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   Among Iower dimesional Lie algebras, there exist some overiaps as in the follow-

ing left side table (Helgason [1] 519-520). Now we give global explicit isomorphisms

between linear Lie groups corresponding these Lie algebras. Our results are the

foilowing right side table which is a global answer of Helgason [1] 521-522.

       Sp(1) Z- Bu(2)XBo(3), SP(l)=SU(2), SP(1)/4 :-;: SO(3),
       9p(1, R) or- Bl(1, R) tr Bp(1, 1) = go(2, 1),

                   SP(1, R) :-Y SL(2, R) :-: SU(1, 1), SP(1, R)/Z, = O(2, 1),,

       ep(1) x Bp(1) = Bo(4), (sp(1) xsp(1))/a 2 so(4),

       Bt(2, R) × Br(2, re) x sD(2, 2), (Sp(1, R) × Sp(1, R)/Zi, ! O(2, 2)o,

       St(2, re) X Bu(2) = BD*(4), (SP(1, R) X SP(1))/Zl, 2 SO*(4),

       Br(2, C) z- go(3, 1), SL(2, C)/Zi, ! O(3, 1)o,

       Bp(2) "-V- Bo(5), SP(2)14 '-V- SO(5),
       Bp(2, R) =- go(2, 3), Sp(2, R)/4zO(2, 3)o,
       Bp(1, 1) or- Bo(4, 1), SP(l, 1)/.Zi, =O(4, 1),,

       9u(4) or eo(6), SU(4)/4=SO(6),
       BI(4, R)=so(3, 3), SL(4, R)/a=0(3, 3)o,
       eu(2, 2) Z- go(2, 4), SU(2, 2)/a tr O(2, 4),,

       Bu*(4)zBo(1, 5), SU*(4)/a= O(1, 5),,
       eu(1, 3)=Bo*(6), SU(1, 3)/a=SO*(6),
       eo*(8) x go(6, 2),

where a = {E, -E} in any case.

   Almost all of them might be known (e.g. [2]) except the the last several ones, but

we will give their proves for all cases.

   1. Notations and preliminaries

   Let R, C = R e Ri, ff == R e Ri e ew (D rele be the fields of real, complex,

quaternionic numbers, and C' (i'2 =: I), ff' : C (D Ci' (J"2 = 1) be the algebras of split

complex, split quaternionic numbers, respectively. Let C == RC, CC, HC be the

complexifications of R, C, H, respectively, and their complex conjugations are

denoted by T : T (x + yi) = x - yi, x, y EK = R, C, ff.
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   We arrange the groups used in this paper, aithough they are familiar.

   SO(n) = {AEM(n, R) I tAA = E, detA = 1},

   O(m, n) == {A Eii M(m+n, R) I tAImA == Im}, O(m, n)o is the identity connected

componect of O(m, n).

   SO"(2n) = {AEM(2n, C) 1 `AA = E, f.A = AJ., detA = 1},

   U(n) = {AEM(n, C) lA*A == E}, SU(n) = {AE U(n) idetA = 1},

   SL(n, K) == {AEM(n, K) I detA = 1}, K == R, C,

   SU(m, n) = {AEM(nz+n, C) 1 A"I.A =:; I., detA = 1},

   SU"(2n) == {AEM(2n, C) 1 f.A == Afn, detA =: 1},

   Sp(n) = {A E M(n, H) 1 A'A = E},

   SP(n, R) -- {AEM(2n, R) 1 tAJnA = Jn},

   SP(m, n) = {A EI M(m+n, ff) l A*ImA = Ln}

where I. =diag(-tt-1, 1, ･･t , 1), .1. = diag (or, , Jr),f= [-9 5]

                mn   LEMMA 1. Dofne SU( n, C') = {A EM(n, C') l A"A = E, detA = 1}, Sp(n,

ff') = {AEM(n, ff') 1A"A = E}. 71V2en we have

             SU(n, C') or SL(n, R), Sp(n, ff') Z- Sp(n, R).

   PRooF. See Yokota [3], Propositions O.2 and O.4.

   2. Explicit global isomorphisms

   THEoREM 2. (1) Sp(1) Z- SU(2), SP(1)/,Zi, k SO(3).

 (2) SP(1, R) -= SL(2, re) =- SU(1, 1), SP(1, R)/4 ; O(2, I),.

   PRooF. (1) The natural embedding k: ff = Ce Ci - M(2, C), le(a+bj) =

( me a-b ba.) induces the isomorphism fe: Sp(1) . SU(2). Next let Hb be all pure

quaternionic numbers with the norm IV(x) : xx- and put SO(3) = SO(]ffb). Then f : SP

(1) -> SO(3), f(P)x == ptP, x E Hb induces the isomorphism SP(1)/a Z SO(3).

 (2) SP(1, R) = SL(2, R) by the definition. The natural embedding le' : ff' = C e C!i'

- M(2,C), fe'(a+bj') = [ a-b Z-] induces the isomorphism k' : Sp(1, R') --> SU(1, 0

(note that SP(1, ff') = SP(1, R) (Lemma 1)). Next Iet ff'o be all pure split quaternionic

numbers with the norm IV(x) = xx- and put O(2, 1) = 0(ff',). Then f: Sp(1,ff') --> O

(2, 1),, f(p)x = pxp, xE ,ff'o induces the isomorphism SP(1, ff')/,Zli = O(2, 1)o.

   THEOREM 3. (1) (SP(1) × SP(1))/Zi,. Z- SO(4).

 (2) Sp(1, re) × Sp(1, R))/Zh = O(2,.2),. (3) (Sp(1, R) × Sp(1))/a z- SO*(4).

   PRooF. (1) Consider ff with the norm Ar(x) = xx' and put SO(4) = SO(ff). Then

f: Sp(1) × Sp(1) -> SO(4), f(P, q)x = Pxq-,x EI ff induces the required isomorphism.

 (2) Use ff' instead of ff of (1) and put O(2, 2) = O(ff'). Then we have the required
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isomorphism as similar to (1) (note that SP(1, ff') or SP(1, R) (Lemma 1)).

 (3) Let ffC be the complexification of H with the norm Ai(x)= xxve and the

Hermitian inner product <x, y> = (Tx, iy) (where (x, y) is the usual inner product of ffC
defined by -li- (x-y + y-x)) aRd put SO"(4) = {ev EIsoc(ffC) l N(ax) = N(x), <ax, ay> =

<x, y>, deta = 1}. (This group SO"(4) is isomorphic to the ordinary group SO*(4). In

fact, the matrix AEM(4, C) of a E SO'(4) with respect to the basis {1, i, i k} of ffC

satisfies tAA = E, nA := (T24)n, detA =r 1). Since {a + bi + cz)' + dih I a, b, c, dEI

R} is isomorphic to ff', we identify these algebras. Then f : Sp(1, H') × Sp(1) - SO'

(4), f(p, q)x = Pxq-, x E ffC induces the required isomorphism.

   THEoREM 4. SL(2, C)/,Z, ! O(3, 1),.

   PRooF. Consider the 4-dimesional R-vector spaee g(2, C) :=: {XE M(2,C) l X" --

x} =: {X =･= [x4. Xop ) I 4, rp E re, xE C} with the norm IV(X) : detX = gop - xx- and

put O(3, 1) : O(g(2, C)). Then f: SL(2, C) - O(3, 1),, f(A)X = AXA*, XEg(2, C)

induces the required isomorphism.

   THEOREM 5. (1) SP(2)la '-V- SO(5). (2) SP(2, R)/a Z O(2, 3),.

 (3) sp(1, 1)/a ; o(4, 1),.

   PRooF. (1) Consider the 5-dimensional R-vector space fy(2, H)o = {XE M(2, ff)

l X' == X, tr(X) = O} = {X =[.4. -X4] lgER, x(ii ff} with the norm N(X) == -det

X = t tr(X2) = 42 + xx- and put SO(5) = SO(g(2, Hh)), Then f : Sp(2) . SO(5), f(A)

X = AXA", X EE $(2, ff)o induces the required isomorphism.

 (2) Use S(2, H'), instead of g(2, ff), of (1) and put O(2, 3) == O(S(2, H')o). Then we

have the required isomorphism as similar to (1) (note that SP(2, H') tr Sp(2, R)(Lemma

I)).

  (3) Consider the 5-dimensional re-vector space gi(2, ff)o = {XEM(2, ff)1X =: L

.)Q7i, tr(X) = O} := {X =[-i -Xg] l 4E R, xEff} with the norm N(X) = -detX =

-li- tr(X2) = 42 - xx- and put O(4, l) = O(3i(2, ff),). Then f : SP(1, 1) -> O(4, 1)o, f(A)

X = LALXA*, X EI 3i(2, ff)o induces the required isomorphism.

   THEOREM 6. (1) SU(4)/ Zi, =- SO(6). (2) SL(4, R)/ Zi, = O(3, 3),.

  (2) SU(2, 2)/a = O(2, 4)o. (4) SU'(4)/aZ> = O(1, 5)o･

  (5) SU(1, 3)/4 = SO*(6).

   PROOF. (I) Consider the 6-dimensional R-vector space

                         O e -b'-a
                              O-a- -b                       -g            g(c)= {x =                                          lg, a, bE c}
                         b a- O-4-
                       -a b4O
with the norm N(X) == - -ii- tr(XX") = gg- + aa- + bb- and put SO(6) = SO(S(C)).
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Then f : SU(4) - SO(6), f(A)X = AXtA E g(C) induces the required isomorphism.

 (2) Use g(C') instead of 3(C) of (1) and put O(3, 3) = O(S(C')). Then we have the

required isomorphism as similar to (l) (note that SU(4, C') Z SL(4, re) (Lemma 1)).

 (3) Consider the 6-dimensional R-vector space

                          O8-b a
            s,(c) - {x :- -2 - 2- g- - 3- i4, a, bEii c}

                         -a -b e O
with the norm 7V(X) == - {i- tr(4XI2X*) = - 4e- + aa' + bb- and put O(2, 4) == O($2

(C)). Then f: SU(2, 2) - O(2, 4),. f(A)X = AX`A, XEg2(C) induces the required

isomorphism.
 (4) Consider Si(C) = g(C) with the norm N(X) = ttr(J(12X72) = -IF(42 + 4-2) +

aa- + bb and put O(1, 5) = O(gi(C)). Then f: SU*(4) --> O(1, 5),, f(A)X = AXA-i, X

Egi(C) induces the required isomorphism.
..25'th,Lefi,5,`.CilCi8.eIX.e,?O,M,:ke.X,ii":xatlOV9f..SSIt't¥Y(lt22'Y£y"22M),iV.kXB.isMo-*i6)`r-m(i¥ii!IE"

Iso,(S(C)C) 1 N(crX) = N(X), <aX, aY> = <X, Y>, deta = 1}. (This group SO"(6) is

isomorphic to the ordinary group SO*(6). In fact, the matrix A E M(6, C) of cr E SO"

(6) with respect to the basis
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1). Thenf SU(1, 3) . SO*(6), f(A)

= diag(i, 1, 1, 1)EM(4, C)) induces

     Explicit local isomorphisrn between 9o*(8) and Bo(6, 2)

   The centers of SO"(8) and SO(6, 2) are both Z>, but the maximal compact

subgroups of SO"(8) and SO(6, 2) are U(4) and SO(6) × SO(2), respectively. Hence

there exists no epimorphism between SO"(8) and SO(6, 2). So we will only give an

isomorphism between their Lie algebras.

   THEoREM 7. So*(8) Z- Bo(6, 2).

   PRooF. The mapping f* : Bo*(8) - BD(6, 2),
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(where
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(where ake

1, + A,) is

== ak + ae, dhe = ak - ae

an isomorphism.

etc., and A.he == (Zh + Ae) um A/2, A. = A., + A2 +
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