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Abstract

In [2], we have classified the p-solvable groups G with p™*< #+(G)<p™ ' for
p odd, where ¢{(G) is the nilpotency index of the (Jacobson) radical of 4[G], &
a field of characteristic p, and p™ is the highest power of p dividing the order
of G. In the paper cited above, we have given only an outline of the proof of
the result for p=3 ([2, Theorem 11]). To complete the proof of the theorem,
we need somewhat complicated calculation, and we have given in [3] and [4]
two parts of such caluculations. The aim of this paper is to give one more such
calculation and complete the proof of the theorem.

1 Introduction

Let & be a field of characteristic p > 0, and G a finite p-solvable group whose order
is divisible by p. We denote by #(G) the nilpotency index of the (Jacobson) radical of
the group algebra £[ G]. In [2], we described a classification of G which satisfies p %<
HG)<p™ ' for p odd, where p™ is the highest power of p dividing the order of G. Here
we restate the result :

Theorem 1. Suppose that G is p-solvable and p = 5. Then p"2< H{G)<p™ ' if and

only if Sylow p-subgroups of G are of exponent p™ % or isomorphic lo
<a,b,c,d|d®=b"=c=d°=1[c,d]=0b,[b,d]=a> (p=5).

Further, in this case, G has p-length 1.

Theorem 2. Let p=3 and m > 3. Suppose 3" * < H(G) < 3™\ If the 3-length of G is
greater than 1 then G has 3-length 2. Suppose further that Ox(G)=1. Then H = Os5.35(G)
is one of the groups of the following lst :

(1) @ nonsplit extension of
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a,b,cla® ' =b*=c*=1,{a,b]=11acl=11b,cl=a"">

by SL(2,3) (m=5);

(2) a split extension of Co X Co by SL(2,3);

(3) an extension of M(3) by SL(2,3);

(4) an extension of Cs > C3X Cy by SL(2,3);

(5) a split extension of CsX C3X Cs by Au; and

(6) a nonsplit extension of Cams X C3 X Cs by SL(2,3) (m=5).

In the paper cited above, we have given the proof of Theorem 1 and an outline of
the proof of Theorem 2. To give a complete proof of Theorem 2, we need somewhat
complicated calculation, and we have given in [3] and [4] two parts of such
calculations. In this paper, we shall give one more such calculation, and in consequence
we complete the proof of the theorem.

In what follows, we assume that p=3. Let & be a 3-solvable group such that Os(G)
is the direct product of a extra-special 3-group, say N, of order 3* and exponent 3 and
a cyclic group, say Nz, of order 3 and G/O(G)=SL(2, 3). We set

N = <abclad®=0=c*=1]abl=clacl=]bc]=1>,
N = <S!33:1>.
Further we let
=Lz, yla'=1, 2=y’ vy ay=2""

be a Sylow 2-subgroup of G. Then we can choose an element ¢ of G-N@ such that
G=<NQ, 0> and o€ Z(N).

We already proved in [2] that #(G) < 3% for the case when o® € Z(N;). We now assume
that ¢®¢ Z(NV). Then we may assume that o*=s. Further we may assume that the
elements «,b,c,s,x,y,0 satisfy the following (see [2]):

at="b? b*=ac, c*=c¢, s*=s,
(*) 1a?=ab’c, b'=d*b cY=c, s'=s,

a’=a, b°=ab, c=c, s%=s.
As explained in [4, Introduction], to complete the proof of Theorem 2, it suffices to
prove the following :
Theorem. ¢(G)<3® for the group G given above.
Because G/<z,5> = Qd(3), J(k[G]) is given as follows:
JUEGD=A+B+C (see [2], Lemma 3),

where
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A=J kK> )Q KIG], B=J(k[ TDE[G), C=J(kINDEIG],
T={f,z,7%,
f=x*~1 r=0c(l4+x+y—xy)f.

Because C"'=0, if we can prove that (A+B)"*=0, then the result follows. This equality
will be proved in Section three. In Section two we shall give the preliminary results.

We shall use the notation given in [2].
2 Preliminaries

Under the notation given in Section one, we state several preliminary results.

Lemma 1. (1) 7 is a central element of k[<Q, o>].

2) fuf=—Fflut+u)=—(u+u™V=fu*"f for all u<N.
3) s a central element of k[<Q, ¢7].

4) *=sf.

5 f—oul(f—o)=—(—0) A+ ut+uYf—0)+(F—1)* for all ueN.
6) (f—r)=0—3s)/.

7 Jk[<e>] T TN

8) 14w+ u* e JU[ NI Ne)+ TN for all we N.

9) (f = DEINI(F— 1) C(f = OJ GNP — ) k[ Ne] +(f — 0)* k[ Ns].
Proof. It is esay to see the validity of (1)-(6) (see [1], p. 431).

(
(
(
(
(
(
(
(

(7) follows from the equality:

c—1 = z7'y lay—1
= (7' Dxy—D+@—DE—1
Fa =D D -1+ (y—1)2

(8) If u=c or ¢*then 1+ u+ u* =1~ ¢, and so the result follows from (7). If #=a or

a*c* then
1+utu®=1+a+dc*=(a— 11— Y,

and again by (7) the result follows. We can show similarly that the result holds for the
other elements of N If € N, then evidently 1+ u+ " =1—wu € J(k[N:]). Finally, if
u=wvs’, where v € Ni—{1} then

1+ u+u™=0+v+v™)s' € J(k[NM Dk Ne],

and the result follows.
(9) Let 2 € N. Then by (5) and (8) we have

(f—dulf — o) e (f = ) JEIND AN+ T RLND) = )+ (F — o)

Because A[N:] is contained in the center of &[G], the right-hand term is equal to
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(f =T RINDAS = k[Nl +(f = 0T (k[ No]) 4 (f — o)
=(f =] R[N = Dk N]+ (F — 2 JE[ N2,

and the result follows.
In what follows, we set D= J(k[M]). By a result of Jennings (see [1], p. 311), we have
dim D/D*=2, dim D¥D*=4, dim D*/Ni=4, dim D'/D°=5,
dim D°/DS=4, dim D%/ D’=4, dim D7/D*=2.
We now set a=a—1, B=b—1, y—=c—1.

Lemma 2. The power structure of D is as follows :

D = La, B, D®

D?* = <& % aB, Ba, D%

D* = LB, af?, ay, By, D*>

D' = La&'B d’y, By, aBy, 7', D>
D® = La’By, af’y, ary®, By*, D%
DY = LBy, &7, B4 aBy, D™
D" = LaB* By’ D%

D? = LBy

The following is a direct consequence of (*).

Lemma 3. The elements o, x, y act trivially on y and act on a, 8 as follows :
" =a, Bo=a+8 (mod D?,
=—8 pB=a (mod D3,
a’=a—p, B¥=—a—f (mod D?.
In what follows, D° means A[M].

Lemma 4. Lel 0 < i < 4. Then:

(1) Q+D21’/’: Q+D2i+1f ' Q+D2i+l’

(2) fDZiQ+:fD2i+1Q+ c DZ:’+1Q+'

Proof. (1) The right-hand inclusion is clear. Now let 2 € Ni. Then Q' uf=Q (u—
1)/ because Q*F=0. Hence Q" wuf € Q*Df, and so the assertion holds for 7=0. Further
by Lemma 3, we have Q*Af € Q1D? for A=d% 6% af, Ba. Hence, by Lemma 2, the
assertion holds for 7/=1. By a similar method, one can show that the assertion holds for
1—2,3,4.

(2) is proved similarly.

Lemma 5. Let 0 < i < 4. Then
(1) Q" D¥(f — )= Q" D"'(f — 1) C JU<aX Q' D¥ " + k<o) ]Q D**.
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@2) (f—0)D¥Q =(f —0)D*' Q" T D¥*M QY J(k[<o>)+D¥ QT k[<o>].
Proof. (1) The left-hand equality is a direct consequence of Lemma 4, and so it will
suffice to prove the following :
(1) QA —r)e kK> DQT D+ k[Ko>]Q+D? ford € {a, B},
(i) QA — 1) e Jk[KodD QT D*+ k[ o] QT D ford € {8, af®, ay, By},
(iii) @ A — )€ Jk[Kod QD+ k[Ka>]1Q" D" forA € {a* By, ap?y, ar’, Br),
(iv) QAU — 1) € JIk[Ka>])Q" D" ford € {aB?y?, o’ Br*},
We first prove (i). We have

Q af—1)=Q af(1-0)— Q" af(x +y—ay)o.

Obviously

Q'af(l1—0)=(1—0)Q"af € J(k[<a>])Q"D,
and

Q aflzty—ay)=Q (@ +a"—a™)/f.
Further by Lemma 3,
atao'— =0 (mod D?,
and so
Rtaflety—xy)e QTD*f=Q'D* (Lemma 4).

Thus we have

Qtalf—1) € J(k[<o> QD+ k[<a>]Q D7
To show

QB —1) € J(k[Ka>)Q* D+ k[<o>] QT D?,
we note that ¢“ = bc? and so ¢ =4 mod D? From this we have

(@ alf =)™ € QT (B+DA(f— 1)
=Q' =D+ R D(f—1)
=Q B =0+ RQTD(f 1)

Because
Qralf—1) e Jk[Ko>DQTD+k[Ka>] Q" D?,
we have

(Qtalf— )" € JUKd)™ Q"D+ kK> ]"Q* D",
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It is easy to see that J(k[<o>)**Q*=J(*[<o>)Q" and k[<o>]" Q"= k[<0>]Q*. Hence
(Q*alf— o)™ e JU[{)) Q* D+ k<o QT D*.
Thus we have
QB — 1) € Jk[Ko>]) QD+ K> ] QT D*+ Q" D¥(f —1).
Evidently, Q*D*f—1) C k[<o>] Q" D? and so
QB — )€ J(k[a>]) Q* D+ k[Ka>] Q" D"

Thus (1) is proved.
We next show (ii). Let first A=ay. Then

QTAf(1—0)=yQ" af(1—0) € 7/ (k[<o>]) Q*D
=J(k[Ko>]) Q" yD C J(k[<o>]) Q1 D,

QA (xty—ay)o=rQ af(x+y—xy)o € rk[{o>] Q*D*
=k QyD?® C k[{o>] QT D"

Hence (ii ) holds for A=ay. Similarly it holds for A=fy. We next let A=2?8. Then A°
=Amod D* and so

RTAf(1—0)e (1 —o)QT*Bf +aQ* D)= J(k[<o>]) QT D*+ k[<o>] Q* D/
=J(k[Ko>D) QT D*+k[<o>] QT D,
R A (xty—axy)o€ oQ*(a"B+ DY x+y— xy).

Further by (*) we have
(@?B)* H(B)*— (B =0 (mod D).
This together with Lemma 4 implies that
Q*Af(xty—xy)o€ oD C k[Kod] QT D5,

Thus (ii) holds for A= ¢*8. Using the congruence (&*8)*=a/*+ By mod D, we see that
(ii) holds for A=af? Thus (ii ) is proved. By a similar method, we can prove (iii) and
(iv).

(2) is proved similarly.

The following is a direct consequence of Lemma 5.

Lemma 6. Let 0 < i <4 Then
(1) @D (f— =" D*"(f—1)

C JUko]? QT D+ J{k[<o>]) QT D* 3+ k[ o> ] QT D**P,
(@) (F= 0P DHQ = (f— o D" Q"

C D¥ QY J(k[Kod ]2+ D HQY J (ko> )+ D* P Q1 k[<o>].
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Lemma 7. Let 0 < ;<4 Then QTD¥"Q"=QTD*2Q".

Proof. We have QTaQ ' =Q">l 0, and 2lgco@?=mod D? by (*). Thus Q*a@QQ" €
QRTD*Q™. Similarly, Q1AQ" € QTD*Q". We therefore see that the lemma holds for 7=
0. By a similar method, one can prove the lemma for =1, 2, 3, 4.

The following is a direct consequence of Lemmas 4-6.

Lemma 8. (1) f&[M]Af C DQ*J(k[<o>) Q" Dk[G].

(2) fEIN)A(f — 1) € DQ*J (kK] Q* D[ G+ DQ" J(k[<o>) Q*D*k[ G .

(3) LA —1)* © DQ*J(k[<o>]?Q* DE[ G+ DQ* J(k[<o>))* Q* D*k[ G]
+DQ (kK> NQ Dk G].

@) (f — Dk[NIAS C DQ*J(k[K> ) QT DELG]+D*Q* J(£[<o>]) Q" DELG].

5) (f — 0)k[NJA(f — 1) C DQ¥ (k[P Q* Dk[ G1+ DQ* T (k[<0>]? Q* D*k[ G]
+D*Q (K[> Q DE[ G+ D*Q* J (k[<o>D Q' D*k| G].

6) (f— ) k[NMJA — 1)* C DQ*J (kK> QT Dkl G1+ D™ J (k[<c>]) QT D*k[ G]
+DQ"J (kK> Q* Dk G]+ D*Q* J(k[<a>])’ Q" DE[ G]
+D*Q (kK QT D k[ G+ D*Q* J(k[<od) QD k[ G].

(1) (f=oPkINAS C DT (KIK> ) QD[ G+ D*Q* J (k[ o> ] Q* DELG]
+D°QY J(k[<o>)) QT D[ G].

®) (F— k[N A(f — 0) € DR J(K[<od)' Q* D[ G+ DQ* J(k[<a> V¥ Q* Dk G]
+DPQ J (K[> Q* DE[G1+ D*Q* J(k[<o> 1 Q* D*k[G]
+D°Q J(K[<)?Q* D[ G+ D°Q* J (k[<o>]) QT D*k[G].

O) (f = ok[NA( — o C DR J(k[<odD’Q* DEL G+ DY J (kK> ])' Q" D*k[ G]
+DQJ (k<> QT D k[ G1+ D*Q* J(£[<o>]) Q* Dk[ G]
+D*Q T (k[<odD*Q* D[ G+ D*Q* J(k[<o>])* Q* D[ G]
+D°Q J(K[KD QD[ G+ D°Q T (k[<a>]) Q* D* k[ G.

3 Proof of Theorem
We here give the proof of Theorem. We already know that
JE[GY=A+B+C,

and so it suffices to prove that (A+ B)*=0 because C"=0. We first show that A*=0
and B¥=0. We start with the following :

Lemma 9. o acts trivially on the £-space Q" k[N]Q".

Proof. Q'k[N]Q* is a k-space generated by

{QTAT|A is a @Q-orbit of N}.

v {*), we see that each @Q-orbit is invariant under the action of o, and the result
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follows.

Lemma 10. A°=0.
Proof. Since Q" and J(k[<o>]) commute, we have

A* = J(k[KoX])) QT kLGl (K[<o>]) QKL G]
= JKa> ) QT kINTQ T (k[Ka> DAL G].

Hence by Lemma 9,

A* = J(k[<o>]) QT KIN] Q* H G].
By repeating the same argument, we have

A = Jk[Ko> ) QT KIN] QL G]

for any 7. Thus we get A*=0 because J(£[<o>])°=0.

Lemma 11. BY¥=0.
Proof. Since B=Jk[ TNk Gl=(f—0)k[ G], we have

B* = (f— k[N~ )kl G]
C (f=PkGl+(F—0)D*f—0)k[G] (Lemma 1 (9)),

and

B C (f= %G+ = oD — 0kl G+ (f — )D(f — 0)*k[ G]
+(f =)D —)Df— )kl G].

Repeating this procedure, we get
B C (=0 3 (=D 0 (o DA - G
for any i. Now set

Xi= 2 (f=0)"DHf—o)" - (f— )" D(f— )™

iotFir=i

Because (f — r)°=0, it suffices to prove that X;=0 for some 7 with ¢ < 15. If { > 5 then
X; C DYE[G]=0 because D*=0. Therefore we may assume ? < 4. Then we show that
(i) if t=1 then Xu=0,
(ii) if =2 then Xi3=0,
(ii1) if #=3 then Xi5—0, and
(iv) if £=4 then Xi5=0.

Because s commutes with D, by Lemma 1 (6), (1) is clear. If =2, then we have

XuC(f— o) D —oVklG], i+j=11,
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and if ¢#=3, we have
Xs C(f =)' DYf—oVklGl, i+j=11
Hence (ii) and (iii) follow from (1i). If £=4, then
Xis C(f =)' D¥f—oVkIGl, i+7=9.
Because D®*=Ni" is a central element of k[ G], obviously we have
Xis C(f— o)’ D[ G]=0,

and (iv) is proved.
We are now in a position to prove the following lemma, from which our theorem is
deduced.

Lemma 12. (A+ B)'*=0.
We have

(A+ B)k:EA”“Bm e A
where 21 mi+n:=k, m:, n: = 0. Now set
t
Zk:Amanl,”Aszm <k:;mz+7’lz>

To prove the lemma, it suffices to prove that Zis=0. In what follows, we set /=21t m,
J=>%_ 1 n; and assume I+ J=16.

If 7 =9, then Zis C k[ G]A°=0 by Lemma 10. Accordingly, we may assume [ < 8. We
distinguish three cases.

Case 1. #,+0. If mu=7=1 then Zis=AB"=0 by Lemma 11. If »»=1 and [ >2
then Zis C AB'AB’ with i+7=9 because J = 9. If wm, > 2, then Zis C A2B®. Therefore
it suffices to prove the following :

Lemma 13. (1) A*B°=0.
(2) AB'AB’=0 « i+j=9.
Case 2. n.=0. Similarly, it suffices to show the following :

Lemma 14. (1) B*A?=0.

(2) BPAB’A=0 ¢ i+j=9.

Case 3. mu=0and #,%0.If my=1=1, then ZisC B¥=0.If m;=1 and / = 2, then Zis
C B'AB’AB* with i+j+£=9. If m.=1=2, then Zis= B'A*B’ with 1+/7=14. If m—
2, and I =3, then Z1sC B'A’B’AB* with i+;+4=9. Finally, if m» >3, then Z,sC
BA*B’ with i+,;=9. Thus it suffices to prove the following :
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Lemma 15. (1) B'A*B'=0if {+j=11.

(2) B'A*B’=0 if {+;=09.

(3) BIAB’AB*=0 if i+j+k=9

Because Lemmas 13 and 14 can be proved by a similar method, in the rest of the
paper, we shall prove Lemmas 13 and 15.

Proof of Lemma 13. (1) Since (f—1)°=0, we have

A’B°C Azmgil:g(f* D) DHf— 1) DHf — 0)*k[ G].
This shows that if # =5 then A2B°C DY[G]=0. Assume # >4 and set
| Xo= Af = 0P DAf = 2o+ DAf— )"
Consider first the case ¢t=1. Because (f —)*=/f(1—3), if (i, #1)=(6, 3) or (3, 6) then
(f=0)*Df— )" C J(k[Ka>]P k[ G]=0.
We next assume that (i, 21)7(6, 3), (3, 6). Then
(f=0)°DHf — )" =s"(f — 0)D*f — 0)",
where (é, 71)=(2, 1) or (1, 2). Assume (i, 71)=(2, 1). We already know that
A?=J(k[Ko QT k[ N] QK[ G].
Hence we have

Xi C J[Ko>]? QT k[N QT EINsH(f — 0)*D*(f — )kl G]
= Jk[Ko1PsT QAN Q k[N (f — 0)* DS — 1) k[ G]
Jk[<a> 1P QT EIN] Q* [N (f — 0)*DHf — Dk[ G].

N

Because

QAN (f — oy C J(k[KD1P QD+ J(k[Ko>]) Q* D>+ k[<o>]Q*D*  (Lemma 6),

and J(k[<e>])°=0, the above implies thaf
X © JK[Ke> P QTD(f—0)k[G].
Further by Lemma 5,
QTD(f—1) C J(k[Ka>]) QT D".

Thus we have X;=0 for the case (i, 71)=(2, 1). By a similar argument, one can also
show the same for the case (i, i) =(1, 2).

Suppose next t=2. Because

(F—P*DAf — o’ DA — o C J(k[Kod k[ G]

O,
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we have Xo=0 for (é, 71, 2)=(3, 3, 3). Assume (i, 7, 2)#(3, 3, 3). Then

A=8)(f = oPDHf = 0?D*(f — ¢)’, or

e { S = DD — 0 Do,

where 2V%-07r =3, 0 < 75, < 2. For the former case, by making use of Lemma 6, we have

Xe C JRKo D Q AN QT kI NI — o)’ D*(f — ) D*f — o)’k G]
C (JEK> ) Q"D G+ J(k[<o> ) Q* D k[ G1+ J (K[K o> Q* DTk[ G))-
(f = o’D*(f —2)*k[G]
T ) QDS — 0)?D*(f — oYk G]
JE[Ko> )’ QDX f — o’ D*(f — rV’k[ G]
C Jk[Ke> QT D' (f — )k G]=0.

I

For the latter case, we have
Xo © JkKPQ AN QAN (f — )2 D*(f — o) " D*(f — o) k[ G].

Because 2%-07r=23,0=<4,<2, one of #, i, i is zero. If # =0, becauce Q k[N]f=
Q@*D (Lemma 4), we have

Xp C JkK D' QT DYf — )" DS — 0)*k[ G,

where (71, )= (2, 1) or (1, 2). Hence X: = 0 by the argument given above. If #{ =0 or 4 =
0, then we also get X, =0 by Lemmas 5 and 6.
If +=3 then we have either

Xs C Jk[ODQ k[N QT k[N (f — o) D*f — o) D*(f — o) *D*f — 1) * k[ G,
where 23=07,=3,0< 4, <2, or
Xs C (JUk[K> D QNI QY k[ Ni](f — ) B DX/ — 2) " DX — 0) DX f — 1)* k[ G],

where 2J%-07f = 6,0 < ¥ <2. For each case, we get X3 =0 by a similar argument.
If =4 then we have

Xi C JEKD?Q AN QT E[NMI(f — o) DS — 1) k[ G]
< DY%[G]=0.

Thus we complete the proof of (1).
(2) We have AB'A C Y1+ Y,, where

Yi=A(f— o)kl GA,
= A igsosi=(f—1)° D% DXf — 0)*k[ G A

Hence we have to prove Y1B'=0 and Y;B’=0. We first show YiB’=0. This will
suffice to prove that
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Yilf —ty=0 and Yi(f — o) D*--- D*(f — 1) = 0,
where 2lk-0/j» = j. Because
Y1 = J(k[Ko>]) QT RN (f — o) k[Nl QT (K[> RG],
noting that
QAN =) k[N QT C k[Kod1 QTDRT (Lemmab)
and that £[<o>] QT D" and £[<¢>] commute, we have
Vi C TR QTE[ NI — ) k[N QT E[G.
Hence by Lemmas 4-7, we have
i=1: Y1 C JUkKOPQTD*QE[Gl+ T (k[ QT D' QY E[ G,
1=2: V" C JUkI<a>)* QT D*Q K[ Gl + J (k<> ) QT D* QT K[ G
+J AKX )2 QT D QT E[ G,
2 Y1 C JRKD )P QT D*Q K G],
Y C JUEKOD QTD*QTE Gl (R QD' QY E[ G,
YL C JEKDY QTD2QY Gl T kK QT D QT K[ G
HI (kK] QT D QT E[G],
6: V1 C Jk[Ked NP QTD*QTE[ G,
7: Y C JEKeONQTD'QTE[ G,
8: VI C JEklKad P QT DQYE[ G

N,N_
o
Sl W

tﬂ.

I

i
i
;

I

Because j =9 — 7, by the above we see that
if i=0mod 3, i —r)=0,
if i=1mod 3, i(f — o)/ C J(k[Ko>])! QT D' QT k[ N\] (f — o)*4[ G], and
if i=2 mod 3, Yif — oy C J(k[<ad)P QT D QTE[ N ] (f — D) k[ G].
Further, by Lemmas 5 and 6, the right-hand term in the second and third inclusion is

each equal to 0, and so we get Yi(f—r)’=0 for each case. We next show that
Yi(f —o)y°D*--- DHf— ) = 0.
where X%-07» = j. We already know that Y1 C QT D?*Q k[ G] (see (T)), and so setting
Y=Y — o) D* - D(f — o),
we have
Y C QI D*Q I[N (f — oy D? -+ DHf — o)"k[ G].

Because QYA[Ni]f C Q' D, the above shows that if » =3 then Yi* C Q*D%[G]=0.

Assume % =2. Then
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Yi*= Yi(f — o) D*(f — o) DX f — )™
If /=1, then by (}), we have
Vit C (JUKOD? QT D*Q* + J(k[Ko>])*Q* D' Q™) k[ N1]-
(f = oy Df — 0" D*(f — 0)k[ G|
C JkKa> QT D*Q k[N (f — o) D¥(f —
= JkKoPQ* D*Q k[N {(f — 2y D*(f —

V' DA f — )Y+ D[ G
Z-)J'lDZ(][_ T)jz.
Because 2)%-0/x = 8, we have either

Y C JKO ) QID*QTHINI(f = o) DX f — )" DXf ~ )™, or
V¥ C JE[Ko QT D*QT k[N (f — 1) D*(f — oY DA/ — 1),

where 2)a-0/r=2,0<7,<2 and 2%.pjF =5,0< ;¥ <2 For the former case, we have
Y* =0 because J(k[<c>])*=0. For the latter case, we have

v C JEKoOD)QTD*Q k[N — ) DX — ) DHf— )kl G],
and by Lemma 5 the right-hand term is equal to 0. Let i=2. Then by (1), we have
Y C JUKODQ D QLN (f— oy "DAf — oy DA — VKL G,
where 21507, = 7. From this we have either
Y C JkKod QT D*QF k[N — 0 D*(f — o) D(f — o)k G],
where one of /4, ji, /s is 1 and the other two are 0, or
Y C JkKod ) QT D*QT AN (f — o) DHf — o) DXf — 0)* k[ G,

where 25—/ =4, 0 < j¥ <2. For the former case evidently we have Yi* =0, and for
the latter case, by Lemmas 4-6, we also have Yi* =0. If /=23 then by () we have

Vi C JkKoX PR D*QTEINI(f — o) DXf — o) DX/ — 1) k[ G,
where 3% -0jx = 6, and so we have either
Vit C JRKo QI D* QAN (f — oV DHf — o' D(f — o) * k[ G,
where 2i-0/i=3,0 <7, <2, or
Vit < JE[<oX)P QT D*Q NS — o?DHf — o) DA(f — o)* k[ G].

For either case, by Lemmas 4-6, we have Yi* = 0. Further if {=4, 5, 6 then by a similar
method one can prove Y:i* = 0. Finally if 7 > 7 then by (}), clearly Yi* € D°4[G]=0.

Assume now #=1. Then
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YW= Y{f— o DAf — o)

By making use of () and Lemmas 4-6, one can show Y)* =0 similarly. Thus we have
proved that Y187 = 0.
We next show that Y2B’=0. It will suffice to prove that

3 = A(f—o)*D* - DHf — o)*k[N\JA(f — ) = 0 and
Y = A(f = 1)°D* - DHf = 0 KM A(f = 2)°D? - DAf — ) =0,

where 2li-os = i and 23i=0jn = j.
We first show ¥3* = 0. Since

A(f =)= J(k[{o>) QT kNI (f — 1) C Dkl G)
and

(/=0 k[NJA = oY = (f = O k[N Q T (kK> DAL (f — o)
=(f =" [N]Q T (k[K>)Q KNI (f — o) C D*k[ G,

we see that if # >3 then Y5 C D°k[G] =0. Assume now ¢ =2 then

YVo* = JKoONQ R[N (f— ) D*(f — )" D*(f — 1) k[ N\]-
QUKD Q k[N (f— ).

Since
QTELNI(f — 0)°DHf — )" DHf — 0)*k[N] Q" C Q" k[ N]Q* k[<o>],
and ¢ commutes with QTA[NM|Q'k[<{s>], we have
V2 = JKODQ AN — 0)*D(f — o) DA/ — 0)*k[N] Q* k[N (f — 2)’.
Then, because (2350 i») +7 =9, one of the following holds :

Vi = JE[KODQ EIN(f — )2 DX/ — )" D(f — )2 k[N Q " k[ ] (f — )7,
Vit = JUCO QN (F = 0 DAS — o) DS — ) KN QL) (F = )7,

I

where (Xh-o i)+ =3,0< 4,7 <2, and (X%-0 i) +% =6, 0 < i¥,j* < 2. We first show
Y:* =0 for the former case. If 4+ 0 then

QAN — ) C(J(k[Ko>]) @D+ k[Ko>] Q" DH{f—1)* " (Lemma 5).
Further Lemma 4 implies
(f—0)%k[N] QT[N (fF — o) € D*k[ G].

Therefore
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Yot < Jk[Ko> )R G+ D K[ G]=0.
If =0 and 7 =+ 0 then
Ve C JEKo>DPQT D — o) D — o) k[N Q* k[N — oY k[ G

Because

QTDf— ) CJk[K>) QT D+ k[Ko>]QTD* (Lemma 5),

we obtain Yz* C J(k[<o>Dk[Gl1+ D°k[ G]=0 again. For the other case, we also have

Yo' C J(k[Kad Dk Gl + D°k[ G]1=0. Further for the latter case, one can show Y7 = ( by
the same method.

If £=1 then
Ye* = JEKod Y QT AN — 0)*D*(f — )" kLN Q* k[N ] (f — 7}’
Because 7+ 71 +7=9, one of the following holds :
Vi < Jk[Ka> D" ELG] =0,
Vi

= JGKDPQ AINI — ) D(f — )" f[M] Q* k[N (f — 1),
YZ*

= JUKo D QAN — o DAf — ok N Q R[N (F — )%,

where g+ i+ /7 =3,0<14,1, 7 <2 For the second case, we obtain

Y C JkKDRGI+ DRG] =0

by the argument similar to the above. For the third case, by Lemma 6, we have Y3*
0.

We next show that Y2** = 0. Recall that
Y = Jk[KX)QTEIN(f —0)°D* -+ DX/ — o) k[N Q1 J (k[ o> 1) k[ N1 )-
(f=o)°D? - Df — 0)™k[ G,

where Di-o i+ 2421 j»=9. Since

QNI — 1) < DF[G]

and

(f =" k[ NM]Q T kKO DELN(f — )"

= (= 0)*k[N] QT (k[ DQT A NI (f — )
C D[ G]

we see that if 7+ u >3 then Yo** C D%[G]=0. Thus we may assume that t=u=1.
Then
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Y = JkK QAN — o) DHf — o) k[N T (k[K o> D QT k[ V1]
(f= oy DS =" k[G].

Because
QTAINIU — 0" D*f — )" kN Q7 C Q*kLN] Q" k<o),
and ¢ commutes with Q" A[M] Q" k[<od],
Y C JkKod)Q AN — )" DA(f — )" ([N QT ALNI(f — )" D*(f — o) k[ G1.
Because 7%+ n+j0+71=09, one of the following holds :

Vi C Jk[KadD*QT LN (f — ) DX(f — o) k[N QT k[N (F — o) D*(f — o) k[ G,
Y C JkKod Y QT AN (f — ) D(f — o) k(N1 QT k[N (f — o) DX(f — oY k[ G,
where -+l +ji+7=3,0<4, 4, 76 71 <2 and @+ =6,0< i i i E <2

For the former case, if & #+ 0 then because

QHE[NIF—)* C J koD@ D+ £[<o>] QT D? (Lemma 5),

and both (f — )" A[M] Q" and QT A[M](f—r)* are contained in Di[G] (Lemma 4), we
have

Yo' < J(k[<o> k[ G+ Dk G]=0.
By a similar method, we see that if one of #, js, /i is nonzero, then
Y C Jk[Ke> DRG]+ D%k G]=0.

This shows that Y5**=90 for the former case. For the latter case, if none of i, i, /&,

ji are 0 then
Y C JEKo> P QT EING(f — o) DX — o)k M) @ KL NI — o) D*(F — D)KL G,

and by Lemmas 4 and 6, we have Y:**=0. If one of i, i, j&, /i is 0 then the other three

are 2. Hence we have either

Y < k[ DPQ LN (f — ) DXf — 0)*k [N\ Q* k[N SD*fEL G, or
Y < JUKo P QT LN /D LIN:] Q* RINW(f — o D*(f — 0)*k[ G ).

For each case, we have Y>**=0 by Lemmas 5 and 6. Thus we have proved that Y,B'=
0 and we complete the proof of (2).
Proof of Lemma 15. (1) It suffices to prove the following :
(i) (= ok[MAS—o)=0,
(i) (/=) k[M]Af — o) D D(f — )™=0,
(iii) (f—2)°D?- Df— 0)*k[ ] A*(f — 1)'=0,
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(iv) (f=0)*D* DHf — 0)*k[N\]AXf — )" D*++- D*(f — r)"*=0,
where Xl—o 1r=1, 20¢=0 jr=7, and 7+7=11.
(1) is trivial because
(f = O)k[NM]AYf — o) T (f— o)k G]=0.
(ii) Set L=(/— ) k[ NJAXf— r)*D?--- D*(f — ). Then we have

L < (f=o)kINJ K> QT AINY QT EINI(f — o)* D? - DXf — oy k[ G].

Since QYE[N](f—ry* C DE[G], we see that if % =4 then L C D%[G]=0. Let u=3.
Because 7+ 2350 j»=11, at lest one and at most three of 7, ..., ja are greater than or
equal to 3. Assume first three of them are greater than or equal to 3. Then they are of
course equal to 3, and L C J(k[<a>D°k[G]=0. Assume that exactly two of i, o, ..., js
are greater than or equal to 3. Then noting that @* commutes with J{4[<o>]), we have
@ L C JkKo)f =" k[N] Q J(k[<od DA N] @ k[ N:]:
(f—o)y*D?- DAf— o) k[ G].
where ’+>5-0/i=5,0< z",j,’,éZ. Assume next that exactly one of 7, jo,..., /3 is
greater than or equal to 3. If it is greater than or equal to 6 then (a) holds again. If it
is at most 5, then we have
B L < JUkKod ) — o) kLN QF Tk [<a> 1V RN QF KLV
(f oD DS~ 0" kG,
where %+ 20— ji = 8,0 < ¢, ji <2.

We now show L=0 for case (a). If "0, then
(F=0) k[ MN] QT C DR JkKodN+D*Q k[<o>] (Lemma 5).
Hence noting that
QT NM|f—o)*=Q"D(f—)* (Lemma 4),
we have

L C Jk[KadD DY T (k[<o> D) k[N QF D-
(f— o)y D?*-- D*(f — o)* k[ G]+ D" k[ G]
C Jk<D D E[GT=0.

If 77=0, then j»+0 for v=2 or 3, and

Q kNI (f — " DXf = o' D+ DXf — )"
C QDN f— )kl G]
C (Ko DQ D> + k[<oX]1Q* D* k[ G].

Hence we have L C J(k[<o>)°k[G]+ D" k[ G]=0 again.
We next show that L=0 for case (h). If 7*=2, then by Lemma 6,
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(f=D)"k[N]QT C DR J (kK> + D*Q* J(k[<o> )+ D*Q* k[<o>],
and so we have

L © JKoX ) DR TN kN Q* KT N: )
(f— oD%+ DA — oY k[ G+ DK G]
= DQ*J(<) HINIQ" KN
(f— /" D* DHf = )" K G,

Because j¥ =2 for some » and

QT[N (f— o)’ D*-+- DX(f — )"
- Q—!-D21)+1(f__ Z')Z/f[G]
[ ](/f[<g>])2Q“’D22”1+/(k[<6>]) Q»}-Dzv»(—3+lf[<g>] Q+D20+5’

we have L C J(k[Kod)k[G]+D%[G]=0. If i* <2 then at least three of j§, -, /5 are

2, and we have L =0 similarly. Now let #=2. Then
L C (=0 INITEK QAN QT k[N (f — ) D*(f — o) DA(f — )2k G,

and by an argument simliar to the above, one can see that either L < J(£[<o> )’k G]=

0 or one of the following holds:

L C JUKOD () KNI T <o) Q" KNI Q" LN
U= D — o DY~ /G,

L C JU D'~ 0N Q T <o )P Q KINIQ K M)
(= f D — P D — 0 G

where 7 + X5-0jr=5,0<7,j»<2. For each case, one can show that =0 as the
above.
Finally let 2z —=1. Then

L C (/= ok[N] QT T (k[P Q T KINI Q k[N (f — o) D*(f — o)k G].

If one of 7, jo, /1 is 9 then clearly L C J(£[<o> k[ G]=0. Assume 1, j,, j1 < 8. If one of
them is at least 6 and the other one is at least 3, or all of them are at least 3, then the

same holds. For the other case, we have
L = Jk[Ko> ) — )" Q1 k[ N] QT k[N — o) DX f — o),

where 7' +jo+71=50<7", js, 71 < 2. Clearly "% 0, and one can see that L=0 by an
argument given above.

(iii) and {(iv) can be proved similarly.

(2) Since
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BAB = BJ(Ek[Kod) QT[N Q* k[ N1 B
= Jk[KO )V B'Q K[ M] QT k[N B
it suffices to prove that
B [N QTE[NIB C J(k[<o> kLG,

that is, it suffices to prove the following :

(i) =[N QAN QAN — oY € J(k[Kod D[ G,

(i) (f—o)k[NM] QT k[ N] Q+/f[l\/1](f~1f)J°D2 DHf— oy C J(k[Ka>)°k[ G,
(iii) (f—0)°D? D*(f — o) k[ Ni] Q" k[ M) Q* k[N ](f — oy € J( [<0>] kG,
(iv) (f—0)°D* D*f — o)k [N1] Q" kI N Q" kI N:)(f — o)°D? - D*(f — 7)™

CJ k<D G,

where 2o in =1, 21%-0J» = j. We can prove these by using the argument given in the
proof of (1), and we omit the details.

(3) It suffices to prove the following :

(1) (F=0VkINJA — oV R[N A(F = 1) =0,
(i) (f — k[ NJAS — oY EINJA(f — £)*° D% D*f — 1) =0,
(i) F — )k M)A — 0)° D2 DAf — oYk [ N\ J A — 1) =0,
(iv) (f— )2 D% D*f — 1) k[ N\ JA(f — oV k[ N A(f — )£ =0,
(v) (f— )V k[NIVA = o) D?--- Df — ) D*
ELNJA(f = 1) D? o+ D¥(f — 1)**=0),
(vi) (f—2)D?- DAf— o) k[ N\ JA(f — 7).
KINA(f — o) D* -+ D*(f — 1)** =0,
i) (f—2)°D? DAf — ) k[ N\ JA(f — 1) D? -+ D*(f — 7).
]f[Nl]A(f—— ) =0,
(i) (f — £)° D% DXf — o) * k[ N\JA(f — £)° D?-+- D¥f — )™
EINVAYG — 2y D% DA(f — 1)* =0,

where 2i-1in = 1, 2hici Jn =7, 2081 kn = k and i+7+/=9.
We now prove (1i). If (4, 7, £)=(3, 3, 3), then

(f = YA NJAF — oY k[ NAYS — o) C J(k[<o> k[ G]=0.
Assume (7, 7, £)#(3, 3, 3). Then it is contained in
JE[KO DS = D ENJAS — o k[ NIA — ¥ k[ G]

where '+ +&'=3,0<4, 7, k<2 . If (¢, 7, K)=(2, 1, 0), then noting that J{(£[<o>])°=
0 and D°=0, by Lemma 8 (1) and (8) we have
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(f = ) kN]AYS — o k[N]AYS — ) k[ G]
= (f— o[ NM] A — D) k[N A G
C(D*Q T kKR D¥*+ D°Q* J(k[<o> ] Q* DY (DQ" J (k[<o>]) Q@ D)A[ G]
=D*Q" (kK> *Q*D*'Q" J(k[<o>))Q* Dk[ G]
+DQY T (k[P Q T D*Q J(k[<o>) Q* Dk[ G]
C JkK> DK G.

Thus (i) holds in this case. For the other cases of (¢, 7, k"), (i) can bhe proved
similarly.
(ii) Set

S=(/— ) k[NJA( — oY k[N A — D) D* - D*(f — 1)*.

Lemma 8 (2) and (5) imply that

(f = O FINAS — oV kLN A — ) C DR G].

Hence if v =3, SC DY}[G]=0. Assume v=2. Then S is contained in either
Tk DA = ) FINJAY = o k[N A = 0 D*f — )" D*(f — 0)**, or
JEK D — )k INMIAG = 07 kLN A — 0)** D — 0" D*f — 1),

where 7'+ + %0 kr=23,0<7,7, kn<2, and *+;5+200 kF=23,0< % ;% k¥ <2

For each case, by Lemma 8, we have

S C Jk[Ka>D K G1+ D[ G]=0.

If v=1, then similarly one can prove the same.

(iii)-(viii) also can be proved by using Lemma 8.
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