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                               Abstract

       We denote by Rn the n-th rotatoin group and by nk(Rn) the k-th homotopy

   group of Rn. We determine the group structures of the homotopy groups

   n)t(Rn) for k =:21 and 22 by use of the fibration R.+i-!itL>S'i.

Introduction and statements of results

   This paper is a sequel to [12]. According to [17] and [19], the group structures of

nk(Rn) for kfg22 and nE{;9 are known. The group structures of nk(Rn) for ks{;20 are

obtained by [2], [10], [11], [12], [14], [25], [26] and [27]. We denote by nk(X:2) the

direct sums of a free abelian subgroup and the 2-primary components such that the

index [7tk(X) : 7tk(X : 2)] is odd. The purpose of the present note is to determime

   7Tla,(Rn : 2) for k==21 and 22. We write 7cic(R. : 2)::=1?1' and 7qic(S'i : 2)=rrZ [28].

   Our method is the composition methods [28]. We freely use the generators and

group structures of the homotopy groups 7e,+k(Sn) for ks;22 [16], [18], [28]. The main

tool is the following exact sequeRce induced from the fibration R.+i-iizt>S'i :

   (k)n 7ik+i(S'i)-4->nk(I?n)-i'->n)lr(Rn+i)-a"->7rk(S")-"->n)trmi(R.),

where i= in+r : Rn-ul?n+i is the inclusion map, p = pn+i : Rn+i-S" is the projection and

A is the connecting map. We set ik,n : Rk-Rn for ksgn-1 as' ino'''oik+i.

   The group structures of n2i(]l?i7) and zk(Rn) for k=21, 22 and 18sgns{;22 are

obtained by [13]. We recall from [1] the splitting for kf{g2n-3 and n;)13 :
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                      fo,(]Rn) Z 7cte(Roo) O rrk+i( nn,n),

where Xn,r = Rm/I?m-r for ml) r is the Stiefel manifold. By use of this splitting, by [3]

and the group structures of 7zk+i( ltlin,n) [8], we obtain the group structures of zk(Rn) for

k=:21, 22 and n2)13. Therefore our main task is to determine the group structures of

rrk(Rn) for 10ff{ nE{g12.

   Denote by #ev the order of ev. For an element evCII 7Tk(S'Z), we denote by [ev]E rrk(1?n+i)

an element satisfying pn+i.[ev]= ev. Note that [al is only determined modulo in+i.(7i;t(Rn)).

We set

            [a]m== in,m,[a]G rrk(Rm) (nKm-1 ; evE zk(S'Z) ; Aev == O).

About the element rc7E 7rSi, we adopt the renamed one by [18]. We state our result.

Theorem O.1 (i) n2i(R3 : 2)=Z4{[ rp2]pt'di4} e Z2{[ op2]u' EM6} e Z2{[ rp2] rp3ptrm4} ;

     n21(R4 : 2) == Z4{[ rp2]4u'o14} e Z2{[ op214u' Er6} e Z2{[ rp2]4 rp3pt"4} e Z4{[ c31"' o14}

              e Z2{[e3] U' EM6} @ Z2{[ C3] rp3pt-4} ;

     7t2i(Rs : 2) = Z32{[ U4dOi4]} O Z2{[C3]srp3pt-4} ;

     7i2i(R6 : 2) ::=: Zi6{[ Y4dOi4]6} O Z2{[ rpg] lo}･

(ii)

(iii)

(iv)

ll2i(R7

7a]i(Rs

nl]i(Rg

711]i(Rio

7121(Rll

7121(R12

7121(R13

7121(R14

7121(Rls

7T21(R16

7ri]i(Rn :

7eii(Rig

7u]1(R2o

7121(R21

711]1(R22

n2i(Rn :

Theorem O.2 (i)

     7122(R4 :

     7122(Rs :

     7L22(R6 :

(ii) 7i22( R7 :

2) = Zs{[ U40' d14]7} O Z4{[ rp6] IC7} ;

2) = Zs{[ y4o' o14]s} e Z4{[ rp6]s/e} e Zs{[ c7] o' ol4} O Z4{[c7] IeT} ;

2) =:: Z4{[ op7]g rc7}.

2)=Z2{[L7]ioA?7} ;

2) = Z2{[ L7]ii ig7} O Z2{[ 77 ?o] /ti2} ;

2) = Z2{[ C7]12 tC7} O Z2{[ 7711] pa12} O Z2{[ 77?o]12Lt12} ;

2)=Z2{[rp11]13pt12}eZ4{[y?2]yls}, where 2[y?2]yls:=[c7]131e ;

2) ==: Z4{[Y?2]14Y18} ;

2) = Z2{[ Y?2]ls Y18} ;

2) == Z2{[ Y?2]16 Yls} e Z2{[ Y15] Y18} ;

2)=Z2{[uis]nyis} for n=17 and 18 ;

2) == Z2{[ Uls] lg Vls} e Z2{[ rp?81 rp20} ;

2) = z2{[ ny?s]2o rp2o} e z2{[ rplgl ny2o} ;

2) :=: Z2{[ opigl2i ij2e} ;

2) ==: Z{A e22}

2) =:O for nl}i 23.

  7i22(R3 : 2) == Z4{[ rp2]pt-'} O Z2{[ rp2] Y'U60is} ;

2) = = z4{[ rp214ptm'} e z2{[ rp214u'pt6ols} o z4{[ c3] pt-'} e z2{[c3] y'pt6 ols} ;

2) === Z32{[ v4 p"]} e Z2{[ u4 o' v-i4]} G Z2{[ y4 o'Ei4]} ;

2) =Z16{[ Y4 P"]6} e Z4{[ Ys] Ks} O Z2{[ Y4 a' iJJ14]6} O Z2{[ Y4 0'E14]6}.

2) =: Zs{[ V4 P"]7} O Z2{[ Us]71Cs} O Z2{[ U4O' Y-i4]7} O Z2{[ Y4 O'ei4]7} e Zs{[ g' -l- pt6disl}

   o z2{[ op6] e-7} ;
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     7122(Rs : 2) = Zs{[ Y4P"']s} e Z2{[ Ys]stCs} e Z2{[ Y4 O' Y"14]s} e Z2{[ Y40'e14]s} e Zs{[ g' + U6 01s]s}

              O Z2{[ rp6]8 Er7} e Z8{[ C71 P"} O Z2{[ L7] O' Pi4} e Z2{[ C7]O'Ei4} e Z2{[ C7] 67} ;

     7i22(Rg : 2) == Zi6{[8 ds] Ois} e Zs{[ e7]gP"} e Z2{[ Ys]gits} e Z2{[ C7]g E-7},

     where 2([8ds]ois)!Ea[g'+pt6ois]g+ble7]gp" mod [ys]grcs for a and b odd.

(iii) lti]2(Rio: 2)=Zi6{[8oslioois}OZs{[c7]iop"}OZ2{[c7]ioe-7} ;

     7i22(Rii : 2)=Zi6{[80k]iiOis}OZ32{[[Cio, Yio]]} ;

     n22(I?i2: 2)=Z32{[[cio, yio]]i2}OZ32{[gii]}eZ4{[80sli20is+2V[gii]+2W[[Lio, Yio]]i2}

     for v odd and w an intager.

(iv) 7r22(Ri3 : 2)=Zi6{[ rpi2] ois}, where 2[q?2] ois:= [8 os]i3 ois, [ gii]i3=[ rp?2] ois mod 2[ opi2] ois ;

     n22(Ri4 : 2)=Zi6{[ rp%ois]} O Z2{[y?3]vig}, where 2[ rp?3ois]E[ rp?2]i4dis mod 2[ rp92]i4ois ;

     z22(I?Is : 2)==:Z16{[rp140Is]}OZ2{[v?3]mulg}, where 2[rp1401sl=[rp?301s]ls ;

     711]2(R16 : 2)=Z16{[ rp1401s]16} O Z2{[U?3]16Ylg} O Z16{[Ols]} ;

     7le2(R17 : 2)=Z2{[Ui3]17Ulg} e Z16{[Ols]17} ;

     n22(Rn : 2)=Zi6{[ois]n} for n=18 and 19 ;

     7122(R2o : 2) == Z4{[2Ulg] -2[Ols]2o} O Z16{[Ols]2o} ;

     ii22(R2i : 2) ==: Zs{[Ois]2i} ;

     n22(R22 : 2)=Z4{[Ols]22} ;

     n22(R23 : 2)=Z2{[Ois]23} ;

     n22(Rn : 2)=O for n->24.

   The group structure n22(Rg : 2) corrects that of n22(SZ)in(9) : 2) [17].

1 Recoliection of fundamemtal faets

   First of all we recall a formula [13, Leinma 1],

(1.1) A(evoXB)=AevoB.
   Suppose given elements ev E nk(S'i) and B E rrm(Sk) so that Aev=O. Since A(evoB)

=A(pn+i.([ev]oB)), we obtain

(1.2) A(ae B) =::O (A cr === O).
   From the relation pii.Acn=(1+(-1)'Z)cn.i, we obtain

(1.3) pn+i,A(Xev) =O(n:even);pn+i,A(Xev)=2c.oev (n:odd) for ev Ei rrk(S").

   Let f : rrk(I?n).rrk+n(S'i) be the 1-homomorphism. We have a formula

                            f(evoB)-J(ev)oX"B.

   We consider the commutative diagram up to sign [29] :

              Rz-t 4, I?L, -12SL--pt･ rrk,-i ARz,:l

(1.4)

7rZ';;z-i - 7rZ+. ---U---" 7rl'tsii L7rZ'¥;i-2,
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where the upper sequence is (k)n and the lower is the EHP sequence. The following

formula [20, Theorem 5.2] about Toda brackets is useful :

a.s) A{a, .XZI, X7}ic {Aev, 3, 7}.

   We need the following I19, Theorem 2.1].

Lemma 1.1 (Mimura-Toda) Let (ZX, p, B) be a fibre space wilJz a fibre E Assume that

aE rri+i(B), BEi n)(S`) and 7E nk(S') sainsh the conditions (Aev)oB=O and Bo7==O. Ibr

an arbitiu72y element 6 of {Aev, B, 7}CI7ot+i(.F), there exists an element EEn)･+i(X) such

that

                        p*E=evoue and i*6:=EoXx

   Let Spin(n), U(n) and Sp(n) be the the spinor, unitary and symplectic groups,

respectively. As it is well known [17], Sx)(2)==Sz)in(5). There exists a natural

epimorphism f : Sp(2)-Rs which induces a Hopf map h : S7== Sp(2)/Sp(1)-Rs/R4= S`

[7]. This shows the following.

Lemma 1.2 7";lzere exists a naimral mmp belween the exact sequences incinced from

fiberings Sp(2)-Ei!Si)->S7 and Rs-!i".S` .･

            nbe(S3) 4' 7z>,(Sp(2)) za n>,(S') A' 7bzTi(S3)

              l[c3]* ift lla* I[e3]*

            rai(R4) 4' ra,(Rs) -ZZtiLein･ fo,(S`) A' ra,ri(R4).

   Let din(C)Ein2n(U(n)) be the characteristic class and r: U(n)-"I?2n be the

canonical inclusion. Then we know that r*wn(C) is a generator of n2n(R2n) and [c2n+i,

c2n+i]=:Xsi, where ai==f(r*ton(C)) [9]. So, we can take Ac2n+i==i2n+i,r*to.(C). As

p2n,r*wn(C) =(n÷1)rp2n-i, we can set [ny4n-i]=r*a)2n(C) and obtain

(1.6) AC4n+i == [rp4n-i]4n+i･
    Let evE rr`ic"'2 be an element satisfying 2c4n+2oa ==O. By (1.1) and the fact that R2;!iZ

=Z4, we obtain

(1.7) A( rp4n+2Xa) ==O (2e4n+2e ev=O)

and an element [ rp4n+2.Ety] Ei R`k'4'i3. Since 2]R2cr,iE == O [13], we have #[ rpftn+2] == 2. By [131, for

n }it2,

                          R2M2!(itL),, Z gVded", j

                          R2me(EZ;li; : gv,zn, ;

                          i?2;itE or (gi2>),, Z gV,e," ;
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and

                       I?2ZS2 = Z2{[ rp4n+31} e i4n÷4*"l?21I±E･

So, by use of the exact sequences (4n+3)4n+4 and (4n+4)4n+4 :

                       R21'tg--A->R2Z;2-gE->R2;Ii2-2t>z2;It2,

we obtain

(L8) ' Arp4n+4=[opZn+2]4n+4 fOr n;}l2･

   Notice that Arps:=[rp6]srp7, because

(1.9) Ac,=2[c7]-[op6]s.
   By use of the exact sequences (8n+k)sn+2 for Of{gkf!g2 and [13], we obtain

(1.10) Acsn+3=[ ysn-i]sn+3 for nl) 2･

Notice that ALii==[L7]iiy7 [le]-

   We recall from [151 the following.

Tkeorem 1.3 (Mahowald) if n=f=1, 2 or 4, then #A[e2n, c2n]=an(2n-1)!/8, where an=

1 of n is even and2 of n is odd.

   Let P" be the real n-dimensional projective space and 7'n: P"-'->1{]n be the

canonical inclusion. For the f-map f: [P"rmi, R,i]-[X"Pn-i, Sn], we set gn =J(2'n). We

show the following.

Lemma 1.4 Let p=p2n. 71V2en, p*A[c2n, c2n]=[c2n-i, rp2n-i]. in Particultzr p*A[c2n, c2n]=O

for n even and p*A[c2n, c2n]=[c2nri, rp2n-i]=t=O for n odd.

Proof. By use of [26, Lemma 1] we obtain X2'i'3p*A[e2n, c2n]=O. By the Freudenthal

suspension theorem, X2'Z'i : nkY,'i-zg;#? is an isomorphism, and so X2p*A[c2n, L2n]=O.

By the EHP sequence

                           rr2Y,il-!i>n9h'-i-tiL>nkcr,"",

we have

                       iE?)*A[`2?z, `2n]EPz2;ItlAXn2ll,:b.

As P7v2;I#nXrrZcr,:5=O by the Serre theorem, we obtain .EP*A[c2n, c2n]=O. So, by the

EHP sequense

                           rr2;!-i-2e->zzz:s-:iL,zZ;I-i,

we obtain p*A[c2n, c2n]EiPrr2h'"i=={[e2n-i, rp2n-i]}. By [6], [c2nfii, rp2n-i]=¥ O for n odd and=

O for n even. Hence,
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                   p*A[c2n, L2n]=[t2n-1, rp2?z-1]==:O <n: even).

   Let 7n : S'i->P" be the covering map and pn : Pn->S" be the pinch map. Since Acn

=7'n7n-i, we have gnX'Z7n-i=:= ±[cn, en] by (1.4). We recall from [21] that

                      ±9nEII{`Eken-l, Xll7'nm2, X'i'lpn-1}1.

By (1.5), we have

                  ±Ag2nCII{A(.Ek72n"i), X2nMi72n-2, X2'i"2p2.-i}

                       ={Ac2nog2n-i, X2'i-i72n-2, X2'i-2p2n-i}

                       C{Ac2n, [c2n-i, e2nTi], .E'2n-2p2n"i}.

So, by (1.3), we obtain

           ±p*A[e2n, e2n]=p*Ag2noX2n-i72n-i
                       EP*{AC2n, [c2n-i, c2n-1], X22i-2p2n-1}oX2n-172.rmi

                       C{2C2n-i, [e2n-i, C2n-i], 2C4n-3}･

We recall that [c2n.i, L2nuni]=XTnrmi. By the fact that 7Tiin-2(I?2nrm2) =(z2)2 or (z2)3 for n odd

[13] and that Xn42n"-"42=rrZ"':5, we obtain

               {2e2n-1, [C2n-1, C2n-1], 2C4,i-3}={2C2n-i, X5i-i, 2C4n-3}i･

So, by [28, Corollary 3.7], we obtain

             {2t2n-1, [C2n-1, L2n-1]) 2C4n-3}](XTn-1)rp4n-3=[C2n-1, 772n-1]･

Hence we have

                   P*A[C2n, e2n]!=[C2n-i, rp2n-i] nlod 2rrft;IZb.

Since rr?o;-Z2, we have p*A[c6, c6]=[es, rps]. As it is well known, [e2n"i, rp2tt-i]orp4n-2==:

[L2n-i, rpZn-i]=t=O for n odd and n2}i5. So [c2n-i, op2n-i]C!Il27rZ;l:E in this case. This implies

1)*A[C2n, L2n]==[c2n-i, op2n-i] for n odd and n;}i3. This completes the proof. Z

2 EIements im the J-image

   Suppose that evEnZ'rr satisfies the relations Aev=O and ±X'iev=:lil(B) for an

element BErr1'+n. Then, by (1.4), we have H(f[a])=±X"a=U(B). So, by the EHP
sequence, we obtain

(2.1) J[ev]-B mod XnkLi.
By (2.1), we obtain J[c3] !g! y4 mod Xv' and f[c7] =- os mod Xo'. By [28, Proposition 4.4],

zi=Xrr:･i--ieJ[e.]*rr?･"-i for n=3 or 7. From this fact, and to avoid messiness of

changiRg generators of rr?, we take as
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(2.2) 1[c3]=y4 and l[c7]=ok-
   We know Ays=:O [10, Table 3]. By the same argument as in [12, Lemma 1.3], we

can take [ts]E{[us], 8cs, Xo'}i. That is,

(2.3) Avs=O, Ats ===O and [ts] El {[ ys], 8cs, Xo'}i.

   Hereafter we use the following convention : Our notation f[a]=ff stands for f[ev]

== xB for x odd.

   By [28, Lemma 12.10] and [24, Preposition 2.8.(2)],

(2.4) EZ=e6y-i4=rp6eua7 and v-26=u-6ei4==O.

   Now we obtain the following result overlapping with [41.

Lemma 2.1 (i) f[rp2]-y' ; J[4 y4]=o"' ; f[rpZ]-o" ; f[rp6]=o'.

(ii) f[ Us] = U-6+ E6 ; f[UZ] == Us Ob.

(iii) 1'[o'"]=[c6, o"]=4P( oi3) ; J[ 77sE6]= -o" oi3+ y-6u2i4 ; f[2[c6, L6]] =:: &r ; 1[ 27i6+ E61 =:: d'Oi4.

(iv) f[ rp?o] ::: 0' ; f[ rp,,]Ee mod Xe' ] f[80k] iii p' Mod Ob Pi6, ObEi6 i J[ rp?2]=Pi3.

(v) J[ {ts]! g' + 1iGOis mod rp6 E-7 i 1[ gk]g= tigOis l J([ gts]7+ [ op6] rp7Es+ b[ Ys]7Es) =: Kt70i6 i

  f([eis]7rpi6+b[Us]7Esrpi6)=Lt70i6rp23 =rp7LtsOi7 for b=O or 1.

Proof. By the fact that .LU[rp2]== ops==H(y') and (2.1), we have J[rp2]iiiv' mod 2y'. This

yields the first of (i). The rest of (i), (ii) and (iii) are obtained from [101 and [11].

   The first two relations of (iv) are obtained by [12]. The fourth of (iv) is obtained

by [10]. By [10] and [28], f[8ois] i! p' mod Xrr:3={2p', ob Pi6, (foei6, e-g}. In the stable range,

e" i' s not in the J-image, so we have the third of (iv).

   By the fact that {E3, 2eii, 8oii}=pt3di2 and { y-6, 8di4, 2ot4} E) g' mod 2g' [22, Proposition

I.3.2.(1)], we see that

           {yM6+e6, 8ci4, 2o14}C{v-6, 8ci4, 2o14}+{e6, 8ei4, 2oi4}E!)g'+pt6ois

                     mod {2 g'} + { y-6, E6} o rrES + rr9so2 ois.

Since n%=A"=(z2)3 [28], we have 7r?so2ois--O. By (2.4), {t"/6, e6}o7rES== {if6S7} and

(2.5) g'+pt6oisEi{v-6+E6, 8ei4, 2oi4}i mod 2g', rp6e-7.

Then, by (2.3) and the fact that f[vs]== V6+E6, we obtain

               f[g]E{vua6+e,, 8c,,, 2o,4}]g'+"6o,, mod 2g', rp6Erm7.

This leads to the relation J[k] ! g'+ pt6ois mod 2g', rp6 67. Since f([uX]6u?o)= y6 oby?6= rp6 E-7

[28, Lemma 12. 10], we obtain the first of (v). The rest of (v) is obviously obtained. This

completes the proof. D

Lemma 2.2 (i) f[rp?4]i rp"' mod disu22 ; f[rpisl=- rpf6+ toi6 mod Xrp"', Oi6p23+

(ii) f[[cg, rpg]]= oiee;i7 ; 1[ rpgEio]=A" ; J[Eio]=A'+2cl,' ; f[uS] ==:A+2t9i3 ;
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   llyis] i! yi,+ 4,, mod 4X3A.

(iii) f([o"']oi2)=856 ; f[32[cio, cio]]= g-ll.

(iv) f[eii]E to' mod 0o24, (21S')u3o, (M') rp3o ; f[y?3] == wi4u3o ; f[pJ"]==8P(pi3).

(v) f[ge]::-B' l f[rp,,u,,] [-B'" mod . )(I?' l f[pt,,]EiBM mod .Il(I?tt, X2Bt ; f[rp?,]=B- ;

   f[rp,,]== B mod [c,,, ny,,].

Proof. First, we recali from [24, Lemma 2.10] that

(2.6) Xrp"'=[ci6, rpi6] mod Oi6U23.

The first of (i) is obtained by the fact that HU[rp?4]) =H(rp"'), nSg=Zs{toi4} eZ2{oi4u2i}

and (1.8). The second of (i) is obtained by (2.1), (1.6), (2.6) and [28, Proposition 12.20.(ii)].

These correct the assertions of [10, pp. 30-31].

   For the proof of the rest of (i) and (ii), we need the fact that the stable f-image

is O in rrfs(SO: 2) and the result [28, Corollary 12.25]:

(2.7) [cig, Cig] ==Yig l- 4ig･
The first of (ii) is obtained by [11, p. 343]. The second of (ii) follows from the fact that

X7ig7={oiogi7, opios-tii}, XcoA=2y* and [23] :

                    u(all)= rp,,E,, ; 2art iii o,,g, mod 2o,,k,.

The third of (ii) is obtained by the fact that g=-y" (2.7) and [23] :

                               H(A') = E2i.

The fourth of (ii) is obtained by the resuit H(A):== y;s. The last of (ii) is obtained by the

fact that HT[uis] == ll(cyi6) for c odd [28, Lemma 12.14], .Xrrlg:= {8i6, X3A, iji6ptm"}, (1.10),

(2.1) and (2.7).

   Since f[o"']=4P(di3) by Lemma 2.1.(iii), f([o"']oi2)=4P(o?3). By the fact that 266

!xP(o?3) mod 2J7r:4={g6, 1666} for x odd [28, p. 151], #gn:=8 for n->5 and #a7=2, we

obtain 466:==2a:P(o?3). This leads to the first of (iii). The second of (iii) is a direct

consequence from the fact that

             RlgZZ{[32[cio, cio]]}e(z2)2, I?lig-or{[32[cio, cio]]n}(n}i22)

and that g is in the stable 1-image.

   We recall the relations H(of)iE23 mod rp23o24 [28, Lemma 12.21], 0'di3=::8'rp2g, 0dn4

=- 4i2q3o mod (Zl#') rp3o, (2La') rp3o [24, Proposition 2.20] and w'Eii {lci2, ci2], yZ3, rp2g} mod 8i2rp3o,

(XS') rp3o, (M') rp3o [24, Lemma 2.21]. Since A(v?2)=O [11], the Toda bracket {ALi2, v?i, rpi7}

clelg is well defined aRd

                     f{ACi2, Y?i, opi7}C{[Ci2, Ci2], UZ3, op29}･

So, for a representative a of {ALi2, Y?i, opi7},
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                    joE!iw' mod 8i2q3o, (X8')rp3o, (Nl')rp3o.

By Lemma 2.1.(iv) and Lemma 2.2.(ii), we see that f([rpii]oi2)=-=0o24 mod (XOf)024,

f([rp?o]Oi2)== 0'd23= 8'op2g and 1([Eio]i2rpis)=(an')rp3o. By (1.3),

               Pi2.{ACi2, Y?i, rpi7}C{2Cn, y?i, vi7}iE)en mod rpnOi2,

so ev is taken as [Eii] mod [rpii]oi2. This leads to the first of (iv).

   By [12], we have 2[v?3]==[Eii]i4. So we obtain

             2f[u?3]=f[E,,],,=-X2(D' mod &,op3,, (X3(;')op,,, (X3At)rp,,.

By [28, (12.27)], X2to'==2wi4v3e. Since 24k=X38' and 2.Z>1==X3A' [28, Lemma 12.19],

(X38')op32=(X3A')rp32=O. By the fact that P(o27)==4i3rp3i [28, (12.26)], we have 4i4rp32=::O

and 2J[u?3]=:2tui4u3o. Since 5 is not in the stable f-image, we obtain the relation f[y?3]

-cai4y3o mod 4gi4. Hence, by the fact that Avi7=[u?3]u [12] and tuy =OEzig(SO), we

have the second of (iv).

   By [12], [p'V]EIi{[o'"], 4Li2, 4oi2}. So, by the fact that f[o"']=4P(oi3),

          f[piV]E{4P(d,,), 4c,,, 4o,,})P{4o,3, 4c2o, 402o}.

By [28, Lemma 10.9] and [24, Lemrna 2.9], we have 8pi3=X7p'". So, by the definition of

p"' [28, p. 103], 8pi3E{4oi3, 4c2o, 4o2o} mod 4oi3ozgg+ rrS?o4o2i:==O. This leads to the last of

(iv). By [12], we have (v). This completes the proof. []

3 Determination of 7zrk(ren: 2) (k=21, 22; nsg8)

   First of all, from Lemma 2.1.(i), [10] and [25], we obtain

Lemma 3.1 Rij=z{[4 u4]}, R9== Z{[ rpg]} and Ie;-= Z{[ rp6]}, where 2[ rpg] =[4 y4]6 and 2[ rp6] =

[ rpg],.

   Hereafter we shall use the fact [3] that the stable J-image is trivial in rrl(SO) for

k-=21,22.

   As it is well known, 7cle(R3); ick(S3) and 7ck(R4)Z nk(R3)O nk(S3). We know nSi==Z4

{pttdi4} O Z2{y'e-6} e Z2{op3pt4} and rrS2=Z4{pt-'} O Z2{y'pt6ois}, where 2pt'=:= rpZpts [28, (7.7)] and

2y-'=rpgyrs [28, Lemma 12.4]. This yields the groups 1?Z and Rl for n=21 and 22 :

              1?Si = Z4{[ rp2]4pt'Oi4} e Z2{[ ep2]4V' E-6} O Z2{[ rp214 ny3pt-4}

                 e z4{[ c3]y'oi4} o z2{[ c3] y' i6} e z2{[ c3] ij3 pt-4} ;

              R422 = Z4{[ rp2]4pt-'} O Z2{[ rp2]4 V' pt6 01s} O Z4{[ C3] U"'} O Z2{[ C3] Y'pt6015}･

   By [l9, Theorem 5.1], we have the following :

      7T14(Sp(2) : 2)=Zi6{[2o']}, where 4[2o']=± i, pt' ;

      nis( Sp(2) : 2)=Z2{[drpi4]} ; rri6( Sp(2) : 2) == Z2{[o' rpi4] opis} O Z2{[ v7]u?o} ;

      iuii(Sp(2) : 2)=Z32{[doi4]}O Z2{i* rp3P4}, where 8[o'oi4] == ± i*pt'di4 ;

      n22(Sp(2) : 2)-Z32{[p"l}OZ2{[o' y-i4]}QZ2{[o'ei4]}, where 8[p"]-± i,ptm'.
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By [24, Propositions 2.2.(1), 2.13.(6), 2.17.(7)],

                  (Xu')d==2Xs', e'oi3==2eM' and (.Xy')p"==O.

So, by setting hi u4 mod Xy' in Lemma 1.2, we obtain the following.

Lemma 3.2 (i) R?4=Zi6{[2v4dl} and 4[2y4o']=±[c3]spt'.
(ii) R?s == Z2{[ y4 o' rpi4]} ; R?6 = Z2{[ y4 d' rpi4] nyis} e Z2{[ uk] u?o}.

(iii) R8i == Z32{[ v4o' opi4]} O Z2{[ c3]s ny3pt-4} and 8[ y4 d' oi4] ::=4[2 y4d] oi4.

(iv) RS2 = Z32{[ v4 p"]} e Z2{[ y4 o' u- i4]} e Z2{[ u4 o' ei4]} and 81 y4 p"] = ± [ c3]s"-'.

   By [10, Table 3],

(3.1) Aes=[L3]sty3
   We consider the exact sequence (21)s :

                        zS2-4,R:i-ii.RSi2de>nSi-"->R:o.

We recall that 776K7= s"6 [28, (10.23)], rr52i=Z2{xtsoi4} O :Z2{17ZK7} and rr522=Z4{vsKB} O Z2{xUts}

OZ2{rpspt6ois}. By Lemma 3.1, KerA=Z2{rpZK7} for A on the right By (2.3) and (1.2),

A(ysKk)==O. By (3.1) and (1.1), A"-s=[c3]srp3pt"4 and A(rpsu6ois):=[c3]srpgusai4==2[c3]spt'oi4==

16[y4o'oi4]. Since 2A?T= y-7u?s [19], we have 2[ rpg] rc7 == [ opg] um7vrs. By [10], l??s=z2{[ u4o' rpi4]}.

So, by the relations rpg urm7 == rpsyg=O [28, (7.3), (5.9)], [ rpg] yL7== a[ u4o' rpi4]6 for aEi {O,1}. By the

fact that [v4o'rpi4]6=[rpse6]rpi4+4[vs]os [11, Lemma 1.2.(iii)], we have [rpZ]P7y?s=:=

a[U40'opi4]6U:s=::O. Hence

                      RSi = Zi6{[ U4 of' Oi4]6} e Z2{[ rp Z] k?7} .

   In the exact sequence (22)s:

                        zS,-A>leB,-tdi->1?g,-x>rrS,--A-,Ll?g,,

we know that Ker{A : rrS2-> Rgi} = Z4 { ys KB} and ng3 ::= Zs{ ts oi 6} e Z2{ us rps Kg} O Z2{ rps uM6}･ By

(2.3) and (1.2), A(vsrpsicg):=:A(koi6)=O. By (3.1), we see that

(3.2) A( op, pt,) == 2[ c,],pt'=8[2 y,o'] I A( rp, ptM,)=2[ c,], u-'=16[ v, p"].

We recall froin [28] that 2ysKs=¥O and 4Ks=O. This yields the group

           RS2=zi6{[ y4 p"]6} O Z4{[ us] rcs} e Z2{[ y4 o' u7id6} O Z2{[ u4 dei4]6}.

   By [17, Proposition 9.1], rrn(Spin(7) : 2)=7e,(G2 : 2)O7ez(S': 2). We know nZi=Zs

{o' oi4} O Z4{ rc7} and nS2 == Zs{p"} e Z2{o' y-i4} O Z2{d'Ei4} O Z2{ E-7} . By [17, Theorem 6.1],

7aii(G2 : 2)=0 and nii2(G2 : 2)=Zs{<g'+pt6ois>}OZ2{<opgKs>}. Here the notation <a> is an

element such that p*<ev>== ev for the projection p : G2->G2/SU(3)=S6. So we have Rgi

=ZsO Z4 and 1?S2=(Zs)2e(Z2)` [17]. By (2.5) and the group structure of RTs=(z2)` [17],

we take [g'+pt6ois]ERS2 as follows :
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(3.3) [g' + lx6dis] E{[ V-6+ e6], 8Ci4, 20i4} lnOd 2[g' + li60is], [Y-6+ E6] Y-i4, [YM6+ E6]Ei4.

   We consider the exact sequence (21)6 :

                         nS2m4>RSik>RSi2th,nSi-"->RSo.

We kiiow nS,=:Z4{p"'}eZ2{q6rc7} and rrg,=Zs{g'}eZ2{pt6o,s}eZ2{rp66,}. By [12], Apttt=::

[pJ"]. By (1.2), A(rp6th)--O and A(ij6e"7) =O. In the exact sequence (14)s :

                            rr?,A->R?,-idi->Rg,2!)rr?,.

z?s=Zs{ysos}OZ2{rpspa6} [28, Theorem 7.3], R?4==Zi6{[2y4o']} and R94 :=Zi6{nyse6}ez2

{[ ys]y:} [10, Table 2]. By (1.2), A(vs os)=O. So, by the fact that A( rps#6) ==8[2u4 o'] (3.2), we

obtain

(3.4) 2[ rp,E,]=y[2 v, o'], (y: ocld).

   In the the exact sequence (14)6:

                            n?,-4,R?4-ddi->Ier,-ii!>n?,,

rr?s = Z 2{ pt6} O Z 2{ ny6 y-7} e Z 2{ ny6 E7} [28, Theorem 7.2, (7.3)] and I? Z4 = Z s{[ rps e6]7} e Z2

{[ys]7yZ}OZs{[vM6+E6]} [10, Table 2]. By the fact that u6cii{rp6, 2L7, 2Xd'}i+{yg}, Arp6=O,

A(yg)=:=2[us]ug=O and by (1.s),

                  Apt6EA{rp6, 2t7, 2Xo"}iC{O, 2tG, 2g"}=R9o4o'.

So, by the fact that l?9=z{[rpg]} (Lemma 3.1), we obtain 1?ijo4o'=={2[4y4]6o'}. Since

([4y4]o'-2[2y4o'1)EI! is.Rf4=Z4{4[2y4ot]} [IO, Table 21, we have [4y4]d==2b[2bl4o'1 for b

odd. Hence, by (3.4) and the group I?T4, we obtain

(3.5) Apt6=8[ rps e6].
    Fr om the fact that [2 y4 o'] ou - 2[ y4 o' oi4] E is*Rai '-V- Z4 0 Z2, we have 4[2 y4 o'] oi4 ==

8[y4o'oi41. Hence, by (3.4), (3.5) and the fact that Ag'=::A(pa6ofis), we obtain A(pt6ois)=

Apt6ooi4=4[2y4o']6oi4==8[u4o'oi4]6 and Ag'=8[y4d'di4]6. By Lemma 3.1, we get a relation

2[ rp6] /e7 == [ rpg]7K7 and conclude that

                        REi = Zs{[ u4 O' Oi4]7} O Z4{[ rp6] K7}.

   We recall [10, Table 3]

(3 .6) Au,=2[ us].
    Next we show the following.

Lemma 3.3 Apt6=:8['y4p"]6 and i4,7*l?S2=O･

Proof. pt-6 and pt-'are taken as follows [28, pp. 136-7] :



12 Y, HIRATo H, KAcHI and J, MUKAI                               ,

                   pt-6E{u6, 4cis, 4ois}i and ptrr'Eli{pt', 4ei4, 4di4}i.

So, by the fact that Apt6=4[2y4o']6=[c3]6"' ((3.5), (3.4), Lemma 3.2.(i)) and by (1.5),

                    Aptm, (III {Apt,, 4c,,, 40i4}

                        -- {[c,],pti, 4c,,, 4o,,}

                        D [c3]6o{pti, 4c14, 4o14}

                        ) [ c3]6pt-' mod [ c3]6 pt'o rrSa + R%e4 ais.

Since [`3]6pt-' =:=4[2 y4 o']6 and n542 '=V= (Z2)2, we have [ c3]6"'e rrbS == O. By [10], .Rgs=Zs{[ us] os} e

Z2{[y4dnyi4]6}. So we obtain R?so4ois=:={4[ys]dg}. By the fact that Au6=2[us] (3.6) and

2v6og=O [28, Theorem 12.7], we have 4[ys]og =A(2y6og)=O. This leads to the first half.

   We recall

           RS2 = Z4{[ op2]4U-'} e Z2{[ op2]4Y' pt6 0is} O Z4{[ C3] ptT'} O Z2{[ C3] Y'pa6 0is}.

By (3.2), A(rpspt-6)==:2[c3]spt-'. Then, by tlie fact that [rp2]s=2[c3]s, we have [rp2]6un'=2[c3]6ptn'

==O. By Lemma 3.2.(iv) and the first half, ±[c3]6pt-'=8[y4p"]6==Apt-6. So we obtain [c3]7pt-'

::= e. Since [op2]sv', [c3]sy'Gl?g=O, we have [rp2]su'u6ois=[c3]sy'pt6ois==OERS2. This leads

to the second half and completes the proof. D

    By [24, Proposition 2.6.(4)] and [18, (l5.3)'], inrp2i== S7+o'ypti4. So we have ll(k)orp2i

=H(d')o y"i4= opi3 yri4== 0i3rp2i, and hence

(3.7) ll( rc7)= uri3 and la rp2i= e-7+ O' y- i4.

   In the exact sequence (22)6:

                         rrS,-4-.Rg,-ts->I?Z,2s>rrS,-d->IeS,,

we know Ker{ZX : nS2-RSi}={g'+pt6ois, rp6Er7} 1! ZseZ2 and n83=={P(XO), v6Kg, ptn6, op6pt70i6}

or-(Z2)`. We have A(y6Kg)=2[ys]/cs, A(rp6pt7di6)==O and A(ptM6)=8[y4p"]6 (Leinma 3.3).

    By Lemma 3.3, Lemma 3.5 and the group structure of n22 (SPin (7) : 2)=(Zs)2O(Z2)`

[17], we obtain

RZ2 = Zs{[ g' + U6 Ois]} O Z2{[ V6] E-7} O Zs{[ U4 P"]7} O Z2{[ Ysl7 /Cs} e Z2{[ Y4 O' U'i4]7} O Z2{[ V4 O'Ei4]7}.

   We need
Lemma 3.4 [ u4 o' oi4] rp2i !ii! [ y4 d' rpi4] ois !i! [ y4 ot v-i4] + [ u4 o' Ei4] mod 16[ y4 p"].

Proof. Since ps*([ u4 o' oi4] rp2i + [ y4 o' uMi4] + [ y4 o' ei4]) == O, we obtain [ y4 o' di4] rp2i + [ y4 o' v' i4]

+ [ v4 o"Ei4] El is*I?a2 == Z4{8[ v4 pt']} and

                 [V40'd14] rp21![y40' u-14]+[y4cr'E14] lnod 16[u4p"l.

By the parallel argument,
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                    [ Y4 as' rp14] OIs =: [ U4 0' d14] rp21 lnod 16[ y4 p't].

This completes the proof. M

   AIthough the followjng is obtained by a similar calculation to the last case in the

proof of [17, Proposition 6.3], we give a proof.

Lemma 3.5 A(P(Xe)) =2[ys]Ks･

Proof. By the fact that rrS2::::{g', pt6ois, rp6e-7} and (3.5), we have AnS2 =={8[vsE6]ois}. So, by

the proof of [28, Lemma 12.11], we can tal<e A(P(XO))E{A(P(oi3)), ui7, rp2o}. By the

relation A[e6, c6] =[yslrpZ+4[uft]6 [11, Lemma 1.1.(iii)], we obtain

              A(P(XO))(l{[y,]op,2o,,, y,,, rp,o}+{4[y42]60io, yi7, v2o}

                      D[ys]o{rp3oio, ui7, rp2e}+[vk]6o{4die, uu, rp2o}･

We have { nygOi o, yi7, ij2o} = {( yrs -i- es) rpi6, yi7, rp2e} ]( t-is+ es) y?6 =2 Ks lnod zijio rp2i =: O and

{40io, yi7, rp2e}Crr520--{[cio, uio]}. This impHes

               [Ys]O{rpZOIo, Y17, rp2o}+[UZ]60{401o, U17, rp2o}={2[Ys]rcs}.

   We have to examine the jndeterminacy RSiorp2i=={[y4o'oi4]6op2i, [ops2]keop2i}. By (3.7),

[ rpg] la rp2i=[ rpg](rp7K2i -i- o' u14). Since [ rpg] rp7=4[ ys], we obtain [ rpg] rp71c2i=::4[ys]lcs =O. On the

other hand, by the fact that 2[2y4o'] =±[4u4]o' and 2[rpg]d== ±2[4y4]o', we have [rpg]d

:=:±[2u4o']6. Since [2u4o']rpi4Eis*Ris=O (Lemma 3.2.(ii)), we obtain [2y4o']uni4=

[2y4o']ei4 and

                   [2y,ot]E,,E{[2y,ot], rp,,, 2c,,}oy% mod O.

Since {[2y4o'], opi4, 2cis}(IR?6={[y4o'rpi4]rpis, [yk]yie} (Leniina 3.2.(ii)), we get that

[2 v4 o'] v- i4 == O. Hence, [ op 2s] o' vM i4 = O, and thus, we see that [ rpg] rc7 rp2i :::: O.

   Finally, by Lemma 3.4 and the group structure of RZ2, we have [y4o'oi4]7rp2i=:

[v40'uMi4]7+[v4dEi4]7=l O. This completes the prooL []

   Obviously we see that

             REi = Zs{[ y4d oi4]s} O Z4{[ rp6]sle7} O Zs{[ c7] o' Oi4} O Z4{[L7] Ic7}

and

     I?:2= Z8{[ g' Li- pt60i5]8} e Z2{[ rp6]8 E-7} O Z8{[ Y4 P"]8} e Z2{[ Y5]8K8} O Z2{[ V4 O' YMi4]8}

          O Z2{[ U4 O'Ei4]8} e Zs{[C7]P"} e Z2{[C7] i7} e Z2{[C7]d U-i4} e Z2{[C7] of'Ei4}.

   By [11, Lemma 1.1.(v)],

(3.8) [rp6] O'=4[ fi6+ E6] +[ Ys]7Yg -i-[rps e6]z

   By [28, Lemma 10.7],
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(3.9) - E3oii=O and yU60i4==O.
    Finally we show the following.

Lemma 3.6 (i) [ vs E6] oi4 == a[ tz4 o' oi4]6, [ v-6 + E6] oi4 == b[ u4 o' oi4]7 +2c[ op6] lc7 for a odd; b EI Z,

c(ii{O, 1} and [op6]o'oi4==(a+4b)[y4doi4]7.

(iO [Y40'O14]6rp21=[Y40'rp14]6015 =[Y40' Y714]6+[U40'E14]6.

(iii) [ rpsE6]7e14 = [ V40'e14]7+ d([ V4 0' U-14]7+ [ V4 0'E14]7) l

    [rpsE6]7Y-i4=[y40' y-i4]7+d([lko'uni4]7+[v4dei4]7) for dEI{O, 1}.

(iV) [ V6+ e6] P14 g!! [ P6+ E6] e14 :ll [ Vs]7Kg +[ op6] e-7 MOd 4[ U4 P"]7, [ Y4 d' P14]7, [ U4 0` E14]7.

Proof. By (3.9), [rpse6]oi4Ei6*I?Si=Zi6{[u4doi4]6}. By (3.4) and Lemma 3.2.(iii),

                       8[ ryse6] oi4 =4 [2 u4 o']6 oi4 == 8[ y4 d oi4]6,

This implies the first relation of (i). By (3.9), we have [ y-6+ E6] oi4E i7*RSi == Zs{[ y40'oi4]7}

@z2{2[rp6]la}. This implies the second of (i). So, by (3.8) and the fact that uiioi4=0 [28,

(7.20)], [ op6] o' oi4 == (4[ u-6+ E6] + [ Ys]7Vg + [ rpsE6]7) O14 == 4[ U-6+ E6] Oi4+ [ rpse6]7Oi4 == (a

+4d)[y4o'ou]7. This leads to the third relation of (i).

    (ii) is a direct consequence of Lemma 3.4 and the group structure RS2.

    Since Ei4EI{rpi4, 2cis, v?s} and Ri6ey?6=::{[v4o'rpi4]rpis, [uZ]u?o}ou?6=O, we see that

              [y4o'rp14]E{[u4o'rp14], 2cls, y?s} mod {[u4o'rp14]ols}+ is*RS2.

We obtain

          2{[u4o'rpi4], 2cis, y?s}=[v4o'i7i4]o{2eis, uk, 2e2i}={2[y4ofvi4]ois}=O.

Hence we have

              [y4o'eidE{[y4o'rpi4], 2cis, v?s} mod [y4o'rpi4]ois, 16[u4p"]

and, by (ii),

         [y4deid7E{[v4o'rpi4]7, 2eis, vis} mod {[v4o'Pi4]7+[y4o'ei4]7}+RZ6ov?6.

By [12], RZ6ovi6CRrg=Z2{[us]7u-syi6}. So, by the fact that 2Ks== Psv?6 and 2[ys]7Ksi==O, we

have RZ6oy?6=O. By [11, Lemma 1.2.(iii)], [vsE6]7rpi4 =[u4o'vi4]7. Thus we obtain

[ v4 0'e14]7E {[ y4 0' rpu]7, 2els, y?s} D [ rpse6]7o{ rp14, 2cls, u?s} ][ opsE6]7E14 mod [ tz40' P14]7+ [ za4d'EI4]7.

This leads to the first half of (iii). We have

    [ rp5 e6]( UM14 + E14) = [ rps E6] O14 op21 = [ Y4 O' O14]6 rp21 = [ LL4 O' rp14]6OIs == [ V4 d' P14]6 + [ Y4 O'EI4]6.

This and the first half of (iii) lead to the second half of (iii).

    By the fact that (u-6+e6) u-i4=(bl-6+e6)ei4:= rp6E-7 (2.4), we obtain [ y-6+e6] u-i4m[rp6] eM7

Ei7*I?S2=Zs{[U4P"]7}eZ2{[Vs]7Kg}OZ2{[V40'Yrmi4]7}OZ2{[t"etO'Ei4]7}. SinCe rrS7={e5rci3, Y5ts,
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vsas} =A"(Z2)3, we have f[v4p"]Cil{ysgk}. By Lemma 3.6.(iii) and [ll, Lemnia 1.1.(ii)],

1[y4d' y-i4]7=f[u4d'Ei4]7=:=O. By [16, Lemma 8.1],

          f([ op6] E-7) = Ot rp14 Kls =: op7 0s Kls + ( Y-7 + e7) Kls= ( UM7 + E7) ICIs ==f([ Y5]7 rc8)

Hence, by the relation f([ y"6+e6] u-i4)=o'oi4v-2i=O (Lemma 2.1.(iii)), we obtain

          [ Yr6+E6] y-14E[ys]7lcs+[rp6] E-7 111od 4[y4p"]7, [y4O' yM14]7, [u4O'E14]7.

The same argui:nent is used for [ u"6+ E6]Ei4. This leads to (iv) and completes the proof.

u

4 Determination of 7w2i(ren:2) (n2)9)

   We know that Aog==[us]gos+[c7]g(yr7+e7+o'rpi4) [11, Lemi:na 1.2.(v)]. By [11,

Lemmas 1.3 and 2.3], [us]gos =[e7]go'opi4. So we obtain

(4.1) Aog ==[e7]g( u-7+ E7)
   By [11, Lemma 1.2.(ii)] and its proof,

(4.2) Ao,=[c7]ot+Ju[ u-,+E6]s+y([ rpsE6]s+[y,],uZ) (x : odd j yEZ).

In the exact sequence (21)s:

                        nS2-4->REi-is->R2ipangi-4->IeSo,

                                                             '
A: zgi-.Rgo is a monomorphism and nij2=zi6{oZ}ozs{(Xo')ois}eZ4{/cs}. By (l.9) and

Lemma 3.6.(i),

                           A1ts==2[c7]te7-[rp6]s/e7

and

      A((Xo') ais) =2[ c71 ot oi4- [ rp6]so' oi4=2[ L7] o' oi4-(a+4b)[ u4 o' oi4]s (a : odd).

By (4.2) and Lemma 3.6.(i),

                A(dg)==[c7]o"ou+(xb+ya)[v4doi41s+2xc[rp6]s/e.

Hence we obtain

                             R8,=Z4{[C7]glv}･

By the fact that 2[rp6]gm7= 4[c7]gk?T== O and Lemma 3.6.(i), [e7]go'di4EiO mod 2[c7]gdok and

hence [c7]go'oi4==O. Thus, by Lemma 3.6.(i),

(4.3) [ e7]g O' Cr14=[ rps e6]g Ol4=:[ Ur6+ E61g O14 === [ 214 0' O14]g == [ rp6]gO' O14=O.

   In the exact sequence (21)g:
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                           rrg,-4->Rg,-is->,leb?-iZts:>z:,,

ngi=O and 7rB2==Z2{obv?6}. By (4.1), A(oby?6)=[c7]g(uM7+e7)yk==[e71gyr7u?s= 2[L7]gio7 aRd

                            Re9=z2{[c7]iola}.

   In the exact sequence (21)io:

                        z5gL4->RS9-tt>Rbl-Rft>rrb?-d->Re8,

nbg = zs{ gio} and rr>02 -- Z4 {[ cio, yio]}. We know [12]

                       Ker{A : rrS9ne>]reE8}==Z2{ijioui2}･

Since fA[Lio,yio] ==[cio,[cio,yio]]==O and f([t7]iorc7)=oiofc7 #O [16], we obtain

(4.4) A[cio,yio]=e
and

                       RSI == Z2{[ c7]n ke} O Z2{[ dio] pti2}･

   In the exact sequence (21)ii:

                        rrbb-4->REIk)RE?-E>rrEl-4->I?i6,

nbl := Z2{oiiyis} e Z2{opiiui2} and nbb==: zs{ki}. We know Ker{A : nEl->Re6} ::=z2{rpiipti2}. By

the fact that Acii== [c7]lly7 [10] and v6k==2o"di3 [28, (10.7)], we have A&i=[c7]iiy7go=

2[c7]iiX(d"Oi3)E2n2i(Rii)=O. This implies

                 Rb? == Z2{[ C7]i2la} O Z2{[ rp?O]i2pti2} O Z2{[ rpii]Ui2}･

   In the exact sequence (21)i2 :

                        rrb3-4->RSI-(i->RE-Ede>zE?k4-)R5g,

nEi=Z2{pti2}OZ2{nyi2Ei3}OZ2{u?2} and rrEZ== Z2{rpi2pai3}. By (1.8), A(opi2ui3)=[op?o]i2pti2. We

know Apti2![rpioptii]i2 mod [k]i2 [12, Lemma 3.9.(2)]. By [12, Lemma 3.9.(1)] and (1.8),

(4.5) A( tyi2Ei3) =[o?o]i2Ei2=[ gb]i2･

We consider an element [u?2]yisEi,l?E?. By the fact that J[u?2]=A+2k3 (Lemma 2.2.(ii))

and g13u3i:== o?3 [22, Proposition II.2.1.(2)], we obtain J([v?2]yis)=Ay3i. Hence, by the fact

that f([ rpii]i3pti2) ==(XO)pt2siO [16, Theorem A] and 2Av3i= di3rc2o [16, Proposition 7.2], we

            RE? == Z4{[v?2] uis} O Z2{[ opii]i3pai2}, where 2[y?2] uis=[c7]i3to.

   Now consider the exact sequence (21)i3 :
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                        nE;--U->Rb?-`s->R5t`RE>nS?-`->RSg.

A: nE-Reg is a monomorphism [12]. SiRce Aci3=[rpii]i3 (1.6), Apti3=[rpii]i3ui2 and

A(rp?3ois)=[rpii]i3ij?2oi4. By the fact that [ci3,op?3]=(.Xe)rpZs=8oi3 [28, (7.30), (10.10)], I?IE==

zs{[y-6+e6]i3}[10, Table 2] and by Lemma 2.1.(iii) ; (iv), we have [rpii]i3rp?2::=4[v-6+e6]i3.

Hence [rpii]i3rp?2oi4:=:4[yr6+E6]i3oi4==O by (4.3). We know A(y?3)=O in deterrnining I{]lg

[12]. So, by (1.2), A(y?3)==O. This implies 1?"==Z4{[v?21i4uis}･

   Next, in the exact sequence

                        nea-4->I?Ef-i!->I?S?-2et,nSf-4->R5a,

A: n"-RSa is an isomorphism [12]. Since P(y-2g)=P(e2g)=2(Z>l)u32 [16], we see that

Au"i4=:Asi4==2[u?2]i4yis and I?S?==Z2{[y?2]isvis}･

   In the exact sequence

                        nb:-4->1?E?-is->Rbg-E!)ne?`4->le5g,

as Acis==[y"6+E6]is and [ v"6+E6]isyi4=:=O ([10], [11]), there exists an element [yis]yisEERE?.

By (4.3), Aois=[u-6+e6]isoi4=:::O. By Lemma 2.2.(ii) ; (iii) ; (iv), the fact that yi6rp34== g6rp34

=(X3A')rp34=O [24, Proposition 2.20] and ii6*I?l8=::Z{[32[cio,cio]]i6}eZ2{[y?3]i6} [12], we

see that [uis]rpis ==O. So, by the fact that RSg===O [12],

         2[yis]visGi[yis]e{rpis, 2Lig, rpig}::=: -{[uis], rpis, 2cig}o rp2eCREgo rp2o=O.

This implies that

                      R5?=Z2{[Yis]Yis}eZ2{[Yr2]i6Uis}･

   By the fact that ±P( u33)=2uf6-X3A [28, Lemma 12.18], we have a relation Avi6=

2[uis]-[y?2]i6, and so A(u?6)=[yi2]i6uis. So, by the exact sequence (21)i6, we have the

group REZ==Z2{[yis]i7yis}. Obviously we get that R5?=Z2{[yis]isyis}.

   The sequence (21)is induces the group RS?== Z2{[dis] ny2o} O Z2{[uis]iguis}+

   By Lemma 2.2.(ii) and the fact that P(pbg)=(vig+4g)u37 [28, Corollary 12.25], 2zEg

== O [16, Theorem A], we obtain f([yis]iguis)=:=(vig+ gg)y37. Hence, by the relation B-rp3g

;O [16, Theorem A], we get Ayig==[yis]iguis. Hence the sequence (21)2o implies

                      RZ9 = Z,{[ rpig] rp2ol} e Z2{[ rp ?s]2o rp2o}･

   By (1.8) aRd (1.6), Aop2o:=:[dis]2o and Ac2i==[rpig]2i. Thus we obtain the following :

                 1?Zl=Z2{[rpig]2iop2o}, R:?=:Z{Ac22} and I{]Z?==O.

This completes the proof of Theorem O.1.

   Finally, we give a remark. By the fact that 0'pt23=l=O [16, Theorem A], g'v2g::=O, A'u2g

= oiiKis [22, Proposition I.3.1.(1)] and that f : Rlg-> rr5? is a monomorphism, we obtain
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                              [EIo]YIB=[e7]11K7

and

                               2[u?2]=[Eioli3･

On [11, p.343], the second and third authors claim to have proved the equality 2[u?2]=

4([Eio]i3-2[2oii]i3). This is wrong and should be corrected as above.

5 Determination of ve22(ren: 2) (n=9,10)

   We have .EUEu4o'yMi4]== Hl[u4o'ei4]=O and

                  H7[u4p"]=2ygXp'E0 mod 4tso2o =8oggi6==:O.

We recall that X7rS6=7rB7=Z2{ysgs}OZ2{EsKi3}eZ2{ys6s} [16]. Therefore we see that

J[ y4 o' y-i4], f[ u4 o'ei4], f[ u4 p"]E{ vs 8s}. We determine the f-image of [ g' + "6 dis] ERZ2. By

the fact that Xg'==o'rpi4Eis [28, (12.4)], pti3o22=:rpi3pi4=H(dpi4) [28, Proposition 12.20,

Lemma 5.14] and by (2.1), we obtain f[g'+u6ois]!dpi4 mod Xngs. By [16], XnSs=Z4

{2O'Pi4} O Z2{ Y-7rcis} O Z2{e7 Kis} e Z2{ 1i7 6io}. SO We get that

(5.1) f[ g'+pt6ois] !i co'pi4 mod (yrm7+ e7) lcis (c : ocid).

    Next we show the following.

Lernma 5.1 [ny6]p"=-4[g'+pt6ois]+d[v4p"]7 mod [u4o' uMi417, [u4o'ei4]7 for d odd.

Proof. By the definition of p" [28, p.le3], 4p" ==4c7op" Ei {4o', 8ci4, 2oi4} and 4 u4p"E{4 y4 o',

8ci4, 2di4}. By the fact that ny6p"==:4g' [24, Proposition 2.8.(3)], [rp6]p"-4[g'+pt6ois]Ei

i7*I?S2=Zs{[u4p"]7}OZ2{[ys]7ics}eZ2{[y4du-i4]7}OZ2{[v4o'Ei4]7}. By (3.8) and (3.4), we

have 4[ny6]o'=4[rpse6]7=2[2y4o']7. Hence, by the fact that Rrsl:(z2)` [10] and rr5S!(z2)2,

we have

  4[rp6]p"(E{4[rp6]o', 8ci4, 2oi4}==={2[2u4o']7, 8ci4, 2oi4} niod 2[2y4o']7orrES+RZso2ois=O.

That is,

                        4[77,]p":=={2[2y,d],, 8c,,, 2o,,}.

We consider {2[2u4o'], 8ci4, 2oi4}. Since R?sZZ2 llO, Proposition 2.1], the indeterminacy

is 2[2u4d]orrba+RZso2ois==O, and so this bracket consists of a single element. We see

that

                p,,{2[2y,of], 8c,,, 2o,,}c{4 u,d, 8c14, 2o14}]4u4p",

where the indeterminacy of {4y4o', 8ci4, 2di4} is

                       4 u4do 7rS`2 + 7riso2 ois={2(.EJI"') ois}. '
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As

                   A(2(.Elctt) d,,) =A c,62"t o,,=2[ op,],p' oi4 iE: O

by Theorem O.1.(i), we obtain ps*{2[2y4o'], 8ci4, 2oi4} =4y4p" and

                   {2[2y4o'], 8ei4, 2oi4}=-4[y4p"] niod is*RS2.

By Lemma 3.3, we obtain i4,7*{2[2y4o'l, 8ci4, 2oi4}==:4[y4p"]7 and 4[y4p"]7==4Eo6]p"==

{2[2y4o']7, 8ci4, 2oi4}. Notice that f([op6]p")=4o'pi4 and 4f[;'-l-pt6ois]=4a'pi4 (5.1) and

J([us]7Ks)=( u-7+e7)Kis=l=O [16]. This leads to the assertion and completes the proof. D

   We need the following.

Lemma 5.2 (i) A( os y-is)=[c7] o' vri4+[ yM6 -l- E6]s u-i4 mod [qse6]s Y-i4 ]

            A(Os y-ls)E[c7]O' v"14+[us]sKs+[rp6]se-7 nlod 4[u4p"]s, [u4O' y-14]s, [v4O'g;I]s.

         (ii) A(Oseis) Ei[C7]O'E14+[Y-6+e6]sEi4 lnOd [rpse6]sei4 ;

            A(osEls) ii[c7]o'E14+[us]sKs+[rp6]sE-7 nlod 4[y4p"]s, [u4o'y-14]s, [y40fE14]s.

Proof. By (4.2) and the relation u7 uMio=e [28, p.70],

      ZX(Os u-ls)=AOso u-14=[c7]O' u-14+x[ u-6+E6]sur14+y[opse6]sVI4 (x : odd, yEZ).

This implies the first half of (i). The second half of (i) follows the first half and Lemma

3.6.(iii) ; (iv). By the parallel argument to (i), we obtain (ii). rr

   Now we consider the exact sequence (22)s :

                        rr:,-4->R;,ME->Rg,-RE>zij,-4->R:,.

In determining .l?:i, we know Ker{A : nS2-Riji}--Z2{8dg}. We know rr:3=Z2{osy"is}eZ2

{osEis}OZs{Xp"}eZ2{(Xo')uMis}OZ2{(Xo')eis}@Z2{6s}. By (1.9) and Lemma 5.1, AE-s=

[ op6]s E-7 and

    A(.Xp")=-2[c7]p"-4[g'+u6ois]s-d[y4p"]s inod [v4duMi4]s, [u4dEi4]s (d : odd).

By the fact that [ij6]o'urmi4=[opse6]7u"i4, [rp6]o'ei4== [rpsE6]7ei4 and Lemma 3.6.(iii), we have

the following for bE{O, 1} :

(5.2) A((XO') y-,,) =Iu, o' uMi4]s+ b([ y4 0' yua i4]s +[Y4 0'Ei4]s)

and

(5.3) A((Xo')Els)=[y4dE14]s-Yb([V40'E14]s+[u40'E14]s).

Hence, by the group structure of I?:2 and Lemma 5.2, we get that

                   '
     Coker{A : rr:3->R:2} == Z,{l g' + pt,Ois]s} e Zs{[ c7] p"} O Z2{[ ys]steT} e Z2{Ee7] Erm7}.

   We need the following.

Lemma 5.3 {[us]7yZ, 8ci4, 2ai4}==O and {[opse6]7, 8ci4, 2oi4}ii)[rp6]p"+4[&'+pt6ois]7 mocl
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[ U4 0f lMl 14]7, [ U4 0'E14]7.

Proof. Since y6k=:2o"oi3 and {yii, 8ci4, 2oi4} E) ts, we have

  {[ys]7yZ, 8ci4, 2oi4}D[ys]7yso{vii, 8ci4, 2oi4}]4[us]7(Xo')ois mod [vs]7y3orrba+RZso2ois.

We know yiionSa=O. By the fact that RZs:-:(Z2)` [17], we have 4[us]7(Xo')ois=O and

I?Zso2ois==O. This implies the first half.

    By the fact that [rpse6]7 ==[ys]7vg÷[rp6]o'+4[y-6+e6] (3.8), we obtain

     {[rpsE6]7, 8ci4, 26i4}C{[rp6]d, 8ci4, 2oi4}+{4[yr6+E6], 8ci4, 2oi4} mod [op6]o'onEa.

By the definition of p", we have

           {[rp6]o', 8ci4, 2oi4}D[rp6]{d', 8ci4, 2oi4}][op6]p" mod [rp6]o'orrba.

By (3.3),

                      {4[ y-,-l- E,], 8c,,, 2o,4}=4[4+u6ois].

We have

[ rp6] O'O 7r>S=([ Us]7VZ + [ rpsE6]7+4[ P6 + e6])O{ U-14, E14} = [ rpsE6]7e{ Y-14, E14} ={[ U40' U-14]7, [ Y4 0'e14]7}

by Lemma 3.6.(iii). This leads to the second half and completes the proof. [[]

    Now we show the following.

Theorem 5.4 1? g2 :== zi6{[8 os] oi s} e Zs{[ c7]gp"} e Z2{[ c7] g e-7} e Z2{[ vs]g Ks}, whe re 2([8 os] ois)

ia[g'+pt6dis]g+b[e7]gp" mod [ys]grcs for a and b odd.

Proof. We consider the bracl<et {Aos, 8ci4, 2oi4}CI?g2. The indeterminacy of this

bracket is AosonS3+R?so2ois::={A(olaPis), A(otseis)}. By (4.2), we have

           {Aos, 8L,,, 2o,,} (:I{[t,]d', 8c,4, 2oi4}+x{[ u-6-i- E6]s, 8ci,i, 2oi4}

                          +y{[opse6]s, 8ci4, 2oi4}+y{[ys]sug, 8ei4, 2oi4}.

                                                              'We see that

            {[c7]o', 8ei4, 2oi4} )[c7]o{o', 8ei4, 2oi4}D[L7]p" mod [e7]ti'on5a

and

          {[ y-6+E6]s, 8c14, 2ol4} ID[g'+pt601s]s mod [ y-6+e6]syM14, [ vM6+E6]sE14.

So, by Lemma 5.3, we obtain

          {Aos, 8ci4, 2oi4}i)[c7]p"+(x+4y)[g'+pt6ois]s+gy[rp6]sp" mod ll,

          'where

    H={[C7]d'Y-14, [C7]O'E14, [V40'Y"14]s, [Y40'e14]s, [rp6]se-7, [U-6+e6]sUM14, [VM6+E6]8E14}･
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By Lemma 5.1, 4[pap"]--4[ij6]p" and 4[t/v#o"]g--4[ij6]gp"=:8[c7]gp"=O. We have [op6]ge-7=

2[c7]ge-7== O. So, by Lemma 5.2, Lemma 3.6.(iv) and (5.2), (5.3), we get that

                        [C7]gO'Y-14=[C71gCr'E14=[Vs]gKis.

Hence, by making use of Lemma 1.1 for the bracket {Aots, 8Li4, 2oi4}, we obtain

           2([8og]dis) g!(x+4y)[g'+pt6ois]g+(1+2y)[c7]gp" mod [ys]gKts,

and thus we get the group R:2. This completes the proof. []

   This theorem corrects the group structure of n22(SZ)in(9) : 2) {l!(Zs)20(Z2)2 in [17].

   Next we show the following.
Lemma 5.5 REg == zi6{[8ok]ioois} e Zs{[c7]iop"} O Z2{[L7]io E-7} and [ys]ioKg :== [L7]io Erm7･

Proof. In the exact sequence (22)g:

                        rrg,-4->,l?:,-ts->I?SS2re>rr8,-4->R3,,

A : rrg2->RBi is a monomorphism and zg3=:Zi6{og}ez4{rcg}. By (4.1) and (3.9), we have

A(og)==[L7]g(yrm7+e7)oois:=:O. We also have AKg=:[us]gda+[e7]gEr7. }Ience we obtain the

group Rl8. This completes the proof. O

   Finally we show the following.

Lemma 5.6 (i) [rpse6]gyrm14=[rpsE6]gE14=[u40'uT141g==:[u4d'E14]g=0.

(ii) [t-16+E6]gY-l4 ==[YM6+E6]gE14=[tls]gK8=[C7]gO' Y-14=:[C7]gO'e14 and [C7]gO'O14rp21== O.

(iii) [Ys]lolC8=[C7]ioeM7 and [C7]lokeop2i=O.

Proof. By [11, Lemma 1.2.(i)] and the relations yu yMi4== uiiEi4=O,

               A((Xo') y-is) =[ opse6]s yMi4 and A((Xo')eis) =[ rpsE61sei4.

This, (5.2) and (5.3) imply (i).

   By Lemma 3.6.(iv), we obtain

                [ UM6+ E6]g Y-14i[ P6+ E6]gE14i[ Us]gKis MOd 4[ u4 p"]g.

   By use of (4.3), [ u-6+E6]goi4rp2i=O, and so Iu"6+E6]gu-i4==[P6+E6]gei4. By Lemma 5.2.

(i) and the first assertion, we obtain [ y"6+ E6]g y-i4==: [c7]go' y-i4. By the parallel argument,

we obtain [y-6+E6]gEi4==[L7]gdei4. By Lemma 5.1, we see that 4[u4p"l7=4[rp6]p". So we

obtain 4[rp6]gp"=8[c7]gpt'=O. Thus (i) and Lemma 3.6.(iv) imply (ii).

   We have Alp=([vs]g+[e7]grp7)ks=[us]grcs+[c7]ge-7. This leads to the first half of (iii).

By (3.7), we obtain [c7]lorp2i=[c71(erm7+otu"i4). So, by Lemma 3.6.(iv) and the first half of

(ii), [ C7] 10 1e7 rp21 :::= O. SillCe O14 rp21 = UM14 + e14, We Obtain [ C7]gO' O14 rp21 == [ C7]g O' UM 14 + [ e7]90' e14 = O

by (iii). This leads to the second half of (iii) and completes the proof. [I]

6 Deterininatioit of 7zr22(ren : 2) (n2}ill)

   First we recall froiin [18] that rrbg=::Zs{rc-ie}OZs{L?'}, .E)(l?'=0'E23, ll(B')=igig and
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P(e2i)== ±2B'. We show the following.

Lemma 6.1 (i) gzE{rpnen+i, vn+g, 2cn+io}n-6 mod 2gi for nl}ile excopt for n=12; g2G

{rpi2Ei3, rp2i, 2e22}6 lnod 2gi2, 2[ci2, ci2].

(ii) E-s={2UsOk, Uis, rpls}.

(iiO o,,p,,G{Bt, rp,,, 2c,,} mod 2o,,p,,.

Proof. By the fact that rpge7==4(ysois) [28, (7.10)], 4(ugoi2)=O [28, (7.20)] and rpnEn+i=:=

Enqn+s for nl}i3 [28, (7.5)], a Toda bracket {tynEn+i, rpn+g, 2cn+io}n-6 is defined for n2)9.

Since Xco : z5?->afi (SO: 2) is an isomorphism and gE<rpe, rp, 2c> mod 2g [28, Lemma

9.1], we obtain (i).

   By [24, Lemma 2.14] and the fact that rrt6oyi6==O, we have e-4= {rp4, 2Ls, ysOtsyis} =={rp4,

2vsots, uis}. By [28, Lemma 12.10], rp3eM4=a'3rpis. We have

                 E-4 qlgE { rp4, 2 us og, yls} o rplg = rp4 o {2 us Ois, Yls, rpls} .

The indeterrninacy of {2 vs og, yis, rpis} is O, because 2 ys ois o rr5g + n?g o rpig == { ys k, ys u-s yi 6} o rpig

-o.

   On the other hand, <2ud, y, rp>=nt4(SO : 2)ony =={E'} :: Z2. This and the fact that rrSo

={E-s, p'"}=(Z2)2 lead to (ii).

   Since X3 : rr5?-> rr5? is a monomorphism [16] and .X3B'=(X20')E2s=:::O, we obtain B'ij3o

=O. By Lemma 6.1.(i),

                   P(ks)==P(c2s)ok3E{[ci2, rpi2ei3], op32, 2c33}-

Since ei2ic2o and ui25is survive in the stable range, we get that P(ks)==2o'"'+(2n

-1)oi2pig for nEZ [16, p.320]. Hence, by the fact that X2B'==(XO')E24=P(rp2sE26) and

2rr5Z::={2o*'", 2oi2pig} [16], we obtain

    X2{B', 773o, 2L31} C {[e12, 7712EI3], rp32, 2L33}

                  D P(ks)=2o""'+(2n-1)oi2pig mod 2ngZ==:{2o""', 2oi2pig}.

Since X2: rr58->rr"Z is a monomorphism [16], H(o*"')=k3 mod 2k3 and 8o"'"!i4oi2pig

mod 8oi2pig [16, Lemma 6.2], we obtain oiopi7E{B', rp3o, 2c3i}. This leads to (iii) and

completes the proof. []

   Now we show the following.

Lemma 6.2 (i) A( oioy?7) = [ C7] io er7･

(ii) p,A0-or.

Proof. Since

   OIOU?7==ti100{rp17, UI8, op21}1(:{OIOrp17) U18, rp21}1={opleOll, Y18, rp21}1

and Arpie==2[c7]ioy7, we obtain

              A(oioyr7)E{2[c7]iohoio, vi7, rp2o}D[c7]io{2u70io, Yi7, rp2o}･

By Lemma 6.1.(ii), e-7clll{2u7oio, ui7, rp2o} mod nZioop2i=:{te7rp2i, o'oi4op2i}. By Lemma 5.6,
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A(Oioy?7)![c7]ioe-7 mod [c7]ioo{inop2i, o'tii4rp2i}=O. This leads to (i),

   We recall that eEI{ai2, uig, rp22}i and 0'={oii, 2yis, rp2i}. By (1.3), we have

          pi2,AOEpi2,A{oEL2, uig, rp22}iC{2dii, Yls, rp2i}C{dii, 2Uis, rp2i}=0'.

This }eads to (ii) and completes the proof. [I]

   By (1.4) and (4.4), H(1[[`io, vio]])=O and so,

            f[[cio, yio]]E:zkS==rr55==Zi6{Oiipis}OZ2{eiiKig}OZ2{yn6i4}･

We can set

                       f[[eie, Vio]l=:a'diipis (a'GZ).

By [22, Proposition II.2.3.(1)] and [16, (8.4)],

(6.1) ptp,,ii bobp,, mod [c,, Kb] (b: odd).

Hence, by the exact sequence (22)io and Lemmas 5.5, 6.2.(i), the following relation holds

for integers r and s:

                     4[[cio, uio]]:=:r[8oa]iiOis+s[c7]np"･

Taking the J-image of this relation and using (6.1), we see that

                 4aoiipis =:= 7'X2( p' o24) +4sOn pis=:(br +4s) diipis.

Hence, we get that brgi4(a-s) (mod 16) and r==4r' for some integer r'and

                     4([[cie, uio]]-1-r'[8dr]iiois)=s[c7]iip".

As pi2*A[ei2, ci2]=O by Lemma 1.4, we have A[ci2, ei2]Eii2*,l{]S5. By Lemma 6.2.(ii), AO'

=O and ii2* : I?El->RS> is a monomorphism. By Theorem 1.3, #A[ci2, ci2]=32. Hence

there exists an element of REE with order 32. Thus s is odd. This determines the group

le5E. By noticing the fact that #[ci2,[ei2, ci21]=3, we obtain the following.

Lemma 6.3 (i) R5E ==zi6{[8ois]iiois}OZ32{[[cio, uio]l} and 4([[cio, yio]l+r'[8ds]udis)==

s[L71np" for s odd an intqger r'.

(ii) A[ci2, Li2]=[[Cio, Yio]]i2-a'[80i]li20is.

   We show the following.

Lemina 6.4 [rplo]opi2pti3==8[8ots]iiois and 4Ag2=[rpIo]i2rpi2pti3=8[8oin]i2ois.

Proof. From the fact that pii*[ rp?o] rp?2 == O and iii*Rl40 == Zs{[ v"6+ e6]ii}, we can set [ rp?o] di2

:== 4a[ uM6+E6]ii for aE{O,1}. We know that f[P6+e6]ii=2o?i (Lemma 2.1.(iii)), [rp?o]i3=O

by (1.8) and #o?3=16. So we obtain a =:O and [op?o]op?2=:=O. By this relation and by the fact

that pti3G{opi3, 2ci4, 8oi4}, we see that

            [rp?o]rpl2pt13E[ny?o]rp12o{rp13, 2c14, 8o14}={[rp?o]ny12, rp13, 2c14}o8ols.
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By [10],

                {[dio]oi2, rpi3, 2ci4}(:Rlg=:=Z{[8ok]ii}OZ2{[vs]iiok}.

So we have [dio] rpi2pti3=8x[8ots]iiois for xE{O,1}. We obtain J([dio] rpi2ui3) == 0'rp23pt24 and

8f([8ok]iiois)==8(X2p')o26=8oiipis=f=O by Lemma 2.1.(iv) and (6.1). By the fact that XO'=

P(rp2s) [28, p.80] and X(0'rp23pt24)=:=4P(ks)==8oi2pigSO [16, p.320]. This implies x==1, and

hence the first relation follows.

   By the fact that 4g12=: rp?2pti4 aRd Arpi2==[rp?o]i2 (1.8), we see that

                      4A( g2) ==: A( rp?2pti4) == [ q?o]i2 rpi2Ui3･

Hence the first relation leads to the second one. This completes the proof. Z

   By (2.1) and the faet that Agi=0, H(o"'")ite3 mod 2te3,

(6.2) f[gi]iEi gyo*'" mod oi2pig (y:odd).

By (6.2) and the fact that #o*"'=32 [16], #[ fti] is a multiple of 32. By the exact sequence

(22),,, by Lemma 6.2 aRd Lemma 6.3, ]RbZ is generates by [8ob]i2ois, [[cio, uio]]i2 and [&il.

   We show the following.

Lemma 6.5 Age2!i!u[8ots]i2dis+2[gi] ;nod 2[[cio, yio]]i2 for u odd and #[ki]==32.

Proof. It suffices to show the relation. It follows from the relation gerp2o:==O [28,

Theorem 7.6] that [ge]rp2oEII iio*I?gi. So, by Theorem O.1, we can set [k] ij2o=x[L7]iok for

xE{O,1}. Since f[ts]:= fl' (Lemma 2.2.(v)), B'op3o=:=O and f([c7]ioteT)=o!oKi7i#O, we get x==

O. So the Toda bracket {[k], rp2o, 2c2i} is well-defined. By (6.l) and Lemma 5.5, Lemma

6.1.(iii), we conclude that

            [8ok]iooisGi{[gb], rp2o, 2c2i} mod 2[8ois]ioois, [L7]iop", [e7]ioe-7.

   By (4.5) and the fact that g2E{epi2Ei3, ep2i, 2c22}i (Lemma 6.1.(i)), we see that

                  Ag2E{[fo]i2, rp2o, 2c2i}Diio,i2*{[k], op2o, 2c2i}･

Hence, by Lemmas 6.2 and 6.3, we can set

           Ak2E[8oki]i2ois mod 21eEZ=:={2[8og]i2ois, 21[cio, uio]]i2, 2[ki]}.

Since pi2*Aa2==2gi (1.3), we obtain the relation. This completes the proof. Z

   Now we show the following.

Proposotion 6.6 (i) RS3 :== Z32{[ki]} O Z32{[[eio, yio]]i2} O Z4{[8da]i2ois+2v[ki] +2w[[cio, uio]]i2}

     for v odd and w an integer.

(ii) R>g ==Zi6{[op?2]ois}, where 2[rp?2]ois==[8ots]i3ois and [gii]i3:==y[ijg2]ois for y odd.

Proof. We know the short exact sequence (i== ii2, p=pi2) :

                          O--->R5E-tt>1?E-ats,nb5-£.
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By Lemmas 6.4 and 6.5, we have the relation

               8[8oR],,o,,E4za[8oig],,o,,+8[&i] mod 8[[cio, uio]]i2.

This implies the relation for v odd and an integer w:

                   4([8ots],,d,,+2v[k,]+2w[[cio, uio]]i2)=O

and leads to (i).

   In the exact sequence (22)i2:

                        rrSg-`L.1?SZ-!'di-)RSSLUs>rraZL4)RE?,

rrEZ=Z{[ci2, Li2]}OZs{g2} and that A : rrS3->I?M is a monomorphism. So, Lemmas 6.3.(i)

and 6.5, we obtain

                         I?bg=G{[cai]i3, [8oti]i3ois},

where G is a group of order 16. Consider an element [rp?2]oisERS:, where J[op?2]gpi3

mod 2pi3 (Lemma 2.1.(iv)). Then, by the relation 2[rp?2]==[8og]i3 [10], we obtain the first

relation of (ii) :

                           2[rpi2]Ois=[80ts]i30is.

Since f([8ok]i3ois)=2pi3ths is of order 8 [16], the order of [rp?2]ois is 16. This yields the

group I?5g. By the fact that 8Xo""'==±8pi3das [16, (8.7)], X"Oo""'==po=O and (6.2), we

obtain Xo"M== gypi3oles for y odd. This leads to the second relation of (ii) and completes

the proof. Z

   Next we show the following.

Lemma 6.7 A(opi3pti4)=8[rp?2]ois and I?ba=Zi6{[rpi3ois]}eZ2{[y?3]yig}, where 2[ny?3ois]==

z[ rp92]i4ois for z odd.

Proof. In the exact sequence (22)i3, we 1<now

                   Ker{A : rr5:-I?E}=Z2{rp?30is} O Z2{Y?3}･

So there exist elements [rp?3ois] and [y?3]yigEREa. By the fact that Rbg=Zi6{Aai4} [12],

f([u?3] rpig)=O (Lemma 2.2.(iv)) and 8[ci4, oi4] =#O [18], we have [y?3]rpig==O. So, by the fact

that I?bl= z4{[y?2]i4uis}, we obtain

         2[u?3]yigE[y?3]o{rpig, 2c2e, rp2o}=rm{[yi3], rpig, 2c2o}orp2iCREIorp2i=O.

   SinCe fA(nyi3ui4)=[ci3, rpi3pai4]=::8pi3o2s=#O [16], we have the first relation. By (2.1)

and the fact op:7deg==H(o*") [16, Lemma 6.2.(2)], we have

                f[op%ois]i::o"" mod Xrr5g={pi4chg, ei41c22, yi46n}.

Since 2o*"iipi4o2g mod 2pi4dig [16, Lemma 6.2.(2)l, we obtain 2[ny?3ois]=z[op?2]i4ois for z
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odd. This leads to the second relation, yields the group structure of Rba ancl completes

the proof. O

   Next we show the following.

Lemma 6.8 ReS=Zi6{[rpi4ois]}eZ2{[u?3]isuig} and 2[opi40is]=[rp?30is]is･

Proof. We know Ker{A: rr5S-->l?bl}==Z2{rpi4dis} and Aiji4=AEi4=2[y?2]i4yis･ By (1･7),

A(rpi4eis)==A(rp?4oi6)=:O. We know U(o*')== rp2gotso, P(pt2g) =8o""Jt O [16, pp. 321-2] and

H( cDi4 u3o) =:= vg7. This implies the relations Apti4= 8[ rp?3 ois], f[ rpi4ois] i! xo"' mod toisuZi for

x odd and J([u?3]isyig)=toisyZi. This yields the group R>B and completes the proof. []

   Since Adis=l uM6+ E6]isoi4==O, there exists an element [ois]EI?SS. Then we show the

following.

Lemma 6.9 Re26=Zi6{[ rpi4ais]i6} e Z2{[U?3]i6Uig} O Zi6{[ Ois]}･

ProoL By the fact that Aeis= [ y"6+ e6]is [10], by Lemma 5.6 and Lemma 6.2, we get that

ArrSg=O and ii6. : RS8-RbS is a monomorphism. We recall from [16] that H(of6)icigi

mod 2obi,

                lr59= Zi6{o"'} @ Z2{ cvisy3i} O Z2{EisK23} e Z2{ yis6is},

X : ng9-> rrSg is a monomorphism and zS8=Zi6{oi6} O Xrrk9. This implies the relation J[ois]

!!oi6 mod Xo*', toi6vg2. We obtain

                   Ao,,-2[tii,] EI i*RSS={[ rpi4tiis]i6, [Y?3]i6Yig}

and f([v?3]i6vig)=toi6ug2. Hence, by the fact that P(oa3)!2oi6-Xo"' mod pi6obi=4th"'

[16], we obtain

             AOi6==2[Ors]+a[nyi4ois]i6+b[y?3]i6yig (a : odd ; bEI{O, 1}).

and 32[ois]=O. So, by Lemma 6.8, we can set 16[ois] =8b[ rpi4ois]i6+c[yi3]i6yig for b, cE

{O, 1}. Since 8f[rpi4ois]i6=8Xd"' and f([y?3]i6yig)=wi6yZ2 are independent in rrSg [16], the

relation O == 161[ ois] =8bXo"'+ ctui6yZ2 implies b =: c == O. Thus #[ois] :::: 16. This completes

the proof. O

   In determining Rbi, we know that A : rrES-RE? is a monomorphism. This implies

the following.

Lemma 6.10 R-Z=Zi6{[Ois]i7} e Z2{Y?3]i7Yig}･

   Since Ayi7=[y?3]u [12], A(y?7)==[v?3]uytg. This implies that R5:=Zi6{[ois]is}.

Obviously R5g=Zi6{[ois]ig}. i2o. : RSg-RZS is a monomorphism, because nEg==O. We know

Ker {A : ireg--> RE?} = z4{2 ui g} . We recall rrE? == Zi6{ oi*g} O Z2{ sig /t27} O Z2{ yig 622} . By [16,

Lemma 8.3], 8o2"e=4P(thi). So we get that 4Au2o==8[ois]2o. This implies that l?Z8 =Zi6

{[ ois]2o} e Z4{A u2o-2[ ois]2o}.

   The groups RSZ2 for nl}i21 are obtained from the relations :

                  P(op23)==4o2"i, P(rp4s)=2o2"2 and P(c47)=o2*3.
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We note the relations : A(rpZi)==4[ois]2i, Arp22=2[ais]22 and Ac23=[ois]23･

   Finally we state the group structure of the p-primary components n;te(Rn : p) for

k==21 and 22, where p is an odd prime. We know isomorphisms for all k ([2], [5]) ;

                   7blr(R2.+i : p)= 7rk(Sp(n) : p) ;

                   71k(R2n+2 : p) Z- 71k(R2n+i : p) e 7rk(S2"'i : p).

   We know the homotopy groups ibt(Sp(n)) by [19] ancl [20] for ksg22. So, by

combining the results of [16], [18] and [28], we obtain our result which is summarized

in the following table.

n=3 n=4 n=5 n=6 n==7 n==8

k-21 3 (3)2 o o 3 (3)2

lc=22 3o11 (3"11)2 3'5"11 3e5"11 27e5e7"11 27o5"7o11+3"5

n==9 n==1O n=11 n=12

lc=21 3 3 o 3

lc=22 81 e 25"7 . 11 81 . 25"7-11-{-3 81 e 25e7- 11 81 e 25 e7e11+9 e 7

n=-13 n=14 n==15 n=16 n=17 n==18 n=-19 n=20

lc=21 o o o o o o o o

lc=22 o o o 3"5 o o o 3
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