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Volume formula of compact simple Lie groups
and values of r
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This paper is a correction of the volume formula of compact simple Lie groups
given by Freudenthal [2]. For a compact center free simple Lie group G, Freudenthal
[2] p.202 gives the volume formula of G with respect to the metric induced by the
Killing form as

where k=order of Weyl group, » =dimension, #=rank, m:%—(r—é), D=det((p;,
o)) Coy, *++, pe are simple roots), g, ***, g. are the coefficients of the maximal root and
c=order of the center of the universal covering group G of G.(note that f=c ¢! X
I1%-: go). The value of r is given by

r=(=D" Z‘.(Cl/m a’iz)(aiay aiA)"'(aizm—n a’im)

where the summation runs over all permutations of the 2m roots m, *°°, &n. To
calculate the volume of a compact simple Lie group G, we need to know the value of
7. However it is hard to compute 7 directly because it involves the summation over the
symmetric group (even if we use computers in the case £ = 4).

Now, we shall correct the Freudenthal’s volume formula, that is, in the proof of
Freudenthal-de Vries [2], p.200, 1.2, #(G)=kv(D)=kv’'(D) shoud be change to

u(GD =kl lqg:v(D)=k ¢! T1q: v' (D).

(In [2], the volume of Weyl cell should be taken for that of a paralleltope. (The ratio
of their volumes is 1: II%, ¢»)). Hence the volume #4{(G) of G must be 1(G)=

k2" m! D'
T

THEOREM 1. The natural volume (G of a simply connected compact simple Lie
group G is

x%™ Thus we have

ck2ml D2 o

#o(é) = T

According to Abe-Yokota [1], the volumes of simply connected compact simple
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Lie groups are calculated, hence we can determine the value of r from Theorem 1.
THEOREM 2. The values () of simply conmected compact simple Lie groups G are
given as follows.

nln—1 /211121

r(SU) = s ,
eCSpinton 1) = HAL=@=DL 1 GO
e(Sp(ny) = L3 DLatindl,
r(Spin(2m)) = 1!3!---(2%;(g}laz((zill))!n(aﬁl()n(n—1))! (n=2)
w6y =32 r = EE Ly ey = 5;Z33}} S L6
ey = ST Weay ey = TIEIEIEL 28729 159,

Proof. It follows from the following table using Theorem 1.

B 2(n—1)(271+3)/2 nnZ/Z (1-1)n+2)2
m(SUM) = o7 0= T * ’
. 9 QnunERNR (94, ynGniEz
ﬂo(szn(2%+1)) = 1131 Qu—1)1 " +1)’

. 271(3n+1) (%+1>71(2n+1)/2 n(naD)
wlSp(n) = T gn 1 *

22n(Sn 1) (% 1)71(271 1)/2 e
13 Cn=31— 1"

26 2 52 045 134 029
(G = l‘%iﬂ's, m(FD = 5_%77%”28, o(Es) = %ﬂﬂ,

o Spin(2n)) =

/10<E7) = M 70 llo(Eg) o 2279 377 5103 -
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