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                              Abstract

     A discussion is made on the temporally global problem of a nonlinear

   mainly parabolic system of partial differential equations which is a model of

   partial differential equations with factors depending on the time process of

   unknown functions.

 The notation used below is conventional, H2'a(it),H2"ati'g(si .),ci+a･i+g(si ,), etc.,

denoting Hdlder spaces.

1 Introduction

 We consider the following system of partial differential equations:

(1-1)i 'zl}' if(x, t) ="¢'M 60x22 if(x, t)+bo if(x, t)2

(1.1), -zllt- ip(x, t)-ip if,(O E{xs{; l(< oo), t20 l I-[O,l])

(1.2) if(iv,O)-ifo(ar)( 2it O)(E H2'or(I), ev G (O,1)), ip(c, O) -::1

(1.3) if(O, t)= tr(l, t)=O(t->O), (accompanied by coinpatibility conditions),

where pt, m and bo are positive constants and di(x, t) is obviously expressed as

(1.4) g5(Ju, t) :== exp( 11 `1th (x,T) drl.

 Now, without proof, we give:

Theorem 1 (Temporally local existence) For some TE(O,oo), there exists a unique

solution (e6(x, t), lb(x, t)) for (1.1)-(1.2)-(1.3) belonging to Ci'cr'i'!g (JT)× H2'a･i"g (IT)(IT ==

l×[O,T]). A4oreover, if(x, t) }) O.

2 The case of m>bo

 Let (ip, if)c ci+a･i+g(I,)×H2+a･i+g(IT) satisfy (l.1)-(1.2)-(1.3)(O sg t E{: T). First, we
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divide both sides of (1.1)i by ipM and integrate them in x over f, having

(2.i) Yl X.t du =- ,4 [( ,ag.), -F'm ,",: ]dzu == ptYl ithxxdu+bo ,C g.l du

                    -= ptith. Ik=o+b,f g,; du, (th. Is.., f{; o),

(2.i)' .L( ipif. ),cix.(m rm bo)11 g,;, du-pt ithrlk-o == 0･

Next, by integrating both sides of (2.1)' in t over [e, T], we obtain an equality

(2.2) 11 ipif. du+(m-bo)Xltf g,; du-uyf`th. IS=o dt- Jl iob du==11`bbi1Liu),

                        (i.e..C di9n gII th11L'u))'

Now, multiplying both sides of (1.1)i by ip-M and noting that, by virtue of if E H2'a"i"g(IT),

(2.3) II`izaxx( v, T) dT= oll2 ,C`ith(x, T) dT,

we have,

(2.4) tt oa,,2 2 [II`IU(x, T)dT]:=: gs4, (x, t)- Vb( :) r17(m-bo).,C' glths,2, (Jc, T)tlr.

Hence, on the basis of the theory of integrai equations in a single independent variable

([8]), follows an equality,

(2.s) "yg'`ut(x, T)dr :-.CG(x,6)[ ipif,, (g t)- y7b(6)+(m-bo)yCt g,l (s, r)dr]ck7,

or

(2 .5)' Lt .C`lth(x, r) clT+ ,C G( v, 6)[ ip?t, (8, t)+(m- bo).(t g,l (6, T) dT]de,

                                           ==JG(x, s) `bb (e) de,

where G(x,e) is the Green function for the problem

du2Z,` (x)- -f, u(o)==u(i)=-o,

being defined by

                              (l-x)i(O Eg S f{g x g l)

(2.7) G(x, 4)-                              i(l-4) (O E{; x :{ 8 sg l).

From (2.5)' are derived the following estimates,

                                        ( 41 ,r,,,, s;; gllbblso)),(2･s) l2<?i,`e,(:',1'fl･V'or;)Gd(SE',me[fi'f,`GM(.Ii4wh)Xi(ode}.

Now, multiplying both sides of (1.1)i by ip-M if and integrating them in x over I and in

tover [O, T], we have .
(2.g) I`f-ag,i-,, th, dudt =-uva`fith.. vdudt+b,vatf g.2 dudt.

Next, taking into account the equality,
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                                                 '(2.g)i ,4, di, -::-li-(g.Z), ,--ZL g,;,

we rewrite (2.9), obtaining

(2.io) t.i g.2 du+.,c`.11th; dudt ==-li,c,bs du+(b,-w).c`.c g.3 ,th,dt.

The case of bo- ?:gO is easier to treat than that of bo--li!>O.

                       '
(i) Case of bo'WgO+

 We differentiate both sides of (1.1)i in x (which is permissible by the strength of the

smoothness of ip and if), and, moreover, after multiplying them by 1thr, integrate them

over I.

(2･11) fs4rtthrdu=pJ(ipM lthrx)x l4r du+bef(if2)x lthralx

                         == pt[¢m thrx ie.]S-om"J¢m sbZx du+2bofijes du,

where we note sthTx(O, t) = thrx(l, t):==O by means of the boundary condition on if and (1.1).

From (2.11) we have easily an equality,

(2 ･ i2) -ll.C thx(x, t)2du + pt .( `dt X] diMthZr cix =:-ir.L ut(x)2+2bo va `dt .C di thZ du.

By virtue of (2.10) and the inequality

(2.13) v(x, t)2Kl.L' th:i du, i.e., (l if(･, t)ISO')2f{g ll' ithidu,

from (2.12) we derive, ･

(2.i4) -ltt (1 tr(･, t)]SO')2 sgif %(x)2du +2bo lvlSg' ta tX es al2 nt

                            Kt.Il ib6(x)2du +2bol ibiSO.' iL, Jl] sfi8 cix, (o f{g t sg T).

Finally, for haISO,' it holds that

(2.ls) (l thIS?')2 Eg ra,+ bll A,1 ifIS?',

                      (Ao= 1ma1?2u), Ai=llutIIE2(i))･

Hence follows an a priori estimate of ItaISO.},

(2.16) lthISO.' f{e[ bll A,+((}' A,)2+4ra,lt], (o E{ T s: oo).

By (2.8), (2.12), and (2.16) the asymptotic property of 1 th(･, t)ISO), which is shown below,

is easily to be proved,

(2.17) Iif(･, t)ISe} sg Cbexp-Cit(t2o),
where Co and C! are constants depending on l[whRLi<i}, Ilut"L2{i), etc.

( ii ) case of m > be > Lll!･

 Our discussion of this case is based upon equalities (2.IO) and (2.12), which hold also
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for bo E (Y, m). The 2nd term of the right-hand side of (2.10) is estimated by means of

(2.2) as

(2.is) (bo--ll!)taT g.; dunt f{g (b,-Y)X`[lvsso)(T)f g.2 (x, r)du]d,.

The 2nd term of the left-hand side of (2.10) is bounded from below in the following way,

(2.Ig) -li;-.C`Ith21SO'(r)dT s{ pt,C`[.C sthZ(x, T)cin]dT.

Thus, by (2.2), (2.IO), (2.18), and (2.19), from (2.12) follows an estimate for if,

(2.2o) Iib21SO'(t) f{; lll ib6I122u)-i-4bollithIS?'e ii-'
[: il ibbl17i(,)

                                 + b,-{IL'),C'lthEO'(r)(.i X,; du)dT],                                   (

i.e.,

(2.2e)' . f(t)2 $ B, i- f(t) [B2+B3 .C `f(T)g( r) dr], (O $tS T),

where

(2.2o)"

 (,B,i,l:1!.( fl Llli},1 l7,211," .lii ,==2.blfO lpglzilLII?ill,2,,ul' B3 :=`bo 4t-i

From (2.20)' we have easily an a priori estimate for if,

(2.21) 1trISO.) sg VI?I'+B2 eBiB2Bo(VIZ:?I- B3 Bo+B3),

                       ' (Be=(mnybo)-i"lbbllLi{i)().6`g(T)dr)).

        [Put [･･･]i=Q(t), and transform (2.20)' into a differential inequality in Q(t).]

Thus we have: '    ,
Theorem 2 (i) in the case of W2bo>O, there exists a temporally global solution (ip, if)

of (1.1)-Q.2)-(1.3) belbngingf to Ci'a･i'g(JT)xH2'a･"g(IT) for an mthitm7t)J TE(O,oo).

Moreovez estimates (2.16) and (2.17) hold. (ii) in the case of m>bo>W there exists a

temporally global solution (ip, if) of (1.1)-(1.2)-(1.3) belonging to ci+a･i+g(h)×H2+a･i+g

(IT) for an arbit7a7:y T E (O, oo). MoreoveL the estimate (2.21) hol(ls.

3 The case of bol2im

  Let (ip, di)E Ci+a･i+g(IT)×H2'a}i'g(IT) satisfy (1.1)-(1.2)-(1.3). Now, we define u(x, t)

(3.i) u(x, t) == di(x, t)+-S(x- 21 )2 (k, positive constant).

Then, u(x, t) satisfies,
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                Ut( :, t)( ==: lb't) = li gbMuxx + bo lth2- it)ct gbM,

(3 .2) za (x, o)- sbb +{(x--{i-)2( s{: l ibblSO'+ ksl2 =-:p(k, f sbblSO')),

                              kl2
                u(O, t) == u(l, t)=                                 (t 2 O).
                               8
Seeing that boif2-kxtipM E{ boif2-,trt, if bodi2-im<O, then we can estimate u(x,t) and

th(x, t) by the maximum principle as follows:

                                           kl2(3.3) Of{; lb(x,t) E{ u(ic,t) s{;lsbbllSO}+ s =p(k,llbblSO)).

Therefore, by the use of reductio ad absurdum, we conclude that, if 1 sbblSO) (= co) is such

that bop(k, co)2- kxt< O, then

                             kl2(3,4) O :{; if(x, t) f{gllbblSO) -i-                                :=p(k, co), (bo ut2L ku K bop(k, co)L ku).
                              8

Here, we express k by p and eo, i.e,,

(3.s) k== -il,T (p-co)･
Then, from bop2-ku== bop2- 81g (p-co)< O we have,

(3.6) o:{g c,<p- bso 2 p2::::p(i- bso£2 p) fg 8,f,,

which implies that, if co=lthISO)< i7, then exists po such that

(3.7) os;; co==lsbblSO'<po- bsOL2 po2 T< b2,f,,

and then, moreover,

(3.8) OK di(x, t) s{ po (c.f. (3.3)).
Thus we have:

Theorem 3 in the cczse of bo)!im, under the con{thtion (3.6), there exists a temporady

global solzation (ip, lth) of (1.l)-(1.2)-(1.3) belonging lo Ci'a'i'g(IT)xH2"cr･i'/g(IT) for an

arbitra7rv TE (O,oo). Moreoveny the estimate (3.8) holcls, where po satisies (3.7).

  In a near future we shall treat partial differential equations of the type

                   ut(x, t) := di(u,rd`unt)zaxx+ ut(u,A`udt)

from a standpoint of the blowup-nonblowup problem.
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