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Abstract

There has been a question that the intersection of normal closed subsets
of an association scheme is also a normal closed subset. A. Hanaki proved the
answer of this question is true for group-like association schemes [4]. We
found counterexamples for this question by using GAP4 and a list of
association schemes by A. Hanaki and I. Miyamoto [2] and [3].

1 Introduction

When we consider association schemes, we have three substructures, those are
closed subsets, normal closed subsets and strongly normal closed subsets. If we
consider finite groups as association schemes, closed subsets correspond to subgroups,
and normal closed subsets and strongly normal closed subsets correspond to normal
subgroups, respectively. We know closed subsets and strongly normal closed subsets
are closed under taking the intersection like as subgroups and normal subgroups.
However we do not know whether normal closed subsets are closed under taking the
intersection or not. Even so we believe normal closed subsets are important and
appropriate to call it normal since, for an association scheme (X, G) and each normal
closed subset H of G, the element nx' X sen0x of the adjacency algebra of (X, G) over
the complex field is a central idempotent like as that of normal subgroups for finite
groups [5].

When we consider only commutative association schemes, any closed subsets are
normal. Thus the question makes sense for non-commutative association schemes. A.
Hanaki defined a class of association schemes that are called group-like. The center
of an adjacency algebra of it over the complex field has a basis described by a sum of
the elements in a partition of G as well as the center of a group algebra over the
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complex field has a basis given by conjugacy classes of the group. Then he proved the
answer is true for group-like association schemes [4]. Thus it remains to check for
non-group-like association schemes.

2 Association Schemes

In this section, we recall the definition and some properties for association schemes
(see [1] and [6] for more details). We will use notations of Zieschang [6].
Let X be a finite set and G a partition of X X X. We call a pair ¥=(X, ) an
assoctation scheme if the following conditions are satisfied :
1) 1={(z, v)|lxeX}EG.
(2) There exists ¢’& G such that ¢={(y, x)|(x, y)=g} for any ¢=G.
(3) For every g, &, k=G, there exists a non-negative integer pgn» such that for all
y, z€X, {x€X|(y, x)Eg and (x, 2)E h}|=pons if (y, 2)E k.
The elements of {pgn:} Will be called intersection numbers of (X, G). We call a positive
integer pgen the valency of ¢ and denote it by ng. We put ne=2>lgccng.
Let £ and F be any subsets of G. We define the complex product EF of E and F
by EF:={9E G| X ecr X rerbereg*0}. We define F':={f’|f € F} for each FCG. Then a
non-empty subset I of G is said to be closed if FF'CF. A closed subset F' is called
normal if {g}F=F{g} for g G. We put nr=2,crn, for a closed subset F of G.
Let X=(X, G) be an association scheme. For each ¢= G, we define a |X|x]|X]|
matrix g, indexed by elements of X by
1 if (z, ¥)Ey,

(G0)vi= {2 otherwise.
Let J be the |X|x|X]| all 1 matrix. Then clearly we have Xycc 0,=7, and 6,0.=
Skec bone 0x for all g, hEG.

We can naturally define an algebra from the above fact. For a commutative ring
R with 1, we put RX=@yec Ros as a matrix ring over R, and it will be called an
adjacency algebra of X over R. In particular, the adjacency algebra of an association
scheme over a field of characteristic 0 is semisimple.

Let CX be the adjacency algebra of an association scheme ¥ over the complex
number field. We denote the set of irreducible characters of C¥ by I»»(¥). Since the
adjacency algebra is defined as a matrix ring, we can consider a natural representation
0g = 0g. We call it a standard representation, and the character corresponding to it the
standard character, and it will be denoted by y(¥). When y(¥)=3,cmr@mmx be an
irreducible decomposition of the standard character, we call m, the multiplicity of y.

Let 7 be a character of an association scheme ¥. Put K(7)={¢9<= G|7(s6s)=nq7(1)},
and I(n)={x=Drr(¥®)|x(0s)=nex(1) for all g= K(5)}. Then the followings are known.
Lemma 1. [4, Lemma 3.1] For a character 5 of G, we have K(?;)ZQK()()ZK(ZM),
where x runs over all irveducible constituents of 7.
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Theorem 2. [4, Theorem 3.2] Let 7 be a character of G. Then K(7) is a closed subset
of G.

Theorem 3. [4, Theorem 3.4] For a chavacter n of G, K(7) is a normal closed subset
of G if and only if Drermmyx(l)=—"C

nK@m)
3 Main Result

Our major concern in the present paper is to give an answer to the following
question :

Question 4. Is the intersection of normal closed subsets again a normal closed subset ?

We already know that the answer is true for group-like association schemes [4].
Therefore it is sufficient to check only non-group-like schemes. We worked out all
normal closed subsets of all non-group-like schemes such that |X|<30 in the list [2].
Then we found eight counterexamples of the question, which are illustrated
hereinafter.

We use the symbol, like as16[186] for association schemes, which are symbols used
in the list [2]. We denote {R,, Ri, Rs} by [0, 1, 3]. We will show in the case as16[186]
only.

The relation matrix of as 16 [186] is the following ;

01 2345 6 7 889 910101111
1 03 25 476 889 910101111
230167 45 99 8 811111010
321076 5 49 98 811111010
456 7012 3101011118 8 9 9
5 476 103 2101011118 8 9 9
6 7 45 2 3 0 1111110109 9 8 8
76 543 210111110109 9 8 8
8 8 9 9111110100 1 2 3 6 7 4 5
8 8 9 9111110101 0 3 2 7 6 5 4
9 9 8 8101011112 3 01 45 67
9 9 8 8101011113 2 105 4 76
11 11 10 10 8 996 745012 3
11 11 10 10 8 9 7 6 541 0 3 2
10 10 11 11 9 8 8 456 7 2 3 01
10 10 11 11 9 8 8 54 76 3 210
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And the character table is as follows;

Ay A A, Ay AL A Ay A Ay Ay A A mix
N 1 1 1 1 1 1 1 2 2 2 2 1
Xe 1 1 1 1 1 1 1 1 -2 -2 -2 =2 1
X3 1 1 1 -1 -1 -1 -1 2 2 =2 =2 1
X4 1 1 1 -1 -1 -1 -1 -2 =2 2 2 1
Xs 2 2 —2 =2 0 0 0 0 0 0 0 0 2
Xe 1 -1 1 -1 1 -1 1 -1 0 0 0 0 2
Xr 1 -1 1 -1 -1 1 -1 1 0 0 0 0 2
Xs 1 -1 -1 1 1 -1 -1 1 0 0 0 0 2
Xs 1 -1 -1 1 -1 1 1 —1 0 0 0 0 2

Once we obtain a character table of an association scheme, we are apprised of all
normal closed subsets by Theorem 3. For example, [0, 2, 4, 6]=K(ys). Then since (xs)
={n1, 22, 26} and 7z 20 (1) + M2 22(1) + M 26(1) = 4=16 /4= nc/nx s, [0, 2, 4, 6]1=K (%) is
a normal closed subset.

All normal closed subsets are [0], [0, 1], [0, 2], [0, 3], [0, 1, 2, 3], [0, 2, 4, 6], [0, 2,
5 71, [0, 3, 4, 7], [0, 3, 5, 6], [0, 1, 2, 3, 8, 9], [0, 1, 2, 3, 10, 11], [0, 1, 2, 3, 4, 5, 6, 7] and
(0,1, 2,3,4,5,6,7 8,9, 10, 11]. However, [0, 2, 4, 6]N[0, 3, 4, 71=[0, 4], [0, 2, 4, 6]1N
[0, 3, 5, 6]=I0, 6], [0, 2, 5, 7N [0, 3, 4, 7]=[0, 7], and [0, 2, 5, 71N [0, 3, 5, 6]=[0, 5], which
means they are not normal closed subsets.

In a similar way, we can also show in the case as18[79], as24[452], [546], [647],
[702], as30[175], and [225].
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