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                               Abstxact

     In [2], we have classified the p-solvable groups G with p"i-2< t(G)<pMni for

   p odd, where t(G) is the nilpotency index of the (Jacobson) radical of k[G], k

   a field of characteristic p, and pM is the highest power of p dividing the order

   of G. In the paper cited above, we have given only an outline of the proof of '

   the result for p=3 ([2, Theorem 11]). To complete the proof of the theorem,

   we neecl somewhat complicated calculation, and we have given in [3] and [4]

   two parts of such caluculations. The aim of this paper is to give one more such

   calculation and complete the proof of the theorem.

                           1 Introduction

  Let k be a field of characteristic p > O, and G a finite p-solvable group whose order

is divisible by p. We denote by t(G) the Rilpotency index of the (Jacobson) radical of

the group algebra lt[G]. In l2], we described a classification of G which satisfies pM-2<

t(G)<pMmi for p odd, where pM is the highest power of p dividing the order of G. Here

we restate the result:

 Theorem 1. S2ipPose that G is p-solvable and p 2 5. CZ'IPzen p"iu2< t(G)<pM-i ijC and

only tle S),low p-sztQgr7ozips of G a7e of anonent pM-2 or zlsomoiPhic to

             <a,b,c,dla5=b5 == c5= cl5=1, Ic,d] := b,[b,d] == a> (p =:: 5).

I7?･trther, in this case, G has p-lengl'h 1.

Theorem 2. Let p:=3 and n7 23. SiipPose 3M-2< t(G) <3M-i. U the 3-length of G is

greater tizan 1 then G has 3-le7agth 2. S2ip)bose fatrther l'lzat 03r(G)=1. 7'7zen H=:: 03,3,,3(G)

is one of t'he grozips o.f the following list:

  (1) a nonsplit extension o.f
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              <a,b,cla3MU3 == b3= c3=1, [a,bl =1, [a,c] =1, [b,c] ::= a3MT'`>

bJJ SL(2,3) (m2) 5) ;

  (2) a split extension of Cg × Cg by SL(2,3) ;

  (3) an extension of M(3) oj] SL(2,3) ;

  (4) an extension of C3 X C3 × C3 by SL(2,3) ;

  (5) a split e:ctension of C3 × C3 × C3 by A4 ; and

  (6) a nonsPlit ext'ension of C3m-3 × C3 × C3 Luy] SL(2,3) (mlii5),

  In the paper cited above, we have given the proof of Theorem 1 and an outline of

the proof of Theorem 2. To give a complete proof of Theorem 2, we need somewhat

complicated calculation, and we have given in [3] and [4] two parts of such

calculations. In this paper, we shall give one more such calculation, and in consequence

we complete the proof of the theorem.

  In what follows, we assume that p:=3. Let G be a 3-solvable group such that 03(G)

is the direct product of a extra-special 3-group, say IVi, of order 33 and exponent 3 and

a cyclic group, say M, of order 3 and G/03(G) :: SL(2, 3). We set

             AJI =:: <a,b,c1a3=b3-ic3=1,[a,b]=c,[a,c]=i[b,c]=1>,

             M = <sls3=1>.

Further we let

                     Q=<x, y b4=1, ,x2- y2, yuni,xgy = ,x-i>

be a Sylow 2-subgroup of G. Then we can choose an element o of G-A[(? such that

G=<IV(?, o> and o3 E Z(Ai).

  We already proved in [2] that t(G) < 33 for the case when o3 E Z(Ali). We now assume

that o3¢Z(Ail). Then we may assume that o3=s. Further we may assume that the
elements a,b,c,s,x,y,o satisfy the following (see [2]) :

                        aX=b2, bX=ac, cX=c, sX=s,

                   (*) aY=ab2c, bY=a2b2, cY==c, sY==s,

                        a6 =: a, bcr == ab, ca =: c, sd=: s.

As explained in [4, Introduction], to complete the proof of Theorem 2, it suffces to

prove the following :

  Theorem. t(G) f{ 33 for the grozip G given above.

  Because G/<z,s> or- Qd(3), 1(k[G]) is given as follows :

                   1(k[G])=A+B+C (see [2], Lemma 3),

where
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            A == f(k[<o>]) Q'k[ G], B-f(k[ T])k[G], C-f(k[IVI)k[ G],

                              T =i= {f, T, T2},

                      f=xZ-1, T== o(1+x+y-xy)f.
Because Cii:= O, if we can prove that (A+B)i6=O, then the result follows. This equality

will be proved in Section three. In Section two we shall give the preliminary results.

We shall use the notation given in [2].

                           2 Preliminaries

  Under the notation given in Section one, vyie state several preliminary results.

  Lemma 1. (1) f is a cent7nl element of k[<Q, o>].

  (2) frtf=-f(ze+ztX2)=-(zt+ztX2)f=::ktX2f for all zt c N,

  (3) T is a cent7'tzl element of kl<(?, o>].

  (4) T3 :::: EvC.

  (5) (f-T)zc(f-r)=-(f-T)(1+zt+ua2)(f-T)+(f-T)2 for all zt cN.

  (6) (f-T)3=(1-s)f.

  (7) f(k[<c>]cf(k[M])2.

  (8) 1+ zt + ztX2 E f(k[Ail])2k[Alli]+f(k[Aili]) for all u E N.

  (9) (f- T)k[N] (f- T) C (f- T)f(k[AJI])2(f- T)k[M] +(f- T)2k[M].

  Proof. It is esay to see the validity of (1)-(6) (see [1], p. 431).

  (7) follows from the equality:

                 c-1 == x-igy"i,iry-1

                      = (xrm'y-i-1)(,R:y-1)+(xrm1)(z/m1)

                        +(Jc-i-1)(yni-1)÷(ar-1)2+(y-1)2.

  (8) If ze=c or c2 then 1+ze+ zc'TZ==1-c, and so the result follows from (7). If zt =a or

a2c2 then

                 1+zt+uX2=1+a÷a2c2:=:(a-1)2-a2(1-c2),

and again by (7) the result follows. We can show similarly that the result holds for the

other elements of All. If ze c M then evidently 1+zt+uX2=1-u E 1(k[Aili]). Finally, if

zt = vs ` , where v c M-{1} then

                  1+ zt + zt 'Z'2=(1 -Y v+v'T2)si E f(k[Ni])2k[Alli],

and the result follows.

  (9) Let zt E N. Then by (5) and (8) we have

         (f- T) zt (f - T) c (f- T) U(kEMI)2k[M] +f(k[M])) (f- T) + (f- T)2.

Because k[M] is contained in the center of k[G], the right--hand term is equal to
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(f - r)f(k[AXI])Z(f- T)k[M] + (f - T)Zf(k[M])+ (f- T)2

   - (f- T)f(k[N])2(f- T)k[M] + (f- T)21k[Ah],

and the result follows.

  In what follovsTs, we set D=f(k[IVi]). By a result of Jennings (see [1], p. 311), we have

   dim D/D2=2, dim D2/D3=4, dim D3/IVr-4, dim D4/D5;::5,

   dim D5/D6==4, dim D6/D7==4, dim D7/D8=2.

 We now set ev=a-1, B=b-1, 7=c-1.

Lemma 2. CZIPze Pozver' st'rztctzc7'e of D is as follows:

D
D2

D3

D4

Ds

D6

D7

Ds

== < ev, B, D2>

== <ev2, 32, aB, fiev, D3>

= <ev2B, evBZ, ev7, B7, D4>

== <ev2B2, ev27, B27, evB7, 72, D5>

= <ev2B7, crB27, ev72, B72, D6>

= <ev2BZ7, ev272, B272, evB7, D7>

= <evB272, ev2B72, D8>

.,. <ev2B272>

The following is a direct consequence of (").

Lemma 3.

In what

7'7ze

follows,

elei･nents o, x,y

     cuff iii ev,

     evx iii - B,

     evy !:i ev - fi,

DO means kEAfl].

act trivially on

Bcr [- ev+B

 BXiev

BY=i-a-B

 7 and acl' on

(mod D2),

(mod D2),

(mod D2).

a, B as follows:

  Lemma 4. Let' O K i s! 4. CZIEzen :

  (1) Q+D2if=: Q+D2i+if (: Q+D2i+i,

  (2) .LD2iQ'=.1{D2`"Q+ c D2i+iQ+.

  Proof. (1) The right-hand inclusion is clear. Now let u E AII. Then Q"zef=:i Q'(zt-

1)f because Q"f==O. Hence Q"zof c Q'Df, and so the assertion holds for i=:O. Further

by Lemma 3, we have Q'Afc O'D3, for R= a2, B2, evfi, Bev. Hence, by Lemma 2, the

assertion holds for i= 1. By a similar method, one can show that the assertion holds for

i -- 2, 3, 4.

  (2) is proved similarly.

Lemma5. Let
(1) (?+D2i(f-T)

o { iK4. 7]ijen

Q'D2i'L(f- T) c f(k[<o>])Q'D2"i+k[<o>] (?'D2`"3,
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  (2) (f-T)D2i(?'== (f-T)D2`'i(?' (: D2i'i(?'f(k[<o>])+D2`'3Q'k[<o>].

  Proof. (1) The Ieft-hand equality is a direct consequence of Lemma 4, and so it will

suffice to prove the fol}owing :

   ( i ) Q'A(f- T) E f(k[<o>])(?"D+k[<o>]Q'D3 forA c {ev, B},

   ( ii ) (?'A(f- T) c f(k[<o>])Q'D3+k[<o>] (?"D5 forA E {ev2B, evB2, ev7, B7},

   (iii) Q'A(f- T) E JI(k[<o>])Q'D5+k[<o>]Q'D7 forA E {a2Bz evB27, ev72, x972},

   (iv) (?'A(fN T) C f(k[<d>])(?"D7 forA E {aB272, a2B72},

We first prove (i). We have

        ' Q"ev(fLT)=(?'of(1-o)-Q'of(x+y-xy)o,

Obviously

                 Q' of(1- o) = (1- o) Q' of c f(k[<o>])Q'D,

and

                   Q" of(x + y- xgy) =: Q'(ar + evy- evxy)f.

Further by Lemma 3,

                       aX+ a"- ev"Y i:: 0 (mod D2),

and so

               Q' of(x +y rm xgy) c Q"D2f := Q'D3 (Lemma 4).

Thus we have

                 (?'ev(f- T) E f(k[<o>]) (? "'D+k[<o>] (9'D3.

To show

                 Q'B(f- T) c f(k[<o>]) (?'D+k[<o>] Q'D3,

we note that aX3=bc2, ancl so evX3:=B mod D2. From this we have

                     (Q'a(f- T))X3 c Q'(B+D2)(f- T)

                        == Q+B(f - T) + Q+D2(f- T)

                         = (?+B(f- T) + Q+D3(f- T).

Because

                 Q'a(f- T) c f(k[<o>])Q'D+k[<o>] (?"D3,

we have

               (Q+ ev(f- T))X3 E f(k[<o>])X3 (?+D+ k[<o>]X3Q -D3.
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It is easy to see that f(k[<d>])X3Q"=f(k[<o>])(?" and k[<o>]'T3(?'=::k[<o>](?". Hence

                 (Q'ev(f- T))X3 c f(k[<d>]) (?+D -Y k[<o>] Q+D3.

Thus we have

            Q'B(f- T) E f(k[<o>]) (?'D+k[<o>] (?'D3tQ'D3(f- T).

Evidently, (?'D3(f-T) C th[<o>] (?'D3, and so

                  Q'B(f ua T) c f(k[<o>]) (?'D+k[<o>] (?'D3.

Thus (i) is proved.

 We next show ( ii ). Let first A :=: ay, Then

             (?'U(1- o) =: 7(?'of(1- o) c 7cl(k[<o>]) (?'D

                ::: f(k[<o>]) Q' 7{D c f(k[<o>]) Q'D3,

             (?'Af(x÷yrm xgy)o== 7Q'of(x+y-xy)oE rk[<o>] (?'D3
                 =k[<o>] Q' 7tD3 c k[<o>] Q'D5.

Hence (ii ) holds for A= ev7, Similarly it holds for A-- B7. We next let A== ev2x!i. Then Acr

i:!A mod D` and so

      (?'Af(1 - o) c (1 - o)(Q' ev2er+ oQ'D4f) == f(k[<o>]) Q'D3+kl<o>] O'D`f

                     -- f(k[<o>l) Q'D3+kl<o>] Q'D5f,

      Q'Af(x + gy - xgy)o E o(?'(ev2B -l- D`)(x + y - xy).

Further by (") we have

                    (a2B)X+(ev2B)Y-(a2B)XY-O (mod D4).

This together with Lemma 4 implies that

                 Q'Af(x+y-xy)dc oQ'D4f (: k[<o>] Q'D5.

Thus ( ii ) holds for 1 :=: ev2B. Using the congruence (ev2B)Xi evB2+ B7 mod D`, we see that

( ii ) holds for A=: evB2. Thus ( ii ) is proved. By a similar method, we can prove (iii) and

(iv).

  (2) is proved similarly.

  The following is a direct consequence of Lemma 5.

  Lemina 6. Let' O g: i s! 4. 7'7zen

  <1) Q+D2i<frm T)2-- <?+D2i+i<f- T)2

       c J(k[<d>])2 Q'D2i'i+f(k[<o>]) Q'D2i'3+k[<o>]Q+DZi+5.

  (2) (f-T)2D2iQ+=(f-T)2D2i+i(?+

       c D2i'i Q'7(k[<o>])2+D2i'3Q'f(k[<o>])+D2i'5 Q'k[<o>],
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 Lemma 7. Let O f{ i -< 4, [Z7hen Q"D2i"iO'==Q'D2i+2Q'.

 Proof. We have Q'a(?'=: Q": ]g,oevg, and Zg',Qcug=-mod D2 by ("). Thus (?"a(?"c

(?'D2(?'. Similarly, Q'BQ' c Q'D2Q'. We therefore see that the lemma holds for i=

0. By a similar method, one can prove the lemma for i-1, 2, 3, 4.

 The following is a direct consequence of Lemmas 4-6.

Lemma 8. (1) flk[Ail]Af c DQV(k[<o>])Q'DklG].

(2) ];ic[Aii]A(f-T) c: DQ7(k[<d>])2Q'DklG]+DQ'7(k[<o>l) Q'D3k[G].

(3) fk[7Vl]A(f- T)2 c DQ'f(k[<o>])3Q'Dk[G]+D(?'1(kE<o>])2Q"D3k[G]

    +DQ7(k[<o>])e+D5k[Gl.
(4) (f- T)k[Aii]Af c DQ7(k[<o>])2Q'Dk[G]+D3Q'7(k[<o>]) Q'Dk[G].

(5) (f- T)k[AXi]A(f- T) c DQ'f(k[<o>])3Q'Dk[G]+DQ'1(k[<o>])2 Q'D3k[G]

    +D3Q7(k[<o>])2Q'Dk[G]+D3Q'f(k[<o>])Q'D3k[G].
(6) (f- T)k[AJi]A(f- T)2 c DQ7(k[<o>])`(?'Dk[G] l- DQ"f(k[<ti>1)3Q'D3klG]

    +DQ7(k[<o>])2Q"D5k[G]+D3Q'f(kE<o>])3Q'"Dk[Gl

    +D3Q7(k[<o>l)2Q'D3k[G]+D3Q"f(k[<o>])Q'D5k[Gl.

(7) (f-T)2k[Ni]Af c DQ'f(k[<o>])3Q"Dk[G]+D3Q'f(k[<o>])2Q'Dk[G]

    ÷D5Q+1(k[<6>])Q+Dk[G].
(8) (f-T)2k[M]A(f-T) c DQ'f(k[<o>])`Q"Dk[G]+DQ'f(k[<o>])3Q'D3k[G]

    +D30'f(k[<o>])3Q'Dk[G]+D3Q7(k[<o>])2Q'D3k[G]

    +D5Q'f(k[<o>])2Q'Dk[G]÷D50'f(k[<o>])Q'D3k[G].
(9) (f- T)2k[N]A(f- T)2 c DQ'f(k[<o>l)5Q'Dk[G]+DQ'f(k[<o>])4Q'D3k[G]

    +DQ'7(k[<o>])3Q'D5k[G]+D3Q7(k[<o>])`Q'Dk[G]

    +D30+f(k[<d>])3Q+D3k[G]+D307(k[<o>l)2Q+D5k[G]

    +D5Q7(k[<o>])3Q'Dk[G]+D5Q'f(k[<o>])2Q'D3k[G].

                  3 Proof of Theorem

 We here give the proof of Theorem. We already know that

                     f(k[Gl)--AtMC,

and so it suflices to prove that (A+B)`6=O because Cii :O. We first show that A"=O

and Bi5=O. We start with the following :

 Lemma 9. o acts trivially on the k-space Q'k[N]Q'.

 Proof. Q'k[N]Q' isa k-space generated by

                  {Q"A-'IA is a Q-orbit of Ai'},

By ("), we see that each (?-orbit is invariant under the action of o, and the result
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follovgis.

  LemmalO. A9=O.
  Proof. Since (?' and f(kl<o>]) cominute, we have

                  A2 == f(k[<o>])Q'k[G]f(k[<o>])Q'k[G]

                     - f(k[<o>]) Q'k[A[] Q.'f(k[<o>])k[G].

Hence by Lemma 9,

                     A2 =[ f(k[<o>])2Q+k[Ar]Q+k[G].

By repeating the same argument, we have

                     A2 - f(k[<o>])iQ+k[Ar]Q+k[G]

for any i. Thus we get A9=O because f(k[<o>])9=O.

  Lemmall. B'5=o.
  Proof. Since B=f(k[T])k[G]:=(f-T)k[G], we have

            B2 == (f-T)k[Ar](f-T)k[G]

               c (f-T)2klG]+(f-T)D2(f-T)k[G] (Lemma 1 (9)),

and

         B3 c (f-T)3k[G]+(f-T)2D2(f-T)k[G]+(f-T)D2(f-T)2k[G]

               +(f-T)D2(f-T)D2(f-T)klG].

Repeating this procedure, we get

       B` c (f-T)`k[G]+ : (f-T)`eD2(f-T)`!ny･･(f-T)`t-!D2(f-T)itk[Gl
                       iO+'H+it]i

for any i. Now set

               Xl.= Z (f-T)iOD2(fTT)ii...(f-T)iHD2(f-T)it.
                   io+-･tit==i

Because (f- T)9 =O, it suffices to prove that Xi m-e for some i with i <- 15. If t >- 5 then

Xi cD'Ok[G]=O because D9=O. Therefore we may assume t K 4. Then we show that

   ( i ) if t=1 then Mi == O,

   (ii) if t:=i2 then .Xl3=O,

   (iii) if t =3 then .Xls=O, and

   (iv) if t=4 then Ms=O.

Because s commutes with D, by Lemma 1 (6), (i) is clear. If t=2, then we have

                    .Xh3(II(f-r)`D`(f-T)jk[G], i+i=11,
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and if t=:3, we have

                   .Xl,c(f-T)iD6(f-T)jk[(]], i+7'--11.

Hence (ii) and (iii) follow from (i). If t:=4, then

                   Xl, c (f- T) iD8(f- T)jk[G], i+7' -- 9.

Because D8:ii Aii" is a central element of k[G], obviously we have

                        Xis C: (f- T)9D8k[G] .. o,

and (iv) is proved.

 We are now in a position to prove the following lemma, from which our theorem is

deduced.

  Lemma12. (A+B)i6=o.

 We have

                      (A+ B)k -- :AMiBni ... AmtBnt,

where :2 f･..imi÷ni-- k, mi, ni -> O. Now set

                  z,=A,niBni･･･AnitBnt (k=tF.,mi+ni).

To prove the lemma, it suflices to prove that Z16=O. In what follows, we set l= Zg･..i mi,

f=Xf･=ini and assume I+f=16.

  If J -> 9, then Z6 c k[G]A9 == O by Lemma 10. Accordingly, we may assume f s{; 8. We

distinguish three cases.

  Case 1. miiO. If mi=:il=1 then Zi6=ABi5=O by Lemma 11. If mi=1 and Il}i2

then Zi6CAB`ABj with i+7' --9 because f l}i 9. If mi 2) 2, then Zi6cA2B9. Therefore

it suffices to prove the following :

  Lemma 13. (1) A2B9=:rO.

 (2) AB iABj -- O ij i+j -- 9.

  Case 2. nt=O. Similarly, it suffices to show the following :

  Lemma 14. (1) B"A2=o.

  (2) BiAB･iA=O ij i+f--9,

  Case 3. mi=O and ntiO. If m2=I=1, then Zi6CBi5 ==O. If m2=1 and f ;}i 2, then Zi6

(: BiABjABk with i+}'+k=9. If m2:=l=:2, then Zi6i=iBiA2Bj with i+i=14. If m2=

2, and ll) 3, then Zi6CBiA2BjABk with i+i-i-k=9. Finally, if m2 ->3, then Zi6C

BiA3Bj with i+7' -rm9. Thus it suffices to prove the following :
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  Lemma 15. (l) B'A2B'-mO if i+1`=11.

 (2) BiA3Bj--O if i+7'=9.

 (3) BiABjABk=O if i+f+k=::9

  Because Lemmas 13 and 14 can be proved by a similar method, in the rest of the

paper, we shall prove Lemmas 13 and 15.

  Proof of Lemma 13. (1) Since (f-T)9=O, we have

              A2B9cA2 : (f-r)`OD2(f-T)i'･･-D2(f-T)i`k[G].
                      io+･･･+it=9

This shows that if t l}i 5 then A2B9 CD'Ok[G]=O. Assume t l}ir 4 and set

          '                    .X} =A2(f - ,) ieD2(f - ,)ii . . . D2(f rm ,) it.

Consider first the case t==1. Because (f-T)3=if(1-s), if (io, ii)=(6, 3) or (3, 6) then

                   (f- T)ioD2(f- T)ii c! f(k[<o>])9k[G] =O.

We next assume that (io, ii)l(6, 3), (3, 6). Then

                   (f- T) `OD2(f- T)ii == s"(f- T) i6D2(f- r) it,

where (i6, iC)= (2, 1) or (1, 2). Assume (i6, iO=(2, 1). We already know that

                      A2=1(k[<o>])2Q'k[AJI]Q"k[G],

Hence we have

            Xl c 1(k[<o>])2Q'k[AJi]Q'k[Ail]s'(f-T)2D2(f-T)k[G]

               == f(k[<o>])2s'Q'k[AJI]Q'k[Ail](f-T)2D2(f-T)k[G]

               c f(kl<o>])8 (?'k[AG] (?'k[N] (f- T)2D2(f- T)k[G].

Because

   Q'k[Ail](f-T)2Cif(k[<d>])2Q'D+f(k[<o>])Q'D3+k[<o>]Q'DS (Lemma 6),

                                 '
           9-and f(k[<o>]) -             O, the above implies that

                     Xl (: f(k[<o>])8(?'D7(f-T)k[G].

Further by Lemma 5,

                       (?+D7(f-T)c f(k[<d>])Q+D7.

Thus we have Xl ==O for the case (i6, ii')=(2, 1). By a similar argument, one can also

show the same for the case (io', if) = (1, 2).

  Suppose next t=2. Because

                (f- T)3D2(f- T)3D2(f- T)3 c 1(k[<o>])9k[G] == O,
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vxre have .X2=O for (io, ii, i2) =(3,3, 3). Assume (io, ii, i2)#=(3,3, 3). Then

        (f- T)ioD2(f- r)iiD2(f- T)iz -: l gr-(fS-) (;)1.J61ifDi(f,):.,i)i(Df21[Lf,Jl,,i)2' Or

where :2h--o if, = 3, O f{ iL f{; 2. For the former case, by making use of Lemma 6, we have

     Xh C f(k[<o>])5 Q'k[AJI] (?'k[N] (f- r)2D2(f- T)2D2(f- T)2k[G]

        c (f(k[<o>])7Q'D3kEGI+1(k[<o>])6(?"D5k[G]+f(k[<o>])5Q'D7k[G])･

           (f - T)2D2(f - T)2kl G]

        = 1(k[<o>])7Q'D3(f-T)2D2(f-T)2k[G]

           ÷f(k[<o>])6Q'D5(f- T)2D2(f- T)2k[G]
        c f(k[<o>])8 (?'D7(f- T)2k[G] == O.

For the latter case, we have

        Xli C 1(k[<o>])8Q'k[Ali]Q'k[Aii](f-T)`6D2(f-T)`fD2(f-r)iSk[G].

Because 2i]7..o if, = 3, O f{ iL K 2, one of i6, iL iE is zero. If io' = O, becauce (? 'k[ AJI]f=

Q'D (Lemma 4), we have

                 J<2 CZ f(k[<o>])8Q'D3(f-r)`iD2(f-r)iik[G],

where (ii, ii) := (2, 1) or (1, 2). Hence Xb = O by the argument given above. If ii -- 0 or i6 =

O, then we also get Xb =:O by Lemmas 5 and 6.

  If t==3 then we have either

                                         '
    Xh CII 1(k[<o>])8Q+k[AJi](?.k[7Vl](f-T)i6D2(f-T)i{D2(f-T)iSD2(f-T)iSk[G],

where :9, ..o i,1 -rm 3, O :{; iL :{; 2, or

   Xh c (1(k[<o>])5(?'k[AJi] (?'k[AJII(f-T)`crD2(f-r)`'D2(f-T)itiD2(f-T)igk[G],

where Z9,..o ii", = 6, O f ii*, E{ 2. For each case, we get Xh = O by a similar argument.

  If t=4 then we have

            Xli c f(k[<o>])2Q'k[Aii] (?'k[IVi](f-T)ioD8(f-T)i`k[G]

               c D9k[G]=O.

Thus we complete the proof of (1).

  (2) We have AB`A c M+ Yb, where

                }il == A(f- T)ik[G]A,

                n = A(: i,.-,. i, .. i (f - T) ioD2 ･･ ･ D2(f - T) itk[ G])A.

Hence we have to prove MB'=O and EBj-- O. We first show YIBj--O. This will

suffice to prove that
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                }'1(f-r)j=0 and Yi(f-T)j"D2･･･D2(f-T)j"=O,

where ZhU--o7'h = i Because

             M -: f(k[<o>]) Q'k[Ail] (f- r)ik[Ail] Q7(k[<o>])k[Gl,

noting that

             Q'k[Ail](f-T)`k[IVi](?'Ck[<o>lQ'DQ' (Lemma5)

and that k[<o>] Q'DQ' aiid k[<o>] commute, we have

                M Ci f(k[<o>])2 Q+k[AXI] (f- T) ik[Ail] Q+k[ G].

Hence by Lemmas 4-7, we have

(t)

Because ]' =9

 if i Eii O mod 3,

 if ii1 mod 3,

 if ii2 mod 3,

Further, by Lemmas 5 and 6,

each equal to O,

where ZhU --e7'h = 7

z==1: Yi C f(k[<d>])3Q'D2Q'k[G]+f(k[<o>])2Q'D`Q'klG],

i=2: Yl (ii f(k[<o>])`Q'D2Q'klG]+f(k[<o>])3Q'D`Q'k[G]

          +f(k[<o>])2Q"D6Q"k[G],

i -- 3 : M C! f(k[<d> ])5 Q+D2Q+k[ G],

i=:4: Yi c 1(k[<o>])6Q'D2Q'klG]+1(k[<o>])5Q'D`Q'klG],

i=5: M c J(k[<o>])7 (9"D2Q"klG]+1(k[<o>])6 (?'D`(?'k[G]

          ÷f(k[<o>])50'D6Q'k[G],
i=6: Yi C: f(k[<d>])8Q+D2Q+k[G],

i=::7: Yl c f(k[<o>])8Q'D4Q'k[G],

i=8: Yl c J(k[<o>])8Q"D6Q"k[G].

- i, by the above we see that

   Yl(f- T)j -- O,

   Yl(f- T)' CII f(k[<o>])8 (?"D4 (?"k[AXi] (f- T)2k[G], and

   M(f- r)' c f(k[<o>])8 Q'D6 Q'k[AJi] (f- T)k[ G].

            the right-hand term in the second and third inclusion is

  and so we get }7i(f- T)'i -- O for each case. We next show that

           Yl(f- T)joD2 ･･･ D2(f- T)ju == O.

  '. We already know that }7i C Q'D2Q'k[G] (see (-D), and so setting

           Yl* = Yl (f - T)joD2 ･ ･ ･ D2(f- T)jtt,

we have

               Yl* C Q+D2 (?+k[All ] (f - T)joD2 ･ ･ ･ D2(f - T)･ittk[ G].

Because Q'k[Ail]fC Q"D, the above shows that if u l;) 3 then }7i" c Q'D9k[G]=O.

 Assume zt =2. Then
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                     Yl* = Yi(f-T)jOD2(f-T)jiD2(f-T)j2.

If i==1, then by (t), we have

        M' c (f(k[<o>])3Q'D2Q'+1(k[<o>])2Q'D`O")k[Ail]･

             (f - T)joD2(f- T)･iiD2(f - T)j2 k[ G]

           c f(k[<o>])3Q'D2Q'k[AII] (f- T)joD2(f- T)jiD2(f- T)j2+D9k[Gl

           = J(k[<o>])3Q'DZQ+kEAJI] (f- T)joD2(f- T)jiD2(f- T)j2.

Because =2h--oih =: 8, vkie have either

          }'1" c f(k[<o>])9(?'D2Q'k[AJI](f-T)'6D2(f-T)jfD2(f-T)'2, or

          Yl* c f(k[<o>])6Q+D2Q+k[AXI](f-T)jdiD2(f-T)jfD2(f-T)jZ

where :?,--o7'h' = 2, O s jh' E{! 2, and : ]?,=ol'h" == 5, O f{ hf s{ 2. For the former case, we have

Yl" == O because 1(k[<o>])9=e. For the Iatter case, we have

           Yl" (z J(k[<d>])6Q'D2Q'k[AJI](f-r)D2(f-T)D2(f-T)k[G],

and by Lemma 5 the right-hand term is equal to O. Let i--2. Then by (1-), we have

         Yi* C f(k[<o>])4(?+D2Q+k[Ali](f-T)jODZ(f-T)jiD2(f-T)j2k[(;],

where :?,=eih = 7. From this we have either

         Yl* c f(k[<o>])iO(?'D2Q'k[IVI](f-T)j6D2(f-r)jfD2(f-T)jEk[G],

where one of 7'o', f'i', 1'i is 1 and the other two are O, or

         M" (: f(k[<o>])7(?"D2(?'k[AJi](f-T)jtrD2(f-T)"D2(f-r)'ik[G],

where : ]7--of'ff" =4, O f{ jif E{ 2. For the former case evidently we have Yi" =O, and for

the Iatter case, by Lemmas 4-6, we also have Yl* =: O. If i := 3 then by (D we have

         Yl* C f(k[<o>])5Q+D2(?+k[AJi](f-T)･iOD2(f-T)jiD2(f-T)j2k[G],

where Z?,-!oih == 6, and so we have either

         }'l" c: 1(k[<o>])8(?'D2Q'k[All](f-T)"6D2(f-T)'fD2(f-T)j2k[Gl,

where Zl9,..oiL i=: 3, O Eg 7'f, K 2, or

          M" (: f(k[<o>])5(?'D2(?'k[M](f-T)2D2(f-T)2D2(f-T)2k[G].

For either case, by Lemmas 4-6, we have Yl" := O. Further if i--4, 5, 6 then by a similar

method one can prove Yl" =O. Finally if i L. 7 then by ('D, clearly Yi" c D"k[G]:=O.

  Assume now zt ::=1. Then
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                       YI* -- Yi(f-T)joD2(f-T)ji.

By making use of (i-) and Lemmas 4-6, one can show IYI" = O similarly. Thus we have

proved that YIB' -- O.

 We next show that nB" -- O. It will suffice to prove that

        W = A(f- T)`"D2 ･･･ D2(f- T)i`k[IVI]A(f- T)j = O and

        }･Ek * = A(f- T) 'oD2 ･･･ D2(f - r) itk[Aii]A(f - T)joD2 ･･･ D2(f- T)･iu = O,

where ZL..oih == i and :hU-o7'h =i

 We first show }{}" = O. Since

               A(f- T)iO == J(k[<o>]) Q+k[Ail] (f- T)iO (:] Dk[G]

and

          (f- T) '`k[Ail ]A(f- r)' -- (f- r) i`klAJI]Q7(k[<o>])k[Ail] (fm T)j

             =(f-r)itk[Ail]Q'1(k[<o>])Q'k[AJi](f-T)"cD2k[G],

we see that if t}i3 then }V CII D9k[G] = O. Assume now t=2 then

           }1* == 1(k[<o>])Q+k[,M](f-T)ioD2(f-T)iiD2(f-T)izk[AJI].

                 Q'1(k[<o>])Q"k[Aiil (f- T)'.

Since

        Q'k[Ail] (f - T) ieD2(f - r)ziD2(f- T)i2k[Ail]Q' c Q'k[Ail]Q'k[<o>],

and o cornmutes with Q'k[Ail]Q'k[<d>], we have

     n" = f(k[<o>])2Q'k[Ail](f-T)`oD2(f-T)i'D2(f-z)i2k[AJi]Q'k[AJI](f-T)･1

Then, because (:?,=o ih)+7- -- 9, one of the following holds :

    Yli' = f(k[<o>])8Q'k[IVI](f-T)`6D2(f-r)`iD2(f-T)i2k[AJi]Q"k[All](fLT)'",

    vr == f(k[<o>])5Q'k[AJI](f-T)itrD2(f-T)`'D2(f-T)icrk[AJI]Q'k[7Vi](f-T)･",

where (:E]7--e ih')-i-.i' == 3, O s{ iJ,,.iV E{ 2, and (:2h=o iif)+7'" =6, O E{! i,T',7'" S2. We first show

Ylik =O for the former case. If i6 ;O then

      Q'k[AJI] (f- T)i6 C (1(k[<o>]) (?"D+k[<o>] (?'D3) (f- T)`6rm' (Lemma 5).

Further Lemma 4 implies

                  (f rm T)iik[Ail] Q'k[Ail] (f- r)j' (= D2k[G].

Therefore
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                     }S* (: f(k[<d>])9k[G]+D9k[G]=O.

If i6 :=O and ifiO then

        vr c f(k[<o>l)8Q+D3(f-T)ifD2(f-T)iSk[AII] C9+k[Aii](f-TY'k[G].

                                                    'Because

           e+D3(f-r)ifcf(k[<o>])e'D3+k[<o>]e'D5 (Lemma 5>,

we obtain vr cf(k[<d>])9k[G]+D9k[G]=:iO again. For the other case, we also have

E" cf(k[<o>])"k[G]+D9k[G]=O. Further for the Iatter case, one can show E" == O by

the same method.

  If t' ::=1 then

         }V = f(k[<ti>])2(?+k[Ali](f-T)iOD2(f-T)iik[Aii]Q+k[Ni](f-T)J'.

Because io+ ii -Yj--9, one of the following holds :

         }?` (: f(k[<o>])iik[G]=O,

         vr == f(k[<o>1)8Q'k[Ni](f-T)i6D2(f-T)'{k[Ail]Q"k[Aiil(f-T)'",

         n* = f(k[<o>])5(?'k[M](f-T)2D2(f-T)2k[AG]Q'k[Nl](f-T)2,

where i6 + ii -i- it = 3, O K i6, iL 7" Eg 2. For the second case, we obtain

                     n* c f(k[<o>])"k[G]+D9k[G]=o

by the argument similar to the above. For the third case, by Lemma 6, we have n" =

0
･

  We next show that W" =O. Recall that

      n"" = f(k[<o>])Q'k[IVI](f-T)ioD2･･･D2(f-T)"k[AillQ'f(k[<o>])k[AJI]･

             (f-T)joD2･･･D2(f-T)juk[G],

where ZS,-o ih+:E]Z=i 1'k=9. Since

                         O'k[Ail] (f- r) io c Dk[G]

and

                 (f - T) itk[Afi] Q+f(k[< o>])k[Afil (f - T)jO

                   = (f - T) '`k[IVI] (?'f(k[< o>])Q'k[Aii] (f - T)2

                   c D2k[ Gl

we see that if t+zt )}i 3 then ]PE""CD"k[G] -- O. Thus we may asstune that t==u-ml.

Then
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        IEZ"" == 1(k[<o>])Q'k[IVI](f-T)iOD2(f-T)iik[Ail]f(k[<o>])Q'kEAil]･

               (f - T)jOD2(f - T)ji k[ G] .

Because

            Q'k[Ni](f-r)`oD2(f-T)"k[Ail](?'c Q'k[Ni]Q'k[<a>],

and o commutes with Q'k[AJI] Q'k[<o>],

   E** C 1(k[<o>])(?+k[AXI](f-T)iOD2(f-T)iik[AJI](?+k[AJi](f-T)･ioD2(f-T)jik[Gl.

Because io+ii+7'o+ii=9, one of the following holds :

  IY>"" c f(k[<o>])8Q"k[Ail](f-T)i6D2(f-r)`fk[AJi]Q'k[IVi](f-T)'6D2(f-T)'fk[G],

  }{llt* c f(k[<d>])5Q+k[Ail](f-T)icrD2(f-T)ifk[Aii](?+k[2Vl](f-T)jtiD2(f-T)jfk[G],

where i6+if+1'6+if=3,0 :{l; i6, if, 1'6, if <L 2 and io"+ii l'jo"+ii" =6,0 E{ io", ii 7'o",ii" -< 2,

For the former case, if i6 iO thell because

          Q'k[M](f-T)`6cf(k[<o>l)Q'D+k[<o>]Q'D3 (Lemma 5),

and both (f- T)'ik[IVI] (?' and (9'k[Aii] (f- T)'6 are contained in Dk[G] (Lemma 4), we

have

                    W" c f(k[<o>])"k[G]+D9k[G]==O.

By a similar method, we see that if one of if, i6, 7'f is nonzero, then

                    n** c f(k[<o>])9k[G]+D9k[G]=:o,

This shows that Yl""m-O for the former case. For the latter case, if none of ioi ii ?'o",

7'i" are O then

    Yli"" c J(k[<o>])5 (?'k[AJI] (f- T)D2(f- T)k[Ail] (?'k[AJI] (f- T)D2(f- T)k[G],

and by Leminas4 and 6, we have E""=:O. If one of io*, ii ie", 1"i isOthen the other three

are 2. Hence we have either

       YE"" c f(k[<o>])5Q"k[AJI](f-T)2D2(f-r)2k[Afl]Q'k[Ail]fD2fa[G], or

       Mfi" (: J(k[<o>])5Q'k[Ni]fD2fa[AJI]Q'k[Nl](f-T)2D2(f-T)2k[G].

For each case, we have }G""==O by Lemmas 5 and 6. Thus we have proved that }SBj=

O and we complete the proof of (2).

  Proof of Lemma 15. (1) It suffices to prove the following:

   (i) (f-T)ik[IVI]A2(f-T)j=O,

   (ii) (f-T)ik[AXI]A2(f-T)joD2･･･D2(f-T)ju=O,

   (iii) (f-T)iOD2･･･DZ(f-T)itk[AJi]A2(f-T)j=O,
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   (iv) (f-r)`oD2･･･D2(f-T)'`k[Ali]A2(f-T)jeD2･･･D2(f-T)'"=::O,

where :i..o ih=i, :]U,=o 7'h=L and i+7'=II.

  (i) is trivial because

                   (f - T) ik[All]A2(f - T)j c (f - T)9k[ G] =O.

  ( ii ) Set L =(f- T)ik[uM]A2(f- T)'OD2--･D2(f- T)'". Then we have

     L Cii (f-T)ik[M]f<k[<o>l)2Q+k[IVI](?+k[IVI](f-T)･ioD2･･･D2(f-T>J'ttk[G].

Since Q'k[IVi](f-r)'OCDk[G], we see that if zt 24 then LCD9k[G]=O. Let zt =:3.

Because i+:3h--oih=11, at lest one and at most three of i, 7'o,..., i3 are greater than or

equal to 3. Assume first three of them are greater than or equal to 3. Then they are of

course equal to 3, and L CI I(k[<o>])9k[G] ==O. Assume that exactly two of i, io,..., 7'3

are greater than or equal to 3. Then noting that Q' commutes with f(k[<o>]), we have

   (a) L c f(k[<o>])6(f-T)i'k[Ail]QV(k[<o>])2k[?Vl] Q'k[Aii]･

           (f- T)･i6D2 ･･ ･ D2(f - T)jS k[ G].

where i'+:9,..oiL :=: 5,OE{: i',7',1 <L2. Assume next that exactly one of i, 7'o,...,7'3 is

greater than or equal to 3. If it is greater than or equal to 6 then (a) holds again. If it

is at most 5, then we have

   (b) L Ci 1(k[<o>])3(f-T)i'k[AXi]Q+f(k[<o>])2k[AXI]O+k[Ail]･

           (f - T)jdiD2 ･ ･ ･ D2(f - T)jtik[ G],

where i"+:9,=o 7': =:i 8, O K i",7'JT E{; 2.

  We now show L= O for case (a). If i'=l=O, then

           (f-T)i'k[Afl](?'cD(?V(k[<o>1)+D3(?'"k[<of>] (Lemma 5).

Hence noting that

                 Q'k[Ali](f-T)"6=Q'D(f-T)"6 (Lemma4),

we have

                 L c: f(k[<o>])6DQV(k[<o>])3k[A4]Q'D-

                      (f - T)j6D2 -･･ D2(f - T)･jSk[ G] + Diek[ G]

                    c f(k[<d>])9th[G]-O.

If i' [=O, then iiiO for v=2 or 3, and

                 Q'k[Afl] (f - T)j`D2(f - r)j`D2 ･ ･ ･ D2(f - T)'b

                  c (?+D2v'i(f-T)k[G]

                  c (f(k[<o>])Q'D2V"i+k[<o>]Q+D2v+3)k[G].

Hence we have LCf(k[<o>])9k[G]+D'Ots[G]=O again.

  We next show that L =O for case (b). If i*=2, then by Leii'tma 6,
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         (f-r)i'k[Ail]Q'CDQ'f(kE<o>])2+D3Q'f(k[<o>])+D5Q'k[<o>],

and so we have

                  L c f(k[<o>])3DQ7(k[<o>])`k[N]O'k[N]-

                       (f- T)jtsD2 -･･ D2(f- T)jth'kEG] +DiOk[ (;]

                    ::: DQ'1(k[<o>])7k[Ail]Q'k[AJil･

                       (f - T)jcrD2 ･ ･ ･ D2(f - T)J'd' k[ G] .

Because 7'v" =:2 for some v and

           (?+k[AJI] (f - T)jO"D2 ･ ･ ny D2(f - T)･iil

             c Q+D2V+i(f- T)2klG]

             c f(k[<o>])2Q'D2V"i+f(k[<o>]) Q+D2V+3+k[<o>] Q+D2v+5,

we have Lcf(th[<o>])9k[G]+D"k[G] ::=O. If i" <2 then at least three of 7'o",''',i3* are

2, and we have L=O similarly. Now let u=2. Then

   L c (f-T)'k[Aiilf(L[<o>])2Q'k[Aii]Q'k[Ail](f-T)jOD2(f-T)'ED2(f-r)j2k[G],

and bY an ai'gument simliar to the above, one can see that either L cf(k[<o>])9k[G]-

O or one of the following holds:

            L c f(th[<o>])6(f-r)`'k[IVIIf(k[<o>])2Q'k[Aii]Q'k[AXI]･

                 (f - T)j6D2(f - T)･ifD2(f - T)j2 k[ G] ,

            L c f(kl<o>])3(f-T)2k[Ail]Q7(k[<o>])2Q'k[Ail]Q'k[M]･

                 (f - T)2D2(f - T)2D2<f - T)2k[ G],

where i' + ::] 9, ..o 1'il = 5, O E{ i', 7- h' E{l 2. For each case, one can show that L= O as the

above.

  Finally let it == 1. Then

      L c (f- T)ik[7Vl] QV(k[<o>])2Q'k[AXi] Q'k[AJi] (f- T)'oD2(f- r)j]k[G].

If one of i, io, 7'i is 9 then clearly L (= f(k[<o>])"k[G] =::O. Assume i, 7'o, A f{ 8. If one of

them is at least 6 and the other one is at least 3, or all of them are at least 3, then the

same holds. For the other case, we have

            L := 1(k[<o>])6(f-T)i'(?'k[AJI] (?'k[Afl](f-T)･'6D2(f-T)･",

where i'ii6+71' ==5, O sg i', 7'6, 7'i f{ 2. CIearly i' =l= O, and one can see that L= O by an

argument given above.

  (iii) and (iv) can be proved siniilarly.

  (2) Since
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         BiA3Bj m- Bif(k[<o>])3Q+k[7V,]Q+klAIi]Bj

             =:: f(k[<d>])3BiQ+k[AJI]Q+k[Ai,]Bj,

it sufHces to prove that

          B`Q'k[Aii] Q'k[IVi]B･' c 1(k[<o>])6k[ G],

that is, it sufllces to prove the following:

 ( i ) (f- T)ik[Ail] (?"klAil] Q'k[Ar,] (f- T)J (: f(k[<o>l)6k[G],

 ( ii ) (f- r)ik[Ail] Q'k[IVI] Q'k[Ari] (f- T)jOD2 ･･･ D2(f- r)･"i c f(k[<o>])6k[G],

 (iii) (f-T)'oD2･･･D2(f-T)i`k[All]Q'k[AG](?'k[Aii](f-T)jcf(k[<o>])6k[G],

 (iv) (f- r)ioD2･･･ D2(f- T) '`k[All] Q'k[AIi]Q'klAli](f- T)'oD2-･･ D2(f- T)･'"

     cf(k[<d>])6k[G],

wheiAe Zf,=to ih ::: i, :Y,..o 7'h =i We can prove tliese by usiiig the argument given in the

proof of (l), and we omit the details,

 (3) It sufllces to prove the following:

  ( i ) (f- T)ik[Ail]A(f- T)･ik[IVi]A(f- T)k =: O,

  ( ii ) (f- T)ik[Ail]A(f- T)jk[N,]A(f- T)koD2 -･･ D2(f- T)kv=o,

  (iii) (f - T)`k[All]A(f- r)joD2 ･･･ D2(f- T)･'ttk[AXi]A(f - T)" == o,

  (iv) (f- T) `oD2 ･･･ D2(f- T) itk[AJI]A(f- T)･'th[AJI]A(f- T)k=O,

  (v) (f-r)'k[AJi]A(f-T)･'oD2･･･D2(f-T)jttD2.

       k[All]A(f-r)kOD2･･･D2(f-r)hv=o,
  (vi) (f-T)`eD2･･･D2(f-T)i'k[Ni]A(f-T)j-

       k[Alk]A(f- T)koD2 --･ D2(f- T)kv=o,

  (vii) (f- T) ioD2 -･･ D2(f- T) itk[AIIIA(f- T)jOD2 ･･･ D2(f- T)ju.

       k[Ail]A(f - T)k :=: O,

  (viii) (f- T) iOD2 ･･･ D2(f - T) 'tk[AJI]A(f - T)･'oD2 ･･- D2(f- T)･iu.

       k[Ni]A(f - T)koD2 ･-- D2(f - T)kv == o,

where :fl==i ih == i, :E Y,=i 7'h == 7', :Y,..i kh =k and i÷7"+k=:9.

 We now prove ( i ). If (i, 1', k) =(3, 3, 3), then

      (f- T) `k[N, ]A(f- T)Jk [M]A(f- T)k c f(k[< o>])9k[ G] == O.

Assunie (i, i, k)#=(3,3, 3). Then it is contained in

       f(k[<o>])6(f- T)"k[Aii]A(f- T)"'k[Aii]A(f- T)k'k[G]

where i'+i'+k'==3, O s; i', 7', k' K2. If (i', /, k') =:i (2, 1, O), then noting that 1(k[<d>])9=

O and D9=:O, by Lemma 8 (l) and (8) we have
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      (f-T)i'klAJIIA(f-T)･i'k[Ail]A(f-T)k'k[G]

      = (f- r)2klAil]A(fm T)k[AJi]Afa[G]

      c (D3Q'J(kl<o>])2Q'D3+D5Q7(kl<o>])20'D) (DQ'f(k[<o>])Q'D)k[G]

      =D3Q'J(k[<o>])2Q'D4Q'f(k[<o>])Q'Dk[G]

        +D5Q'f(k[<o>])2Q'D2Q'f(k[<o>])Q"Dk[G]

      C f(kl<6>])3k[G].

Thus (i) holds in this case. For the other cases of (i',i',kt), (i) can be proved

  (ii) Set

             S= (f- T)ik[Ail ]A(f - T)Jk[2Vl]A(f- T)k"D2 ･ ny ･ D2(f- T)kv.

Lemma 8 (2) and (5) imply that

                 (f- T)ik[Ail]A(f- T)･ik[Nl]A(f - T)ko c:i D4k[ G].

Hence if v -> 3, ScDiOk[G]=O. Assume v= 2. Then S is contained in either

       f(k[<o>])6(f- T)`'k[Ail]A(f- T)"k[Ail]A(f- T)kbD2(f- T)kfiD2(f- T)kle, or

       f(k[<o>])3(f- T)`"k[AJI]A(f- T)"'k[Aii]A(f - T)kifD2(f - r)k'D2(f - T)ki,

where i'+1-'+:2h-rme M, == 3, O f{! i', 7", kL s{ 2, and i"+7'"+:?,;o ki rm- 3, O { i", 7'*, k,", fig 2.

For each case, by Lemma 8, we have

                      S c f(k[<o>])9k[C]+D9k[G]=O.

If v=::1, then similarly one can prove the same.

  (iii)-(viii) also can be proved by using Lemma 8,
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