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Abstract

A discussion is made on the temporally global problem of a nonlinear
mainly parabolic system of partial differential equations which is a model of
partial differential equations with factors depending on the time process of
unknown functions.

The notation used below is conventional, I%**(Q),H**1*2(Q ), C**%(Q ), etc,,

denoting Holder spaces.
1 Introduction

We consider the following system of partial differential equations:

2
(.1, LW, )= b S ¥, B+ b,
(1.1), 2 hz, )= (02 < U(< 00), £20 5 1=[0,1])
(1.2) Pz, 0)=th(x)(= 0)(€¢ H**(I),a € (0,1)), d(x,0)=1
(1.3) (0, 5)=¢ (I, H)=0(¢ =0), (accompanied by compatibility conditions),
where g, m and b are positive constants and ¢(x, ¢} is obviously expressed as
t
(1.4) Hx, t):exp{l: ;ﬁ(x,r)dz‘}.

Now, without proof, we give:
Theorem 1 (Temporally local existence) For some T € (0,0), there exists a unique
solution (¢(x, 1), P(x, D) for (1L.1)-(1.2)-(1.3) belonging to C**2 (Ir) X H* W% (Ir)(Ir =
IX[0,T. Moreover, ¥r{x,t)=0.

2 The case of m > b

Let (¢, §) € CHos (I;) X H* W5 (1) satisfy (1L.1)~(1.2)-(1.3)(0 < £ < T). First, we
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divide both sides of (1.1), by ¢™ and integrate them in x over I, having

2.1) [ G- 1 ¢,,L) Yom g,ﬂdx:ﬂ'/wmderbo/;éﬁTZ,dx

:#Wx]ézo“i” bo/ Zm dx (¢z Ix 0 = 0)

2
2.1y J () -+ om=b0) [ e e — el = 0
Next, by integrating both sides of (2.1)" in ¢ over [0, 7], we obtain an equality
|4 2 t
2.2) [ Frarron—bo [ [ Yo dr—pe [ elicodt= [ odz=Illisn,

(i.e. /%S Il Wo||u<1>>~

Now, multiplying both sides of (1.1); by ¢~" and notmg that, by virtue of ¢ € H* 2 (I;),

(2.3) f Vaul, T)dr="5 7 A ¥(x, 1)dr,
we have,
@.4) won | [ W, e |= w0 W)+ On- ) [, e

Hence, on the basis of the theory of integral equations in a single independent variable
({8)), follows an equality,

.5 nf v 0de=— [ GG, 6, 0@+ om0 [ V(6 ar |ae

or

2.5/ o [ W, det [ G, O Jrte, 0 m—bo) [ L6, e |as,
— [ G, h&) e,

where G(x, €) is the Green function for the problem

2.6) CY ()=~ 7, ul0)=1(D)=0,
being defined by

(I—2)50<é<z<))
(2.7 Gz, &)=

ll(Z—g)(o <r<g£<])
From (2.5) are derived the following estimates,
o8 {osﬂfé W, Ddr = 11 6w, 8 Yo(@)de (< lllluen, = 4 1),
P, )=exp{f§ ¥ (x, 1)dr) < explp™ [1 Gz, E) Yol €) dE}-
Now, multiplying both sides of (1.1), by ¢~ ¢ and integrating them in x over [ and in
¢t over [0, T'], we have

2.9) / / oo dwt=p / [ e vzt + 0 [ / Yo it

Next, taking into account the equality,
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2.9y b= (), + 25

we rewrite (2.9), obtaining

(2.10) +f g,,,deryf [ 2 dwait=— /¢odx+<bov—>ff¢3 dxdt.

The case of bo_*“<0 is easier to treat than that of bo—7>0

(1) Case of bo~‘<0

We differentiate both sides of (1.1}, in z (which is permissible by the strength of the
smoothness of ¢ and ¥), and, moreover, after multiplying them by ¢, integrate them

over [.

(2.11) [ iz = [ @™ Vo Vo dz+ o [ (9 vt

= " w Vilboo— st [ §" o ciz+200 [ Yo d,

where we note ¥.:(0, 1) = th({, £)=0 by means of the boundary condition on ¢ and (1.1).
From (2.11) we have easily an equality,

¢ e
(2.12) —%— j ol £Yedr+ j dt / P redz— f Y2+ 2bs l dt / iz,
By virtue of (2.10) and the inequality

2.13) W, 001 W2 an, ie, (9, 0107<! [ vidz,

from (2.12) we derive,

©2.14) Sy, DlPy=— f Wil da+ 20| ]9 f f V2 doedt

< [ wapdor2blplf S [ de, 0= 1< T
Finally, for |#|{ it holds that

(2.15)

Iy

(Ao=I1¥ollz2r, Ar=l1llzan).

Hence follows an a priori estimate of |¢#[%,
)
By (2.8), (2.12), and (2.16) the asymptotic property of |#(-, £)|”, which is shown below,
is easily to be proved,
(2.17) (-, P < Coexp™ (¢t = 0),

where Cy and C, are constants depending on || %l [|#llLe, ete.

(2.16) @<t [b" AO+{<%AO>Z+4ZA1}%J, (0= T < )

(ii) Case of m>bo>%.

Our discussion of this case is based upon equalities (2.10) and (2.12), which hold also
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for bo € (J;i, m). The 2nd term of the right-hand side of (2.10) is estimated by means of

(2.2) as
_m\ [P _m\ ([ o a
(2.18) (o—72) [ [ Vo vt < (02 [Tl [ Vo, 00z |de.
The 2nd term of the left-hand side of (2.10) is bounded from below in the following way,
t t
2.19) LDy dr < e | [ [ v, r)dx}df.

Thus, by (2.2), (2.10), (2.18), and (2.19), from (2.12) follows an estimate for ¥,

(2.20) WP < Ll +40al 11D + [l

(o) [l )]

le.,
020 4P S Bt A0 Bt B [ F@tnyde | 0515 T),
where

Bi=1 144l ey, Be=2b0l 1 all2ecn, Be=4bolpe™
(2.20) {f(,«)_w[gm(t), g(t):[%,i(x, t)dzx.

From (2.20) we have easily an a priori estimate for ¢,
(2.21) |$|S? < VBy + By ™™™ (VBi Bs Bo+ Bs),
¢
(Bo= om0 Wellscn (2 [ ‘gt )).
0
[Put [+ ];=Q(#), and transform (2.20)" into a differential inequality in Q(#).]
Thus, we have:
Theorem 2 (7) In the case of jéﬁz bo>0, therve exists a temporally global solution (P, ¥)

of (1.1)-(1.2)-(1.3) belonging lo CY oW s(I,) X H*“Ya(Ir) for an arbitrary T € (0, ).
Moreover, estimates (2.16) and (2.17) hold. (iZ) In the case of m>bo >i§¢— there exists a
temporally global solution (¢, ¥) of (1.1)-(1.2)-(1.3) belonging to Clrelvs([) x H2H o
(Ir) for an arbitrary T € (0,00). Moreover, the estimate (2.21) holds.

3 The case of by=m
Let (¢, ¥) € C”"””%(IT)XH““'”%(Ir) satisfy (1.1)-(1.2)-(1.3). Now, we define u(x, )
by

_ NTAY .
(3.1 wlx, )=v(x, )+ P\ T (%, positive constant).

Then, u(x,t) satisfies,
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we(x, )= )= 1" vhze + o> — kg™,
2 2
3.2) 0=ty (2 ) (SIlP + =t ),
w0, y=1(1, )=t > 0).
Seeing that boyr®— kuep™ < bopr®— kp, if bor®— ku <0, then we can estimate wu(x, ¢) and

#(x, t) by the maximum principle as follows:

(3.3 0< ¥, ) < ulx, ) < [l +EE= ok, [l

Therefore, by the use of reductio ad absurdum, we conclude that, if |#|}” (= c) is such
that bop(k, co)*— k< 0, then

2
3,4) 0= 9o, 0) < |9l +HE =k, 0, oy ke < buplh, ) ).
Here, we express £ by p and c, ie.,
(3.5) /C:%(p—Co).

Then, from bop®—kyu=bhe 2*87/‘2"'(p~co)< 0 we have,

2 2

which implies that, if co=]#|"< [92 72, then exists po such that
0

bolz 9 2/J
8 0= o

(3.7 0< o=l < po—
and then, moreover,
3.8) 0< ¢lx, t) < polct. (3.3)).
Thus we have:
Theovem 3 In the case of bo=m, under the condition (3.6), theve exists a temporally
global solution (6, ¥) of (1.1)~(1.2)~(1.3) belonging lo C™2(Iy)x H*“*3(I;) for an
arbitrary T € (0,0). Moreover, the estimate (3.8) holds, where po satisfies (3.7).

In a near future we shall treat partial differential equations of the type

udx, t):qﬁ(u,’[ua’z‘)um+ ¢<u,ltudt>

from a standpoint of the blowup-nonblowup problem.
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