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On the behavior of the Whitehead
product [ty,, 4vy,
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Abstract

In this note, we show that [¢,.4r,| does not belong to v, © W;E:}Q

for the cases n = 0 (mod8) > 16, n = 4 (mod 16) > 20 and n =
12 (mod 32) = 44, using the composition methods in homotopy groups
of spheres.

1. Introduction

Let 7!, . (k # n—1} denote the 2-primary component of the homotopy

group Tny(S™) of the n-sphere S* and let «3, | = E~'(7%™), where E

is the suspension homomorphism. Let ¢, be the identity class of S™ and

let v, € @y = Zg(n > 5) be the generator. The first author proposed

the following problem concerning his geometrical problem and expected an
affirtnative angwer.

Problem. Let n = 0 (mod 4). Then, is it right that the Whitehead

product [t,, 4v,] does not belong to v, o w577, unless it is zero 7 (It is known
that [¢,, 41, =0 if n =4,12.}

In this paper, we show the following results about the above problem
using the composition methods [13]. Although the theorem is not complete
as the angwer, it covers scven-cighth of the whole cascs.

Theorem 1 (i) [1g, 41| belongs to vg o}

a A eOQ N . n+3
In the following cases, [tn,4v,| does not belong to v, o w7

(ii) n = 0 {mod &), n > 16.
(iii) n = 4 (mod 16}, n > 20.

(iv) n =12 (mod 32), n > 44.
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Note : By analysing the Adams spectral scquence of stable homotopy
groups of spheres, M. Mahowald asserts and believes that the answer of the
problem is affirmative except for the cases n = 4,812 {[8]). But, it seems
that there exist similar difficulties also to have a complete proof according
to the outline of [8].

Our main tool is the EHP exact sequence

o n n—l—l 2n+1

P,
— My
where P{E" o) = [t,, a] for o € 7% . Henceforth, we follow the notations

q—n"
of [13].

2. Several facts and lemmas

To prove the theoremn, the following is essentially used ([10], the second
table).

Lemma 2 (i} Let n = 0 {mod8), n > 16. Then, there exists an element
§ = 8(ne) € 75, such that E% = [1,,, 4v,| and HE = 1j9, 1382, 12 €
2n—13
Top—a
(ii) Let n =4 (mod 16), n > 20. Then, there cvists an clement & = 0(C) €
788 such that E*8 = |1, 4v,] and HS = (o17 € Tor o'

(iii) Let n =12 (mod 32), n > 44. Then, there exists an element & = 6(p) €

n—12 .. . 125 ) ) . 2n—25
T iy such that EY6 = (b, 4u,| and HO = py,_9s € 750 10

Lemma 3 (i) Let n = 0 (mod4), n > 12. Then, 73 °, LA R L2 el

are respectively surjective.  Furthermore, if n > 2(), fh(’?? S =

n—b £ _n—a4 £ n-3 —_ 5.n—6
ap 2 w5l are respectively surjective and 7w Y, = EPan o

J
(i) viop13 belongs to {[uwn, pr1o]} © 730,

Proof. (i) In the EHP sequence

n—k—1 E n—k H oy 2?‘71 I n—k—1
2 —h— 2-_>ﬂ2n E—1 7 Top—p— T Mop_p_s

= dnon_g} = Zo, s = {nd, s} = Zy, for k = 1,2, respectively.

Since ImP = {[ty_0,m2|} Z Zoif k = 1{(n # 4,8) and ImP = {[t,_3. 92 5]}
= 7y if k= 2(n # 4,8) by [4], 6], the map P is injective for & = 1,2
Hence ImH = 0 and F is surjective for & = 1,2, Let k = 3. Then 75" ] =
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{va,—7} = Zg, and by [7], ImP = {[t.—a, ves]} = Zg (n #£ 8,16). Heuce P
is injective, and so £ is surjective for £ = 3 and n > 20. For k£ = 4,5, since
2 =0(n > 8), mr 3! =0(n > 9), we have H = 0 and so E is surjective.

{ii) By (7) of Proposition (2.17) of [11]|, we have v0p13 € {2016G17}. On
the other hand. by {12.25) of [13], 2010(1r = P(p21) = [t10: jt10]. So we have

Viafhs € {[Ho;#m”- [

Let O, 50, be the n-th orthogonal and rotation groups, respectively.
Let @ : S5O, — 50,4 be the inclusion map and let p : SO, — S™ be
the projection. We have the exact sequence agsociated with the fibre bundle
SO, — S0, — S0,4,/50, = 5" :

s (SO, 2 TS0 B m(SY) D e (SO,) — -
Let w,(R) € m, 1{S0O,,) be the characteristic clement for the above bundle,
and similarly let w, (C}) € 7,{U,) be the one for the bundle U, — U, —
Uppr /U, = S2FL Let v - U, — SO4, be the canonical inclusion map. We
put 75, = 1wy, (C) € T, (504, ). The following facts are well-known ([12]):

(1) Wn.(R) = Auy,.
(2) 1.7, = wWan (1),
(3) puth, = (n— Lipan_1. n > 2.
(1) Atppgr = 275,49, 0 2 2.
Here, (4) follows from the exact sequence

Tana(S2) = N} = 2

Al

Tan+2(SO0uuy2) = Zy ([5])

Tan2(S04ny3) = {wWanis(R)} = Za,
where 4, is surjective by {2). Hence 27(,,, # 0, .(27},,,) = 0, and so we
have 274, o = Ay, .

Let J @ m(SO,) — Tiym(S™) be the J homomorphism, and put 7, =

J7i, € 74, (S*"). Then, we have the following.

Lemma 4 (1> ETQ-N. = [['Z'rr.+'l bop ]

(11) 27—4-n.+2 = [!‘4??,4»2; '”él'r'rsl»Z}-

(i) Hry,, = (n— Dy (n > 2).
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(v) If & € Tpoan2(S*T) is a suspension element and 20 = 0, then
[Lans2; Dangsac] = 0.

Proof. (1)-(iii) can be proved by the homotopy exact sequence associated
with the fibre bundle SO,, — S0O,, ., — S™ and the EHP sequence con-
nected by the ./ homomorphism, using the above facts (1)-(4). (iv) is a
straightforward calculation using (ii). O

For a given element € m,(S™), if there exists an element 5 € m (SO, )
satisfving p,/3 = «, then 3 is called a liff of o and is denoted by [a].

From (3). we have
Example. 7}, = [l4n_1] and 74, = J[an_1]-

Lemma 5 (i} If n = 3 (mod4), then An, = Az, = 0 and [t,,1,] =
tn, En) = 0.

(i) If n =4.5,7 (mod8), then Av: =0 and [s,, 2] = 0.

(iil) If n = 0 (mod4) {n > 12}, then [1,,80,] € E*75 ). Furthermore, if
n=0 (mod8) (n > 16), then [1,,80,] € E%75%,.

iv) Ifn=1{mod8&) (n>09), then there exists an element &, € 77> such
- Zn—1
that [tn, v = E*6) and Hé, = vi__-.

(v) If n =2 (mod4) (n > 10), then there exists an element 8o € wh % such
that [ty ] = E%0> and Hy = £2(5, 5.

Proof. (i) is obtained by Lemma 1.3 of [9].

(ii) is obtained by Theorem 2.2 Lemma 3.3 and (3.11) of [2].

(iii) is known from Lemma 2.9 {1)-(2) of [9], and similarly (iv) from
Lemma 2.13 (1) of [9].

(v) is obtained from Proposition 11.11 (ii) of [13], verifying that the stable
secondary composition {n, 2¢, p) is equal to +2¢. O
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3. Proof of Theorem 1

Proof of (1). We know =P(117) = 205015 — xvsoyy by (7.19) of [13], where
2 is an odd integer. So, we have [ig, dvg] = 4P{v17) = dawgoy) = dvgoy, =
1/8(4011).

Proof of (i1). Let n =0 (mod 8), n > 16 and assume that [¢,, 427,] 1s in

v, o o, Then, by Lemma 2(i), there exists ¢ = 8{ne) € 75, °, satisfving

G . c o 2n— l'% 2n—1 _ _2n—-3 __
E° = |1y, 41, and HS = gy 1360, 10 € 7 Tzn E»mce WgnH Tonrs = 0,

by the EHP sequence, the suspensions wh, 2 — whn| — 7h,.0 are injective.
So, we have

4 +1
(1) E (S e Vy_9 0O .plcr)!n .
Since w4, = {[tn: tn)} © E',.Z” 1, and ,19 = E%ri Y, for even n(# 2.4, 8),
we may put as E*6 = v, _oE%y, v € ni Y. Then E(E?S — v, sEv) = O, and
S0

38 . Ny R n—>b __ 2 2 _

E=y — 'V?‘L—3qu € Rerk = P?‘_Q?H»l - P({V‘znf.ﬁ}) {[in 31 ‘UnfS]} =0,

by Lermma 5(ii). Hence we have
. 3
(2) E* = v, 3By € vp_so Bl

Similarly, we know
E*) Ly mod Priy’ A
€ vp_yomyty mod Pr2i " a2t = {ou,_7} = Zig,

2n—7 _
P’Tzn ' P{O'anT’} - {{Ln,d, O'nffi]}-

* Z b T YT
Since 75", = FE?x% %, by Lemma 3(i), we have
. 3 b n—3 .
(3) E?0 € F*(v,_¢omy. ) mod{|i, 4,0, 4]}
So, for an element o € v,_4 0 71‘3{5’4, we have E*6 — E’a = ¢y, 0n_4),
where —8 < ¢ < 8. Then, taking the Hopf invariants of both sides, we have

0= cH[tp_4,0n_4] = £2¢09, 9. Since oy,,_g has the order 16, we may assune
¢ = %8 if ¢ # 0. Thus, we have

(4) E*0 € E*(v,_gomy ) mod{[t,_1.8c._4]}.
By Lemma 5(iii), there exists &, € =} % such that [1, 4,87, 4] = E%.
Hence,

Eé e E(I/n go’ﬁzﬂ )+{E ()()} lllOdPnjgiq.’ |§£7q {I/gn_q}tB{ugn g} Zz-P‘Zz
By Lemma 6.4 of [13] and Lemma 5(i),

P(ﬂQH,—E)_I_EQn,—F)) - P(TIQH,—E)O-QH.—S) - [!’71.—5:T]r14—50'r14—4} - [!’!1,—51 T]'n.—S]OO-Z‘n,—lU - 01
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Plgay o) = [tn-s,8n3] = 0.
Therefore Pr3* "] = 0, and so
(5) Ed € E{(vn_sony )+ {E%).
Thus, we have

v 7i dn—
8 € up_gomy® + {E%} mod Pri"T)

Now we assume that n # 16. Then, since E : «f, %, — 757, is surjective
from Lemma 3(i), we have
(6) 0 € E(v,_yomy, ")+ {E%5} mod Pry*,)",

Ton s = Wi} ® {pnen} O {mpa-nieanoio} = Zo @ Zo @ Zo.

Then, taking the Hopf invariant of Pr2"~J', we have
H'Pygnfll = H[Ln_()‘_.f/siﬁ] = 21)3,”,713 = 0 H.P‘U,Qn_ll = 2,{L2n_13 = 0

HP(T]ZTL*'I1321:.7'10) = 219138212 = 0.

So we obtain HPr3" 3! = 0. Thus, considering the Hopf invariants of both
sides of (6), there arises a contradiction since Hd = 9, _1382n_12 7 0.

Let n = 16 and assume that [t14, 4145] € 115 0 7). Here, 73] = {p1o} &
{219} = Z3y & Zo. Then, by Lemma 3(ii). vigpe € E%{{ti0, 0]} = 0.
Furthermore, since &, = n,fa41 (> 6) by (10.23) of [13], we have v4Z19 =
vig(thokion) = (VieMis) ko, which belongs to 78 o kyy = 0. Thus, vigomsy) = 0.
This contradicts the fact that |14, 476] # (. This completes the proof of (ii}.

Proof of (iii). Let n = 4 (mod 16), n > 20 and assume that [i,, 11,
is in v, o 757, By Lemma 2(i), there exists § = §(¢) € m5,% such that
E% = [1,, 41, and Hé = (o, 17 € Tj::_{‘ Henee, just as in (2) of the proof
of (ii), we have
(1) E°5 € v, yo Exi "y modi[n, s, 12 5]}

Now, [tn s, 77 3] = [tn-3.V0 3] © Va4, and by Lemma 5(iv), there exists
& € w5 such that [1,_s,vn_s] = E36, and Hé, — 13, 5. Therefore, we
have

1 —3

[Ln—:a, 11-273} = (E351) O Vay—q — EB((SIVQM—T):

where we note that ES(()—lVgn_"{) has the order 2. Hence, from (1) and by
Lemuna 3(1),

(2) E°8 € E%(v—g 03, 0) + {EP(d11m,-7) .
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So. we have
E'S € B (v_g o), %) + {E*(8112,—7)} mod Prs 7,

P = Plaw, =} = {ltn_a, Tn_4]}-
Then, similarly as in (3) of the proof of (ii), we have
(3) E* € E(vp_gomy, ") + {E?(61000-7)} mod {[tn_4, 80, 4]}
By Lemma 5(iii), [y, 8rfn_,1} e Béa s (n > 20).
Let L be a subgroup of =% and L' that of 7%~ such that L — E™L’
Then, we write

L = o(m).

Then, from (3), we sce that
E3§ e EJ‘(V,,,_;_; 0 71';??__67) +{E(0110—7)} + o(T) mod P’rg,’; ?

Here P = 0 as in (4) of the proof of {ii). So,
(4) E% € E*(vn_g oy, ) + {E(0u0en-1)} + o(T).
Therefore,

E%5 ¢ E* (Vg 0 [’7) + {61107} + 0(6) mod P"rj:: at

2n—11 3
Ton 9 = Wiy 111 © {ten11} B {1180 10} = Zo & Zo & Zo.

. . 3 _ 301 _ T Al cinee 8 —
Then, we have Py, 11 = [tn 6.V, ¢/ = 0 by Lemma 4{iv) since v} _, =

Na6Vn 5 and 20, 5 = 0, and similarly P(92, 11520 10) = [tn—6: 6805 = 0
since 2,5 = 0. So, we know Py 73" = {Ppign_11} = {[tn_s, pin_g]}. Henee,
(5) E2*5 € B3 (v, gomi ")+ {011n 1} + 0(6) mod{[t, 4, ttn 6]}
HeI(—‘ H( 12— .') - (H()I)UZ'H,77 = U‘:)zn_'jij‘hr,f'? - ]/ST,_'| 3 and H[L-r.&fﬁa /—L-n.ff}} =
213 = 0

Now, in (2), if £ has the term kE3(8115,_7), then in (5), E?§ has the
term L(élug _7). So, considering the Hopf invariants of both sides, we have
0 = kH(81v9,_7) = kv3, 5. Therefore, k must be cven. Since E*(()lygn_f)
has the order 2, £°§ does not contain the term E 3((5 1v2,—7) from the begin-
ning. Thus,
(6) E25 € E*(v,_gomy ") +0(6) mod{[t,_s, tns}
Futhermore, by Lemma 5(v), there exists d» € w5 such that [0, g, ftu_s] =
E252 and H52 = :|:2C2.n,17. SO{1

ES € B (vn_g 0 w5, %) + {Ed} + o(5) mod P37,
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2n—13
Tan_3 = 1Man—13ton—12) = Zy.

By Lemma 4{i), we have
P(TIQH—LS)UJQH—'IQ) = [Ln—Tan'rr—ﬂun—G] = E(Tn—?_%nz:;—'l6,1[‘52;'!.—15)-

Hence,
(7) ES € E*(vp_gomp Py + {E8} +o(5) mod{E (T, _shon—_16fton—15) }-
Thus, we have

(8) 8 € E(vn goms )+ {6s, Tnsfan_16tion_15} +o0(4) mod Pm3"=1?

Prin= 1% = P{Gn 15} = {[tn_8 Cusl}-

We have the Hopf invariants
H(SQ = i2<2n717: H[’/-n,f%%-. C’r.',ffé] = i2<2n717
and by Lemma 4(iii) ((7.14) of [13])

H(TnfSnQ-nflﬁHanlS) = H(TnfS)nanlﬁ,uanl" ?’b,, 17H2n—15 = = 4 on_17.

Henee, there arises a relation Hd = (o, 17 € {2(s, 17}, which is a contradic-
tion. This completes the proof of (iii).

Proof of (iv). Let n = 12 (mod 32), n > 44 and assume that [1,,. 4] is
n v, o wh" +9 We continue the arguments parallel to the proofs of (ii), (iii).

By Lemma 2(iii), there exists § = §(p) € 75,5, such that E'2§ = [1,,, 411,

and HS = pon_os € w2~ 2. We have

E é = Mn— f;OEHZ” o mOd{[én 3 'Vn i]}

Then, similarly to {1), (2} in the proof of (iii}, by Lemma 5(iv) and Lemma
3(i), we have

(1) E% € E%(v,_g ol %) + {E3(8 0, _1) ),

where E*(8119,_7) has the order 2. So, similarly to (2), (3) of (iii),

Ef§ e E’S(I/,,,_;; o ﬂ'E,fT) + {E2(511/2,,,_7)i} wod{ [t,—4, 87,—4]}.
Now, we need further informations due to ([10], the second table).

Lemma 6 Let n = 12 (mod32). n > 44. Then [t,—4.86,—4], [tn—s. ftn—s].
ltn 7, T _7ln 6], and [t, 5. 4C, 5| desuspend 9, 8, 9, and 12 dimensions, re-
spectively.
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Then, [t,,_4, 80,,_4] € E%7% 1, and from the above,

(2) E® € E*(vh_g o, ") + {E*(S100n_7)} + 0(9).
Henece, we have

E'S € Bty 073, %) + {E(G1van-1)} + 0(8).

where we note that Pr3"~) = 0 as in the proof of (ii). Therefore,

E% e ES(V”_g C ﬁ;fT) + {d1e_7} + o(7) wod P?Tiﬁjy

By Lemma 4(iv), we know Pr3" 5" = {[t._s, ftn_s]} as in the proof of (iii).

Since [to_g, png) € E7 %, by Lemma 6, we have

(3) ES5 € E3¥(v,_gomy ") 4 {817} + o(7).

Now, we cau apply the argument similar to (5) in the proof of (iii). In (1),
if £%§ has the term EE?(8,v4,_7), then in {3), E®) has the term k(d,ve,_7).
But, k& must be even, and so £?¢ does not contain the term E*(8v4,_7) from

the beginning. Hence,
E66 € ES(U‘H,—Q o TT;:TET) + 0(7)

and so,

E§ € E*(v,_go 75y + 0(6) mod Pra"—3",

PWE:::.%B = P{man—1spton—12} = {{tn—7- Ta—vttn—sl},

which belongs to E%757'%, by Lemma 6. Therefore,
(4) E € E*(1, g oy %)+ 0(6),
and so

E* € By, gomy ) +o(5) mod Paal—i®,

PW;Q:F = P{Con—15} = {[tn-s, s}

Since Htn_s,Gus] = 2017 and (ap,_17 has the order 8, considering the

Hopft invariants of both sides, we have

E* € E(vy oo 53 4 0(5) mod{ e, s 4¢, s}

4

Then, [ty 5.4¢, &) € B2 by Lemma 6 again. Hence we have
(5) E' € E(v, 9ol %) + o(3),

and so
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(6) E3 € vy_gonmi b 4+ o(4),
where we note that Pri’ 17 = 0 since 75,{S%) = 0.

Let Vg = 0,/0,_; be the Sticfel manifold. Denote by iy, 0 SO, —
SO, for m < n the canonical inclusion map. Then, we need the following.
Lemma 7 Let n = 12 (mod 32), n > 44. Then, there exists a lift [v2 ] €

Ty 1(30?: 6) with the order 4 such that HJ[v? ) = v3, 4, EPJ[2 -] =0,
and 7% = {J[v2_;]} + Exl .

Proof. By [1] and [3], we have the following exact sequence
T‘—H—I(SOH T) — TH—I(SO) i “n( n—l—?,i)) = Z ) Z‘Z T Z‘Z

iy |
Tr.n,]_(SOn,ﬁ) = 1 (S()) & T‘FR(V;H»Q,S) =7 % Z4

pl ‘
T (S =2 .} = 7.
Al
Since Av2_. =0 by Lemma 5(ii), there exists a lift [12_.] € w1, (S50, 5)

which is the generator of the torsion part. We have
H]{ ] Em_hp*[ Vi 7} 1/372—13‘ Ea‘][Vi—T] = J(in*ﬁsﬂ*l)*{ n—;] = U

where we note m, {50, 1) = Z. The last assertion is known from the exact
sequence

7T B a6 H _on-13_ 1.2 ~
Top_g ~7 Top_7 ™ Moy 7 {Vznq_a} = Zy,

n—=6

where HJ[12 .| = v3, 5. In fact, for any = € 75, %, let Hz = arvd, |,
(@ =0,1). Then, y = 2 — aJ[v2_;] belongs to KerH = ImE. O

Now we continue the proof of (iv). From (6) and by Lemma 7.
E*S € vy go ({J[V2 ]} + Exl, ") + o(4).
Then, since F?J[v? -] = 0, we have
E* € E (v, g0 Enl ") +0(9).

That is. in (2) we can replace 7575 by Exh"c. Thus, repeating the argu-
ment, we have

3 n7 2c 07 ‘
E*y e v, go Emy s +o(d), E°5 € v,_1n0my, "« + 03),
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Dy —]C . g )
where we note that Pri 2 — () since 7%,(5S%) 22 Z,. Here, we know the fact

T n—8 o
s = Euy, g from the EHP sequence

n—8 £ = H Zn—15 e n—=4
-9 7 Top—g ~7 Mop—g 7 Map_10
‘2‘ . -
where 3772 = oy, 15} = Zis. Since Py, 15 = [tn_s. 0u_g| has the order

16 by [7]. P is injective and so & is surjective. Thus,
e 1n—=_8 5 2n—21 _2n—21 _ 2 . ~
L6 € vyoiomy, Syto(2) mod Py~ wh7r = {0, o1 P {kan-21} = LB 2.

By Lemma 4{i),

Pain_zl = [Lnf;uﬂ f»nf].l]o'gn_zg = (ETnf].Z)O'gn_gga Prop 21 = (ETnf]Q)HEan}‘

So, we have
2rn—21 9 i
Pﬂ—2??—7 = E{Tﬂ*lZUZw—Q-‘I: Tn712h'2n72’1}'
Hence, we have

(7) E§Cuy, 0 ﬁg,:_sg +0(2) mod E{7m, 1203 o4, Tn_19K2n_24 -

Lemma 8 Let n = 12 (mod32), n > 44. Then, there ewist lifts [, o] €
Tues(SO,_g) and [2,g] € 7,1(SO,_s) with the order 2 respectively such
that
H(J['T?n—g}@n—w) = Vop_17 T €20n-17, H(J[En—QD = Ean—17
and
E*(J[n_s]oon_1s) = E"J[cn_s] = 0.

Furthermore,

Wé!,:_gg = {J[n'nfﬂ}amflfi: J[Enfﬂ}} ¥ EWSH__Q]U-.

and so ETnl7 5 = Ebal 0.
Proof. We have [, g] already as an example of lifts, with the order 2 since
Tues( SO0, _g) = Zy & Zy by [5]. On the other hand, we have the following
exact sequence by [1] and [3] :
TT.n__l(S()n_g) = T—1 (S()) & W.n_(I/n_Q_Q,'J]) =7 & Zg & Zg
i |
Tral—l(S()rz—?%) &= ﬂ-n—l(S()) @ Tfn(Vmuz,m) = Z @ Z2 @ Z2 @ Z2 @ Z2
P |
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Th—1 (Sniq) A} S {an) 2 20 2y
A
Considering the orders of the torsion parts, p, must be surjective. In fact,
Ac,—o =0 by Lemma 5(1). Hence, there exists a lift [¢,,_q] with the order 2
Then, by Lemma 6.4 of [13],

H{(J [0 aloon16) = (E"*pulnn_al)0an 16 = Mon 1702016 = Pon 17 + San_17-
and similarly
Since m,-s(SO,_¢) = 0 and 7,1 (50,,_1) = Z by [5], we have

E2'][U'?’1-79] = J(i‘nfS,-n.fG)*[UnfE)] = 0 ETJ{En*Q} = J(in,&n,l)*[in,g} = (.

The last assertion is known from the exact scquence

n—>9 L n—=a 2n—17
Map—10 — 7"27179 Wzn 5 — 0,
where 75% 37 = {Dau 17 + fon_17} B {on17t = Zy & Zy. So, the scquence

splits from thc ahove facts, O

Note : Let n =0 mod 4 and n > 8 Theun, from the fact that [r,] has
the order 2, a lift [£,,] 18 taken as a representative of the Toda bracket

{[?ZWL 25'71.+'| ) I}i—o—l}‘

- . g _ 0
Now, we continue the proof of (iv). From (7), since E7xy % = B8zl
by Lemima 8, we have

85 ~ 7 o _n—0 _ 8 2 .
E®y € E'(vqy o Brl ") + 0(9) mod E5{7,_1905, 0. Tno19Kap—94} .

Then, repeating similar and necessary arguments from (2), we have
N n—9 2 .

(8} FdEvy q10FEah, g+ 0(2) mod F{7, 1205, o1, Tn_12f2n 24}
Thus, we obtain

v =9 2 . 2n,—23
(Q) dE v, 150 P {Tnfl20_2n_24; Tnlehan?ri} -+ ()(1) mod P;‘lzn

2n—23 oy - ~ 7o.d T
Ton_s = {P2n-23} ©{Non—23k2n 22} = T30 © Zo,

PT?Q 53 - {[Ln—1_2: pnflﬂ: [Lﬂfl}7]1271.2H‘W,71[JJ}'
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Now, we consider the Hopf invariants of both sides of (9).
n—4 71— 2 2n—19
H(vy 12 0my, " 10) = E(tn_13 Ave_13) o HT5 70 C ¥y 190 Tap_ 15 = 0,

where the last equality is known by Theorem 14.1 of [13] verifyving the cowm-
positions of the generators to be zero. Similarly, by Lemma 4(iii).

2 2 . . .
H(Tn—lzﬁg.,,,,zfl) = Non—25C05, 91 — H(Tn—lziﬁ:zn—z-l) = Man—anfion—21.
Furthermore,
H[Ln.f'l‘b p‘n,le} = +2p9,, 5, H[L-n,f'u:'Tf‘n,f'IQH'n,fl'l] = 20y, pskign-p4 = 0.
Thus we have
H6 = pan—o5 € {Mon—25Kon—214. 20225}
This is a contradiction and this completes the proof of (iv). Thus, the proof

of Theorem 1 is complete.

Acknowledgements
The authors wish to thank the referee for giving his advices improving
the manuscript.

References

i

[1] M. G. Barratt and M. E. Mahowald, The meta-stable homotopy of O(r)
Bull. Amer. Math. Soc. T0(1964), 758-760.

[2] M. Golasiiski and J. Mukai, Gottlieb groups of spheres, Topology
A7(2008), 399-430.

[3] C.S. Hoo and M. E. Mahowald, Some homotopy groups of Stiefel man-
ifolds, Bull. Amer. Math. Soc. 71{1965), 661-667.

[4] W. C. Hsiang, J. Levine and R. H. Szezarba, On the normal bundle
of a homotopy sphere embedded in Euclidean space, Topology 3(1965),
173-181.

[5] M. A. Kervaire, Some nonstable homotopy groups of Lie groups, Illinois
J. Math. 4{1960), 161-169.



22

[6]

[10]

[11]

[12]
[13]

H. IsuiMoTo and J. MUKAI

M. Mahowald, Some Whitehead products in S™, Topology 4(1965), 17-
26.

M. Mahowald, The metastable homotopy of S™, Mem. Amer. Math. Soc.
T2(1967).

M. Mahowald, e-mail to H. Ishimoto, Novemnber 30, 2006.

J. Mukai, Determination of the P-image by Toda hrackets, Geometry
and Topology Monographs 13{2008), 355-383.

Y. Nomura, On the desuspension of Whitehead Products, J. London
Math. Soc. (2) 22(1980). 374-384.

K. Oguchi, Generators of 2-primary components of homotopy groups
of spheres. unitary groups and symplectic groups, J. Fac. Sci. Univ. of
Tokyo 11{1964), 65-111.

N. Steenrod, The topology of fibre bundles, Princeton 1974.

H. Toda, Composition methods in homotopy groups of spheres, Princeton
1962,



