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1. Introduction

Let G be a finite group and SefsG the set of isomorphism classes of all finite
G-sets. Then SetsG is a semi-ring with addition and multiplication induced by the
disjoint union and the cartesian product, respectively. The Burnside ring A(G) is
defined to be the Grothendieck ring of SetrG. Let A(G)* be the group of units in
AG).

For a fixed T=SetrG, we have an exponential map

( )T:SetyG—SetsG (S|—ST)
where ST ={f:T—S|f; set theoretic map} with G-action
g fiT—S (ti—gf(g71).
Exponential maps induce the following maps
( )1( ):SetsGxSetyG—SetG (S, T)—sSIT=ST)
and
( 110 RAGIXAG—AG) (@, fi—alf)
(cf. [4] Section 3 and [1] Section 2}, We have
(SiX SN TSAT)X(SAT), SUT X To)=StTN T,
ST +Ty=S1T1) < (S1T,) and Stpoint=S.
Therefore AG)* is an A(G)-module (cf. [1]). Let A(G)** be the A(G)-submodule

(subgroup) of A(G)* generated by —1 {L=[point]).

Proposition 1. 1. ([1] Proposition 3. 4). AG)**={1, —1} if and only if G is
of odd order.

In the paper [1], A. Dress says that
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“One would like to conjecture that A(G)* is always generated by —1 as an A(G)-
module, but unfortunately that is not true already for non abelian group of order
10. But still it seems interesting and promising to study the structure of A(G)* as
an A(G)-module. Let me add one more elementary result in this direction.”

In this paper, we shall prove the following result.

Main Theorem.
[I7 Let D, be the dihedral group of order 2n. Then we have A(D,)**=AD,f* if

and only if n=2, 4, p” or 2p", where p is an odd prime such that p=3 mod 4.
[N If G is an abelian group, then A(G)**=A(G)*.

2. Preparation and well known retults
Throughout this paper we use the following notations:
(H) the conjugate classes of a subgroup H of G,
C(G) the set {{H)|H is a subgroup of G},
G, the isotropy subgroup at xeX (X<SetsG),
<Y> the subgroup generated by a subset Y of a group,
#X  the cardinal number of a set X,
N the trivial finite G-set with N elements,
n* the set of positive divisors of an integer #,
n,*  the set {{en*|i is even},
n,*  the set {ien*|i is odd},
D, the dihedral group <b, a|b*=a"=1 and babi=a"").
For (HYeC(G) and X=SetrG, we put

t(X)=8{(x€X|G,=H} and x(X)=4 {(ecX/G|xce, (G,)=(H)}.
Theorem 2. 1 (cf. [3]). If G is a finite abelian group, then
AGr=<{—1, A—-[G/H]I(H)eCG) and HG/H)=2).
Theorem 2. 2 (cf. [2] and [37).
CDw=1{(@), ®, a), (ba, &)lien*, jen?).
In A(D,), we put

a;=Dy[{a"y, pi=Dn[<b,a’> (ien*), r;=Du/<ba, &> (jEn¥),
di=1+4a;—28; (i€n*—{1}), Oj=1+ay;—foj—re; (FEM/2F—{1}),
Alzl"'al, @o:]_—ﬂg and @1:1—7’2'

For i, jen*, we write m (resp. M) for the greatest common divisor (resp. the least
common multiple) of i and j. Then we have the following (2.2.1) and (2.2.2).

aja;j=2may, a;fj=aiy;=man, 7ivi=21ru+(m/2)—1Lay,
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But+{m—1)[2) ayy if m is odd
(2.2.1) pisi= |
2B+ ((m|2)—1) ay if m is even,
(m|2)atpy if m is even
Biri= { . ,
((m—1)/2)an+rm if m is odd.
—1, 4ilien* 3 is odd
A(D,,)*:{< ]zren > zfn. is o |
{~1, 4i, 0;, 6, O,licn*, je®@/2*—{1}> if nis even,
(2.2.2)
2hn*+1 if nis odd
14D~ |
2Hn*+2 if nis even.
Lemma 2. 3. Let X be a finite G-set. We have the following (2.3.1)—(2.3.3):
(2.3.1) If NtX= 31 fun(N) [GIH], then —11X= 3 )f(H)(—l) [G/H].

(H)eC® (H)EC(G

(2.3.2 X= 21 (X [G/H].
HeC(E)

(2.8.3) AG)**={—11[G/H]I(H)eCG)>.

Proof. (2.3.1) follows from [4] (Section 3) and [[17] (Section 2). (2.3.2)=[37 (2.2.1).
Since A(G)* is an elementary abelian 2-group and an A(G) module, (2.3.3) follows
at once.

3. Proof of Main Theorem
By the simple caluculations, we have the following Lemmas 3.1 and 3.2.
Lemma 3.1. For men* and lem*, we have the following (3.1.1) and (3.1.2):

(8.1.1) B E(N1Bm) (D) s 2<a>) =N
BUSE(N1Bn) (D) s D<BY) =N/,
(where (k] denotes the largest integer that does not exceed k),
BFE(N1Bm)(Dy)y D<bay} =NL*D/,
B{FE(N1BWI(Dn)r2<b, ad} =N,
B{fEN1BI(Da)rD<ba, a'd} =Nt

(8.1.2) For f, f'€(N1Bu) (51, if (Da)y=(Dn)s1=<b, a'> or
(ba,a’y and f=f" in (N\Bm)Dn, then I is even and f=a'/Df".

Lemma 3.2. For men* and lem*, we have the following (3.2.1) and (3.2.2).
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(8.2.1) B {f €(N1a)|(Da)y 2<ah} =N¥,
B {f (N1 |(Da)r2<b>) =N™,
#{f e(N1am) |(Da)sD<bay} =N™,
${f €(Ne) (D) 240, @b} =N,
${f €(N1a,) (D)o <ba, ah} =N

(3.2.2) For f, f'e(Nlay) (fxf"), if (Da)r=Du)rr=<b, 'y or <ba, a')
and f=f" in (N1a,,)|D,, then lis even and f=a¥/of',
For (N1B.)€ AD,), (Ntay)e A(D,) and lem*, we put
ety (N1Bm)=pD),  oaaty (N1Bm)= ),
Ao aly (NTﬁm):Z(l)’ Abaiaty (NTﬂm)ZZ(l),
Kb, ab> (NTanz):F*(l)> Woaraly (NTam):/_‘*(l);
Koaty (N1ay)=240),  As,aly (N1am)=2%(1),
Xaty (N18m)=2(D), Aal> (Na,)=v*(l),
1 if [ is odd
o) ={
2

if I is even.

Lemma 3. 3. We have the following identities:

#)=pXD, AO=pAD), pD=pD), EXD=plR*D),

o) =N — 31 pME), pDD=N— D1 B,
relx= (1} kel*— (I}

pDAD=NUA — ST k), pA(l)= Nt — 3 k),
kel*— {1} kel*— {1}

21»(1):1\]’—( 3] kx(k))—( 37 2ku(k)>—( 3] ki(k)),

kel* kel*—{l) relX

2= N — (33 k)= 3 okt - (3] mRh).

kel* kel*—{l} kel

Proof. This follows from Lemmas 3.1 and 3. 2.

Lemma 8. 4. Let p be an odd prime and pScm*. We have the following ide-
ntities:

APS)=2(p5) =N D/ NG 1+D12 (5350),

AP )=2%(pS)=NP"— NP~ (s>0),
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wp)=(1/2p°) (NP = NP~ —p32(p%)) (s>>0),
VH(D%)=(1/2p°) (N®P*— NP2 —pS2¥(p%)) (s2>0),
AD=AD=N, U= V=N, »1)=0 and v*1)=({N?—N)/2.

Proof. From Lemma 3. 3,

s—1
ﬂ(ps): NCPs+/e le( = N(bs+D/2 2(1)5 1) 2(1)1')
i=0

i=0
$=1 §=2 . s~2 .
= NCBs+1)2 [ NCP +D)/2 _Z}z(pz) _Z}g(pt)
i=0 i=0
= NCps+1)/2 _ £KBS1HD/2

and
s—1

2p%(p%) = NP* — Z,p'z 2p"(p

i=0

/ ~1

=1 52 . .
= NP* — Z]zﬂ \Nﬁ Z(})p'z ,;‘)2#»(1)‘))
s=2 s s=1
~§2p‘»(pf)=N’” ~N"T ),

The remaining part will be proved in the same way.

Lemma 3. 5. For 2°cem* (s>1), we have the following identities:
A2)=(N#"H T — N2, (2)=(N*—N)/2,
A2%)=(N*"1—N*")[2, (2)=0,

AH2)=(N"*—N*7")j2, 2M2)=(N*—N)/2,
(25) = (NS — N2s71 25 2(25) — 252(25))/ 251, 1(2)=0),
VH(29) = (N2 — N2° — 25 %(25) — 257%(25))/ 251

(this identity is true for s=1).

Proof. From Lemma 3.3,

s—1
24(25)= N** ™1 — 3(1)— > 1 24(2)= N&*~1+1— § }22 2%)
1a=1

= N2~tH_ 1)— ( NEs=#+1 _ y(1)— ﬁz)(zi) )_ E?ZZ(Z,.)
i=1 i=2

. NJ2ST1+ s-24
= N2°mi¥l_ s
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and
s -1

25+1() N2s — 221')‘(2:') Z}zzzzz Zzzﬂ

7=0 i=1 i=0

=Nzt — 2221 1) 25),(25-1) Z} olt1y, 121 2217(2")
i=1
NP iziz(zi) _ 53 2721 — 22“%(2‘)
= = i=0
s=1 s=2 R
Nz 2212 2: 2212(21) — Z 9i+1, (21))
1=1 ]

1=0
= N2 — N#°7' — 253(95)— 953(25),

The remaining part will be proved in the same way.

From Lemma 3.3, We have the following Lemma 3.6 by the same way as in
Lemmas 3.4 and 3.5:

Lemma 3.6. Let p and q be odd primes (p3xq). We have the following identities:
Apg)=Apg)=NPI+D/2_ NH+/2 _ NC*D/2 L N
¥(pg)=2*(pq)=NP?—NP—N?+N,
2pqy(pg)=NP?—pA(p)—qXq)—paA pa)— A1)—2u(1)— 2px(p)—2q(q),
2pqu(pq)=N*"—pI*(p)—qX*(q)—pgr*(pa)—*(1)—2v*(1)—2p»*(p) — 20v(g),
202p%)= NP1 = NP i —ip)
2A2p%) = N»*—N**" =7 p9),
2042p%)= NoP*— Nobs™' - 2¥(p),
2TH2pT) = NPP* — No#*™' —24(p),

Apu(2p) = N2P° — N2b*™ — 2p(2p%) — pSA(p°)— 20°A(2p°) — 20" b°),
ApS¥(2p®) = N*P* — N*P*72 — 2pS7¥(2p%)— p2¥(p%) — 2p°2¥(2p%) —2p°v¥(p"),
24(4p°)= N2P*+1— NEPI 71— (p)— 2X(2p°),
22(4p%)=N2b* — N2 ™' — J(p%)— 24(2p°),

20(4p%) = N*PS — N#PST' — 2%(pS)— 22%(2p°),
27K(4p%)=N*P° — NAP° ™! — 2% p%)— 22%(2p°),

8PS u(Ap®)= N*P*— N*P*™} — 4pSA(4p%) — 2p°A2p°)— p°A(p°) — 2p°A(2p°)

—4p A 4p*)—2p5u(p*)— 4p*u(2p"),
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and
B (4p*) =NP*— NUP* ™' —4p 2 (4p*)— 2pRH2p*)— DR %)~ 2pR2p)
—ApTH(4D°)— 26" (p%)— 4p*¥(2p°).
Corollary 3.7. Let A0) (—1), &) (—1), %) (—1), () (—1), »{f) (—1) and v*(}) (—1)
be the rational integers obtained by substituting N=—1 into 2 (), A0, 20, %),

v{l) and v*(l), respectively. Let s be an integer (s>0). From Lemmas 3.4-3.6, we
have the following table.

! AW (-1 | A (=1 | 2O [ AD (=) | ) (~1) | »*@-1)
1 -1 -1 ~1 ~1 0 1
D5(p=3 mod 4) 2(—1)*1 | 2(—1)s+! 0 0 (—=1) 0
p(p=1 mod 4) 0 0 0 0 0 0
2 1 0 1 1 0 -1
4 -1 1 0 0 0 0
25(s>2) 0 0 0 0 0 0
2p%(p==3 mod 4) (—=1y (—1y 0 0 (=1t 0
2p°(p=1 mod 4) 0 0 0 0 0 0
4p 0 0 0 0 0 0
b=3 mod 4
baq ( and > —4 —4 0 0 2 0
g=3 mod 4
p=1 mod 4
?q < or > 0 0 0 0 0 0
g=1 mod 4

Remark 3.8. From (2.3.1) and (2.3.2), we have the following identities:

—~MBm= 2 GN—Vas+A0—1B)+ 2 X—Lyu

lem* lem*

and

~Uam= 2 0*)—DLe; -+ 22—+ 2 =Dy

Iom* lems*

Since D,=<b, ad>=<ba, a>, (b, a®*)=(ba, a**') and (b, a*)>(ba, a?'),
we have

~ym= v(l)(—1>a1+12 A=+ D3 =1+ D) AN—1B.

ISk &l &as 1Sl
For m, kewn* and lem™*Nk*, we have

A, XN Bn) =6, a XN BR), At at N1 ) =Xt 2 at> (N1 Bi)

Kby a\N1om) =4, X N1ar), Apa,atd(N1tm)=Apa, al> (Nlag)

et N1 Bm)=Acat> (N18r) and Aa!XN1ety)=Xaty(N1ag).
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Therefore, for men* and k=m* we have the following identities:

—UBn=(—1180+ 2 (v(l)(—l)dz+2(l)(—1)191)+l D3 AN =D,

lem*—k* eme*—Fk*

~Uap=(—ar)+ D  OO—Da+N-0+ > 20 (~Un,

lem*—k* leme*—k*

and

S TP oo R B/ GRS\ o N 1y (O SR B ) ()

lem*—k* lem*—k* lems*—k*

+ 21 AN-1B.

lem*—k*

Lemma 3.9. Let 7 be an integer (r>>0). From Corollary 3.7 and Remark 3.8, we
have the following identities:
7
—_ —1)5 — s ] =
1= {T1F g( 1(eps—2Bps)  if p=3 mod 4
—1 if p=1 mod 4,
—HNapr=—1+4a;, —lay=—1+4a;, —11fi=—1, —11f=—1+p,
_1T4‘92':“1+ﬂ2_.’9&+7'4(7’>1)’ —1tre=—1-7s,

—11yr= —1+T2_7’4+194(7’>1), —Nay=—14Fo+re+ay—as,

,

—11Bapr = F 1B+ D (—1)(eps—2Bps—anps+Baps+rops)  if D=3 mod 4
s=1

—145, if p=1 mod 4,

r

— 147+ D= 1)aps—2Bps —ttaps+ Bops+72p5)  if p=3 mod 4
s=1

—147, if p=1 mod 4,

—1Tr2ﬁr = <

—logpr=—1+a;, —1taspr=—14a;, —1lap,=—1+ay,

—11Bp7

7

— [~l+ﬁz“ﬁ4+ ’)’4+E<—1)s(ap5—ZBps—agi,S—i-ﬁgpS—‘-Tgps) lf =3 mod 4
s=1

"‘1+ﬂ2"',84+‘]’4 Zf p=1 mod 4,

—W7epr

7

= {~1+72—T4+ﬁ4+Z}(_1)5(“p‘_2:8P‘_“2D5+ﬂﬂb’+rﬁﬂ’) if p=3 mod 4
s=1

~147a—14+B, if p=1 mod 4,

and
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—1—ap+28p—ag+28,+2ap,—4Bpg  if =3, ¢q=3 mod 4

18py= —1—a,+28, if p=3, q=1 mod 4
b4 —1—a,+28, if p=1, q=3 mod 4
—1 if p=1, q=1 mod 4.

Lemma 3.16. Let p and q be odd primes (p=3, q=3 mod 4). We have the
Jollowing identities:

7 7
—_ ]_T‘Bpr = — H Ap:’ —-]_Tﬂzpr: -—(I]:Idps@ps)@o,
s=1 s=
7 r
—Wyopr=—(1I 450,50, —118spr = —( I1 450,5)0,0,,
s=1 s=1
r
—ypr= —( II Ap‘@ps)@@z, —11Bor = —0,6,(r>1),
s=1
—1T7‘2’:“@1@z(?’>1), —118:=—6,, —1TT2=—‘@1,
—1Ta2r:‘—@0@141(7’>0) and "“1T‘qu:'—'dpdq.

Proof. From (2.2.1) and Remark 3.8, the desired result follows by the induction
on 7.

Corollary 8.11. Let p be an odd prime (p=3 mod 4). Since A(G)* is an elemen-
tary abelian 2-group and an A(G)-module, we have the following identities:

— W (Bpr+Bpr-)=dpr, —1N(Bapr+Papr-1+Bpr+ Bpr-1)=6pr,
—W(1+a)=4, —11(1+8)=00, —11(1-+72)=6, and
= 11{(Bz+ Ba)=—11(Ba+ for) = 6.
Lemma 3.12. For men*, we put
AD)w**={—1a;, —1181, —1fyrr, |lem*, I'em ). If 4, A(Dy)**,
then Adms AD)n**. If 0, ADy)* m>0), then 0, AD,)sm**.

Proof. If 4,, A(D,)**, then 4,, has a following representation:

Amz( H _lTﬂh)( 1_-[ —lTa“)(lH —1TT13),

hely I3 3€ly
- where I, L,cn* and I;C#n.*. From (2.2.1) and Remark 3.8, we have the following

identity:

dn=( I =118 ( 11 —nacm,)z))(lﬂ — 1 in),

leI) el €l

where (m, [) is the greatest common divisor of m and /. So, 4,< A(D,),**. Similarly
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O ADp)sm™** if 0, A(D,)**.

Theorem 3.18. Let p and q be odd primes (p><q). We have the following (3.13.1)
—(3.13.5).

(3.13.1)  AD,)**D{—=1, 4ps, 6ps, Oy, O,, 411<s<F> if p*, 2€n* and p=3 mod 4.
(3.18.2)  ApsEAD,)** (1<s) if p=1 mod 4.

(8.13.3)  A(D.)**N (Oyp, O,, dpg} =empty set.
(38.13.4) If p=3 mod 4, then A(Dyry**=A(Dpr* and A(Dypry**=A(Dypr)*.

(3.13.5) A(D)**=A(D*.
Proof. From Lemmas 3.9-3.10, Corollary 3.11 and Lemma 3.12, we have
O2p E ADn)ip*™*, OsE ADy)**, dpqE ADn)pg** and
ApsE ADy)ps** if p=1 mod 4.

Therefore, we have (3.13.2) and (3.13.3). The remaining part follows from Corollary
3.11 and (2.2.2). ’

Proof of Main Theorem. [I] follows from Theorem 3.13. Let G be an abelian
group and H a subgroup of G with index 2. Then we have

N1LG/H]=N+(N*—N)/2)[G/H]
(so, —1(A+[G/H)=1-[G/H]).

Therefore [II7] follows form Theorem 2.1.

References

[17 A. Dress, Opeations in representation rings, Proc. Symposia in Pure Math, XXI
(1971) 39-45,

[2] T. Matsuda, On the unit groups of Burnside rings, Japan. J. Math, Vol. 8 No, 1
(1982) 71-93,

(3] T. Matsuda, On the equivariant self homotopy equivalences of spheres, J. Math,
Soc, Japan Vol. 31, No. 1 (1979) 69-83.

[4] T. Yoshida, On the unit groups of Burnside rings, to appear.



