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Abstract
A method proposed by Ikeda, Maekawa and the present author to look
for static solutions of the SU (2) gauge theory is applied to get nonstatic
solutions with spherical symmetry, and a class of time-dependent solutions are
obtained in a systematic way for a special type of field strength. The solutions
are not self-dual and contain those obtained previously by several authors.

Introduction. Recent developments in high energy physics teach us that
the gauge principle plays a fundamental role in the laws of nature. In order
to understand the structure of the so-called elementary particles and various
interactions among them, it is important to investigate physical contents of
the non-Abelian gauge theory. Especially, a deep knowledge on classical con-
figurations of the field will give us an important clue to its quantum mechan-
ical behaviour.

In a previous paper [1], we proposed a method to classify static and spher-
jcally symmetric solutions of the Minkowski SU(2) gauge theory according
to the types of field strength in a systematic way. The method can naturally
be applied also to the nonstatic case. In this note we present a class of time-
dependent solutions which are obtained in the course of investigations along
this line of reasoning. Our solutions are not self-dual and contain those ob-
tained previously by several authors.

General formulation. The field strength F%» and the potential B%: in Yang-
Mills theory are related by

DYFeuv=0"Fuv 644 .B" Feur=0, (1)
Fa/lvIa/lBav_avBa#+8gchb#Bcu. (2 )

The most general form of a spherically symmetric field is given by (17, (2], 3]



62 YosHIHIKO MIYACHI

Be="-B,
(3)
B =t (L4 A+ (us ~%a) C/r+ T D.
Fou=cqi o it G =20 fu/r+ 22,
y (4)
Feyj=cijaleari—m g1+ 0ar — ) g1+ rz *gi].

Here A,B,C,D, f; and g; (i=1, 2, 3) are functions of » and ¢.
Substituting (3) and (4) into {1), we can rewrite the field equation (1) in the
following form:

2, fo)=2(Cfi—Afa),
o2 fe)=—2(Cg+Ag),
00f1+0,8=Bfa—Dg —Ag,
00 fo—0,80=—Bfi—Dg,—Cg;.
Also we see from (2) that f's and g's can be written in terms of A,B,C,D
Sfi=0A—BC, g=3,C+AD,
f:=0C+AB, g=-0d,A+CD, (6)
f2=0,D—0,B, g=(A*+C?—1)/r%
Special type of solutions. We look for a solution whose field strength F belongs
to the type f1£2:8:70, fe=/s=g&=0. It is easy to find from (5) and (6) that the only

non-vanishing component of the potential in this case is A(r,#) and that the field
strengths are given by

fi=0A, &=—0,A, g=(A*-1)/r (7)
Here A{r,#) is a solution of the equation
r2(0%,A—0a2, A)=A(l—AY. (8)

We consider that the solution A(r,#) depends on # and ¢ through a combination p=
o(r, ). Then, Eq. (8) reads

7 (oo -G = A -, (9)
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where a dot and a prime denote differentiation with respect to f and 7, respectively.

Now we require that p is a function of # and # such that Eq.(9) can be ex-
pressed in terms of a single variable p. In other words, #%(p—p") and #*6*—p'%) must
be some functions of p. We tried to look for this possibility by assuming the form
o=F{,t)/G(r,t), where F and G are polynomials of » and . Two cases will be
discussed below.

I o (r,0)=r/(t+a), where a is a constant.

In this case we obtain

Pp—p")=20% 10" —p")=p"'—p"
Then Eq. (9) can be written

dA dzA
20° 4 ot =% oy = AL A7), (10

which is the equation derived by Arodz [4]. It is also a special case of the equation
derived by Babu Joseph and Baby [5] (for a vanishing Higgs field). Using a variable

1
T o , we get

;LT{(Z-!‘T)‘C%} =A(Az—1). (11)

The regular solution of Eq. (11) has been analysed in Ref. [4]. We shall discuss
the solution of Eq. (10) in the next paragraph.

I o=r/(t*—r2+at+b), where a and b are constants.

In this case we get after some calculation the following equation for A:

dA d?A
—8ap? do +(—p2—4ap4)d—p2=A(l —A?, (12)

where a=b—qa?/4.
(i) If a=0, Eq. (12) is reduced to

dzA
——pzd—pz:A(l—Az). (13)

We notice that Eq. (13) has the same form as the one considered by Wu and
Yang [6]. We remark that the Wu-Yang monopole is a constant solution A=
0, while a nonstatic solution in which we are interested here must be a non-
constant solution, whose asymptotic behaviour has been analysed numerically
in Ref. [6].
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(ii) For a nonvanishing value of @, we can rewrite Eq. (12) by rescaling the
variable p.
For >0, we put §=2a'2p, and obtain

) .
— g8 ‘fl‘g —(E2 e %:A(l —A?). (14)

Using a variable §=tanf, we get
. d2A
~Sln207d“07§‘=A(1—A2), (15)
which has a solution
A=Hcosf=1(1+8% ', (16)

For a<0, we put §=2{«|'”2p, and obtain

2
202l eyl = an—n), (1)

which has the same form as Eq. (10). Using a variable é=tanhf, we get ‘
—sinh®4 A — A(1— 47, (18)
which has a solution
A=t coshf=+(1—&)s (19)
Thus the solution of Eq. (10) is given by | |
A=FLH2—r?)"0, (20)

Taking the definition of £ into account, we see that the two solutions (16) and (19)
of Eq. (12) can be put into the following single form:

A=1(2—r2+a) [[f2—r2-+a)+dar?] e, (21)

Results and discussions. We now get a class of time-dependent solutions
of the SU (2) gauge theory for a special type of field strength. The results
are summarized below. (Hereafter we take the constant @ in the definintion
of p to be zero.)

j
=0, B=tqija(1+Awr, 1),
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xj
Eﬂi:Faol.—;Eaij—‘rz—fb (22)
1 : XaX; XaXi
H?; =i Pk = (§0i—=5") 8a/7 + 7 &

Solution {. This solution is singular on the light cone.
A= 2§ —12) ',
Si=TFr =),
o= "TFrit*—r?)’r,
g=(t" 7.
Solution 2. The potential A in this case is a non-constant solution of the

equation

d*A
— 0t do? =A(1—43),

where
p:r/(t?_rg)-
It has the following asymptotic behaviour [67]:

p—oo: A=+(14c/0)+0(1/p%, where ¢ is a constant,

p—0: A—0 as oscillatory functions of ¢ with minima and maxima=0(p"s).
Notice that for a fixed ¢ (say £=0), o—co and p—0 correspond to r—0 and r—oo
respectively. ' ' ' ‘

Solution 3. For a non-vanishing value of @, we have

A=+ —r*+a) (2 —r+af +4ar? -V,

Si=E8art [({F—r L e+ dar® ],

&= dar(® + 2+ [ (2 —r* -« - dar? ],

G=4a [({*—r*+af+4ar®] .
The solution with ¢>>0 is regular, while the one with «<{0 is singular. For a=1,
the solution is reduced to

A=TQ+2—) [+ 24920, (25)

which is a solution given by Actor [7..
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Our solutions have both “electric” and “magnetic” components. Notice,
however, that the radial component of the field is purely magnetic and is given
by gs In our formulation, the solutions are classified accopding to the type
of field strength. Under a gauge transformation U=exp [%x—r“ a°0(r, £)] which

preserves the spherical symmetry of the field, components of F transform simply
as

! cosf sind O\ /f;
f2|=| —sinfd cosd O} f2 (26)
fs 0 0 \fs

and the same formula for g’s. Notice that fs and gs remain invariant, thus the
relation of various solutions with respect to a gauge transformation is mani-
fest in our approach.

Our method can be applied to get solutions for other types of field strength.
Investigations covering all cases are now in progress, and results will be
published elsewhere.
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