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   It is known that there exist three simple Lie groups of type Es up to local

isomorphism, one of them is compact and the others are non-compact. We have

shown in [7] that the group

    Es=={ aGIsoc(esC,esC) i ct[Ri, R2]=:[aRi, aR2],<aRi, aR2>==<Ri, R2>}

(where esC is a simple Lie algebra over C of type Es and <Ri, R2> a positive

definite Hermitian inner product in esC) is a simpiy connected compact simple Lie

group of type Es. In this paper, we consider one of the non-compact cases. Our

results are as follows. The group

   Es,,={ crEIsoc(esC,esC) 1 a[Ri, R2]==[evRi, aR2], <crRi, cvR2>t=<Ri, R2>t}

(where <Ri, R2>t is another inner product in esU) is a connected non-compact

simple Lie group of type Es and its center z(Es,t) is trivial :

                             z(Es, e) :=: {1}.

The group Es,t contains, as a subgroup, a speciai tmitary group SU(2) andasimply

connected compact simple Lie group E7 of type E7 and the polar decomposition of

Es,t is given by

                        Es,e = (SU(2) ×E,)IZ, × Rii2.

The group Es,e contains also, as a subgroup, a special linear group SL(2, R) and

a connected non-compact simple Lie group E7,i of type E7(-2s). In order to show

this, we construct another group

            Es,i={ aEIsoR(es,i, es,i) 1 aK==%, ev[Ri, R2]=[ctRi, evR2]}

(where es,i is a simple Lie algebra of type Es(-24) and S a submanifold of es,i)
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which is isomorphic to Es,t and find subgroups SL(2, R) and E7,i explicitly in this

group Es,i

                             I. Group Es,e

   1. Prelimiltaries.

   Throughout this paper, we use the same notations as in [7]. However we

arrange definitions and some properties of the exceptional Lie algebras e6C, e7C and

esC.

   1.1. JordaB aggebra SC [1], [7].

   Let 6C denote the split Cayiey algebra over the field of complex numbers C and

3C the Jordan algebra of all 3×3 Hermitian matrices with entries in 6C with respect

to the multiplication XoY=-l;-(XY+YX). In £SC, the inner product (X, Y), the

positive definite Hermitian inner product <X, Y>, the crossed product XxY and

the cubic form (X, Y, Z) are defined respectively by '

               (X, Y)=tr(XoY), <X, Y>-(X, Y),

          X×Y=-ii-(2XoY-tr(X)Y-tr(Y)X+(tr(X)tr(Y)-(X, Y))E),

                          (X, Y, Z)=(X, YxZ) .

                                            '
where Iiili is the complex conjugate of X with respect to the field C and E the unit

    .

   1.2. Lie algebra e6C [1], [7].

   The exceptional Lie a!gebra e6C over C of type E6 is defined by

                e,c=-{ ip E Homc(gc, gc) i @x, x, x)=o}.

For A, BESC, we define AVBEe6a by
                                          tt                                             '
                                              '                                      '
        (AVB)X==-i;(B, X)A+g(A, B)X-2Bx(A×X), ' XESC,

then {AVB l A, BEi gC} generates e6C additively; In e6C, we define a positive definite

Hermitian inner product <ipi, ¢2> by
                                                           '                                                     '                                    tt                                      ttttt t                                                 '                 tt
        ･ .. <ip,, ip,>==<¢,Bi, A,> ･
                                 i
                                                                   '                                                               '                                              tt                                                            '
where ip2== M. AiVBi, Ai, Bi G gC. Finally, for ¢Ee6C, we dengte the skew-transposes

of ¢ by ¢', '¢ with respect to the inner products (X, Y), <X, Y> in gC respec-

tively :
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     (¢X, Y)+(X, g6'Y) -=O, <sbX, Y>-l-<X, '¢Y>-O,

then ip', 'ipEe6C.

  1.3. Vector space asC [2], [7].

  We define a 56 dimensional vector space $C by

              sc=-gCosCoCeC.
In 8e, we define a positive definite Hermitian inner product <P, Q> and a sl<ew-

symmetric inner procluct {P, Q} respectiveiy by

         <P, Q>:-<X, Z>+<Y', W>+6g÷rp.,
          {P, Q}-(X, W)-(Z, Y)+eto-ago

for P:=: (X, Y, e, rp), (?== (Z, VPi, g, w)EasC. Finally, for P=(X, Y, 6, v) Ei! asC,

     Awe define P Ei 8C by

               A -- -m               p-(-y, x, -rp, e).

  Z.4. Lie algebra e,C [2], [4], [5], [7]. ,'
  An exceptional Lie algebra e7C over C of type E7 is defined by

    e7C={ ip(ip, A, B, p)EHomc(BC, asC) l ¢Eie6C, A, BEiiga, pEiC},

where op(¢, A, B, p) isalinear transformation of asC defined by .

di(¢, A, B, p)

X
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The Lie bracket in e7C is given by

      [ip@,, A,, B,, p,), di(¢,, A,, B,, p,)]=di(¢, A, B, p),
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where

             ¢= [di,, ip,] + 2A,VB, - 2A,VB,,
             A= (¢i+-:-pil)A2 - (¢2 +-g-p21)Ai,

             B-= (ipi'--i}pil)B2 - (ip2'--g-p21)Bi,

             p=:: (A,, B,) - (B,, A,).

For P=(X, Y, 6, rp), Q==(Z, W, g, to)EasC, we define PxQEe7C by

                       1
            ' ¢=--7(XVW+Zvy),
                   A =- -t(2Yx W- ez - agx),

     PxQ=: op(¢, A, B, p), ,                   B=-2-(2x×z-rpwr.y),

                    p==g((X, W)+(Z, Y)-3(ew+4rp)).

                           '
Then { Px(? 1 P, QE8C } generates e7C additively. In e7C, we define a positive

definite Hermitian inne,g product <dii, ¢2> by

   .' ･<di,i ¢,>;2<¢,, ¢,>+4<A,, .A,>÷4<B,, B,>+-:-P,p,

where dii=¢(ipi, Ai, Bi, ' pi)ae7C, i=1, 2. Finally, for di=¢(di, A, B, p) ci! e,C, we

denote the skew-transpose of di by 'di with respect to the inner product <P, Q> in

8C:<diP, Q>+<P, 'diQ>=O, then ,

               top.,op(tip, mB7, -A-, -P). ,
                              i
       t /tlIn particular, 'op g, ,e7C. And the Lie algebra

       -1
           '                e7 ={ op G e7C 1 op=top }

           fis a compact Lie algebra of type E7. ;
           '1
                          '  1.5. Lie algebra'lesC [2], [7].

  An exceptional Lie algebra esC is defined as follows. In a 248 dimensional vector

space
           1
             e,C=e,COS¥gCOSPCOCOC(DC,

we define a Lie' bracket [Ri, R2] by
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    ,[(dii, Pi, Qi, ri, si, ti), (di2, P2, Q2, r2, s2, l.2)]=!(di, ?/,, (?,

                                   tll             di-[di,, di,]+plxQ,-p,xQ,, 1111 l" i

             P== ¢IP,- di,P, + riP2 - r2Pi + Sie,. 2 - S2Qi,i

             O= diiEl2 - di2Qi- ri (?2 + r2Qi + tii/ ', 2 i,t2Pi, l.

             r - --g- {Pi, Q2} + "g' {P2･ Qi} + Sit2 r, Sel' r,l,

                                      '             s = -IL {pi, P2} + 2ris2 - 2r2si, '

                4.                            '
             t :=: --} {Qi, (?2} - 2rit2 + 2r2ti.

Then esC becomes a simple Lie algebra over C of type Es. In esC,

                                 .. 11         (di, o, o, o, o, o) :==ip, ' (o, p, o, o, o, o)=ys,

         (O, O, Q, O, O, O)=- Q, (O, O, O, 1, O, O)==1,
         (O, O, O, O, 1, O)-={ (O, O, O, O, O, 1)=1.

                                          ua-
Then the table of the Lie bracket among them is given aS follows:
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  For R= (¢,
esC by e(¢, P,

P,

Q,

 Q, r, s, t) E e,C,

r, s, t):

we denote the adjoint transformation adR of

    '      ･ / ,;1t tt t
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             ¢i ad¢ -Q P o o o dii
             Pi -P ¢+rl s -P -Q O Pi
             Qi -(? t op-rl Q O P Qi
 e(¢, p, Q, r, s, t) ri == o --!IQ -kp o -t s ri

             si o 2P o -2s 2r o si
                      4
             ti o o --ILQ 2t o -2r t,
                           4
     =:[(di, P, Q, r, s, t), (dii, Pi, Qi, ri, si, ti)]==[R, Ri]==(adR)Ri.

Since esC is simple, the Lie algebra Der(esC) of all derivations of csC consists of

adR, REIEcsC :

     Der(esC) ={ e(di, P, (?, r, s, t) 1 di e e7C, P, Q E %C, r, s, tEC }

and it is also isomorphic to the Lie algebra esC.

  In esC, we define a positive definite Hermitian inner product <Ri, R2> by

    <Ri, R2>=<¢i, op2>+<Pi, P2>+<Qi, Q2>+8rir2+4sis2+4tit2

where Ri--(Mi, Pi, Qi, ri, si, ti)EesC,i=1, 2. Finally, for O=O(di, P, (?, r, s,

t)EDer(esC), we denote the skew-transpose of e by 'e with respect to the inner

product <Ri, R2> : <eRi, R2>+<Ri, 'eR2>= O, then

                     AA -.-              'e = e('op, -o, p, -r, -t, -s).

  2. Group Es,t.

  In esC, we define another inner product <Ri, R2>c by

    <Ri, R2>t=<dii, ca2>-<Pi, P2>-<(?i, (?2>+8rir2+4sis2+4tit2

where Ri= (Mi, I'i, Qi, ri, si, ti) E esC, i= 1, 2.

  The group Es,e is defined to be the group of automorphisms of esC leaving the

inner product <Ri, I?2>t invariant :

 Es,e=={ aei! lsoc(esC, esC) l a[Ri, R2]=[crRi, aR2], <crRi, aR2>`=<Ri, R2>e}.

The Lie algebra es,t of the group Es,e is

         es,e=={ eEDer(esC) i<eRi, R2>e+<Ri, eR2>e=:O }.

  We define an involutive automorphism e of esC by
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               1
                  -1
                      -1
            t=                          1
                             1
                                1

Then cEEs,e. And the two inner products <Ri, R2>, <Ri, R2>t in csC are com-

bined with relations

           <R,, R,>,=<cR,, R,>==<R,, tR,>,

           <Ri, R2>=<cRi, R2>t=<Ri, eR2>t.

  We can define an automorphism e of Es,e by

                ea=cac, avEEs,t.

And for e=@(di, P, Q, r, s, t)Ees,t we have cecEcs,e, more explicitly

               cec= e(¢,-p,-Q, r, s, t).

            '
  Tkeorem 1. Any element e of the Lie algebra es,e is rePresented by the form

      e == e(di, P, -P, r, s, -s), di E eb PG $C, r, sE C, r+r= O.

In Particztlar, the tyPe of the grouP Es,c is Es.

  Proof. Put e==O(di, P, (?, r, s, t)GesC, ¢Ec,C, P, QEBC, r, s, tEC.
From the condition <eRi, R2>t+<Ri, eR2>t = O, that is,

         <eRi, R2>+<Ri, eeeR2>=O, Ri, R2EesC,

we have eec == 'e, i.e.,

                           AA ---        e(¢, -P, -(?, r, s, t) ==e('di, -Q, P, -r, -t, -s),

           AHHhence di='di, Q=-P, r=-r, t==-s. Therefore we see that the complexification

of es,e is esC, so the Lie algebra es,e is also of type Es.

  3. Subgroups E7 and SU(2) of Es,t.

  We have proved in [4], [6] that the group

   E7(-i33)={ Pelsoc(8C, 8C) ] P(PxQ)P"i=pPxpQ, <pP, pQ>=-<p, Q>}
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is a simply connected compact simple Lle group of type E7. Now, we shall show

that the group Es,c contains compact subgroups of type E7 and A2.

   Theorem 2. The gy?,uP Es,e contains a subgrouP

                     l ma ''                    E7=::{ aEEs,t ] ev1=1, al==1, ak==k,1}

which is a simPly connected comPact simPle Lie grouP of tyPe E7.

   Preof. The mapping

                       AdP

                              p

                                   p

     E,(-.133)iP-P= EE7cEs,,,                                        1

                                             1

                                                  1

(where AdP : e7C-e7C is defined by (AdP)¢=P¢P-i) gives an isomorphism between

E7(mi33) and E7. The analogy of this proof is in [7] Theorem 25, so we omitt here.

(This Theorem follows also from the following Theorem 4).

    Theorem 3. The grouP Es,t contains a subgrouP

                10 OO OO
                o al -bl o oo
                  tt   su(2)-= A=: 18 b; -"io i.i,rmOibl,,un.Ob -2s- [g -:]EgU(2)

                                                       '                                 -.. h                                             '    ' ''' OO 'O 2ab a2 -b2 '
                O O O 2ab -b2 a2

which is isomorPhic to the sPecial unitary grouP SU(2)={AEM(2, C)IA"A=E,

    Proof. It is easy to verify that SU(2) isasubgrgup of Es,t (or see the following

Theorem 4).

   .,In･the followings, w, e identify these groups E7(-.i33) with E7, SU(2) with SU(2)

under the above correspondences. ･ ･ ･
                                                                 '                                                               '                                                                '

    4. Involutive autornorphism c and subgroup (SU(2) xE7)IZ2 of E6,e.

    Theorem 4. The subgr'ouP { ctEEs,e [ tate=a } of the grouP Es,e is isomo2zPhic

to the gyouP (SU(2)×.E7)IZ2, where Z2:={(E, 1), (-E, c)}.

    Proof. We define a mapping ip :SU(2)×E7-{aEEB,e 1 eae =::a } by
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               1 O O O O O AdP O,O OOO
               o al -bl o o o opoooo
                   bl               o al oo oo                                                    op                                                          oo                                                                 o

               O O O lal2-]b12 -ab -it O O O 1 O O

               OO O 2ab a2 -b2 OOOO1O
               OO Q 2ab -b2 a2 OOOOO1
Since AGSU(2) and PEE7 commute in Es,f : AP=PA, obviously ip is a homomor-

phism. We shall prove that ¢ is onto. If aEEs,e satisfies cctc ::=a, then a has the

form

                      p, o o ze', w', w',
                           '
                      O P2 P23 O                                            oo

                      O B,, P, O O O
                  cv--
                      li O O ri r2 r3

                      l, O O sl s2 s3

                      l, O O t, t? t,

where Pi : e7C-.e7C, P2, B3, P23, P32: geC-BC, lt :e7C-C are Hnear mappings,

Zifiee7C and ri, si, tiGC, i=1, 2, 3.
                                                        '                                                 '                                                          '                                                 '   ,I. [1, ep]=2℃ implies [cr1, aT]=2avua1', tliat is, . .. .
                                                          '
                                                          /         [(Ti, O, O, ri, Si, ti), (ep'2,O, O, r2, S2, t2)]

                                                  '             '            =([ep'i, ep'2], O, O, sit2-s2ti, 2ris2-2r2si, -2rit2+2r2ti)

            =2(W'2, o, o, r2, s2, t,).

                           '
Hence we have

                                                   '     (1) [Ze'i, Ze'2]'=:=2ZU'2, (2) sit2-s2ti:=2r,,

     (3) rlS2-r2Sl=S2, ' (4) -rlt2+r2tl=:t2.

Similarly, from [1, g]=-2.1., [ta1, .1]-1, we haye . .

                    '
     (5) [Tb ep'3]=-2W'3, (6) sit3-s3ti=-2r3, ･･'
     (7) rls3-r3sl=:=-s3, (8) -rlt3+r3tl=-t3,

     (9) [ep'2, T3]== ep'i, (10) s2t3-s3t2=ri,

                              '    (11) 2r2s3-2r3s2=si, (12) -2r2t3-i-2r3t2=t3.
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[di, 1]=O implies [a¢, cvl]=O, that is,

     [(P,di, O, O, l,¢, l2di, l3di), (W'i, O, O, ri, si, ti)]

         =([Pi¢, le'i], O, O, -sil3¢+til2di, -2ril2di+2sili¢, 2ril3ip-2tili¢)=O.

Hence we have

    (13) [P,¢, W',]=O, (14) s,l,=t,l,,
    (15) ri l2 =:= silb (16) ril3 == tili.

Simiiarly, from [di, :]==O, [O, 1]=O, we have
                           ta

    (17) [P,!Z), Ui',]=O, (18) s,l,=:t,l,,

    (19) r212=s21i, (20) r213==t21i,

    (21) [P,¢, W',]=O, (22) s,l,=t,l,,
    (23) r312==s31i, (24) r313==t31i.

And ct[dii, ¢2]=[adii, adi2] implies

    (25) l3,[di,, op,]==[l3,di,, l9i¢2].

                                  '

   We shall prove that op'i=T2=T3 =O and li== l2== l3=O.
                                                            '   case (i): [l'il r;i srtl is not zero. For exampie, assume r,to. Firstwe show

that fii is non-degenerate. Suppose Pi is degenerate, then there exists OI ¢oGe7e

such that Pidio:=:O. From <adio, cvl>=<dio, 1>=O, we have

                 <P,¢o, Zifi> t 81ieori + 412¢,s2 + 41,¢,ti= O.

Since l2=:: S' li, l3 = t' li from (15), (16), we have

                  rl         rl

                      lidio (81ri 12 + 41si12 + 41til2) = O.

Therefore lidio=O, and hence l2dio:= l3¢o=O. Therefore adie=O for ¢olO. This con-

tradicts to the non-degeneracy of cr. Thus we see that Pi is non-degenerate, so

Pie7C=e7C. Hence (15) shows that Ti is a central element of Pie7C==e7C. Since the

Lie algebra e7C is simple, we have

                                                                   '
                     Ti =: O, and hence T2= ep'3=O

from (1), (5). Again using <cv¢, cvl>=<di, 1>:=O, that is, lidi(8Iril2+'41si12+41til2)
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=O, we have lidi=O for all di ff e7C. Hence . '' ･'

                                                t tt tt/                    li == O, and hence l2=l3 ==O

                            t ttlfrom (15), (16).

   case (ii). ri -- si=ti=O, i -- 1, 2, 3 (which doesn't occur). In this case, TiSO,

T2fO, T3lO from the non-degeneracy of a. 133 =:: dim e7C=dim(Pie7C + lie7C+ l2e7C+

i.3i['IC,'., 'II)gigZS, 1illl,Phe;.Ci,I3,.O･,,a?.S,fre,m,,<igidi･ Tt>-o･ ia 2, 3, <T,, T,> = o,

H..,ver (i3), (i7), (2i), (e27sC) :,: hPge.'CtCtD.C,Tp',E,lcCil2.0.g'dT,3h b'ie,c. s. pie,c'L,,c f,,.

the simplicity of the Lie algebra e7C. This contradicts to･ dime7C=dim Pie7C g=130

<133 == dim e,C. , ･ . ,,. .,. ,.                                          '                                         '                                                                   '   Thus a has the form

                                              '                                          ttt
                        Pi                            oo                                     oo                                             o

                        O P2 P23 O O O

                   ,v=O P32 P3 O O O

                        O O O ri r2 r3

                        O O O Si S2 S3

                        O O O ti t2 t3

   II. [ys, 1]=-# implies [ctP, or1]=-orP, that is,

                                              '
              [(o, p,p, p,,p, o, o, o), (o, o, o, r,, s,, t,)]

                 ==(O, -riP2P-SiP32P, riP32P-tiP2P, O,' O, O)

                 ==-(O, P2P, P32P, O, O, O).

                        'Hence we have

,,.,,Ei6S, ?,Illl[')g.i].ll=i,iP l26, [,i,,; i]..-., .g27,)..grri)p32=tip2･

                           el ta

                                     (29) r2P32== t2P2,    (28) r2P2=-S2P32,
A., ii.Oi. I3m,P,r:]SliP3,.2.l=i;i'1 .,].,.Ldi, [.,ma, k](ll'8, r.'P,32i.jgPh'=:P3
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    (32) (1+ri)P23=-siP3, (33) (1-ri)P3 :=:-tiP23,

    (34) r2P23+s2P3=P2, (35) r2P3-t2P23=-P32,

    (36) r3P23 =-s3P3, (37) r3P3 == t3P23.

  We shall prove that there exist a, b, c, dff C and P, rE Isoc(e7C, e7C) such that

                                  '       (fi:,=-=-",1', S2:.JrXl Il,2!-i,eb' ;,3=--Sgr (3s)

   Case (i) : s2:7eO. s210 implies t3 :7LO. In fact, suppose t3==O. Then we have s3ti

=2r3, r3ti=O from (6), (8), hence r3 ==O. So s3XO (becauseais non-degenerate) and

hence ti=O. Hence ri=::-1 from (7). From <al, ct1>==<1, 1>=8, that is, 8+

4Isi12=:=8, hence si=O. And r2 =O from (2) and finally s2==O. This contradicts to the

hypothesis s210. Now, choose a, dEC such that .

                       a2 ==s2, d2 =t3

                       tt
and put

                           r2 r3                       b- --,                            a C=i'
                       1

                          11                       p=ifi2, r=ip3.

           r2                                   r3Then P32=- slP2 ==bP from (28) and P23i=IlgP3=cr from (37). Obviously P, rEIsoc

(e7C, e7C), because a is non-degenerate.

   Case (ii) : s2=O. s2=O implies t3=O and r2=:= r3=O, t2tO, s37L O from the same

arguments as Case (i). Hence P? == P3=Ofrom (29), (36). Now, chooseb, cEC such

that

                      -b2=t2, -c2=s3

and put

                        a== o, d= O,

                            11                        P=TP32, r:=: -ffP23.

Then (38) is also valid in this case.

   III. [Ptu, ev] :t{P, Q}f implies [a#, cvdi]=-il-{P, Q}evr, that is,
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     [(O, P,P, P,,P, O, O, O), (O, P,Q, P,,Q, O, O, O)]

         :=(P,PxP,,(?-P,,PxP,(?, O, O, --k-{P,,P, P,(?}--ll-{P,P, B,,Q},

                                i{P2P, B2Q}-{i-{P,,P, P,,Q})

         =(O, O, O, -i-{P, Q}r,, {}{P, Q}s,, {}{P, Q}t,)

                          '

Hence we have

    (39) P,P × P,,Q == P,,P × P2Q,

    (40) {P,P, P,,Q}+{P,,P, p,Q}--2r,{P, Q},

    (41) {P,P, P,(?}-s,{P, Q}, (42) {P,,P, P,,Q}==-t,{P, Q}.

Similarly, from [#, 9] =-PxQ--i;-{P, Q}i, [e, e]---i}{P, Q}}, we have

    (43) P, (P × (?) =: P,P × P,Q - P,,P × P2,Q,

    (44) {P,P, P,Q}+{P,,P, P,,Q}=r,{P, Q},

    (45) 2{P,P, P,,Q}=::-s,{P, Q}, (46) 2{P,,P, P,O}==:t,{P, Q},

    (47) P,,P × P,Q == P,P x P,,Q,

    (48) {P,P, P,,Q}+{P,,P, P,(?}-2r,{P, Q},

    (49) {P,,P, P,,Q}=-s,{P, Q}, (50) {P,P, P,Q} :-t,{P, Q}.

   From either one of (41), (42) and either one of (49), (50), we have

              {PP, PQ}-{P, Q}, {rP, rQ}-{P, Q}, (51)

Since there exists REC stich that r=RP from (31), so R2 ==1 from (51). If 2 =-1,

then by considering -b instead of b, we may assume that

                             P- r. (52)
Now, from (44), (45), (46), (49), we have

               ri=: ad+bc, ( r2 =-ab ), ( r3=cd ),

               si=-2ac, (s2 == a2), s3 =-c2,

               t,=2bd, t,;=-b2, (t,=d2).

   IV. [di, P]==(diP)ta= impiies [evO, ays]==a(diP)en" , that is,
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           [(Pidi, O, O, O, O, O), (O, P2P, P32P, O, O, O)]

              =(O, (Pidi)(P2P), (Pi¢)(P32P), O, O, O)

              =(O, P,(¢P), B,,(diP), O, O, O).

                           '               ttt                          tt tt                   '                '                      'Hence we have

    (53) P,diP,=P,di, (54) Pi¢P32=P32¢.

Similarly, from [di, .Q.]==(¢Q)ma , we have

    (55) P,¢P,, == P,,di, (56) P,diP,=P,di.

                            tt   Now, from either one of (53), (54), we have Pidi =PdiP-', in particular,

        tt tt t                      P,(PxQ) =- P(Px(?)P-i. (57)

From (43) we have

                    Pi(PxQ)-(ad-bc)PPxPQ. (ss)

Since ab-bc;O, choose PEC such that P2== ad-bc and rewrite again

        1 ''                  Pa -a, Pb -- b, Pc -c, Pd-d.        ip-p,

Then, with respect to these new P, as b, c, d, the above statements (especially

(38)) are also valid 4nd from (57), (58) we have

                      P(PxQ)P-i=PPxPQ. (59)
Finally, we have

             lall,+lbl2il from <aelrm, ar>T<i,. ta1">,

             lcl2+]dl2=! . from <evl, ev1..>=<k, ml.>,

            ac+bd=O from <alM, al>=<T, 1>=O,
                                     m ea
            ad-bc=1.

so [g S]-[g rmH.b]Eisu(2). And from <apu, cvdi>-<Ppm, Qmm>, that is, <P2P,P2Q>

+<P23P, P23Q>=<P, (?>, i.e., (la12+lb12) <aP, aQ>=<P, Q>, hence we have

                ･. <PP, PQ>-<P, Q>. (60)
So PEE7 from (59), (60) and Pi== AdP from (57). Thus
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                 AdP O O O OO
                  o ap -bp .o oo
                                                  nd                  O bP fiP [a12-]bi2 -ab ab             a :=

                  O O O 2ab a2 -b2
                  O O O 2ab -b2 a2

              -¢([b" -.b-], p)E¢(su(2)×E,).

                                                                 '                                                                     '   '                                                             '      '
Hence ¢ is onto. It is easy to verify that kerip={(E, 1) (-E, e)}. Thus the proof

of Theorem 4 is completed.

   5. Polar decomposition of Es,e. '
   In order to give a polar decomposition of the group Es,e, we use the following

   Lernwna 5 ([3] p. 345). Let G be a Pseudoalgebraic subgroztP of the general

tinear grouP GL(n, C) such that the condition AEEG imPlies A*EG. Then G is

homeomofPhie to lhe toPologtcal Product of lhe gemtP Gn U(n) and a Eerctidean sPace

                                                             '                                           tt
                                                                      '
                          G or (G fi U(n)) × Rd

where U(n) is the unitazy subgyouP of GL(n, C).

   Le]mrrta 6. Es,t is a Pseudoalgebraic subgr'ouP of the general linear grouP

GL(248, C) := Isoc(esC, esC), and satisfies the condition aE Es,t imPlies a"EEs,e, where

a" is the transPose ofa with resPect to the inner Product <Ri, R2>:<aRi, R2>

=<Ri, a"R2>.
   Proof. Since <a"Ri, 1?2>==<Ri, aR2>::=<tRi, aR2>e=<ct-'tRi, R2>t=

<eev-'eRi, R2> for aGEs,t, we have

                           a*= ca""it E Es,e.

And it is obvious that Es,c is pseudoalgebraic, because Es,t is defined by pseudoal-

gebraic relations cr[Ri, R2]=[evRi, aR2] and <aRi, aR2>t==<Ri, R2>t.

   Let U(248)=:U(esC):=:{ aEIsoc(esC, esC) KavRi, atR2>==<Ri, R2>} denote the

unitary subgroup of the general linear group GL(248, C)= Isoc(esC, esC), then we have

                                                        '                                        '
            Es,fn U(esC) == { aG Es,c I cac ==a }

                      I(SU(2)xE7)IZ2 (Theorem 4)
                                                '
Since Es,t is a simple Lie grotip of type Es, the dimension of Es,e is 248. Hence
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the dimension d of the Euclidean part of Es,e is

              d =: dim EB,e-dim(SU(2) × E7) = 248-(3+133) := 112.

Thus we get the following

   Theorem 7. The grouP Es,c is homeomorphic to the toPologr'cal Product of the

grouP (SU(2) ×E7)IZ2 and a 112 dimensional Euclidean sPace R'i2 :

                         E,, c [:: (S U(2) × E,)IZ, × Rii2.

in Particular, the grouP Es,t is a connected non-comPact simPle Lie grouP of type

Es(.24).

   6. Center x(Es,e) of Es,e.

   Theorem 8. The center z(Es,t) of the grouP Es,t is trivial : z(Es,t)=={1}.

   Proof. Let aez(Es,e). From the commutativity with cEEs,f, a has the form

                   a=Ap, AESU(2), PEE7

from Theorem 4. Furthermore, from the commutativity with all AESU(2), we see

AE2(SU(2))={E, -E}. Simiiarly we see PEz(E7)={1, t} [4]. Hence a=1 or c.

However tez(Es,e) from Theorem 4. Thus z(Es,t)={1}.

                              II. Group Es,i

   In order to investigate the group EB,c more detail, we shall construct one more

group Es,i which is isomorphic to Es,e.

   7. Preliminaries.

   We consider the real restriction of the preceding chapter. The statements are

similar to the complex cases. In the real case, the inner products < , > will be

denoted by ( , ).

    7. 1. Jordan algebra S [1].

   Let as denote the non-split Cayley algebra over the field of real numbers R and

$=g(3, G) the Jordan algebra consisting of all 3×3 Hermitian matrices with entries
in 6 with respect to the multiplication XoY == !L(XY+YX).
                                         2
    7. 2. Lie algebra e6,i [1].

   The Lie algebra e6,i is defined by

                  e6,i ={ ¢E Homn(Eg, g) [ (¢X, X, X) -=o }.

Then e6,i is a simple Lie algebra of type E6(-26). This e6,i is the Lie a}gebra of a

Lie group
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                   E6,i::={ aci lsoB(g, S) 1 det evX=detX }

which is a simply connected non-compact simple Lie group of type E6(-26).

   7. 3. Lie algebra e7,i [2], [5], [6].

   We define a vector space 8 by

                          as-SOgOROR.

And the Lie algebra e7,i is defined by

     e7,i={ ¢EHomR(as, $) 1 ¢=¢(¢, A, B, p), ¢Ee6,h A, BE$, pEiiR}

as in I. 1. 2. Then e7,i is a simple Lie algebra of type E7(u.2s). This e7,i is the Lie

algebra of a Lie group

            E7(-2s)={ evEIsoR(as, 8) [ a(P×Q)cr-'== aP×evQ }

            '                 -{ aEii lsoR(8, 8) 1 avEM=E[re, {crP, aQ}={P, Q}}

(where EIJe =:= { PEas ] PxP=O,PIO }) which is a connected non-compact simple Lie

group of type E7(.2s).

   8. Lie algebra es,i.

   We define a Lie algebra

       '
                      es,i=e7,iO as O as OROROR

as in I. 2.

   Proposition 9. es,i is a simPle Lie algebra of tyPe Es(.-24).

   Proof. Since the complexification Lie algebra of es,i is esC, es,i is a simple Lie

aigebra of type Es. A maximal compact subalgebra of es,i is

         e== { eE e,,, l 'e=e }

                    ri
          ={ e(¢, P, P, O, s,-s)Ees,i 1 diEe7,b 'di :=¢, PE8, sER }.

Hence the Cartan index of es,i is

                 clim es,i-2dim f= 248-2(79+56+1) == -24,

that is, the type of es,i is Es(-2o･

    g. Mamifold C-S.' amd group EB,i.

    We define a subspace of es,i by
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                   ¢

                   p 2t¢+QxQ=o
                                       1                   (? t21i)-trQ+-6-(Qx(?)O=O

            C.X.".= Ees,1 '                    r st3+r2t2-6161T{(?, ((?xQ)Q}=O

                    s                             t>o

                    t

   Now, the group Es,i is defined to be the group of all automorphisms of the Lie

algebra es,i ieaving % invariant:

          Esi,i:={ ctGIsoR(es,i, es,i) 1 cul=%, cy[Ri, R2]==[{tRi, cyR2] }.

   Proposition 10. q-.'={ exp(e(O, Pi, O, ri, si, O)th1PiE8, ri, siER }.

ki Particular, S is connected.

   Proof is the same as [7] Proposition 27.

   rTheorem 11. Es,i is a Lie grouP of tyPe EB(-24).

   Proof. The Lie algebra es,i of Es,i is the derivation Lie algebra Der (es,i) (its

proof is the same as [7] Proposition 28) which is isomorphic to es,i. Hence the

type of the group Es,i is Es(-24) from Proposition 9.

   10. Subgroups E7,i and SL(2, R) of Eg,i.

   We shall show that the group Es,i contains non-compact subgroups of type E7

and A2.

   Wheorem 12, The grouP Es,i contains a subgrouP

                   E7,i:=:{ aEEs,i 1 ev1=1, cr:==r, cvk=:}
 '

      '
which is a connected non--comPact simPle Lie grouP of tyPe E7(-2s).

   Proof. The mapping
                                                 '                                             '                                                     '
                    AdP

                          p

     E,(.,,)i)P-P= P aE,,,cEg,,
                                     1
                                                 '                                   '                     '                                               '                   '
                                         1

                                              1

gives an isomorphism between E7(.2s) and E7,i. 'Its proof is.analogous to [7]

Theorem 25 (in [7], in order to prove that cvEiE7,i is a digonal ,form, we-used the
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properties of the inner product < , >, but it follows only from the condition

cr[Ri, R2]=[aRi, ctR2]).

   Proposition 13. The grouP Es,i contains a subgrouP

                    100 O OO
                    o al cl o o o
   sL(2, R)- A==z g b8 d8 ,.2,, -.2 ,2 [Z S]E$L(2･R)

                    O O O -2ac a2 -c2

                    O O O 2bd -b2 d2

which is isomoxPhic to the sPecial linear grouP SL(2, R)=={AEM(2, R) l detA=1}.'

   We identify these groups E7(-.2s) with E7,i, SL(2, R) with SL(2, R) under the

above correspondences.

   11. CommectedRess of Es,i.

   We shall prove that the group Es,i is connected.

   Proposition 14. The isotroPy subgrouP GLfi-{ crEEs,i 1 alm=lta,} of the grouP Es,i

at laeS is the semi-direct Product of grouPs exp(we)exp(Ran) and E7,i :

           Ga == (exp(ge)exp(k))E7, i, (exp(Bpm)exp(Ii)) n E7,i= {1},

where '
            exp(as)exp(R)-={ exp(O(O, O, Q, O, O, t)) 1 Q ex as, tEi n }.
                -as ww

in Particular, Gi is connected.
   Proof. First,M note that :S}O Rme --{ 9+ t.. = (O, e, Q, O, O, t) I QE 8, tes R }

is a subalgebra of es,i and [9, t.]==O, so exp(.8.)exp(k) is a connected subgroup of

Es,i and exp(.Qop))=exp(e(O, O, Q, O, O, O)), exp(mt)=exp(e(o, o, o, o, o, t)) commute

to each other. Now, let aEGi and put
                          m

           ed=(¢, P, Q, r, s, t), aWl=(¢i, Pi, Qi, ri, si, ti).

                    tsa maThen, [1, 1]=-21, [1, 1]=::1 implies [ev1, 1]=-21, [al, 1]=al, that is,

          mel cas tsm ees en tali
                  (o, o, -p, s, o, -2r) == (o, o, o, o, o -2),

                  (O, O, -Pi, si, O, -2ri)=(di, P, O, r, s, t)

respectively. Hence we have
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                    P== O, s== O, r= 1,

                                                t                di=O, Pi=-Q, si==1, ri=-=
                                                2

              tzM ggeI rpw EatFurthermore [1, 1]== 21 implies [al, al]= 2al, that is,

                                      t
        [(O, o, Q, 1, O, t), (¢,,-Q, (?i, --IE-, 1, ti)]

          =-(Qx(?, -2Q, -¢,Q-Q,-gtQ, -t, 2, -{I-{9, Q,}-t2-2t).

                           t          -2(di,, -Q, Q,, --l}-, 1, t).

Hence we have

         '                           t1 t2      di,=tQxQ, Q,---iiQ--ii¢iQ, t,==--2i-ilt7{Q, (?i}.

Thus we see that a has the form

                * * * o -IQx (?･ o
                           .2
                ***O -Q o
                * * * (? -S-(?--g-((?xQ)Q o

                ***1 -± O                                       2

                ***O 1 O
                , , . t --lt2+g-16{Q, ((?xQ)Q} 1

On the other' hand, exp(g)e4p(g):

                    -me

        O O O O O O O -Q O O O O O
        O O.OOOO OOOO-Q OO
        O -!- O O O O -(? O O Q･ O OO
           2        tt                         t exp 1   =exp

        O O O O--lli- o O--g-Q o o o oo

        OOOOOO OOOOO OI        o o o to o o o--ILQo o oo
                                            4
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               i o o o o o -ILQxQ
                                              2

               OIOOOO -Q
                    t1               O -l}- 1 O O O --6-(QxQ)Q

               o o o i-L o o
                                 2

               OOOOIO 1
               o o o t-{t2 i g-i6{Q, (QxQ)Q}'

                      -ILQ.Q
                       2mQ

                  -gQ -g(QxQ)Q ･

            == -g ==aT･

                         1'
                -f2 +gmu16{(?, (Q×(?)Q}

and
                                       '                                                   '
      exp(-S-)exp(Qua.)1==exp(S-)(O, O, Q, 1, O, O)=(O, O, Q, 1, o,

          op ffee-
      exp(g) exp (9) 1. -- 1. - cran1.

         uag
                                      '
Therefore exp(- pmQ)exp (- kt ) ev di E7, i, hence we have

                         Gts =- (exp (ur8.) exp(k))E7, i･

Next, for PEE7,i, we have

               P(exp(9))P-' - exp(P9), P(exp SAt))Pm'=: exp (mt).

                                                '
                                        'In fact,

                                        '
            p(exp(Q))P-iR==P(exp(Q))P-`(¢i, Pi, Qi, ri, Si, ti)
                 pm ean
                       ==P(exp(Q))(Pnt'¢iP, P'"iPi, PMiQi, ri, Si,
                              di

t)=al,

ti)

73
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            i p--idi,p-Q,x p-ip,+-ll-s,Qx (?

            i P-iP,-s,Q
      P"iQ,-P-i¢,PQ÷r,Q+-;-(QxPmiP,)Q-}t{Q, P-iPi}Q-{I-si(QxQ)Q

            ; ri--g-{Q, P-iQi}

            l, Sl
    ti-t{Q, p"'Q,}+-Il;-{Q, p-idii pQ}-l;4r{Q, (Qxpm'Pi)Q}+86si{O, (QxQ)(?}

                      ¢,-pQ×p,+-li-s, (pQ×p(?)

                             P,-s,PQ '
                                                     1
      (?,-¢,PQ+r,PQ+ii-(P(?xP,)PQ,-;t{PQ, P,}P(?-es,(PQXP(?)PQ

                          r,-g{pQ, (?,} i

                                          '                                                     1                                Sl '
    ti-t{PO, Qi}+-g{pQ, diipQ}-8ti{pQ, (pQxp,)pQ}+6ts,{pQ, (p(?×pQ)pQ}

=exp(PQ)R,
      zave

an similarly P(exp(t))P"=exp(t). This shows that exp(8)exp(R) is a nomal sub-

               tm op ta angroup of Gi. Thus we have a split exact sequence
         m                                            /                                                   '

               1 - exp(as)exp(R) ---÷ Gi - E7,i - l.
                        fim- fim                                    m

Hence Gi is the semi-direct product of exp(8)exp(R) and E7,i.
                                        an
   Theerem 15. The grouP Es,i acts on K transitively and the isotroPy subgrouP at

deEi!S of Es,i is the semi-direct Product of subgrouPs exp(8pm)exp(ge) and E7,i.

Therefore we have the following homeonzorphism

                      Es, il(exp (8)exp(R))E7, i :: S.
                             mma an

in Particular, the grouP Es,i is connected.

   Proof is the direct consequence of Propositions 10, 14.

   From the above Theorem we have

   Theorem 16. The grouP Es,i is the connected comPonent containing the identity

of the automo71PhismgrouP Aut(es,i) = { aE IsoR(es,i, es,i) 1 [aRi, R2]= [aRi, aR2] }.

   12. Cemter of Eh,i.
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   Theorem 17. The center z(Es,i) of the groztP Es,i is trivial : z(Es,i)={1}.

   Proof. Let avE2(Es,i). From the commutativity with i9[E7,i,

                    crpl == ed, {upr := aY, apl =. ed.

                                           mm

From this we see that a has the form

                    Ct=[Pl BO], BEM(3, R).

Next, froin the comiT)Litativjty with AESL(2, k),

            .[ili,ZC, Iib] -:,1 = i,62:.: -f.ii -:,1 .

where
[Z S]EsL(2, R), we see B= roo 9e' gr ,ri, o. Furthermore, from

[af, al]==cvl, we have r2-r, hence r=1, so B=:E. Hence cyEE7,i, moreover
      ua
crEz(E7,i) which is {1, e}[5]. And we see easily

                    cexp(Q)fexp(Q)t, for QE rs
                        mam rm

(see Proposition 14). Therefore a='1. Thus we have z(Es,i)=,-{1}.

   X3. Isomaorphisxwa Es,t2iEEs,i.

   From Theorems 7, 11, 15, we see that the groups Es,t and Es,i are both con-

nected and their Lie algebras have the same type Es(.24). Therefore there exist

central normal subgroups Nc, Ni of the simply connected simple Lie group Es(.24)

of type Es(.24) such that

                  Es,tor' Es(--24)INe, Es,i {l'l: Es(-24)INi･

From Theorem 7, we know that the center of the group Es(-24) is the cyclic group

of order 2 : z(Es(-24)):=:Z2. And the centers of Es,t, Es,i, are both trivial (Theorems

8, 17). Hence it must be Nt=Ni==Z2. Therefore the groups Es,e and Es,i are

isomorphic :

                                Es, , z-- Es, 1.
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