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                               Abstraet

     Let B denote the unit ball in Cn, and u the normalized Lebesgue measure on

   B. For a>-1, define dya(z)=(1-lzl2)aclv(z), zE B. Let H(B) denote the space

   of all holomorphic functions in B. G.Benke and D.-C. Chang [1] have recently

   characterized the weighted Bergman spaces AP(ya)=-L"(ya)nH(B) as those

   functions in U(B) whose images under the action of a certain set of

   differential operators lie in LP(ua). In the present paper we introduce some

   new operators and give another proof of their theorem.

1 gntroduction

Let n 2) 1 be a fixed integer. Let H(B) denote the space of all holomorphic functions

in the open unit ball B of the complex n-dimensional Euclidean space C". For each

evE (-1, oo) and pE (O, oo), we define the zveighted Bergman space AP(ua) by AP(ya)i

LP(va)nH(B), where u is the normalized Lebesgue measure on B, dl7a(z)=ca(1-lz12)a

du(z), 2 E B, and LP(ya) is the Lebesgue space with respect to the rneasure ya. Here ca=

T(n+ev+1)/r(n+1)r(ev+1), and so u.(B)=1. (c£ [5], pp.120-121.)

   As usual Z+ stands for the set of all non-negative integers. A multi-index I =:: (ii, . . . ,

in) is an element in the cartesian product ZI'. For each I= (ii,...,in) E Z#' and fE U(B),

we define

                (Qrf)(2)=(1-I212))')(D{]IC)(z), z:i=(zi,...,zn)GB,

where lz12 == ] ]ge･..i k･12, 1I1 = Z,n･=i i,･, D'=Dt'i ･･･ Dl'", Di = 0/ azi, ''' ,Dn == O/ 0zn. As a

characterization of the weighted Bergman spaces, G.Benke and D.-C. Chang[1] have

recently proved the following theorem:
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Let 1 <ndp<oo, ev>-1, Ar be a faued Positive inager, and fE H(B). [ZIPzen fE AP(y.) ijC

and only ij QLIC E LP(va) for all IE Z7 zvith III= N. Moreover,

                  IIfllLp(v.) e(,i)*r ..1 I(Di)`)(O)1+,,]i.ll. Il QLiCIILp(ua))･

It seems to me that their proof of the above theorem in [1] has some passages not easy

to understand. The main purpose of this paper is to introduce some new operators and

give another proof of the theorem of G.Benke and D.-C. Chang, in the case 1<P< oo.

2 Preliminaries

For each crc (-1, oo), we define two operators A and R as follows:

                       (Af)(z) = L (, {(<W.l d."gS ,ge.)..i ,

                       (paf)(z) - Z[i (, {(<W2 g2i!SWn +)a+i1 ,

for any measurable function f in B and z E B, provided that each integral exists. Here

<z, zv>=:j"･=i &･z-vj for z== (zi, ･･･ ,zn)E B, w== (wb ･･･ , wn) E B.

Lemma 1 Let 1 s; p< oo, -1< a< oo and -1<B< oo.

(a) k is a bounded operator on LP(yB) of and only of p(ev÷1)>B+1. Moreover, in this

case A is a bouncied Prql'ection of L"(yfl) onto AP(uB).

(b) U p(ev+1)>B+1, then "Fli is a bouncied qPevator on LP(ufi).

   For the proof see [2], pp.33-36 and pp.128-136. See also [4], Theorem 1.4 and {6],

Theorem 4.2.3.

Lemma 2 Let -1< ev< oo, 1< p< oo and -!- +!=1. 7'7zen (AP( ya))* or- Aq( ya) un der

                                   pq
the zasual intagml Pairing <f, g> =lefoclva.

   For the proof see [2], p.44, Theorem 2.4. See also [4], Theorem 2.1 and [3],

Theorem 2.

Proposition1 Let -1< ev<oo,1<p<oo and IEZe. C71hen (?i is a bounded operetor

of AP(va) into LP(ya).

                                 '
Proof (cf. [1], Lemma 1.4.) Since p(ev+1)>a+1, it follows from Lemma 1 that Rr is a

bounded project.ion of LP(ua) onto AP(ua). Let fE AP(va) be fixed. For zE B,

                     f(z) = (kf)(2) == .4 (i L(<W2 `i3gSWn +)a.+ i ･

By the differentiation under the sign of integral,
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         (Qvc)(z) -(n+1+ ev)'''(n+V1+ ev)(1-izl2)iij,4 a -W-<{f.S W,,)>`l)Y."+(iZ3 i+a , (1)

where I=(ii,･･･,in) and thi = zz)r"-･･zbA" for w=(wi,･･･,wn)E B.

   Let q be the exponent conjugate to p. Then q(al-l+III)2q(ev+1)>cu+1. By

Lemma 1, A+iii is a bounded operator on Lq(ya). It follows from the duality that the

adjoint er+m is a bounded operator on LP(ua). For gE Lq(va), zE B,

                                            (1- zv 2)1'lg(w)d)7a(w)        (]R.+iJig)(z)=:.lg ag(<W.lg21g')A'+i(aW+i)ii+i == Cai.i'i .1[I a-<., .>)n+i+iii+a -

Hence we have, for gE Lq(ya) and zE B,

                  (ew.,,g)(z)-c7+:nL(li-i{.21iihgS,w.le.,f,(.ty). (2)

(see e.g. [6], pp.4-5.) By (1) and (2),

                            -r(J+a+1)                                        er+yiF                         QLf                            - r(ev+1)

in B, where F(w) : zbif(w), w E B. Hence

                  Il QLICIILp(v.)f{; I"(II-"(.+rtevT l+) 1) 11ew+iJill e HFIILp(va)

                          s{ T(vl(iaa-i l) IIRf+ii,Il e IlfllLp(va)･

This means that Qi is a bounded operator of A"(ya) into L"(ya).

Proposition2 Let -1< ev<oo and IcZ#'. 7'7zen Qi is a bozancied opertztor of Ai(ya)

into Li(y.).

Proof (c£ [1], Lemma 1.5.) Choose BE R so that -1< a<B. Since 1(B+1) ==B+1> cr+
1, by Lemma 1, Ile is a bounded projection of Li(ya) onto Ai(ya). Let f E Ai(v.) be fixed.

For zE B,

                     f(z) :- (pof)(z) = L (, l(<W.l d.Vg()ev, +)p+i ･

and so,

         ( (?ti`)(z) - (n+ 1 -i- B)･･･(n+ lJ1 + B)(1 - 1zl2) i'i.(I (1 -Z"-<Li.C! W,,) >d)Y.P+(i9gili+B .

Hence we have

          IilQL7Cldiiasg caCi.Z[i(i"lw12)Blf(w)Idv(w).(i iii,.Z, 2./iiiV.4¥S,9,, (3)

where Ci=cB(n+1+B)･･･(n+III+B). By [5], Proposition 1.4.10, for wEB

                   .1[i ii-"<S 2./i'>i'.".dSS,42, sg c2(i-lzvE2)a-n, (4)

where C2< oo is a constant. By (3) and (4), we have
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                       ]1 (?ifllLi{ua) f{;; Ci C2IlfllL'(ua)･

This completes the proof.

Proposition3 Let -1< ev<oo, 1sgp<oo and fG Zf. IZ)lzen there exists a constant C==

C(n, ev, l)<oo szach that 1(D{f)(O)If{{ CIIfllLp(v.) for fC AP(ya).

Proof (cf. [1], Corollary 1.6.) Choose BE R so that -1< ev<B, Let fc A"(ua) be fixed.

Then fE Ai(ua). As in the proof of Proposition 2, f=Pof in B, and so, for 2E B,

            (D{f)(z) :(n÷i+B)･･･(n+V1,-B),4 (,-W-<{f£W.),d)¥,B÷(i9gili+B･

It follows that

         1(D{f)(0)I= Ci ,([ zDif(w)dufl(w) fg (!)'.C" ,C(1-lwl2)B-alf(w)Idy.(w)

               f; C2'.C" llfllLi(va)f{g CiiSl" llfllLp(va),

where Ci=(n+1+B)･･･(n+III+B).

Proposition 4 Let i be an intager with 1 :{; j -< n. Fbr f E ll(B), we dojne the fanction

R,f by

                     (I?,f)(z) =:: .(Ii(DM)(de)dt, z E B.

(a) Rj is a linear mopPing on H(B) and for fE H(B) and 2EB,

                                n                       f(z) -f(O) - : 2ij･(Rjf)(z).
                                j=1
(b) if -l< ev<oo,1 f{p f{ oo, then Rj is a bounded linear oPerator on AP(ya).

Proof (a) is trivial. Let -1< ev<oo,1 sgp<oo. Choose 3ER so that -1+ ev lil <fi.

Then -1<B< oo and ev-t-1<p(B+1). By Lemma 1, Re is a bounded projection of LP(ya)

onto AP(ya). Let fE AP(ya) be fixed. For zE B,

                   f(z) == (pof)(z) == L (i {(<W.l d."g(ff+)B+i ,

and so,

                  (Djf)(2) == (n+ i + B) ,4 (,Wlf,(.W, ).ag)"S, .W21, .

Then

                (Rjf)(z) = (n+ i + B) vai dt ll (iW-- 'f,1:,)Sig")(nW+3+n
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                 =(n+i+B).1[zDjf(zv)dup(w),Ci(i-t<2f(lv>)n+2+B

                 =.4 am<z, w>)n+i÷B 1-(I M<<27wtV>>)"'i'" du,(zv).                        zl) jf(w)

Define for Ac DX{O}, '
                             " 1-(1-A)n+i+B
                         ib-(A)- A ,

where D :{AcC: IAI<1}. Then if E .lll'(D). A simple computation shows that lth(A)Isg

2(1+2'i'i'fl) for RE D. Hence we have

                 1(Rif)(2)1 sg c,C nll(<W21 I21>Bll,ag?+B - cpfi(lfl)(z),

where C=2(1+2"'i'B). By Lemma 1, I]X is a bounded operator on ILP(ua). We therefore

have

                llRilCllLp(va) K CIIII6(lfl)IILp{ua) sl! Cll]Fl611 e llfllLp{ua)･

This shows that R,･ is a bounded linear operator on A"(ya).

Proposition5 (a) 7'b each IE Z#'X{O} corresponcls an linear operator I?J on U(B) such

              f(Z) -JEza,i;,llsm-i 71 (D{f)(O)Z' == K,ztiKl!. ,. 2"(I?"f)(.2)

for mE N, fE H(B) and zE B. .･
(b) if -1< ev<oo,1 f{ p<oo and IE Z4'X{O}, then I?i is a bouncied linear opeizztor on

AP(y.).

                     '
Proof We prove (a) and (b) by induction on the length III=mEN of IEZ4'X{O}. By

Proposition 4, the claim is true in the case m=1. Now we take mEN with m>l and

make the following induction hypothesis: If f E ZifX{O}, lfl :{ m-1, then (a) and (b) are

true for f.

Let IE Z7X{0} with ]Il :m. For fE H(B), we define

                 ･Ln(z)=f(z)-,,,,,n,i..L, i. (DV)(o)2J, zE B. (s)

                                                        1Then L. c H(B), (DLL,)(O)=O for JE ZZ with Vl sg m-1 and (Rd)n)(O) = K! (Dzai)(O)=O

for Kc Z7 with IKI= m-1. Define Ai=={kEN:1f{g k f{ n, ik l)1}, and

                         Rif:=i : 1?ek(Ri-ekln),
                              kEAt
where ei=(1,O,･･･,O),･･･,en==i(O,･･･,O,1), l?e,==Ri,･･･,I?e.=Rn. Clearly, Ri is a linear

operator on H(B). Using the induction hypothesis and Proposition 4, we have for z E

B
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                f(Z)"JEz?,n,1..", f/ (D7)(o)zJ

                   ::: 'ICin(Z) = 'L'i(Z) -J, ,e,putl..u, l/ (D{A")(O)2J

                   == : z'(RLLn)(z)
                    JEZI,IJI!,n-1

                   = : z'{(RMn)(z)-(RMn)(O)}
                    JEZf,IJI=i,n-1
                   = J E zT,l;tll --- ,. -, Zf ( ,Z"=IZk (Rek( RM,))(2) 1

                   =iEzll, ]m.., Zi(k]lil.l,(I?ek(Ri-ek .Ln))(z)]

                   == : zi(Rtie)(z).
                    IEZf,lIl==tn
Let -1<a<oo and 1f{ p<oo. If fE AP(ya), then, by (5), we have f)n E AP(ya) and for I

E Z7 with III == m,

       IIRifllLp(ua) =:: : JRek(RJ-ek.Ln) S;; Z 11I?ekll " IIRi-ekll " II.11,tllLp{ua)･

                kcA, LP(Va) A'EAt
By (5) and Proposition 3,

           VtLnllLp(va) S{ lifllLp(va) + J,zi,,nti..-, f/ I(Dif)(O)1 s{ C IIfllLp(va),

where C =C(n, ev, m)<oo is a constant. Put CJ == CZkEA, IIRe,II e lil?iLe.ll. Then by the

induction hypothesis Ci< oo and lll?ti`IILp(v.) f{; CAIfllLp(u.) for fE AP(va). Hence I?J is a

bounded operator on /!"(ua). This completes the proof.

   For evE (-1, co), pE [1, oo), mGN and fE H(B), we define

             IIfllm,p,a" :                          1(D{f)(o)1+ :                                       l[QffHLp(va).
                   JEz".,IJIsm-1                                  JEz?,lll==m
Preposition 6 Let aE (-1, oo), pE (1, oo) and mG N. 711zen there exists a constant C=

C(n, ev,p, m)<oo such that 11fllLp(v.) sl; CHfllm,p,a for fE AP(ya)･

Proof Let q be the exponent conjugate to p. Then1<q<oo and -!-+-!-==1. By

                                                 pq
Lemma 2, AP(ua) tr- (Aq(ya))" and

            Ilf[ILp(v.) si; Ci sup( .lggjdua :gEAq(ya), llgllLg(u.)=1) (6)

for fE AP(ua), where Ci= Ci(n, a,p)< oo is a constant.

Let fE AP(va) and gE Aq(ya) with llgllLq(v.)==1. By Proposition 5,

             f(Z) i:= JEz;･,31s.-i -;t/ (D{f)(O)Z'+ ,,,tA, ]m.. Z'(l?Lf)(z),

             g(Z) = ,, ,,,RA..-, 7/ (DJg)(O)z'+ ,,,ll, lli,i=. z'(Rig)(z),
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for zE B. It follows that

           L gLftlva : L .li7-dya

                 ==vis:m-i iK,i.-i iJ/ 7}! (DiV)(O)(D'g)(e),42"7'dy.(z)

                 +vEsZ.-i iipu.. -jl'T/ (D'g)(O).I[izi(lll?Lf)(z)II}'Tdy.(z)

                 +i,pu. ,. .lg f(z) z'(Rig)(2) dv.(z). (7)

By [5], Propositions 1.4.8 and 1.4.9,

   visZnt-i iKigZ,.mi 7/ ?li! (DKIIC)(O)(D'g)(O).,4z"z' dv.(z)

  =yith･-i ii<iX.-, (f/ ]li! (D"f)(o)(DJg)(o)

   × 2nc.vai r2nri'IJI'I"1(1 - r2)adr .Ii C;" gJ do(g))

  =ms:,.-i(7/ )2(DLf)(o)(D'g)(o)

   × 2nca (in-rm1 l)!ff!)! rdi r2""i+2via-r2)adr

                       r(n+ ev+1)  =i,i t",-, -;i/- (DLIC)(O)(D'g)(O) r(.+1+.+ 1)･ , (8)

Let {f,1} cZe with Vl:=:m and IJI ff{ m-1. By Proposition 5, RifE A'(va). Define .Er

(z) == zi (I?uC)(z), z E B. Then clearly f} E AP( ya). Since III =:: m> m-1 2 lfl, we have

(D{f})(O)=O. Since p(1+ev)>1+ev, Lemma 1 yieids that

                h(z) = (paf})(z) -= .1[ (i i{l 2W.ld.Y>a)(,e9.l.., z E B.

By the differentiation uRder the sign of integral,

         (DX)(z)==(n+ev+i)'''(n+a+Vl).4 a-W-?.iW.)>gYf[+W.)+vi, zEB-

Hence

                                           (DX)(O)       ]l zi(1?if)(z)2-'dva(z) ::= .4 fi(w)zP'dva(w) == (.+.+1)...(.+.+ f) = O･ (9)

Since gE Ag(va), by Proposition 5 I{]ig E Aq(va). Since q(m+ev+1)>m+a+1>ev+1, by

Lemma 1 An+a is a bounded projection of Lq(va) onto AP(ya). We therefore have

            (Rig)(z)=:(Pm+a(RJg))(2)= .L ((IRtg<)£Yhd>U);2i.',".(,k.). , z c B.

It follows that

          II f(2) zi(RJg)(z) dya(z) - .1[ 2if(2) dy.(z) .1[ ((iRlg<)hag ).d>¥i't.',".(,eq, .).. ae)
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Since q(m+ev+1)>a+1, by Lemma 1 "ita is a bounded operator on Lq(ua). By this

and Proposition 5,

        ,([i lz-7(z)1dya(z).1[i l(gRtg,)sc)!9)lsn.'i".(.W.1 <-.Ili 1f(z)1"t+adkgI)(z)civa(z)

        gHfllLp(va> " IIR;i+a(IRigl)llLq(ua) f{; IlfllLp(va) " llUi+all " llfi]igllLq(ua}

        :!{ llfllLp{ua) " IIPSt+all " llRill ' IIgULq(ua}<oo.

Hence we can apply the FubiRi theorem to (1ot:

        .Z[i f(2)zi(Rig)(z) clya(z) -= li (Rig)(w) dym+cr(w).11 aiU< iZ, i[lt)8#+),,+a- (11)

Since Rn+a is a bounded operator on Lq(ya), the adjoint A:+a is a bounded operator on

LP(ua). For hE Lq(ya) and zE B,

        (Rn+ah)(z) == ,4 (,4(,W.', d.Yg'pa`ee),.. - Cz':a .Z[i (k-, -℃S', M.tSue.V.aSW'.

Hence, for hc LP(ya) and zE B,

                  (iz;ij..h)(z) ::: C'it:a .1[i (li-2<2Mrz(>W),2.g.Ya.(.t:). a2)

Put F(z)=2-{IC(z), 2c B. Then FE LP(v.). By (11) and (12),

   .L f(2) 2J(Rig)(2) clya(z)

  == cnt+a.1[ (i-1w12)cr(feJg)(w)du(w)Z[i gil1<W.ll):'`Sl)scl.V:,(.Z.)

                '  == cm+a .S.a.. ,4i (1-Iwl2)a("l?ig)(w)(RX+aF)(w)clv(w)

  =.1[i (Rig)(w)(Af,+aF)(w)dya(w). (13)
On the other hand, since p(a+1)>ev+1, by Lemma 1, Ilr is a bounded projection of

L"(ua) onto A"(ya). Since fc AP(ya), we have for zE B,

                     f(2) == (Af)(z) = L (i l(<W.), `i3gee+a ,

and so,

   (Q,IC)(z) :(1-lzl2)M(D{llC)(2)

  ==(i-12f2)m(n+ev+i)･･･(n+ev+m),4 (,7W-<{'."IWagl)S,g.(3."3,..

  = .f,a.. (n+a+1)･･･(n+ev+m) C'i':a ,C (1(imZ<1:),Migge.).d,.U.gSw)

  =:i c,C,f. (n+ev+1)'''(n+a+M)(Bf+aF)(z)

  =r(rM(i+ev1+) 1) (Af,+aF)(z). (l4)



                 OnaTheorem of G,Benke and D.-C, Chang 77

By (13) and (14), we have

                             '            .1[ f(2) 2J(Rig)(z) duh(z) ::= r(P.(ev++.1+) 1) .1[ (Qif)(1?ig)dua. (Is)

By (7), (8), (9) and (15),

           g7blua = ,,.:.,-, i. Ii(;iSt-levi-+.l+) 1) (D{7C)(o)(D'g)(o)         L

               + T(:ia.'.ik) ,,E.l...4 (QLf)(i?ig)dvcr

               ` ,,.Z,.T, fl,. r(E(+2; ev++i+) 1) l(DLiC)(O)ll(D'g)(OX

               +r(I."(ev++. 1+)o vpu. ,. 1[ QLICYLp(va)'llRigllLq(va)･ (16)

By Proposition 3, for fcZl' with lflsgm-1,

                      [(D'g)(O)i ffg C211gllLq(u.)= C2 (17)

where C2 = C2(n, ev, p, m)< oo is a constant. By Proposition 5, for IG Z4' with lll =m,

                     ]i"l?JgBLq(u.) fi{ C31IgllLq(v.) :::: C3 (l8)

where C3 == C3(n, ev, p, m)< oo is a constant. By (16), (17) and (18),

           ,4gL7hlt'a f{ C4(i,i.:.L,1(Dlf)(O)1+,pu..II QL]`llLp(va)1== C4 Ilfllm,p,a (19)

where C4:=: C4(n, a, p, m)<oo is a constant. By (6) and (19), we have

                        IlfllL"{ua) K C IIfl[m,p,a

where C= C(n, ev, p, m)< oo is a constant. This completes the proof.

Proposition7 Lei aE(-1, oo), pc<1,oo) and mEN. if fEH(B) and RAIm,p,cr<oo,

then fE AP(ua).

Proof Suppose fE H(B) and Ilfll.,.,.<cx). Put thEl ={zE C" : 121<t} for tE (O,oo). For r

c (O,1) and zE r-iB, we dedine L･(2)=f(zz). Then .f} c H(r-'B) and r-iB is an open

neighborhood of the closure B of B. Hence {fr}o<r<i CI AP(va). By Proposition 6,

                   Il.11'HLp{ua)f{;CH]1'11m,p,a (O<r<1) (20)

where C=: C(n, ev, p, m)< oo is a constant.

Noting that mp+cr >mp-1 ;})p-1 >O, we have, for fEZ4' with III =m and rE (O,1),

      ll QthI17p{ua) = .1[i 1 Qtifr1"dycr

              = c.,4i (1 -1212)MP"cr rMPI(D7)(r;z)l"du(2)
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               =:c.r"mpun2n-2aYlk(r2-lwi2)MP'al(D{f)(w)IPdy(zv)

               Kc.r-mp-2n-2aYlka-lwl2)mp+al(D{/)(w)lpdu(w)

               f{; c.r-mp-2n-2a.1[ a - l w12) ntp+al(D{f)(w)Ipdu(w)

               .,. r-mp-2n-2all QLf}11ep(u.)･

Hence, for rE (O,1),

               : ll QLL'IILp(u.) f{:l rnMrm2P-i('i+a) : ll QdC}11Lp(v.}. (21)
                                       IEZ7,1Il==,n             IEza,,III=m

Moreover, using (2D, we have

              Il.L'llnt,p,a= : i(DX)(O)1+ Z llQLL'liLp{va)
                                      IEZI,1I1==)n                      JT E Z".,IJIsm-1

              f{: : ri'il(D{1`)(O)]+r"M-2P-i('i'a) Z 11QUCIILp(v.)
                                         Yl=}n                IAsni-1

              E{g r-m-2pLt(n+a) llfllm,p,a. (22)
                              'By (2ot and (22),

                llL-1]Lp(u.) f{g Cr-M72P-'("'a) Ilfllm,p,a (O<r<1). (23)

It follows from Fatou's lemma and (23) that

           1Ifl1£p,.., =: 1[ 1fIpd)/cr -: .Li 1;'?i,l 1f}1pdvcr

                 f{ lig]L,lnfXi I.L･IPclya = Iirp,lnf llA-llZp(v.)

                 fig lim inf {CrLML2Pnt'("+a) llfllm,p,a}P = (CIIfll nt,p,a)P< oo-

                    rll
This means that f E AP(y.).

3 Theorem of G.Benke and D.-C. Chang

Theorem Let aE (-1, co), pE (1, oo) and mE N.

(a) Fbr fE H(B), it holcls that

  fE AP( va) of and on ly ijf (?Lf E LP( ua) for all IE Z4' with III = nz.

(b) ll e Ilm,p,a is a noua on AP(va) zvhich is eqzaivalent to the norm Il e HLp(u.). Preciceey,

there are tzvo constants Q== Ci(n,a,p,m)<oo(i=1,2) such that

                     CiHfllLp(va) fl;; IIfllnt,p,a SII C211fllLp(ua)

for all fE AP(ya).

   Proof (a) is an immediate consequence of Propositions 1,3 and 7.

(b) follows from (a), Propositions 1,3 and 6.
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