since H Pvj, =
+2u], (see [14, Proposition 2.7]) and vfy is of order 8 (see [14, Theorem
12.22]), we have ker E Nker H = 0, that is,

(229) /8/0'30 = 0.
We show the following lemma.
Lemma 2.1. )\/77290'30 = £,7]290'30 =0.

Proof. First, we show the relation N'nggozg = 0. Since H (N oag) = €21099 = 0
from [11, Proposition 4(3)] and [14, Lemma 10.7], we have Noy € Emi).
Moreover, by the fact that Emi) = {01118, 011155, 43,11, Mi1fl12020 } and w5y =
{uz,niic} (see [6, Theorem 1(a)]) and the relation E?(Nog) = 2Xo3; = 0
(see [9, III-Proposition 2.2(2)]), we have Nogg € {011&18, 01105} Thus, by
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relations &13m31 = P(027) (see [14, p. 166]) and v{gnss = 0 (see [12, Proposition
2.20(3)]), we obtain

N1iago30 = N oagnsg € {o11&is, o115} 0 m3e = 0.

Next, we show the relation 'nggo3g = 0. By relations 'oy9 = 011153 mod
201174 (see 9, II-Proposition 2.1(6)]) and vjgnss = 0, we obtain

§'Mao0z0 = §'oagnzs = o11Vignze = 0 mod 2011V5gmz6 = 0.
This completes the proof. |
We also show the following lemma.
Lemma 2.2. jigroy = 0.
Proof. Since fiz € {us,2t12,8012}1 (see [14, p. 136]), we have
fiskioo € {it3, 212, 8012 }1 0 Koo = pi3 0 E{2011, 8011, k1g} C i3 0 Emaa.
Then 733 = {11018, €11K19, Y11014} (see [5, Theorem BJ) gives
[i3ka0 € {113012p19, H3E12620, H3V12015 -

By [9, I1I-Proposition 2.6(1)], the element p3012p19 is equal to 0. Since rela-
tions nspa = psnie, H3€12 = Napao1z mod 28 (see [12, Propositions (2.2)(2),
(2.13)(7)]), and k1 is of order 2 (see [14, Theorem 10.3]), we have

H3€12K20 = N34013K20 = H3712013K20 mod (26_/)520 = 5_/(2%20) = (.

Then M3E12R20 = /,637712V13E3)\ = 0, as O1gR17 = 1/1())\ (SCC [9, I—PI‘OpOSitiOIl
3.1(1)]) and by (2.3). By relations psvio = v'nger (see [12, Proposition
(22)(4)]), (28) and (224), we have Hal/12015 = I//7]6€75'15 = I//€67']145'15 = 0.
Thus ﬂ3/€20 =0. ]

3 Proof of Theorem 1.1(i).
We recall the definition and a property of 65 € 75, from [6, (3.8)].
(31) 5'(/3 S {1/6,7]9, 5'10}3, 25'(l3 = 0.

We shall show the following theorem.
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Theorem 3.1. 0',(514 = D7V15I_€18 mod 0'/5'14, 0"ﬁ14031.

By the equation (2.5), E?(a’014), E?(0'51,) and E?(0’fi1403;1) are equal to
209016, 209014 and 209fi16033, respectively. By (1.1) and (3.1), these elements
are 0. Then Theorem 3.1 gives vgr 7k = 0: it is suffice to show Theorem
3.1 to obtain Theorem 1.1(3i).

Toda brackets {vg, 79, Ci0}1, {10, C11, 022} and {(11, 092, 2099} are well de-
fined: VgTlg = 0 by (24), 775<6 =0 by (220), CHUQQ =0 by (219), and
203, = 0 by (2.11).

Lemma 3.2. (v,7,() =0.

Proof. By relations (2.23) and v¢ = 0 (see [14, Theorem 14.1.ii)]), we obtain
no{v,n,¢) = (n,v,n)o¢ = v*¢ = 0. Hence, we obtain the equation (v, n, () =
0 since 7, : w55 — 75, is a monomorphism from the fact that 755 = {n*, np}
and 77, = {nn*,n’p, vk, i} (see [14, p. 189)). O

Lemma 3.3. {1/6, M9, CIO} > CI mod 776577 QCI and {1/7, 110, Cll} > O'IT]14€15 mod
M7€s.

Proof. By [14, Proposition 5.9, Theorem 7.7], we have 79, = {Pri3}, 71, =
0, 713 = {onV2, 7} for n = 9,10 and En§, = 73,. The last equation
implies that the Toda bracket {vg,no, 10} is equal to {vg,m9,10}1. The
indeterminacy of {vg, 19, (10} is vg 0 Ty + 74y 0 (11 = {vso9riy, P(13}. Here,
Vsoolis = Mg by (2.14) and P(y3 = +2( by [14, (12.4)]. The indeterminacy
of {v7,mo0, 11} is obtained in the same way. By (2.4), we have Piy; = vsns
and hence the kernel of P: mi] — 7§ = Zao{vsns} (see [14, Proposition 5.8])
is generated by 2¢1;. Then an equation

H{vg,m9, Cro}r = =P~ (vsms) o i1 = {ai1 | a is odd}

is obtained by the use of [14, Proposition 2.6]. Since mis = Zg{(11}, 75y =
Zs{('} ® Zo{peo15} ® Zo{neér}, and H(' = (11 mod 2¢1; (see [14, Theorems
7.4, 12.6, Lemma 12.1]), we have

H a¢y | ais odd} = {b('+cusors+dnsés | b=1,3,5,7, c=0,1, d=0,1}.

This yields
{6, 19, G0} > (' + cpigors
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for ¢ = 0 or 1, because the indeterminacy of {vg,n9, (1o} is {ns&7,2¢'} as
above. Therefore, relations E(' = o'niue15 and 2e15 = 0 (see [14, (12.4),
Theorem 7.1]) give

{vz,mo, G} D —E{vs,m9,Ci0} 2 —E( — cuzoi6 = 0'muacrs + cpros.

By (2.5), we have E%(0'n14e15) = 09mi6 © 2617 = 0 and hence (v,7,¢) 3 cuo.
Since puo = op # 0 (see [14, p. 156, Theorem 12.16]), Lemma 3.2 leads to
c=0. ]

Lemma 3.4. v7 0 {19, (11,022} = 0 and {no, (11,022} 0 039 = 0.

Proof. By Lemma 3.3, we have

vz 0 {Mo, Cu1, 022} = —({v7, Mo, C11} © 023) C {0'Ma15, s} © 023
Then (2.12) and
(3.2) E3013 =0, [6, (2.4)],

give the first half. By (225), {nlo,Cll,UQQ} C Zg{l_"ilo} D Zg{ﬂ/} We have
v7R1 1s of order 8 by [6, Theorem 1.1(a)], and ;3 = 0 by (2.28). Then
the first half shows {9, (11,0022} C Zg{f'}. Hence, by (2.29), we obtain the
second half. O

By Lemma 3.4, we may consider the Jacobi identity:

{{v7, o, Ci1 }, 093, 2030} + {v7, {mo, 11, 022}, 2030}

3.3
(3:3) + {v7, Mo, {Ci1, 022, 2029} } 2 0.

As a preparation, we show the next lemma, which is followed by observations
of Toda brackets in (3.3).

Lemma 3.5. 75, 0203, = 0 and v7 o mid = 0.

Proof. Since 7%, = (Zs)" (see [6, Theorem 1.1(b)]), the first half of the lemma
is obvious. The group w4y is obtained in [9, Theorem 2(b)]:

7T38 = ZS{F } ¥ Z2{010} @ Zof{o10vi7vss } @ Zo{tnokis ) @ Zo{erokis},
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where Fl(l) € {F1,8L30,20'30}1 for F1 € {Pl,gl,?]%g,égl}l (See [8, Definition
3.18]). Since F; = z/3’ for some odd integer z (see [9, I-(2.1)]), (2.28) and
the first half lead to

1/7F1(1) € vy o {xf, 80,2030} = —{vr, 2,830} 0 203, C 7, 0 203 = 0.

By (2.16) and (2.18),
1/70110 = 0"1/140'?7 = 0.

Since v € {016, 2093, 30 }1 (see [14, p. 153]) and

{113,016, 2093} = 13 + y(A + 2&13)

for some odd integer y (see [9, I-Proposition 3.4(8)]), relations (2.11), (2.18)
and &19v39 = 02, (see [9, II-Proposition 2.1(2)]) yield

V13Vig € 113 0 {016, 2023, V3o }
= —{1/13, 016, 2023} O V31
= (—&13 — YA + 2&13) w1 = 015 — yAvs1,

and hence, by (2.16), (2.18), o’EX = 0 mod 4E?¢" (see [9, 11-(6.4)]) and
2v3, = 0 (see [14, Proposition 5.11]), we obtain

I/7O'10V171/35 = 0' 1/141/171/35 =0 (0'14 (E)\)l/gg)yglg =0 (E)\)Vrn =0
mod 4E2%¢" o v, = E*¢" o 402, = 0.

By (2.10),

v7ligk1g = Vr€iokig = 0.
Therefore, every element which is composite of generators of 730 and vy is
0. O

Lemma 3.6. {v7, x;2030} = 0 for x € {no, (11,022}

Proof. The indeterminacy of {v7, x, 2030} is trivial by Lemma 3.5. We may
take x = 8’ for some integer = from the proof of Lemma 3.4. By [9, Theorem
3(c)] and (2.29), we have

{vg, 2B, 2030} = {vr, 28,030} 0 238 € 2mae = {20},
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and hence {v7, zf8, 2030} = 2yaly’ for some integer y. By (2.26) and E%¢' =0
(see [14, p. 80]), we have

2yE5O/” == E5{I/7, CL',B/, 20’30} S —{7/12, 0, 2035} = V120 ﬂ'ig + ﬂ';g o} 2036.

The Toda bracket —{v9,0, 2035} vanishes because 732 = (Zy)* (see [6, The-
orem 1.1(b)]), v1g 0 m15 = {v12e15Ka3} (see [9, Theorem 2(b)]), and 2615 = 0
by (2.10). On the other hand, 2yE°af = 4yE3al” mod E37d; o o3¢ (see
9, TII-Proposition 3.4]). Here, the group E®73; o 03¢ has three generators
812036, [11203¢ and G1,036 (see [6, pp. 34-35]), each of which is 0 by [9, III-
Propositions 2.6(1), 2.6(5)]:

(34) ﬂ30’§0 = 0, 5'!70'31 =0 and (5110’35 =0.

Therefore, we have 4yFE3alV = 0. This yields {v7, 28,203} = 2ya} = 0,

since E3alY and of' are of order 16 and 8 (see [9, Theorem 3(c)]), respectively.

]

Lemma 3.7. {X,Uz3,2030} = 0/7714¢15 for x € {V7,7710,C11}-

Proof. By Lemma 3.3, x = o'me15 + xn:&s for some integer x. By [10,
Theorem 2(2)], we have o'nie1s = o'n?,016 + 178 Then x = o'niyo16+ (z+
1)n7és and

{X, 023, 2030} C {0'17,016, 023, 2030} + {(& + 1)r&s, 023, 2050}
By (2.14) and (2.18),

{ne&s, 03, 2030} = {v7010Vis, 023, 2030} D 17 0 {010Vi7, 023, 2030 }

mod 1/70'10V127 o 7T32)g + 7T§1 o 20’31.
By Lemma 3.5, we have v; o {o19v%;, 093, 2030} C v7 o i = 0 and
2 23 7 10 7
V7010V;7 © Tag + T3y 0 2031 C V7 O Tag + Tay © 2031 = 0.

These give {(z + 1)n7&s, 023, 2030} = 0. On the other hand, we have

/2 / /
{0 4016, 023, 2030} D 0740 {7715016702372030} 20 7714¢15

1,2 23 7
mod o'nj,016 © Tag + Mgy © 203
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since {nyo10, 017, 2094} D g (see [9, I-Proposition 3.4(5)]). Lemma 3.5, (2.14)
and the above equation o'nyie15 = 0'nl 016 + 1M78s yield

12 23 7 i 2 23 23
0'N4016 © T3 + T3y © 2031 = (0'N14€15 — V7010V]7) © T3z = O N14E15 © Tag-

Then the indeterminacy is trivial because 2 = {pa3,&23} (see [14, Theorem
10.10]), e5p13 = 0 (see [9, I-Proposition 3.1(4)]), and n3e4&12 = £3m11812 = 0
by (2.8) and (2.27). Therefore, we have {0'n?,016, 093, 2030} = 0'mah15 and
this completes the proof. |

Lemmas 3.6 and 3.7 simplify (3.3) as follows.

(3.5) o' Ma1s € {v7, M0, {Ci1, 022, 2099 } }.

Next, we investigate the Toda bracket {v7, n10,{Ci1, 022, 2029} }. The follow-
ing lemma extends [2, Lemma 3.5].

Lemma 3.8. {(i1,09,209} = v} Ri7 £ 27" + 201,018 forx =0 or 1.

Proof. We consider an inclusion

{Cllu 20’22, 0'29} D) {Cu, 099, 20'29} rnod Cll O 7'('?? + W;é O 03¢.-

The groups 722 = {pan, &0} and w3t = { N9, &Moo, 711, (11} are obtained in
(14, Theorems 10.10, 12.23]. Since (;1p22 = 0 mod 873+ (see [9, I-Proposition
3.5(7)]) and mil = Zg @ (Zy)* (see [9, Theorem 1(b)]), we have (j1p20 = 0.
We also have C11§22 - Cunggfizg =0 by (213) and (220) Thus Cll O7T?2’$ =0.
Moreover, we obtain 7} o 039 = 0: Nmagozg = E'Magozp = 0 by Lemma 2.1;
F10029 = 0 by [9, I-Proposition 6.4(6)]; and (3030 = 0 by [9, 1-(8.14)]. This
implies that {(11, 092, 2099} equals {(11, 2092, 099} and consists of one element.
Therefore, we examine the Toda bracket {(11,2092, 099} below. By [9, the
proof of 1-(8.22)], we have H{ (9, 2021, 028}1 = H7" and hence

" 1 " — — 2 2 —
{Ci0,2091,008}1 C 7" +ker H = 7" + {27", 010617, R10V30, VigRi6; Moktst }

by [9, 1-(8.12), (8.13)]. Moreover, by a relation &y1v3, = v kir (see [9,
I-Proposition 6.4(7)]), we obtain

{Ci1, 2092, 099} = —E{C10, 2021, 098 }1
€ —E7" +{2E7",01101s, V%1R177 M3z}
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By [9, I-(8.18), Theorem 1(b)], 27" = —E7", 7" is of order 8, and 01171s,
v Rir, mips 1z are of order 2. Then {(11, 2092, 029} is written as

{11,200, 029} = £27" + a011518 + b Rir + ez e

with coefficients a, b, c, each of which is 0 or 1. Since 014621 = 0 and
E8(27") = —E%" = 4E"t"V = 0 (see [9, I-Proposition 6.4(10), (8.22),
(8.24)]), we have

(¢, 20,0) = UK + cnps . € .

Here, w54 = Zo{v?k} @ Zo{nus.} by [9, Theorem 1(b)] and ((,20,0) =
(0,20,() = vk by [2, Theorem 1]. Thus b = 1 and ¢ = 0: the proof is
completed. O

Lemma 3.9. {V7, Mo, X} = Uzl15R18 mod 0’5”14 fOT X € {Clla 0922, 20’29}.
Proof. By Lemma 3.8, x has the form v k7 + 27" + 201,615 for . = 0 or 1.
Then there is an inclusion

{vr,mo, x} € {vr, mo, viiFar} + {vr,mo, 27"} + {vr, o, z011518}

Notice that v; o i) = 0, 7, = 0 and 7]y = 0 by Lemma 3.5 and [14,
Proposition 5.9, Theorem 7.6]. Since

(36) 56 S {V6,779;V10}7 []'4'7 p. 53]7

we have

— _ _ 2 _
DrvisRis € {7, Mo, Vi1 } © viskis C {vr7, o, Vi Rir}
mod V7 © 7'('31(8) + 7'({2 @) V122R18 = 0.

Since E: w37 — w2 is a monomorphism (see [9, I-(8.17)]), a relation 2., o
7" = 27" holds, and hence

" C 7_[_'172 o ETIII — 0

mod vy o mag + Ty 0 2E7" = 0.

{vr,mo, 27"} D {vr,mo, 2011} 0 ET

By (2.6), (2.16), (2.24) and (3.1),

{v7. Mo, 011618} C {v7, Mmoo, 018} O {v7010, M7, G18}
D yo' o {vi4, 7,018}
=) 0'15',14 mod 1244 Oﬂég + 7TI9 0019 = 0
for some odd integer y. These results imply {v7,m0, V3 Fi7} = Uriskas,
{U7, o, 2’7’”/} - O and {1/7, o, 011518} = 0'/5'/14. O
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From Lemma 3.9 and (3.5), we have
o' Nap1s = rvr5k18 mod 0’5y
Since N5 = 94 mod [i4091, (Ee')k14 (see |9, I-Proposition 3.5(9)]),
0"/(514 = UylVi5R1s mod 0/5'/14, O’//_L14031, Ol(EHS,)/{M.

Here, E''e’ = +2v14017 = 0 by [14, (7.10)] and (2.18). This completes the
proof of Theorem 3.1.

4 Proof of Theorem 1.1(ii).
According to [9, the proof of III-Proposition 3.3(2)],

(41) {"'4310 + 833'0'%0, 294, 7724} >0, {2L23, 723, 0'34} =0

and kj, is a representative of a tertiary composition

2 2
{K10 + 807y, 2t04, Ma, 055 11,

where x is an integer satisfying that {11, 2105, 125} = xo111118. It holds that
[9, ITI-(10.5)]:

2k%0 € {Z10,M25, 05} mod P(vyG24) and  2k5, = 219034 for x =0 or 1,

where (510034 = P(V215'24) = [510; 1/106'13] by (13) and (14)

We denote by M™ = S"! Uy, _, e the Zy-Moore space, i,: S"' —
M™ the inclusion map, and p,: M"™ — S™ the collapsing map. Let 7, €
T2 (M™1) be a coextension of n,, for n > 3. Notice that 7, € m, o(M" ) =
Z, is a generator satisfying

(4‘2) Prntilln = Mntts, 20 = in+17772z and 1), € {'in+1a 2Ln,77n}~

By (2.1) and (2.15), a Toda bracket {2t11,m11, 0%} C mat is well defined.
Since my; =Zo{o11118}, 738 =ZLo{waz} ® Zo{oaspiso} (see [14, Theorem 12.16])
and E'?: 7ll — 723 is a monomorphism, (4.1) implies {2¢11,m11,0%} = 0.
Then (4.2) gives

1055 € {i12, 2011, M1} 0 055 = —(i12 0 {2011, M1, 055 }) = 0.
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By (4.1), there exist an extension k19 + 8zc%, € [M?, 5] of k19 +8z0?, and
a coextension 7y, € Tas(M?) of 14 such that kg + 8x0%, o 7, = 0. Since
Moy € Za{Tl2a}, we have 7y, = 7jog Or —7ja4. If 75y = —7jos, then we obtain

K10 + 802 0 Ty = — </€10‘|‘—8=TU%0 ° (—7724)> = 0.
Thus, we may define a Toda bracket
{K10 + 8203y, Tlaa, Tog }13-
Hereafter, 7}, is chosen as a representative of this Toda bracket.

_ 2~ 2 _ = 2
Lemma 4.1. x5, = {Kk10 + 8207y, Toa, 03¢ 113 and 2k%, = E{€g, Noa, 055 }12-

Proof. Notice that {&g, 124, 03 }12 is well defined by (2.14), (2.15) and (2.27).
The indeterminacy of {r10 + 8703y, Tla, 03¢ }13 18

(4.3) K10 + 8x03, 0 BB mas(M'?) + 730 0 03,

If the group is trivial, the first half is proved. Moreover, the triviality shows
the second half since (4.2), (2.1) and (2.13) give

* 7 = 2
2K, € {"ﬁo + 8x0iy, 124, 026}13 0 2uy
_ 2 o~ 2 2 s 2 2
= {K10 + 8707y, 2724, 036 }13 = {K10 + 8Ty, 25754, O }13
2 _ 2
D {K10M24, 25, T }13 = {E10, 25, O }13
2

_ 2 2 13 12 10
D E{&g,mo4, 055 }12 mod k1 + 8xoiy 0 B mag(M ™) + my; 0 0.

Therefore, we shall prove the group (4.3) to be 0.
By [14, Theorem 1217], we have W%g = {0107)17#187V10H137ﬂ10}- Then

mi% 0 02, = 0 because pzol, = 0 by [6, (2.9)],

(44) R7091 = 0

by [9, II-Proposition 2.1(2)], and jizo3, = 0 by (3.4).

Let ¢, € m,(M™, S"1) be the characteristic map of the n-cell of M™ and
let j: (M™, %) — (M™ S"') be the inclusion. By [14, Theorem 12.16], we
know that 7, 416(S™) = Zo{onpin7} for n = 11,12. Then, by [3, (2.7)], there
is a split exact sequence

0— Q7T17(511) — W28(M127511) 2y 7T28(512) — 0,
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where Q: m7(S™) — mog(M'2, S11) assigns to z € m7(SM) the relative
Whitehead product [¢12, ], and the kernel of Q is (2¢11,0 E~20 H)meg(S1?) C
2m17(S™). Since m7(S™) = Zo{v?} (see [14, Proposition 5.11]), the kernel of
Q is trivial, and hence mog( M2, SM) = Zo{[p12, V1] } ® Za{x} for an element
X € oy (012p119). Notice that 9[pia, v2] = [2t11, V2] = [111,2v%] = 0 and
Ox = 2011118 = 0, where 9 is the connecting homomorphism mog (M2, ) —
mo7(S™).  So, by making use of the homotopy exact sequence of a pair
(M*'2 S, we obtain

Tas(M"?) = {x1, X2} + f12.728(S""),
where x1 € j, "X C J; 'pio(0120119) and xa € J; g, v71]. We have

P12+Jx(T1P13) = P12711P13 = M12P13 = O12/419

because ojap119 = M12p13 (see [14, Proposition 12.20]) and by (4.2). Thus,
we may take x; = 711p13. Since j.Exe = E'[p19, 3] = 0 for the relative
suspension E': mog( M2 SM) — moq(M*'3,S'2) (see [13]), Exz is contained
in the kernel of j,: mag(M'3) — moo(M13,S'2), that is, Exa € i13.729(S™?).
Therefore, (4.3) is a subgroup of

{Hlo -+ 81‘0’%0 o} 7724,02(,'} -+ K10 -+ 81130’%0 O Eu(ilg*’ﬁgg(su)).

From the definitions of k19 + 8xc%,, we have k1o + 8x0%; 0 flaapas = 0. By
the f&Ct that E127Z'29(812) e 22{534} P ZQ{O’Q47]31M32} @ZQ{V24I€27} b Zg{ﬁg4}
(see [14, Theorem 12.17]),

K10 + 8.%‘0%0 e} E12(i13*7T29(512)) = (510 + 8!170'%0> o E127T29(Sl2)
= K10 © E127F29(512)

= K10 © {€5y, 0247311432, Voakar, floa -
By equations (2.13), nizwis = €73 (see [12, Proposition (2.13)(1)]) and
(45) Eawig = 0, [97 III"(95)]7

we have K195, = K10M2awes = E1owes = 0. We also have k10024m31 032 = 0 by
(4.4). A relation k79 = vk (see [12, Proposition (2.13)(2)]) and Lemma
3.5 give Kiglaskar = Vigkls € E3(vr o mid) = 0. By [14, Proposition 3.1] and
Lemma 2.2, Kygfiog = Jizgkz7r = 0 is obtained. Therefore, (4.3) is trivial. [
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We know 17 = {117, 00, Va1 }, Tae = Zo{ogris} and ogvisovmy = ogris # 0
(see [14, Lemma 6.2, Theorems 7.7, 12.6]). A Toda bracket {eg, 17,20} C
w9, is well defined by (2.9) and (2.4). Since {9, 17,720} © V29 = —(gg ©
{V1777720, V21}) = gol/17 and

(46) Egl17 = 0,
by (2.18) and (2.14), we have

(4-7) {69, ", 7720} =0.

S I S 2V _ f= 2 Cote
Lemma 4.2. {g9,717,05,}9 = 0 and {€9, 17,0559 = {E9, M2, 035 }o consists
of one element.

Proof. By (2.12), (2.27) and (4.6), {9, 17,025 }9 and {9, €17, 035 }o are well
defined. Well-definedness of the remaining Toda bracket {&g, 724, 0%} is
stated in the proof of Lemma 4.1. The indeterminacy of {eg, 717,035} is
g9 0 B8, + g 0 05, which is the same as that of {eg, €17, 05 }o. Here,

E°n§) = {2p17, i7Fao, d17}

and
9 _ _
Toe = L00Mel17, Voki2, [lg, Tofi10019 }

by [6, pp. 24-27] and [14, Theorem 12.7], respectively. The group &9 0 E7§;
is trivial: 9 02p17 = 269 0 p17 = 0 as &g is of order 2 (see [14, Theorem 7.1]);
gov17 = 0 by (2.9); and €917 = 0 by [9, III-Proposition 2.6(1)]. We also have
Ty © 056 = 0 in the same way that 739 o 03, = 0 is proved in Lemma 4.1.
Then the two Toda brackets consist of one element.

By (3.6), we may set g = X1x2, where x; is an extension of vg and x»
is a coextension of vjy with respect to 79. Let CP? be the complex plane,
ic: S? — CP? be the inclusion and pc: CP? — S* be the collapsing map.

By (4.7), we obtain

€9E11X1 € g9 © {v17, M0, E17P<c} = —({g9, 17,20} © Elspc) =0.
By the relation (2.22), we obtain

(E?X2)016 € {E%c, M1, viz} 0 016 = —(E%c o {1, v12,015}) = 0.
So, we have

{59, 17177035}9 = {59» EII(X1X2)7U§5}9
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= {EQEHXl, EHXz, 035}9 = {0, E11X27 035}9 = 0.

This leads to the first half.
Since €5 = {12,211, m11} (see [14, (7.6)]), we may set e5 = Y3711, where
X3 is an extension of v2 with respect to 2¢y;. Since &5 = {e5, 1%, 211911 (see
[9, ITI-Proposition 2.3(5)]), we have
esE°xs € e5 0 E{viy, 2118, p1s} = {5, V73, 2t10}1 © P20 = E5pao-

Therefore,
{5976177035}9 = {59, E12(X37711); 055}9 = {89E12X37ﬁ237 035}9

= ~ 2
= {59P24,77237 025}9

_ 2 _ 9_15 9 2
€ {&9, 124, 035 }o mod &g 0 B3] + Tys 0 0.

Here, E°7i> = {wau, 0oapiz1 } by [14, Theorem 12.16], Egway = 0 by (4.5), and
Egoaaptz1 = 0 by (3.2). Then the indeterminacy is w9 o 025, which equals 0
as above. This leads to the second half and completes the proof. 0

By [6, (3.5)], d3 is an element in {e3,&1; + 11,019}1. Since E37§, =
Emyd = {01118} (see [14, Theorems 12.6, 12.16]), the indeterminacy of the
Toda bracket coincides with that of {e3, €11 4+ 11, 019}3. Then d3 € {e3,11 +
11,019 }3, and hence, by Lemma 4.2,

_ _ 2
09033 € {€9, 17 + V17,025 }9 © 033 C {€9, €17 + Ih17, T35 }9

2 _ 2 ~ 2
= {59,517, 025}9 + {597 r, 025}9 = {59,77247 025}9-
This gives 09033 = {9, 24, 055 }o. Therefore, by Lemma 4.1, we have
* = 2 = 2
219 = E{&9,m24, 035112 C E{&9, 24, 035 9 = 010034

This yields the assertion of Theorem 1.1(ii).
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