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   E. Imetroduction

   Let G be a finite group and SetfG the set of isomorphism classes of all finite

G-sets. Then SetfG is a semi-ring with addition and multiplication induced by the

disjoint union and the cartesian product, respectively. The Burnside ring A(G) is

defined to be the Grothendieck ring of SetfG. Let A(G)* be the group of units in

A(G).

   For a fixed TESetfG, we have an exponential map

                    ( )T:SetfG-SetfG (Sl-ST)

where S' ={f:T-S]f; set theoretic map} with G-action

                    g. f: T-S (t ]---+gLIC(g-it)).

Exponential maps induce the following maps

             ( )t( ):SetfGxSetfG-Set;G ((S, T)l.StT==S')

and

             ( )T( );A(G)xA(G)-A(G) ((a, P)t--･atP)

(cf. [4] Section 3 and [1] Section 2). We have

            (S,×S,)TTE){(S,tT)×(S,tT), St(T,×T,):!(STT,)TT,,

            ST(Ti+T2)-fi-ne".(STTi)×(STT2) and Stpoint2!S.

Therefore' A(G)' is an A(G)-'module (cf. [1]). Let A(G)"* be the A(G)-submodule

(subgroup) of A(G)" generated by -1 (1 =[point]).

ofo :OgrOdSi/i.Oxt 1' Z' ([1] PrOPOSitiO" 3･ 4)･ A(G)"*={1, -1} if ana only if G is

   In the paper [1], A. Dress says that
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"One would like to conjecture that xtl(G)" is always generated by -1 as an A(G)-

module, but unfortunately that is not true already for non abelian group of order

10. But still it seems interesting and promising to study the structure of A(G)* as

an A(G)-module. Let me add one more elementary result in this direction."

   In this paper, we shall prove the following result. '

   Main Theorem.

[I] Let D. be the dihedral gromp of order 2n. Then we have A(D.)""==A(D.)" if

   and only if n=2, 4, Pr or 2Pr, where P is an odd Prime sacch that P=-3 mod 4.

[II] if G is an abelian gromp, then A(G)'* =A(G)".

   2. Preparatiom and well lcmown retults

   Throughout this paper we use the following notations:

(H) the conjugate classes of a subgroup H of G,

C(G) the set {(H)]Ll is a subgroup of G},

Gx the isotropy subgroup at xEiiX (XEiiSetfG),

<Y> the subgroup generated by a subset Y of a group,

#X the cardinal number of a set X,

N the trivial finite G-set with N elements,

n* the set of positive divisors of an integer n,

ne* the set {ien"li js even},

no" the set {iEn"li is odd},

Dn the dihedral group <b, alb2 =a"==1 and bab-i=a-i>.

For (H)EiiC(G) and XESetfG, we put

     ptH(X)=-pt{xEX1G. =H} and 2H(X)=-ti {eEX!G1xEe, (G.)==(H)}.

Theorern 2. 1 (cf. [3]). ifG is afinite abetian grozip, then

   A(G)"-<-1, (1-[GIH])1(H)eC(G) and ti(G/H)-=2>.

Theorem 2. 2 (cf. [2] and [3]).

   C(D.)={(at), (b, at), (ba, a')li(!iin", 1'Gne"}.

in A(Dn), we Put

   cti--D.1<a`>, Pi--D./<b,a'> (iGn"), ri'=Dn/<ba, a'> (7'Ene"),

   Ai--1+ai-2Pi (iE!!no"-{1}), @j･=1+a2i-P2i-r2j (1'E(n12)"-{1}),

   ki==1-ai, eo=1-P2 and ei=1-r2e

For i, den*, we write m (resP. M) for the greatest common divisor'(resp. the least

con2mon multiple) of i and i Then we have the follbwing (2.2.1) and (2.2.2).

            aiaj-un2maM, aiPj=aird=maM, riri--2rM+((m/2)-1)atM,
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(2･2･i) pipi--(g,".'.":1,i.1,'L21,a.". IIfM.illO,3g.,

                (m/2)aM ifmis even           piri'-ww (

                ((m-1)/2)aM+rM if m is odd.

                                          '
           A(Dn)*==([Iiij :IIIi-Sj,">e,, te'f,i℃･gS.,O*d,dti.(./2)*-{i}> ifn is even,

(2. 2. 2)

           #A(D")"=(&"II:l 11f:11,SZ,d,d..

   LemaRna 2. 3. Let X be a.linite G-set. We have the following (2.3.1)-(2.3.3):

(2.3.1) J(]CNTX== X rtH)(IV) [GIH], then -ITX- l::] ftff)(-1) [GIH].

              (H)EC(G) (ll')EC(G)
(2.3.2) X= X 2.(X) [GIH].
         (H)GC(G)

(2.3.3) A(G)**=:<-lt[G/H]1(H)EC(G)>.

   Proof. (2.3. 1) follows from [4] (Section 3) and [1] (Section 2). (2.3. 2) =[3] (2.2. 1).

Since A(G)" is an elementary abelian 2-group and an A(G) module, (2.3.3) follows

at once.

   3. Proof of Main Theoreme

   By the simple caluculations, we have the following Lemmas 3.1 and 3.2.

   Lemff#ia 3.1. For mGn' and IE!!m", we have the following (3.1.1) and (3.1.2):

<3･1･ 1) sc {fE(NtPm)l(Dn)fD<a'>} == N'

           # {fE (Nt Pm) ] (Dn)f) <b>} == N[M12]"i,

           (where [le] denotes the largest integer that does not exceed le),

           pt {fE (Nt Pm) 1 (Dn)f D <ba>} = N[(M")!2] ,

           #{fG(NtPm)KDn)fD<b, at>}=:N['l2]'i,

           #{fG(NtPm)I(D.)fD<ba, al>} =N[(l+i)/2].

(3.1.2) For f, f'E(NTP.) (fttsfff'), if (D.)f-(D.)ft-<b, a'> or

           <ba,ai> and f=f' in (NtP.)/D., then l is even and f==a(i!2)f'.

   Lernma 3.2. For mEn' and IEm", we have the following (3.2.1) and (3.2.2).
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(3. 2. 1)

(3. 2. 2)

For (NTPm)GA(D.), (Ntct.)EA(D.) and IEm",
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     # {fE (Nta.) l (D.)fD <a'>} == N2i,

     ss {fG (Ma.) I (D.)fD <b>} == Nnt,

     # {f E (M a.) l (D.)fD <ba>} = NM ,

     sc {fE(Ntam)I(D.)fD<b, a'>} =:Ni,

     #{fE(Nta.)1(D.)fD<ba, ai>} =Nt.

For f, f'E(Ma.) (kf'), if (D.)f=(D.)f,==<b, at> or <ba, al>

and f=f' in (Nta.)/D., then l is even and f==a(i12)f'.

                      we Put
pt<b,a`> (NTPm)=pt(l), pt<ba,a'> (NtPm)=P(l),

R<b,a'> (NtPm)=2(l), R<ba,at> (NtPm)=2(l),

pt<b,al> (NTctm)=pt"(l), pt<ba,al> (Ntam)=pt"(l),

2<b,at> (Ntctm)=Z"(l), R<b,al> (Ntam)=R"(l),

2<ai> (NTPm) =v(l), 2<ai> (NTatm)=v"(l),

    1 if l is oddP(i)=(2 ifiis even･

3. We have the following identities:

Ft(l)-=p(l)2(l), li(l)==p(l)R(l), /u"(l)=-p(l)R"(l), P"(l)-p(l)R*(l),

p(l)R"(l)=N'- = pt*(le), p(l)i"(l)-N'- X, pt"(le),

         kGl*-{l} leEt*-{l}
p(l)R(l)=N['/2]"i- = pt(k), p(l)i(l)=N[(i'i)i2]- X pt(le),

          kel*- {l} kGl'- {l}
21v(l) = N' - ( ,X. ],, feR(le)) ' ( ,.n,- {i} 2fe"(h)) - (k¥i,* nt(le)) '

21""(l) = IV21 - ( k=.t, kR"(k)) - ( k.ili,i]m {i} 2k"'(k>) H (kEi/1,* le7'(h)) '

  Proof. This follows from Lemmas 3.1 and 3.2.

  Lernrvta 3. 4. Let P be an odd Prime and PSGm".

ntities:

            -s         2(PS)=R(PS)=,N(P +i)!2.N(PS-t+i)/2 (s>O),

         2*(PS)==2*(PS)= NPS-NPS-i (s>O),

VViz have the following ide-
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     v(PS) =(1/2PS) (NPS-NPSdi-pSR(pS)) (s>O),

     .*(PS)=(1/:ipS) (N2PS-N2PSri!-PS2*(PS)) (s>O),

     A(1)=a(1)=N, 2"(1)==2*(1)==N, v(1)==O and v"(1)=(N2-N)12.

 Proof. From Lemma 3. 3,

     R(PS)= N(PS+i)l2 m X 2(pi) .. N(PS+i)!2 m 2(PS--i)m X 2(Pi)

          i--o i--o      .,, iv(ps+i)i2 . (,N'(pS"'+i)i2 - i.lii=2oR(pi)) - ;,liii=o22(p`)

      = N(PS+1)!2 - N(PS-i+1)12,

and

          s s-1     ZPSv(PS) = NPS - XIPi2(Pi) - X 2Piv(Pi)

          t=o t==o.
       = Np` -1=,piR(pi) -( AipS-' - iX.=ipi2(pi) -I--2, zpiv(pi))

       - Xii2i 2ipi.(pi) = Nps - lvps-i mp,R(p,).

        i=o
The remaining part will be proved in the same way.

 Lerxtmaa 3. S. For 2SEm" (s>1), we have the following identities:

     R(2S)=(N2S-i+i-N2S-2+i)12, 2(2)=(N2-N)/2,

     R(2S)=(N2S"bi-IV2S-2)/2, 2(2),.O,

     R*(2S)=(IV2S-N2S-i)!2, R*(2)=:(N2-IV)12,

     ,(2S)..(N2S-N2S'"i-2SR(2S)-2S2(2S))12S+i, v(2)==O,

     v*(2S)=(IV2S+i-N2Sin2SR*(2S)-2S2*(2S))/2S+i

      (this identity is true for s==1).

 Proof. From Lemma 3.3,

   2R(2S)=N2S'i+i-2(1)-X2R(2i)=N2'"'i+i-Z(1)-22(2S-i)-=2R(2i)

     = N2smi+i - R(i)- ( N2s'" 2+i -R(i)- i.llll.. i 22(2i) ) - I=i 2R(2i)

     =N2Sla1+IMN2S-2+1,
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and

　　　　　　　　　タ　　　　　　　お　　　　　　ヨ　　
　　　　2・＋1・（2s）』N25一Σ2∫λ（2f）一Σ2員（2り一Σ2∫＋1リ（2’）

　　　　　　　　　ゴ茜0　　　　　　ゴ＝1　　　　　　ゴ＝0

　　　　　　　　　　ヨ　　　　　　　　　　　　ど　　　　　　　　　お
　　　　　　一N25一Σ2λf（2f）一2s・（2s－1）一Σ2‘＋1リ（2ゴ）一Σ2‘双2∫）

　　　　　　　　　f＝0　　　　　　　　　　　　∫＝0　　　　　　　ゴ嗣1

　　　　　　　　　　ヨ　　　　　　　ド　　　　　　お　　
　　　　　　一〈r25一Σ2∫え（2り一Σ2∫双2‘）一Σ2ガ＋1〃（2リ

　　　　　　　　　ゴ＝0　　　　　∫＝1　　　　　f二〇
　　　　　　　　一（　　　　3－1　　　　　　　　　5－1　　　　　　　　　5－2N25－LΣ2ゴλ（2り一Σ2’双2ゴ）一Σ2f＋1・（2リ　　　　ゴ＝0　　　　ゴ＝1　　　　∫冨0）

　　　　　　＝N25－2＞25一且一23λ（2∫）一2sλ（2s）．

The　remaining　part　wi11　be　proved　in　the　same　way．

　From　Lemlna　3．3，　We　have　the　following　Lemma　3．6by　the　same　way　as　in

Lemmas　3．4and　3．5：

　Lemma　3．6．ゐθゆ伽496θ064ργ勿2θSψ≒φ．　Wθんαかθオ勉θプb〃0”伽9掘θη翻εS：

　　　　え（ヵφ一λ（ρφ＝1V伽＋1）／2－1＞（ρ＋1）／2－1＞（σ＋D！2＋ノ〉，

　　　λ＊吻）＝λ＊（ρφ＝〈脚一Nρ一1＞σ十N，

　　　　2ρ（～ッ（ρ（1）＝2＞♪σ一ρ、～（ρ）一一（1λ（σ）一ヵ（1λ（ρ（～）一，～（1）一2り（1）一2≠）レ（ρ）一2（1り（σ），

　　　　2ρ（1り＊（ρ（1）＝1＞2ρ（～一ρλ＊（ρ）一（1λ＊（σ）一ραλ＊（ヵ（1）一λ＊（1）一2り＊（1）一2クリ＊（ρ）一24り＊（α），

　　　　2λ（助s）＝1＞ρ5＋LNρ5－1＋1一λφ8），

　　　　2λ（2が）＝〈㌍一Nが一Lλ（ρs），

　　　2λ＊（2∫》s）；1＞2ρ5－N2ρ5－1一λ＊（メ）5），

　　　2λ＊（2が）一Mが一1＞2ρ5一且一λ＊（グ），

　　　4ρsソ（2が）＝1V2ρ5－1＞2ρ5－1－21）3λ（2ρ∫）一1）ελ（1）∫）一2カελ（2ク∫）一2カ3レ（ρs），

　　　4ρ∫り＊（助ε）二1V4ρ∫一！V41）5－1－2ρ∫λ＊（2ρs）一1り3λ＊（メ》∫）一2ρsλ＊（2ρ3）一2カ3り＊（1）s），

　　　2λ（4ρ5）＝1＞2ρ∫＋1－！＞2ρ∫『＋エーλ（1）∫）一2え（2ρ∫），

　　　2λ（4ρs）＝1＞2ρ5－2＞2ρ5欄1一λ（1）∫）一2λ（2ρε），

　　　2λ＊（4が）＝ハ解ρ3－！＞4ρ5－1一え＊（ρs）一2λ＊（2カs），

　　　2矛（4メ）s）＝2＞4ρ5－1＞4メ）5騨1一λ＊（メ）5）一2λ＊（助s），

　　　aρ3り（4ρ∫）＝N4ρ5－！＞「4ρ5閑1－4ρ∫λ（42ウs）一2」りsλ（21》s）一1》∫λ（ρs）一2か∫λ（2ρs）

　　　一4ρsλ（4が）一2がレ（が）一41》sり（2ρ∫），
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and

        &bsv*(4ps)=lv4P'-twP`-'i-4ps,z*(4ps)-{epsR*(2ps)-ps2*(ps)-2ps,z*(2ps)

                -4PSR*(4pS)-2pSv*(pS)-4pSv*(2pS).

   Corollary 3.7. Let R(l) (-1), i(l) (-1), 2"(l) (-1), 7'(l)(-1), v(l)(-1) and v"(l)(-1)

be the rational integers obtained by substituting N==-1 into R (l), R(l), R*(l), 2'(l),

v(l) and v"(l>, respectively. Let s be an integer (s>O). From Lemmas 3.4-3.6, we

have the following table.

l

i

ps(p=-3 mod 4)

ps(p=1 mod 4)

2

4

2s(s>2)

2ps(p=-3 mod 4)

2PS(PiEil mod 4)

4ps

,,
(:/-in･gd.M.O:i

pq
(:,-,,'5i.M:,d1

)

)

R(l) (- 1)

  -1
2(-1)S+i

    o
    1

  -1
    o
 (-1)s

    o
    o

  -4

    o

2(l) (- 1)

  -1
2(-1)s+i

    o

    o

    1

    o
 ( im 1)s

    o

    o

  -4

    o

2*(l)(-1)

-1
 o
 o
 1
 o
 o
 o
 o
 o

 o

 o

2(l)(-1)

-1
 o
 o
 1
 o
 o
 o
 o
 o

 o

 o

v(l) (-1)

   o
(-1)s

   o

   o
   o
   o
(-1)S+t

   o
   e

   2

   o

v"(l)(-1)

 1

 o
 o
-1
 e
 o
 o
 o
 o

 o

 o

   Rernark 3.8. From .(2.3.1) and (2.3.2), we have the fo!lowing identities:

         -ltP.= X (v(l)(-1)ai+2(l)(-1)Bi)+ X i(l)(-1)ri,

                IGEm* IEme*
and

         -lta.== :Iii] (v"(l)(-1)ai--2"(l)(-1)Pt)+ X i*(l)(-1)ri･

                tDm* IEme*
Since D.==<b, a>=<ba, a>, (b, a2i")==(ba, a2'"') and (b, a2')i(ba, a2t),

we have

         -ltr. -= 2 v(l)(-1)att+ = 2(l)(-1)ri+ : 2(l)(-1)Pi+ = R-(l)(-1)Pi.

                IEM* IEMe* IEMe* tEMt*
   For m, leEn* and IEm*fik*, we have

        2<b,ai>(NtPm)==:2(b,at>(NtPk), 2<ba,at>(NTPm)=2<ba･at> (NtPk)

        R<b, al>(Ntam)==2<b, al>(NTak), 2<ba,al>(Ntctm)=2<ba, at> (Ntah)

        R<ai>(NTPm)==R<ai> (IVTPk) and R<ai>(IVTctm)=R<ai>(Ntak)-
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Therefore, for mEin* and leEm' we have the following identities:

       -ITPmi(-MPh)-l- X (v(l)(-1)ati+2(l)(-1)Pi)+ :IEill 1(l){-1)ri,

                    lem*-fe* IEme*-k*
       -ITctm--(-ltah)+ X (v'(l)(-1)cti+R"(IX-1)i3i)+ X X*(l>(-1)ri,

                    lem*-k* IEme*-k*
and

       -ltrm=:(-ltrk)+ 2 v(l)(-1)cti+ X R(l)(-1)ri+ l:i:] R(l)(-1)Pi

                   IEtn*-k* leme*-k* lemo*-k*

           + X i(l)(-i)Pi.
             IEMe*infe*

   Zewawaa 3.9. Let r be an integer (r>O). From Coroliary 3.7 and Remarle 3.8, we

have the following identities:

       -iTppr-: IJl+S.,(-i)S("pS-2PpS) :,;;l'illi M.O,S 1,

       -ltapr==-1+at, -ltai=-1+ai, -ITPi=･=-1, -ltP2='1+P2,

       -1TP2r =-1+P2-P4+r4(r>1), -1Tr2=:-1+r2,

       -1tr2r==-1+r2-r,+P4(r>1), -1tct2r==-1+P2+r2+cti-a2,

       mlTp,pr= I]11++pP:+tr.,(-1)S(aps-2Pps-a2ps+P2ps+r2ps) Iff;;-i :z: 1,

       -1tr2pr = (Il:rr,2+ X.i(-i)S(aps"2Pp'-a2ps+P2ps+r2ps)
                                               if PE!i3 mod 4

                                               if PEiiil mod 4,

       -1ta2pr=-1+ai, -ITa4pr==-1+ai, -ltctpq=-1+ai,

       -ltP4pr
                                              '
       = I-1+P2-P4+ r4 + ?i.lii<-1)S(ctps-213ps-a2ps+B2ps+r2ps>
                                               if P-ma3 mod 4

         k-1+P,-P4+r,                                               if P=1 mod 4,

       mltr4pr

       = (:l:li:rrl++pPi+?S.li(-1)S(ap'-2Pp`-a2p'+P2ps+r2ps)
                                               if Ps!3 mod 4

                                               if PEE!1 mod 4,

and
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                 -1-ap+2Ppmaq+2Pq+2ctpq-4Ppq ifP='3, qEi3 mOd 4

                 -1- ap + 2Pp if P=- 3, q!!l mod 4
                                               tfP!!il, q=3 mod 4                 -1rmaq+2Pa

                 -1 ifP=-1, q!!!l mod 4.
   Le:ififfcrea 3.le. Let P and q be odd Primes (P=-3, qiEi3 mod 4). We have the

follOwing identities :

                   rr        -iTppr =- II Aps, -itp2pr == -(IE ,apseps)e,,

                  s=1 s!=1
                   rr        -ITr,pr == -( n Apseps)e,, -ITp,pr= -( ff gpseps)e,e,,

                  s=1 s=1
                   r        -ltr4pr=-( II tipseps)eie2, -UP2r=-e,@2(r>1),
                  s==1

        -ITr2r==-ei@2(r>1), -ltP2 =-ee, -ITr2=-ei,

        -ltct2r==-@oeini(r>O) and -MPpq=-apaq.

   Preof. From (2.2. 1) and Remark 3.8, the desired result follows by the induction

on r.

   Corollary 3.al. Let P be an odd prime (Pi3 mod 4). Since A(G)" is an elemen-

tary abelian 2-group and an A(G)-module, we have the following identities:

        -lt(Ppr+Ppr-i) =npr, -lt(P,pr+P,pr--i+Ppr+Ppr-i)==epr,

        -lt(1+ai)==ai, -lt(1+P2)=eo, -lt(1+r2)=ei and

        -1T(P,+P,)=-1t(P,+P2r)==e2･

   Leffwtfferta 3.12. For mGn", we Put

      A(Dn)m"*=<-ltatl, 'ltPl, -ltrl',[IEM", l'EIiMe">･ 11f' AmGA(Dn)**,

      then A.eA(D.)."". 111e O.eA(D.)* (m>O), then emEA(Dn)2m'".

   Proof. If idmGA(Dn)"', then id. has a following representation:

        Mm==( ll -,ltPi,)( ll -ltai,)( IIE -ltrh),

            llEII l2Eh l3EI3
where A, ncn" and hcn,". From (2.2.1) and Remark 3.8, we have the following

identity:

        id.=( ff -ltP(m,i,))( III -lta(m,i,))( II -iTr(,n,i,)),

            llGII t2Eh l3E!Ih
where (m, l) is the greatest common divisorof m and l. So, idmEEA(Dn)m"*. Similarly
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@mEA(Dn)2m"" if emEIA(Dn)""･

   mpheorern 3.X3. Let P and q be odd Primes (ptcq). VPXb have the following (3.13.1)

-(3. 13. 5).

(3.13.1) A(D.)""D<-1, tips, eps, Oo, ei, idiP:{;sf{l:r> ifP', 2en* andP=-3 mod 4.

(3.13.2) ApsEEA(D.)"* (lff{:s) ifP=-1 mod 4.

(3.13.3) A(D.)**fi {e2p, @`, npq} ==emotY set.

(3.13.4) ifp=i3 mod 4, then A(Dpab*"=A(Dpr)" and A(D2pab**=A(D2pri".

(3.13.5) A(D,)**=A(D,)*.

   Proof. From Lemmas 3.9-3.10, Corollary 3.11 and Lemma 3.12, we have

        e2peA(Dn)`p"*, e4GA(Dn)s**, np4¢A(Dn)pq"' and
                                                        '        npseA(D.)ps*" if P!!1 mod 4.

Therefore, we have (3.13.2) and (3.13.3). The rernaining part follows from Corollary

   Proof of Main Theorem, [I] follows from Theorem 3.13. Let G be an abelian

group and H a subgroup of G with index 2. Then we have

                   NT[GIH]-=N+((IV2-N)12)[G/H]

                   (so, -lt(1+[G!H])-1-[GIH']).

Therefore [II] follows form Theorem 2. 1.
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