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Erratum to the Paper :

Trace of the Fundamental Solution of 44r*D...,

AKIrRA ASADA

There is a misunderstanding of the author on the quoted Wey’s result in the
above titled paper which appeared in this journal vol. 14, 47-85. The notion of
spectre difference is nonsence in general. Therefore §6 of the above paper has no

meanings.
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Introduction

It is known that by a compact perturbation G, the spectre set of a Selfadjoint
operator H remains invariant except finite set of point spectres and such finite set
can be taken arbitrarily with appropriate choice of G ([5], L18]). The spectre
difference d=d (H, G) of H and H+G is defined to be di—d,;, where d; is the
number of point spectres of H-+G which are not in the spectre set of H and d; is
the number of i;)oint spectres of H which are not in the spectre set of H+G. The
positive spectre difference’ d+(H, G) and negative spectre difference d-(H, G) are
defined similarly for the sets of positive spectres and negative spectres of H and
H+G. 1f £—function {y(s) and p—Tfunction puls) of H etc., are defined and continued
énalyticaly at s=0, we have although they have poles at s=0 '

dH, G)=d.H, G)+d-(H, G):lsifé o+ myds)—LEpis),

d{H, G)—d-(H, G)=Ilim np.+uls)—7p(s).

s—0

Let M be a compact smooth manifold, E a smooth vector bundre over M,
D:C=(M, E)-»C=(M, E) an elliptic operator, ¢ its lower order perturbation such
that D and ¢ both allow selfadjoint L?—extensions, then {p(s) and 75p(s) efc., are
defined and continued analyticaly at s=0 ([10]). The positive and negative spectre
differences are unitary invariants and since a connection of D with respect to F,
a vector bundle over M, is a lower order perturbation of {Dy®lp}, D={Dy} ([2]),
these gives invariants of connection under the bundle automorphisms {(cf. [2], [4],
[13]). : )

The purpose of this paper is to give formulas to compute positive and negative
spectre differences of D and D6 which at least does not need to compute the
spectre set of D4-0. ,

For this purpose, we consider the operator 4+7%D on R*x M, n>2, where 4
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is the Laplacian on R” and # is the euclidean norm function on R?”. Although
degenerate parabolic operator {cf. [127], [15]) was used in the study of y—invariant
(17, cf. [3]), our operator is degenerate elliptic if D is negative (cf. [14]) and
degenerate ultrahyperbolic (cf. [117) if D is positive. But under suitable boundary
condition ((4) in §1 and (4)' in §3), we can treat this operator without assumption
of positivity or negativity of D. If D is negative, our boundary condition can be
replaced by 0—boundary condition, but for positive D, our boundary condition can
not be replaced 0—boundary condition in general.

To express spectre difference by using the trace of the fundamental solution of
Ad-+-v*D, first we consider this operator in L¥R*, »"*~dr)Q#2"RE;, where 2727
is the space of harmonic polynomials of homogeneous degree p and E; is the
A—proper space of D. By virtue of a formula of Lommel ([8]), we get explicit
fundamental solution of our operator in this space and its trace is also computed
using formulas of Bessel functions ([97]) (§1). Next we construct fundamental solution
of 44-#*D on L¥[0, &, r"'dr)®s22"QQLHM, E) and on LAR*, r* dr)R227Q
L¥M, E) and compute its trace. The trace is expressed as a formula containning
€p,+(s) and {p,-(s). Here {p,+(s) are defined to use positive (or negative) proper
values of D. (§§3-4). ,

To summalize the fundamental solution of 4+#%D on L¥R*, #""'dr)RQo72,"QL2
(M, E) in p, we use a family of operators Tw,« with complex parameters w and «,
Re a>0, such that Tw,« is analytic in w and « and limw—e Twe=1I, the identity
map and set dw,a=7w,«4(§3). Then for Re. w>n—2, we can construct the funda-
mental solution of dw,«-+7*D on LAR"x M, =*(E)) and on LABsx M, =*(E)). Here =
is the projection onto M and B.={x=R"|||x||<a}. The fundamental solution of
A+v*D is obtained by analytic continuation in w. We denote these fundamental
solutions by Gk (w,«) and Gk, a,cw,«). Their traces are computed as the formulas
containning £p,+(s), Cu(w, @) and {u rlw, «). lim et Gr, a,(w,ey is also computed if
{p, +(0) exist as a formula containning {u(w, «) and (e #(w, a). Here {n(w, ), Cnr
(w, a) and Ceo,n(w, a) are defined in §4 and their analytic continuations and the
values or residues at w=0 are computed in §5.

Using these results, under the assumptions that {p,+(0) exist, we have

lim lim lim wter a,(w, a)—_—CD( )7 n:2, 4,

a—cow—(Qk—co

lim lim lim wtrGe, o,cw, o>
a—oo W—0Pk— oo

_ sin(nz/2) (4—n) (2—n) {F(n

2
8 n—2)1 5—2)} Cp0), n is odd,
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=2 2

. 0 a . 1
lim lm ———=trGe, a, 0, «y + mdlm ker D= —smem(2(0),

a—ookiroo O"2

2An—2)

n is even, n=6.
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We also denote the fundamental solutions of Aw,a—l—r"D and Aw,a—rkD:Aw,erk(—D)
by G*k,(w,«y and G~ g w,«)» Then we get

Iim lim
w—0k—co

lim lim
w—Qk— oo

___sin (nx/2) (4—n)(2—n)

2

wkz{tr G+k,(w,a)““t1'G_k,(u), a)} :'gn—ﬁD(O)y %;_-2, 4;

wWRE{trG* 1, (w, ay—trG ™k, (w, o}

2

. 0 -
lim &2 iy {1 Grhyo, 0~ 16 0,0} =

-2

72

n—?2)

16 n—2)! {F (3*2)} wpp(0), n is ;;dd,

7p(0), n is even, n>6.

By these formulas, we can express the spectre differences of D and D+6 as

follows

lim lim }lim wltr{Ge, a,cw,ay ¥*0Gk, a,cw,ay ([+¥*0Gr, a)cw,2)™} ]
a—co w—() h—oo )
1 .
==(d,+d.), n=2,4,
7
lim lim ,hm Z/U[tr{Gk,a,(wya) rkﬁGk’a,(w,a) (I*f“rkﬁGk,a’(wla, ))—1}]
a—co W h—co
2
sin (nx/2) (4—n) (2—n) n } .
= o + ~/ d:
o n—2)1 {F(z 2) (dita.)y, . nis od»
371—2
lim }im[m[tr (G, a,c0,0) T*OGR, a,o,a{IF+7R0G 1, a,c0,07) ™) ]
a—o0 k—oo . ¢ -
aZ
2 dim KextD-+0)—dim ker D]
+ Sn—2) {dim ker(D+6)—dim ker D}
1 ,
—— 5 \dstdo), , 126,
n—2) (d.+d.), nis even, n>

lim lim wk[tr{G*r,cw,ay*0 G*&,cw,ay\I+7*0 G*/e,(w,a))“?}

w—() k—oo

+tr{G-Ie,(w,a)7’kﬁ G—'k,(u;,a) (I'—Vkﬂ G—k,(w,a))"l}-]

= m (d+

—d.), n=2,4,
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lim lim M)kz[tr{G+le,(w,a)7’k0 G*‘k,(w,a) (I"I‘Tkﬁ G+Ie,(w,a))—l}

w—Q k—oo
+tr{G 7k, (w,007*0 Gk 0,0y (T—1*0G "k, (w, 7)™} ]

_sin (ux/2) (4—n) (2—n)
: - 16 (n—2)!

{F(%——Z)}zn(au—d_), n is odd,

-2
lim &2
koo da" 2

[tl‘{G+/e,(o,a,)7}e6 G+k,(o,a) (I+7’ka G*'k,(o,a))_l}:]

+tr{G k0,070 G™k,c0,0) (I=7%0 G7k,0,2,0)7"}]

1

:m(d+—d_), n is even, n_>6.

The applications of these results will be given in forthcoming papers.

§1. 'Trace of the fundamental solution of L, ,+r*

1. We set f=pn, a)=+/(1—n/2f—a, Blc)=pn, a+c)and ya)=28n, a)/(k+2), Ha,c)
=pla+tc), k#%—2. Then by a formula of Lommel ([8], [9], [17]), we have
Lemma 1. The fundamental system of solutions of the equation '

ar —1 dr
f+n1 f+{;12

Rl A ‘
dr? r dr o }fwo’

is given b{ri~"Jucax(2a/ R+ 2w E D) Yy oy(20/c/k+2) DY if hot—2,
{ri-nr2£b©} if k=—2, a-tc#1—n/2? and {r'="72, =" logr} if k=-2, a+tc=
(1—n/2)2 ’

Definition. For n>2, p=0 (both integers), we set

d: n—1 d - 1

(1) Ln.p:d—rz‘l" PR B pl2—n—p),
A B _ 2ptn—2 B
a-a(2)~ (p+ 2 1)2 Z, V(p)"‘v(ps k)"“ k—{—Z ’ k# 2

By lemma 1, if 2 is a real number, a fundamental system of solutions of
(Lu, p+ar¥)y=0 is given by the following {y,1, ¥-,1}.

L o/ 7t 12 2M7 Ltz
f— 2 v(p 2 = ’ 4 ’
@)+ Ps, 1) ’ J <1>( o’ ) yoalr=r 7Y “”( k2 )
12>O, k?'é_29
r VT A (2T
B TN A Ll =r °? ?
(2- Pealr)=r " L k42 ) 3-itr=r Lol kt2 )

<0, k#—2,
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‘ 1~%+a 1—%—«1‘
(2)o Vs, 2(7)=r s Y- alr)=7 ,

2

h=—2, zdp(p+%—1) or 2=0, (n, p)+~(2, 0),

” _n
1~3 1

(2)o,0 v ny=r %, y_alr)=r Zlog 7,
7 2
h=—2, 3=(P+7—1) or 2=0, (n, H=(2, 0).

The Wronskians W(y,, 2, 55_,;) of these {y.,2, ¥-,2} are given by

k42
© Wi ao o=, £50, k=2,
k42
Wiy, 9= 1= =2, <0, k=2,
n ‘ z
@  Wla = —2alr T aA(pr—1), k=2,

2
W(yhiﬁ y",l):rl—n> 22(?’!’%"—1), k:_2 or 1:0, (n: p):(z, 0)
We set ’
Gir, =G rdr, p)=W¥s 1, -, 200)" 5, 2p)y-,2r), a=r=p>0,

=W, 20 9-,3) (0490, 401y-, ), @220,
Ganar=|"Gir, p) Fop, Gai F=Gunw f=| Gir, o) Flo)p.
0 0

Then G, is the fundamental solution af Lux, p-+Ar% with the selfadjoint boundary

condition |
_o #a) ¥ ia) /
(4) #(0)=0, u’(a)_———*y_,zi(a) Y-, ar(a)740,
#(0)=0, u'(a)=0, oy ala)=0.

In the rest of this §, we assume k& to be a real numbér. Then, by the
asymptotic formulas of Bessel functions ({67, [9], [177]), we have for k>—2

=20 [ o B2 oy By x
— 2 4 2 _ AR "
Y, aF)=7 { —r/; ¥ cos( ) 7 n 4)(1—|—0(/I

3 3
T, 4(/e-i-2)))
2

-3 _

+0(2 by ,

3
E<k+2)>}
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-2 [ ppg =ML oMy k2 g -3 3w
_, 3z 1 2 WP 7 4, 1
y-,r)=r {JWV77 sm( B2 7 g T 4)(1-1—0(,2 7 )
-3 gy
ol i)
>0, r—oo o 1—>o0.
1201 [hgg AL o/ 7] At _1 _ ki3
_,o 7L ) 2 2 2
Yor(r)=r [2\/m/mr {exp( ot )(1+0(|u y 2
o/ 7] L2 - 1 _ k+2
exp(~Z 2Ly Ley 1) ot 5 7)),
n T ke NaTTL == _1 _hp
. L 7 1 (k+2)ﬂ' 4 2 ]'” 2 2 2
- = —_ Ra—— e ee— 1 O /?. 3
y-,ir)=r 2\/«/12’ ¥ exp( 52" 1+0(2l °r )

2<0, r—co oy A—~—oc0,

Hence to set Gulr, p)=p"'""2H(r, p), we have Hir, p)le=r=Hip, #)lr=p
and for £>—2 ‘

(5) Ho(r, p)ZO((%)%M”l), r=p, r—0,
(5)+ Ho r(r, p)N%?(;%)j%&{sin(Z;:g 0 IZ;Z — v(zp)nwg)
ol a5
) T
wcos{ ;{%72 (pLng—l-r’L;l) —V(P)TFH,

o=r, ¥—o00, A>0 or A— oo,

o P>”ﬁ(%)%&[exp(—igi L)
oo T ) e D))

y—oo, 2>0 or A—>—oo,

By (6), we obtain
Lemma 2. (). G ke is defined on L[(0, a7, #"~'dr) and maps it into L¥[0, a],
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r*=1dy) unless k=—2, A=(p+n/2—1)

(ii). If 2>0, Gk is defined on L¥R*, v"~'dr) and maps it into L2 (R*,
r*idr)y if B>2.

(iii). If <0, Gar is defined on LXR", r"~'dr) if E>—2 and maps it
into LAR*, #"~\dr) if B>2.

(iv). tr Gar exists if k>2.

2. Lemma 3. (). As a function of p, Har (v, p) belongs in L¥[0, al, dp)

Sfor all v, 0<r=<a, and at v—0, we have

1
szHi,k(r’ P)' ILZ([olaldﬂ):O(r), k?é_z; n+21)?§4’
or k=—2, 1<(p+n/2—1¢—1,

1 1

o2 Hy klr, o)l 1o, a1,a0y=0(r| log 7| ?), k#—2, n+2p=4,
1 o/ BTy

| |P2H/1,—2(7', P)| ILZ([O,aJ,dP):O(r ),

(ptnf2—1p—1<a(p+n/2—1),

1
|1 o2 Hy, o7, o)l |1xc0,a7,doy=0(1), 2>(p+n/2—1).

(ii). if Gaka is defined on L¥[0, a], r"~'dr), then

a 1

1 1
) G kal | =] 71107 Haslr, o) lu2cs, ,a0dr)
9
Proof. Since we have
a2—2a r2a~>4a27/2
2— 2 4—Aq’

(7) r'Z“J' p“‘zadp-f“?’zj ‘al"zad‘o:

4 a
0 ¥

we get (i) by (6). By (i), for L0, a], r"*7'dr), ||/]|=1, we get by Schwarz
inequality

a a n

1Gar| 2= /|| PHr, pAtodplrdr<
0 0

a a 1 a
o V0P Hilr, p)l*do| 170} dpdr
0 0 0

"

a 1
:J v p2 Har, o)l |1xro, a3, ary?dr.
0
Hence we have (ii).
Proposition 1. At {1|—o, we have

L
8 [1Ga,kal | =0(12] %), —2<k2,
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-1
11Ga,z,al | =021 % log |21),

__2
HGak ol |=0(2] "), B>2,

2
[Ga el |=0(12] *42), k>2.

Proof. To set az\/(ﬁ—l-n/Z—l)Z—l, we have by (7)

a

(,( 7| |PZHA 27, o) | zxro, a7, dp)zdi’) :
0

2

4]0(]
A£(p+n/2—1)2, (p-+nf2—1)2—1,

because N/(1/4a2)a4(1-a2)/(4—4a2) =a*/4la|. Then, since |a|=0(|4|'%), we get
(8) for k=—2.

If £>—2, set o:(24/ [2] J(k+2))pt%*272 we have for 0=<o<la (or 0<p),

_ (kT2 \ET o i 5
(9) p~(2~/_lﬂ_) 0o a  or 0=,

k+2 (2 __k
_f——\ k2 2 k42
p_<2«/{z| ) k2’ do.

Hence we get the last formula. Other parts of proposition follows from (5) and
lemma 3.

Note. Set Ga,co)7, p)=Ga,#lr, 0)—(v-,2@)y+,2@) Wiys, 2 y-,0p)" 34, 207)9-, 2(0),
if vy, xa)#0, and

a

Gaawf =] Gaw (1, o) foldp, 3,2 (@40,
0

a

Gl,a,(O)f:j Gi1 (r, p) floddp, FEly,,)L in L (0, a, r*~'dr),
0

y+,1 (a):O>
G2, a,¢0) is the fundamental solution of Lu p-+ir* with the boundary condition
(4)o #(0)=u(a)=0.

Since y4,1(a)70 for k>—2 if 2<0 by a theorem of Hurwitz ([17]) and

N/ k+2 1 k42
R o R

G, ka0 and Ga kcoy are defined on L¥[0, «], #"'dr) and on LAR*, 7"~'d¥) and

25 %y

they satisfy same estimates as (8) for A——oo. But if 2>0, Ga,kq,) may not be
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difined on LX[0, ], #"'dr) and since

- N g kE2 ] ~L
ot tan( % ¥ 2B (ro ML)
+O( }j/+72 aﬁk‘;L), A—o00,

we have no such estimate for i—oo.
3. Lemma 4. (i) If a<loo, we have

(10) tr Gx,_z,a:—%:‘{(b+g*1)z-ﬂ}

at 1
tr G(puz/z_l)?, ~2,a :—2~<Iog a~5)

(ii). If k>2, we have

2
2% I'(u(p)+ ) 2
o 1 k+2 k=2 2 k+2 TRz
(11) tr G, e= ( k12 ) B( t2’ ht2 >F< ot )Ill » A0,
T e
k2
tr Gx,k—sm_fz(k_ﬂ) tr G-z, ks /Z>O

Proof. Since trGa,—sa = —(1/2)((p+n/2—1) *2}‘”2J::7dr, AA(pFnj2—1),
tr G(pmm_l)z,-z,azﬁrlog rdr, we get (i).

To show (ii), we set s=(2‘~/|~,ﬂ Jk+2)) #&+272 Then by (9), we have

I NV
JO 7Jv 0 <-k—_{_—2*7’ ) Y (mf’ )df
2 k—2 oo k—2
C TRt 2 \Er2 Tkte
=2 (_f = ) jo s B2 L, 008) Yemls)ds, 10,
oo 2“/~|7|ﬁ k;z %/W k-|2-2
| rhen(Sgr P )R Ty ) T )ar

0
2 k—2 oo k=2
L2 g (At ke
—|a] F2 (W) ’e+2j s P L) Ko pyls)ds, A<0.
0

We know that, if a>1, Re k>2,

o k-2
J s 2 L) K pylas)ds
0 : ‘ ,

55
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) (a)ﬁi—z(l)«mf(ww—ki—z)F(k—if)
B 400(p)+1)

F(u(j))—l— , up)+1,

2 2 u},)
k+2° k42 a )’
([9]). But since for sufficiently large M, |Kupy (as)| <2\ Kupy (), s=M, a>1,
and since |s~*-D/RDL, 40 (s)Kuepy(s)] is integrable on [0, o) if Re £>2, we obtain

) o _ k=2

_ k=2
lim J s k2 [u(p)(S)Kv(j;)(dS)dS:J s B2 L) Kupys)ds,
a=1+0), 0

by Lebesgue’s theorem. Hence we have

o _ k-2
J s *E Loy S)K o ps)ds
0

2y 2
-t oy ey ot e )

a—14-0

2

2 1
F(V(P)‘FT_FZ—, AT wp)+1, 7)

On the other hand, since Re (u(p)+1)—(p)+2/k+2)>0, if Re £>2, we get

rp+11 k=2 )
=P (P2, 2 ML D)= e
T T
Therefore we obtain

. e 2 h=2\ 2

» J s_-;ﬁ:g_lu(p)(s)Ku(p)(s)ds:2_ ,ﬂzr(”(pH as; )l;( k2 )k( o >
’ o) ()

L k2+k23( SRR r (o)

k+2° k42 F(””’”/fﬁ) ’

if Re £>2. Then, since J: sk NSV e pylas)ds =

—(2/x) sin ((/e-—2)71/2(1@—1—2))[((;o §TEDIRD, (K v pylas)ds, a>1(9]), and since | Yoy
(as)|<1/a/s, s=M, a=1 for large M and |s~R-D/k+2)-172 [, 0 (s)| is integrable
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on M, o), we obtain

o _ k=2
w2 [ s T LYl
0
2 (h—2)m \ (© —42
1 L - k2
,}IT;M . 31n(———-2(k+2) )JO s Lipy($)K v pylas)ds

_ k-2 —_ _
= LT g ngf):g )2 :+§ ’ 73%2_) r(so+ :2 )
k+2

By (12) and (12)', we obtain (ii). Because we have

- o0 2/\/7 k—;z 2“7 k-12—2
=iy, ol oG

w ke o AL k2
2 2 (______) k+2J s Jet+-2 ]V(p)(s)Yp(p)(s)dS, >0,
0

TRt k+2

oo ,\/M k42 Jm k42
x 2V 2] T) y(m(z 2] ri >dr

tr Gx,le:—mJO r1vpy (k—_|_2~7’ 2

k=2 o k—2

L2 TR (L) "2 j s PP L Kups)ds, 2<0
k+2 k+2 . ‘ PRSI AN

Since we know ([67, I)

k—2\ oty 3
L s

) e )

et )

kt2 Vo Vkt2 k2 2
we get
2
"(i7)
k-2 2 \_ _k—izﬁ\/”— k42 1
(13) B< k2 k42 )“2 i

r kiz +"21“) cos| /eirz )

On the other hand, since sin (k—2)r/2(k-+2))=sin (z/2—2x/(k+2))=cos (2x/(k+2)), to
use v(P)=(2p+n—2)/(k+2), we rewrite (11) as follows
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ol o
__ /e+2¢ 2 +2 k42 ~ET
R i e e =TI
tr Gx,k:——~172?—tr Gaye, 20,

In the rest, we set (¢ may be a complex number)

—_4 = 2
k42 1 ok F( )

- 2 n o k+2 o Cn,k,,n
(1) Gty o= m—2)! \ k+2 F( 2 +l>’ Cn,t féos( o )
k+2 k+2

‘ §2. Analytic continuations in k and A
4. Since 7>>0, for complex £, we determin 7(#*2/2 to he

b2 U2y,
(16) r ? —=e 2 , log 7ER.

Then to set €=Re (k-+2)/2=1+(1/2) Re k, p=Im (k+2)/2=(1/2) Im k, 9=arg (k+2)2
=tan~! (&/y), —n<0<m, we get

W S 2Vl o, 2Vl
TRtz RS AR X

k-2
r * =log ry—0.

We set rp=e@"*0/ By definition, ( ZVW/(k—H)) ralB¥2 ig a positive real
number. Hence to set s=(2V (2] /(k+2)) k2P, Sn= =@V 2] JB+2) ralk DL,
arg sn~k~D/E+2) does not depend on 7 because sk~ DD =(28 |2 [(k+2)) kDL,
Since Gi,%,4 given in' n°l is the fuandamental solution of Lux p+7* with the
boundary condition (4) although % is a complex number, we have

z (¢ o/ 7 2 ' ZN/T k2 ‘
tr Gak,e=——7| vJup|5—=7 z Yoyl 2 \dy, >0,
k+2 Jo ( k+2 > ( k2 )
___2 AN SN A P
iz (T )K”(’”(Wr ¥ )dr, i<,

Hence to set s=(2V [2] [k D2 1o a= {2V (2] Jk+2WED2| c<r<d}), we
have _
2 k=2 k=2

T T2 2 k2 =

tr Gaha=p 5 1al (/H_Z) n Toeo(s)Yueals )ds >0,
2 9 k=2 _ k=2
“Th¥2 . k-2 k42

k+ 514l ( - 2) s P Lep(o)Koenlsids, A<0.

Tora
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Lemma 5. To sef -

Sn+1 _ _k—2

In,+:,[ r 2 L)Y m(r)dr,

Sn

N

Sndr _ k=2 .
171,_:J v Lo Kunr)dr,

Sn

we have
_ k-2 .
(16) s 2 Lo S)Yuny)ds=1In, .,
rrn:rn+l )
_ k=2
s T Lo $)Kuepys)ds=1n, -
T7u T+

Proof. Since Jun(s)Yvepy(s) (respectively Lupy(8)Kucpy(s)) is a 1—valued fanction
and sx~ R~k gnd s, ,~R-D/R42) Jie on same branch of s~(A-2/Ck+2) the starting
point and ending point of y7,, »,+: lie on same branch of s~(F=2/CE+2 T, pi(s) Yucpy
(s) (respectively s=(k=2/Ck+2) [, py(s)Kuepy(s)). Hence we have the lemma

Lemama 6. If Re £>2 and 1<0, we have

2
[’( :j;) - kiz
aa-" uGa=l=2 O oy A
M=)
Proof. By lemma 5, we have ‘
_ k=2 ’ isn\ k=2
[ T Sl )ds_j r T L sKcm(s)ds.
70,72 0

On the other hand, by the asymptotic formulas of Iuda)(s')rand Kuepyls), we get
_ 1 IV 51—
) EolKak={10(3)); Isl-e.

Hence for rn<p<rn.1, we get liln,Her e (k= 2>/(k+2)1v(ﬁ)(8)1fu(p)( 5)ds=0, because

Re k>2. Therefore we obtain the lemma by (12). .

Definition. Let g{s) be a locally integrable function on C such that contmuous on
C—R~, R~ is the negative veal axis, hqlomorphzc on C—R and |g(s)|<C e-lIms|,
Imss£0, for some constant C. Then we set

le+é . :
z )for some g, fr)eLyR*, r”"‘dr)}.

oy ,
kT2

Batt)={r1/tr) e

The closure of By z (R*) in L* (R*, #"~dr) is denoted by By (R%).
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Lemma 6,. If 2>0 and Re k>2, G » is defined on B; r» (R*) and as an operator
on By r (RY), we have

e
(14" tr Gar—(n—2) Cupr— P21 T
* ’ A F(2p+n+k~2) )

k+2

Proof. To set o=(2+/1 [(k+2))pt**®2 and take r»<la, we have for f&B; 1 (R*),

a

_(At2 w2
R S i ==

2 2
— i R+2 \7iqg
PES) T2
Glr, - do.
- [ (2«/ 2 ’) Jatids

But since G(r, (((k+2)/2*/7)0)2/(’”2)):O((l/N/—G—) ellm]). g—oo, by the asymptotic
formulas of Jupy(s) and Yuepy(s), we get limn-woJ: G, rr, p)flp)do=0 by the defini-
tion of Byr (R*) if Re £>2. Hence G r is defined on Bk (R*). Then, since
tr G/I,k:limn-woJ:”G],k(?’, ) dr, we obtain the lemma by lemma 5 and (12)'.

5. Let 2 be a complex number with Re 2540, Then we determin —71/4<’\/ 7<7c/4,
Re 2 >0, aud set

L o7 it
' . 2 2
(2): Y4, 4r)=r fv(p)(wk+2 7 )
-2 2“7 k+2
Yo, dr)=r 2Yv(p)< e 2 ), Re >0,
, -2 2«/ 2 k-;?
(2)- Vs, 2r)=r Iv(m( P ,
-2 2,\/ 2 k42
¥-,:r)=r ZK»(p)(—;H_Tr 2 >, Re 1<0.

To use these y.,2, ¥-,2, we define G similarly as in n°L
Lemma 6'. (i). If Re 2<0, Re k>2, G r is definved on Lt R*, r*"dy) and
we have

2
(14" tr Gor=(—2)! C F<}f)j2n) (— fkiz
R TP )
k42

(ii) If Re 2>0, Re k>2, Gy r is defined on By r (R*) and as an operator on
Bik (RY), we have ' '
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")

2
(14)4.” tr G]}k:(n*Z)! Cn,k,+ fet2

Proof. (i) follows from (17). Since—=/2<arg A<#/2 if Re >0, B r (R*) is
defined if Re 1>0. Hence we obtain (ii).

We note that as the functions of %2, the right hand sides of (14).’' are continued
meromorphically on C—[{—2, —e] and if Re £>—2, the right hand side of (14),”
is holomorphic and the right hand side of (14)."" has poles of order 1 at k=-—2
2m—1)2m+1), m=0,1,2,....

Definition. (i). If Re 2>0 and Re k>—2, we define tr Gy r by the right hand
side of (14),".

(ii). If Re 2<0 and Re k>—2, k#4—202m—1)/2m+1), m=0,1,2,..., we define
tr G, by the right hand side of (14)_"".

Lemma 7. In the domain {k|Re k>—2)}, we have

2p+n
) o € F( k—|-2) ! 1
P ”’k’iF<2p+n+kﬂ2)_ n—2)1 22p+n)’
k42

Proof. Since we have (1/(k-+2)4/F D =(1/(R+2)21/(k+ 2+ kD), T'(2)(k+2))=((k+2)/2)
I(2/(k4-2)+1), T(2p+n)fk+2)=(k+2)[2p+n) I'(2p+n)k+2)+1), we get (18) for
Cn, . because F(1/2):N/;. Then, since limr—e cos(z/(k+2)=1, we get (18) for
Cn, ky -

Corollary. In the domain {(k|Re k>—2}, we have

—1

(19) Ileergo tr Gl:k:m’ Re As£0.

Note. Since limp—e(f+2)2(1—1/ cos (z/(k+2)))=—=%/2, we obtain

71'2
' : 2 _ _
(19) igl}o RLtr Gor—tr Gz, k] iEpn)’ Rea>0.

§3. The operator zlw,a—l—ka.

6. Let M be a Riemannian manifold, E an Hermitian vector bundle over M,
D a (formally selfadjoint) elliptic operator on C~(M, E). We fix a selfadjoint Lz—
extension of D and assume it allows spectral decomposition without continuous
spectre.

Let n>>2 and 4 be the Laplacian on R” with the coordinate x=(%y,...,%n). Lét

y=~ % be the norm function on R” and set X;=¢ SinOn.y---8in G, sin b, x,=
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7 8in Oy._1-+sinfy; cos @y, ..., Xy_y=¥ Sin Oun_, c08 0,9, xn=+ cos 8,,_;. Then 4 is written
as &*/ar*+(n—1)/rdfor +1/r*d, 6, Where 4,_, ¢ is the Laplacian on S"7!,

On R*x M, 44++*D acts on C=(R*x M, =*(E)), where = is the projection from
R”x M onto M. We denote the 2—\'proper space of D in LAM, E) by E; and the
space of homogeneous harmonic polynomials of degree p restricted on S*-1 by #%2,
Their 0. N. —basis are denoted by ¢;,:(y) and A’(’lz)P(ﬂ). It is known ([6], II, [167)

2p+n—2)(n-+p—3)!
Plin—2)!

(20) - dim 2270 =h(p, n)= s, AR, 0), K0, 2)=L.

With suitable completion, we get LXR” x M, =*E)=L* BR"YQLAM, E,) L}M, E)
‘:ZAE;, L"’(R”) LXR*, r*1dr)®L¥S"*1) and L¥S*"1) Z 2"2?, Then we have

(21) (d-+7*D)| L2 ([0, ], 7" 'drQS"PQE,
=(Lin, p "Y1 gon, @15, 0<a=00,

where 1 g»np and 1g; are the identity operators on 7% and E£;. Hence to set

GPi b, alf)r, 0, )

a
=[] G, I A AN, ) 64,61 0.) dy d dp,
SA~1xM

G?; &« is a fundamental solution of 4+#¥D on LA[0, o], 7" 'dr)®s7"PQE; with
the boundary condition

u(oa 4, _’))):0, = : ( )) ,,'V—,x'(ﬂ)?éO,
w0, 8, =0, u'(a, 6, y»=0, y_, i'(a)=0.

We denote G?; k0 by G?;r In this case, the bouhdary condition is ueLAR*
rldnQs7" PQRE,.

In the rest, we denote L2 ([O al, r*- 1dr)®%" PRLAM, E)by LAR*"XM, E)pa
and L¥R*Y, r*dr)®s2%PQLAM, E) by LR X M, E)p.

Definition. In LAR”" M, E)p a (respectively, in LXR"x M, E)p), we set

ka, a :ZGIJZ, kya, .ka :ZGI)X, k.

By deﬁmtlon G?p,q is densely defined in LYR" x M, E)pa and if 1 belongs in
2{G?, q) we have (d++*D) G?r,a f=F and

- ka,‘af(O', 0, 9)=0,
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(GPraflila, 0, 3), (GPraf) da, 0, y)=(y-,:a),y-,2'(a)ECP,
A€ bpecD.

Here (GPr,of)2 means A—component of G?z of.

By definition and proposition 1, we obtain for real %

Proposition 2. (i). G?_, 4 is bounded. For large m, (G?_, )" is of trace class,

(ii). GPh aq is bounded and (GPr o) is of trace class for large m if k>—2.

(iti). GPr is bounded and (GPr)" is of trace class for large m unless
ker D=£{0}, if k>2.

Note 1. By (20), we have ||GPr ol =0h(p, n)=0 (p"72), p—co.

Note 2. To use Ga ko instead of Gk, we can construct the fundamental
solution G?4,q,c0y of 4+7¥D with the boundary condition {0, 0, »=ula, 6, ¥)=0.
In this case, by the note of n°2, if D has only finite positive proper values, G?k, 4,0
is bounded. But if D has infinite number of positive proper values, G?k 4, may
not be bounded. Since @ (GPk a,0))=A"Pk,at, A Pk oa={u|u€LXR"x M, E)p a, {0,
8, y)=ula, 0, y)=0, (4++*Du=0}, and since

(22) A Pha=)) B SEPRE,

A>0,Jvp((2/ 7 /(k4-2D)ak+2/2=0
GPr, a0y is defined on L (R”x M, E)p o if D has no positive proper value. (22) also
shows that to set

A, p ks p={a]dim. A Pr a=00} CRY,
A n,p,k;p 18 the empty set if D has only finite positive proper values and by a
theorem of Weyl ([5], [181), .#"n, 5 #p does not depend on the self-adjoint lower
order perturbation of D.
7. Definition, Let f be an element of L2 (R"), w and o ave complex numbers
with Re a«>0. Then we set

(23) (Tw,af) (7, 0):%]<p+a>Wf1)(r>§A@f(0),

£, 0):;?&)(7)%/1@;’(«9).

By definition, we have 2(Tw,«)C 2(Tw, ) if Re w,>Re w, and if Re w0,
D (Tw,«)=LHR"),

For a fixed f, Tw,af is defined on Re w<c, Rea>0, where ¢ is a constant
determined by #, and holomorphic in w and a on this domain. Since ¢=0, we have

as a holomorphic function in w

(24) lim Tw,af:f.

w—0
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We set x=(r, 6), (s, ¢) and define

&=
fls, 7, 9) J Es 0, )f(r, p)de, 0<s<Z1, E&, x)is the Poisson
kernel of 4,
(g (r, 0)=gQ, 7, 0), gls, ©)€C=2% IxR"), I=[0, 1]

Here Clp® IxR™={r|s is bounded on [0, 1]xR”, continuous on (0, 1]xR" and

Ce—class in s}. Then we have the following commutative diagram

T,

L(R") LAR™)
N
Col2, O (IX R") ——e s Cp(e, 0 (I R7).

Here, (st™% 8/os s¥)*f is defined by (¢f. [77)

1

(s 2s) " =7 ol LA VNS, o = 5741150,

ds 0

By definition, as a function of w, (s'™% 8/ds s%)¥f(s) is defined on Re w>—c¢
if f is O(s), s—0, and holomorphic in w.

Lemma 8. Let w be a complex number and not a positive integer, o a complex
number with Rea>c. Then to set for f(s)=0(s~°), s$—0,

Sw,al £(s)
e PRy o N AN PR A2 ke
=y (e ) I w),{o z‘(s) {log<s>} s,
we have
a AP L
(25) (slwfs“) S, f1=F, FECE3 IxRY),
ds
(24) lim Swal f1=F, FECE IxR7), £(0)=0.
w—Q

Proof. By the inversion formula of Mellin transformation and the definition of
(si=%9/3s s™)*, to set
1 v Z1eo 7

Sw,als, t):zm/‘jj_/?lm (— p)‘wtﬂ(%) do,

and define Sw,«[ f](s) by J: Sw,als, 1)f()dt, we obtain (25). But, since Sw,dls, )=

(1/27r)r_0°o {a—+/ —10) ~?ilea/ —1o log (#/s) do and when w is not a positive integer,
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this integral is equal to the limit of the integral along the half circle in the upper

half plane if #>>s, Rew>1, and equal to the integral along the path starts from

— —71eo , rounds v —1 in the negative direction and ends at A oo if t<s,
Re w>1, we get

Sw,als, t)=-— 2;1 %(%) {log(é)}w—l(l—e”/-\lw) I'1—w), t<s,
=0, >s,

if Rew>1 and w is not a positive integer. Then, since Swu,o[ ] and (s'~* 3/ds s*)*
Sw,a ] both analytic in w, we have (25) for other w by analytic continuation.

To show (24), we note that f(s)= J F'(it)dt by assumption. Hence we get Sw,e
[Fs)= J;Sw,a(s, ) ﬁf’(u}dudt_ JO J Su,als, DatF@du=(—1 joz)\ers Tw_1) I'
X —1

(1—w) Ls) s““ﬁ‘ t*=1{log (#/s)}*-'dtf'(u)du. Then, since ﬁ t*t{log (t/s)¥ 1} dt = j

(log: p)*~1dp=—(—a) |

0

/s
—alog(u/s)
0 e ¥ 1dy, we have

VT w s

—Lg e >1'(1—w)(—a)—WJ fw, —a log(%)) Fudu,

Sw,el f1(s)= on .

where 7w, a):J: 1% e~ldt is the imcomplete gamma function. Since 7 (w, @)=
(Vw)pw+1, a)+a® e %) ((6], 1), and {1, a)=1—e"% we obtain

hmm(l er?’ T Yy T —w) —a) ?y{w, %alog(ﬁ))zl, a0,
w0 2T s

Hence we have limw-o Sw, o[ f|(s)= J; Fle)du=r(s).

Note. (25) holds if 7 is continouus in s. But, for (24)', f(s) should be absolute
continuous in s.

Definition. We set dw o=Tw,4.

By definition, 4w« is densely defined in L? (R”) for any w and «. If dw,of is
defined for w=w, and Rewy,=c, 4w «f is defined on the domain Re w<c and
holomorphic in w. If ¢0, we have

(26) lim Aw af = Af

w—0

8. Let 2 be a real number, ¢ a complex number with—=/2<arg ¢<=/2. Then

Ge-12,,¢ and Ge-13 % are defined by n% and we have

(27) (L, b2 LGemvi i, of)=1, cLn, ot 1) (G, W) ="1.
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By (27), if —=/2<Im w log (p+Rea)—Re w Im a<lx/2, (p+a)™™ Gipray—wa ko and
(p+a) “Gepray—wi, b are defined and they are fundamental solutions of (p+a)La p
+ark. By definition, (p+a) “Gepray—wa ke and (p+a) ¥Gepyay—wa r are holomor-
phic in « and w and they are continued analytically on whole w—plane if Rea>0,
« 1s not a positive integer, because Bessel functions defined on whole plane.

Definition. The analytic continuations of (p+a) “Gepray—wi ko and (p+a) ¥
B a,w,ay and Gk w,a.

2 %,

Gepsaywa b are denoted by G
Since (p+a)?Ln, p-+r* is analytic in w and «, we obtain by (27)

(27)’ ((1'7+6Y)WL71, p-H?’k)Gz k a (w,a)f:fa

PR Rt

(pHa)y? L, p+ar®)Ga, v, cw, ey f = 1.
Definition. We define an operator GPr a w1y in L2 BR* XM, E)pa by

Glra,co,0= 21 Gl
reSpecD

GPa,kya,cw,a0( SN, 0, )

a

:J J Ga, by (w, @ f(Z} 21 ABNOAL N ) 62, 49)$2,40) flo, @, 7y do do,
0" Sn-1xM DR

where {¢2,1,...,¢a,m} s the O.N. —basis of E;. The operator G?r (w,ey in LXR"x
M, E)p is similarly defined.

By (17), lemma 6, and Abel’s continuity theorem, we obtain

Proposition 2'. (i). If—=/2<argp ?<=z/2 and D has only finite number of positive
proper values, GPr w oy and GPr e (w,«) are defined on = (GP) and onz(GPr,q).

(i), If—=/2<arg p~¥<n/2 and D has infinite number of positive proper values,
D (GPr,(w, ) COMAinsy |, cspecp, 1.0 Bz, BV Q2L "RE ;.

(ii). If GPh,cw,erflor GPh a,cw,o0f) is defined on Re w>0 and as a holomorphic
SJunction of w, limw-o GPrcw,ay F (07 limw—o GPh a,cw,arf) exists, then

(28) (A—I—rkD)(lm(} Gﬁk,(w,a)f):f, (A—H’kD)(hm G‘bk, a,(w,a)f):f.

w— w—0

Covollary. Under the same assumptions as (iii), (f GPrflor GPr af) exists, then
as an L2—valued analytic function in w

(29) Um G2 w,eyf=G?rf, Lim GPra,(w,a5f =GPk, af.
w0 w—0
Proof. By (28), to show (29), it is sufficient to show that limw-o G%r cw,a)f

(or limw—o G a,(w,« f) satisfies the boundary condition. But this follows from the
definition.
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Definition. In L? (Bax M, =*(E)) and in L{R" x M, =*(E)), we set

G/e, a,(w,a)— Z G[)le, a,(w,a), G/e,(wla): E Gple,(w,a).
2 bp

By note in n% and proposition 2', we have

Proposition 3. (i). If Rea>0, Rew>n—2, Gr(w,«) (resp. Gr a,(w,«) is defined
on Z}_@(Gijk,(w,a)) (resp. Z@(G‘Dk,a,(w’a)).

(i) 1f Gr,cw,ayflor Gk a,cw,arf) is defined on Rew>0 and as a holomorphic

Junction of w, limw—o Gk, cw,eyf (07 imwo Gk a,cw,x)f) exists, then

(28)' (d+7*D) lim Gk,cw,0y )= f, (A+7r*D) lim Gk, a,cw,«)f)=1.
w—Q

W=}

Definition. If Gicw,ayf (08 Gra,(w,a) f) is continued analytically on the domain
whose closure contains 0, as a jfunction of w, and limw-y Gk (w,xf (07 1iMw—s
Gr,a,(w,crf) exists, then we set

lim G}e, (w, R)f:ka, lim G/e, a, (w,a)f:G/e, af.
W

w—0

By definition and (29), iprkaf(orZ]pr’k, of) exists, then
ka: Z Gj)kf, Gle, af: EGDIE, af,
5 5

and we have
(29 (d+r*D)Grf=F, (4++*D)Gr,af =7.

Note. We may define Gk a0, (w00 and Gk e, (o), (w,ey Similarly. If D has
only finite number of positive proper values and —n/2<arg p~*<a/2, we gel @
(GPr,a,co5,c0,00)= D (GPh,a, (w,e>) and 7 (Gr, a ), cw,a))=Z (G, a, (w,0). We also note
that, set .#"n kip=Upz A+ n,p kip, A nk;p is an empty set if D has only finite
number of positive proper values and does not depend on lower order selfadjoint

perturbation of D.

§4. Trace of Gr,(w,a.

9. Definition. For D, we set

(30) Cp,Wls)= > XS, Cps)= > (=

A3SpecD, 1>0 reSpecD, 1 <0

Cp,+(s) and {p,_(s) both exist if Res is sufficiently large, and since

(31) 7y=Cp,+(8)—Cp,-(s), LpAs)=Lp, *(25)+Lp,-(25),

they are both continued meromorphically on whole plane and at s=0, they have at
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most poles of order 1 ([37], [10]).
Lemma 9. If Re k>—2, in the sence of analytic continuation, we have

(32) tr Gp/e, a,(w,a)
2p+n
' F( )
RN e [ ) T\ kte
=Ty Pl PN dimker Datt(pa) ()
k2

+0(1), a—oo, (n, P2, 0),

tr Gok, a,(w,a)

- 2
:%dim ker Da? log a-+a 7 w———-—( kj;z ){Cz, k,+Cp, 4 <k—i§“>
(&rz)

~|—C2,k,_CD,_( )}Jro(l), a—o0, N=2.

_2
k42
Proof. By lemma 6, if —x/2<arg p~?<x/2, we get if 2540
2p+n
F( k-2 )

()

2w 2
tr Ga, k,cw, 0 =(pF+a) ?(n—2)! Cn & sgnz (pta)*t2|a) 2,

Hence we obtain (32) by (10), (20) and (30).
Covollaxy 1. If (p{0) exists, then

(33) [lln tr Gp/e, a,(w, o)
n—o0
1 (np—3)! —w 2, 2bFn—2 ,
PRSI (p-+a)"® dim ker Da?+ o Cod0)+o(l), (1, p)sA2, 0),
. a™? 1
}un tr G%, a,(w,a):TdIm ker Da? loga—ECDZ(O)—Igo(l), n=2.
fp—r 00

Proof. Since Cu k,+—Cn k, -=0k™), k—co and lime—ck™2p, +(2/(k+2))=0,
we get (33) by (32) and lemma 7.
Corollary 2. If ker D={0}, then

(32)' tr GPp= kt2 (2P+n~2)$n+pw3)!
F(W) b!
k+2

{Cn, k48D, + (’;;2_2*) +Conk, Lp, - (%) }
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: , b1 (mtp—3)@pin—2),
(33) I/ell}:lootr G k= 2 pl(n42)| (2]5—1'%) D (O)

Note. If D has no positive proper values, then by (5), we get

k

—- 3\ —
tr ka,a,(o),(w,a):—%H(p—#a)_w dim ker Da®+(p+«) k2
)
k+2 2p+n—2)n+p—3) . 2 }
{F<2p+n+/e—2> ! ”""“‘C”D( k+2 >} Folb)
k+2

a ¥
tr G, u,(o),(w,a):lem ker Da? log a

2

2

aveey

Here, _p(s) means the {—function of positive operator —D.
Definition. We denote GPr,cw,ay, Gk (w,a, €tc., by GP¥r w0, Glyw,a, elc.,
and the fundamental solutions of Aw,a—rkD:Aw,aJrrk(—D) constructed for the same

Cz,k,_C_D( >+0(1), n=2.

boundary condition as (4)' by Gk cw,a), G R (w, @), elC..
Lemma 10. If Re B>—2, in the sence of analytic continuation, we have

(34) tr Gp:le,+a,(w,a) —tr GPok, "a,(w, @
2p+n
2 r
:(p+a)‘ki—.2‘“ ( k42 ) (2p-Fn—2) (n+p—3)!
F(2p+n+k—2> P!
k+2
2
(Cn, Ry 4 —‘Cn,k, —-)7]D (m) +0(1)
Proof. This follows from (32) and (31).
Corollary 1. If 5p(0) exists, we have
(35) lllm k2 (tr Gj):le,'ka,(w,a) —tr Gp:k,_a,(w,a))
g — 00
2 (2 —2 —3)!
(o EEN DD ) 4 o),

4 (n—2)! pl(2p+n)

where 2p+n—2)n-+p—3/p! means 1 if n, p)=(2, 0).
Corollary 2. We have
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(34>’ tr G‘b:+/e,(w,a) —1tr Gp:—]e’(w’a)
r(i2)
_(Ha)‘ﬁ:f‘” k+2 (2p+n—2)(n-+p—3)!
p(2nkoz) »!
k42

(Co, ke, —Ca b, Ny ( kfz )

(35)' llim R(tr GP: "k (v, ) — 10 G2k ¢, a)

2 (2p+n—2)(n-+p—3)!

:(PJr“)_w“TmY/D(O)-
(34)” tr G2 —tr Gy
F(2p+n)
_ k-2 Coin=200t 2= o ) ( 2 )
F<2ﬁ+7’l+k—2) ]‘)' \Ln ko n k -Mp k+2 .
k+2
" bt by T (2D +n—2)(n4p—3)!
(35) hm kz(tx G? p—tr GP.~p) 1 —2) p1@p 1) 7o(0).
10. Definition. We set
2 (n4-p—3)! o
(36) Ln(w, )= ;1 o gp PO n=a,
Gl )=Clos )= J(p+a)™, G, )= 3] (p+a)™.
=1 =1
F(Zer%)
R k+2 @p+n—=2)(n+p=3)! .,
(36)% Cn, n(w, “)vj;i P<2P+n+k—2) »l (p+a)
k—2

2y 2ptrn—2) (4 p—3)!
(36)00 Coo, n(w, d)—~§ (217‘|—%)])!

(bta)v.

By definition, for Re e >0, {u(w, «) and e #(w, «) converges if Re w>n—2 and
holomorphic in w and «. On the other hand, Since we get at p—oo, (2p+n—2)
(n+p—3)1/pl =0(p"~2), ['(2p+n) e+ 2T (2p+n+k—2)/(k+2))=(2p-+n)/(f-+2))Ch-2)/Ck+2)
[1+2(k—2)/2p+n)k+2)+O0((k+2)/2p+n)], Cn rw, «) converges if Rew>n—2—Re
(R—2)/{k+2)).

Using these functions, we obtain by lemma 9 and lemma 10
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Proposition 4. If Re £>—2, Re w>n—2—Re(k—2)/(k+2)), we have at a— oo,

(37) tr G, a,cw,a)=— {Culw, «)+a®} dim ker D {Cn k( /e—f—2 )

@
2n—2)
- F( kZZ > 2
+a (n~2)lw}{C;z,le,+CD,+<m)

+Cont, Lo, - )} Foll), n=3,

_2
k-2

21 * 2
tr Gk,a,<w,a):a‘“’—(%~idim ker D~£;C2(w, «) dim ker D

{ee k-]|e—2 “)*“"”"a—“

{cz,k,+cp,+( e )+Cot, Lo, - <ki2 )}+o(1), n=2.

Corollary. Under the same assumptions about k and « as above, if {p{0) exists,
we have at a— oo,

2
(38) lkiglmtl' Gk, a,(w,a)= —-2—(1/?:*2T{Cn(w, a) +a~% dim ker D
1 1 1 }
L, - >3,
> g G, )| Lot0)ol1), n23
a’loga a’
lllm tr Gi,a,(w,ay=a hz—dim ker D— 5 Lo{w, a) dimker D

— e, @t arfeoiOr+ot), n—2.

Proposition 4'. Under the same assumptions about k snd « as in proposition

4, we have at a— oo,

(39) tr G*r a,cw,0y—tr Gk, 2, (w,a)
r(-"*
{Cn k( lef—2 w, )—la‘w(nZ)!}%}%kz—L—)}
k+2

{Cn, k,+—Cn,k,—}UD( >+0( )

k42
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Corvollary, Under the same assumptions about k and «, if np(0) exists, we have
al a—co,

(40) lim &2 (trG¥ e, a,cw,ay—tr Gk, a,¢w, a))

k—oo

- Z {_(h—lTﬂ‘:“"”(w’ ) | 7p(0) +olL)

Note. By (39) and (40), we may set

(39)’ tr G”e,(w,a)*tl‘ G—k,(w,a)
~{onn(-Ew, o)+ -W(n—Z)»—-—F( i) }Co =ty o ()
"\ 2 Y ’ (= ntk— 2> T I g )
k42
. . - z’ 1 1
(40) 1/6113100/2?‘ (tr G+Ie,(w,a)—t1‘G le,(w,a)):T{WCog,n(w, a)+~n—a w}ﬂD(O)-

If D has no positive proper values, we have under the same assumptions about
k and « as above

a?

tr Gle,a,(o),(w,a):—an(w, CX)—I‘ ~¥ dim ker D'}“{Cﬂ k( lf—Z w, a)
n
i)
k-2 2
Wy
Fa W —2)! F<n+k 2>}C71,k CD(HZ ) +ol1), n=3,
k42

2 1 2
tr G/e,a,(o),(W,a):CY—w‘a’;gidim ker D— g Co(w, a) dim ker D
2
k42
k
k42

r

}Cz, k,_C_D< )+0(1), n=2.

{CZ ’e( k2 ¥ w, ) e 7?427

r(
§5. Analytic continuations of £,(w, a), &uniw, a) and e, (0, a).
11. If Re w>n—2, Re >0, we have

Lolw, a) F(W)Z"J et log(l—e "ty -1dt,

1
_J -+ - qw-1 i
Calw, o) I'(w)= . S P twidt, n=3
Hence, to denotej' +)f(t)dt the integral of s along the path starting from oo,
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rounds 0 in the negative direction and ends at oo, we get

(41) Cew, a)
1 @+ v
[ e —p-at PN AN PSS W — -w J7
(1—e2m/ ~iw) F(w)EL {—e * log(l—e™*)}t¥~'dt—2n la~® I'w)],
© +)
5 :_.w_l______ —atw_l_“_i w-1 >
Cnlw, a) o) [’(w)L R e =1di, n>3.

By (41), we obtain
Lemma 11. Cu{w, «) allows analytic continuation on whole w— plane and 1—valued
if n>3.

Since we know
(42) lim (1—e? =T®) [(w)=—2zv —1,
w—0
to determin the branch of @ % to satisfy lim w—, a"?=1, we get by (41)
(43) lim wi(w, a)=1.
w—(

In general, denote B2 (—1,..., —1) the Bernoulli number of order m, we
know (6], I)

(1—e-tpn— i B(”_Z)(;j"""*l)t””z*", n=3.
7= .

This shows {u(w, «) has poles at w=1,...,#—2 if n=>3 and

. !
(43) }”121”_2@0 +2—n)n{w, a)*—-—-(n~3)! , >3,

On the other hand, by (42), we get

VARERCEY
N — J eet L dt
o2n (l_e )n z_q ‘
- i '
_ﬁ%s—e at Qo] n>3.
Hence we obtain
n—2 B(n-—z)n_z_m(_l . _“1)
= __1ym sy .
(44) a0, a) mZ;O( 1) R o
B, (—1,..., —1)
n(0, 0)= o 1,
dﬂ—-z

WCH(O, d) :( - 1)", %2_3.
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Summarizing these, we obtain

Lemma 12. (i). {ulw, «) has a pole of order 1 at w=n—2 and the residue al
w=n—2 does not depend on «.

(il). If n==3, Culw, «) is holomorphic at w=0 and {0, a) is a polynomial of
degree n—2 in a.

12. We set pPop (0)=2]"_ T(2p+m)kt2)/I(2p+n-+k—2)/k+2).
gQepyutk=)Ck+2)1 by, W (1) converges for |x|<{1, and since Jg (x—s)ysvds=B(p, v)

x#*v=1 e have

’ 1 x k—2  n+2by ds
(45) 9P, ze(x):—k—_?~J (x—s) "2 s B2 Re k>0, k2, |x]<L.
o g
F< ) > 1—5kte2

The right hand side of (45) has meaning unless #*/(**=1 if % is not an irrational
real number. In the rest, we assume £ is not an irrational real number and Re £>0,
k2. @Po, 4 (x) may be many valued with the branching point at 0. But if % is
not a real number, we consider g%, j (x) only on C*=C—{0}.

By (45), ¢, (%) has branching points only on {x|x¥**»=1} except x=0.
Then, since we get for an integer m

k=2 n+2p0 ds k42 k=2 .
Res v~=1(x—s) k+2 o k2 —~——:-——~»(x—e’”k”‘/ -1 kt+2 e(n+k)mnl/ -1

2 2
1—g k+2

S==@mkT

denote the generator of z,(C— {e”*® ~1}) by om, we get

- - _ f=2
(P o, ) e/ T ennbomn e T,
o
kA2

Then, since {Gmsn, 1)) 7m=e(Ch-00Mks 2R 15, 1(x), where Gmsn,e(x)=— ((k+2)/T(k

—2)/(E+2))) -~ —1 e(n+k)mnl/:(x_emk1r‘/:)(/e-2)/(k+2)’ we  obtain

P
o

it V5

2 ) t
— Omnk

=2 >2n‘/—1

k+

=

1—el
(46) (9Po,, )M =P, 4fx) 4 — @,

1—e

—~
I
(&)

Here, p is a positive integer and x is fixed to be Ogarg(x—e”"k"’/:)<27r.
Next, we set £=x2/4%*2 here the branch of x2/(%*2 ig choosen to be 12/(¢+2) =1,

Then we have

n oo

s (i)

k+2
(47) § 2 ‘b°n, e(g): Z —— e
EI RS £ F<2p+n+k+2>

k42

£, &<l
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Since the right hand side of (47) is holomorphic at £=0, @?s, ,(€) is 1—valued near
the origin if # is even and 2-—valued if # is odd. Therefore ¢?o, (&) branches
only at €=1 if # is even and branches at £=0 and £==1 if n is odd. The branching
point of @Po, 4(€) at £=0 is cancelled by multiplying £2-%2, Summarizing these,
we have

Lemuma 13. £2-"2pP, (&) is continued analytically on whole complex plane with
the branching point at €=1 if n is even and branching points at £=41 if n is
odd. To set

g B k42 le—2 -
ao;n,k,o(;‘e):—m%—m/ —1& 2(e % —1* nis an integer,
r{
k+2
. _n ktr k2
01;",k,0(5):_ k/;|~_22 Yﬂ/ —1ethom/ g 2 3 2 -+1) ki >
( k42

n is an odd integer,

and denote the generators of =, (C—{1}) and = ({C—{—1}) by o, and o,, we get

( k—2 )zmr‘/: .

_n 2~_’2’_ 1—e k+2
(46), (‘S 2 @p°n,k(5))(”i)u:€ ¢p°1z,le(f)‘|“_/;‘_2-—l/f0'i;¢z,le,o (f), i=0, 1.
l_e(ﬁz_)z” -1

Note. Denote the generator of n,(C—{0}) by =, for an odd integer #, we get
(Uo;n,k,o(f))fzdmn,k,o(f)-

We set Fu6)=31 _(L(20+n)h-+2)/0(2b4 nt-h—2)k+2) (20 +n—3)p4 n—3)

/ple €P. Then we have by (47),

&
Faule)=2] ¢ uede,
0
dﬂ -3

dr-e ¢ -2
t &

P =2 &7 g, ) 2 T [ g e, =
n,5 den-e @ Tnk " i, pE)t, 123,

Hence we obtain by lemma 13

Lemma 138", Fau 1(&) is continued analytically on whole complex plane with the
branching points at E=1 if n is even and at E=-1 if n is odd. Under the action
of o=0,, the generator of m, (C—{1}), we have

(48) (Fn, k(E))”:Fn, k(g))(’:Fn, k(f)—FO‘M, k(g),,

where Uz,k(E):zjs 7]00;2,13,0(7?)@17] and ‘711,13(’::):25d”~200:n,k,O(E)/dén_z‘i“(n_Z)- d"—ago:n,k,o
(&)/den-3, n=3.
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Lemma 14. If Re a>3n/2—5, we have

(49) En, Hw, «

1 J(0,+)
== — e'“’[Fn, Ie(e~t)'“ — _]tw—ldl‘.
(L—et =1 0)0 w) o Ll

On, k(e—t)

Proof. By the definition of Fau r(&), we get

oo

1 k—
n e(w:a) -1 ' ke w-1
En, =~ Tw) Joe Fu rle~ty?-'dt, Rew>n—2—Re 7 2

Re a>0.

On the other hand, since (on, k(€))7 =e(k-D/ks2Rm ~1 5, 4(£) we get for Re a>3n/2—5

) ©, +

1
e~ %oy ple W -idt= — J
JO g 2, ( ) <w+ ;;_l__g )271‘/’1

e‘“tan, k(e“t)t“’ _ldf,

[}

if Rew™>34/2—4. But, since this right hand side has meanings if w(k—2)/(k+2)
is not an integer, J: e ¥an r{e )% -1d¢ is continued analytically on whole w —plane.
Therefore we obtain (49) by (48).

Corollary. nk (w, a) can be continued analytically on whole w—plane if Re
a>3n/2—5 and it is holomoyphic at w=0 iflk—2)(k+2) is not an integer. If (k—2)/
(k+2) is not an integer, Ln 1% is given by

PR

©,+ )
En, (0, a):«/ 1J h_‘”ii(gy)__} dt

_M{Fn k(e—t)—“
o - (f+ Yot 1

13. By the definitions of {w, #(w, a) and {ulw, a), we have (e (W, a)=C{w, a—1)
and

Lo, n{wr, a)=(n—3)! Lulw, a)— Z Z;fn 1851 (pay®, n>3,

Hence, for n2>3, to study {e,#(w, «), it is sufficient to study
Z‘,:Zl((n+p~3)!/(2p~|—n)p!)(jH—oz)‘w. For this purpose, we use

xzk
2k

xn
-+ - --+7), n s even,

Z_} 2p+nx21’+”: ——21— log (1~x2)—<

x2k+1

2k+1

_1 1+x _ 5
—210g T ((x+ -

x" .
+---+~n—>, n is odd.

By this formula, to set feon (¥ 22 p+n 3 J@prn)pl) v, n>3, we get
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(50) Fooyn(y)=— jyl {y%_g{log(lﬁy) (b +f~+~--+ zy%)}} n is even,
:%%[J’%_S{Iog%—~(2\/7+ +§:/j;f Bpeeet s ynm
7 s odd.

Because we have (d""’/dy""” (Z}:: 1/(2p—|—n)y1’+"‘3)22w (p+n—3)/2p+n)pl y?,

n=>3 andz_,‘ 1/(2p+n)yb =8 = yn/2= 32 2p+n)yp+n/2_yn/2 32 1(2p+n)x2b+n,
y=x2
Lemma 15. For n>3, we have

©, -+

i‘, Antp=3N | e L

(51) T @p —E"/:WJ -

e“""foo,n (e—t)iw_ldt,
n is even, n=>6,

1 ©,

(1_62/1’/:1,0)['(“}) {Jm

e—atfm’ 4(e—t)tw—1dt

—onvV “1(a+2)® Mw)}, n=A4,

1 €, +)

-
(l—ez”/:w)F(tv) LL

e‘“tfoo, ¢1<6~t)llw_1dt

nw
SID_
) e— 2}V 1 (b e )],
2 2 2
n 1s odd.

Proof. By (50), fe,x(p) is continued analytically on whole plane and #/2—3 is
an integer if # is even and n—32zn/2—3=0 if n>>6. Hence fw,n(y) is 1—valued if
n is even and #>6. This shows the first equality.  Since fe, y)—1/3*log(1—y) is
1—valued, we get the second equality. :

If n is odd, y=2dk (y"/273) /dy*, k>3 is 1—valued and since
d log{(1-+v 21—~ 9)/dy=1/(¥ ¥(1—»)}, except the term (d"~* y*2-3/dy"~%). log
((1+*/7)/(1——“/§)), the terms in fe,#(y) is 1—valued if # is odd. Therefore feo,n(y)—
sin (nr/2)/4x(4—n)2 —n) {{(n/2 — 2)}2y="/2 log (1 +\/})/(1—N/7)) is 1—valued because
dr=syr2=3dyr=s=I(n/2—2)[['1—n/2)y~" 2 =L(n/2—2)] {['(3—n/2)(2—n/2) (L—n/2)} y~"/.
This shows the last equality.

Corollary. (i). e, nlw, «) is continued analytically on whole w— plane.

(i) Coo,nlw, a) is holomorphic at w=0 if n is even and n>=6. In this case, we
have
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, 5 (n—k—2)(n—3)!(g>~3!
(44y Lo, n0, @)=(n—3)! {Za(0, a)ﬁ%}~2 .
= k!(;-k-—:&)!

Ip(n-k-3) . _
1. ﬁ_ _ B n_l_k_a( 1,..., 1)
{;’,< 1 (a3 Nin—1—k—3)! f
dn 2
da g bee, (0, )=(—1)"(n—3)!.

(iil). oo, n(w, ) has a pole of order 1 at w=0 if n=2, 4 or n is odd. Their
residues do not depend on «a and given by

(43 lim wlew Alw, a)=1, n=2, 4,
w—(
. nw
Sin n 2
lm w0, w, a)= ————(4wn)(2—n){lﬂ<——2>}, n is odd.
w0 4z 2

Proof, (i) follows from (50) and (51).
If nis even and n2>6, we get fw,#(0, a)=(n—3)! {0, a)trestme ! fo, nle b}t
and since

’zz—k 3

e = X

in this case, we have the first equality of (44), because (1—e™!p**="=">1uBu("~#-9
(—1,..., =1)/mlgm+s+k-n_ Moreover, since the degree of 7resi—e™'few,n(e”f)f in a is
n—3, we obtain d" 2w, (0, a)/da"2=(n—3)1d" (0, a)/da” % This shows the second
equality of (44).

If n=2, Lo w, a)=C(w, a+1)and we obtain (43) for =2 by (43),.
By (51) and lemma 12, we have

lim wle,a(w, a)=lim w /1~ onv —1{a+2y"(w), n=4,
w—Q w—0 (1_ezn- —lw)[’(w)
. nr
1 SlnT 7 2
lim wleo, nw, @)=lim —w e (4—n)(2—n)(r——2)} .
w0 w—0 (1___621: ~1W)F(w) 2 2

j(a—l—%)"“’ﬂw), n is odd,

we obtain (43)' for other .



Trace of the Fundamental Solution of 44-#%D and Spectre Difference 79

§6. The spectre difference.

14. Theorem 1. (i). Let n=3, if Re k>0 and not an irrational real number,
(k—2)/(k+2) is not an integer, 2/(k+2) is not a half of integer, then we have at

a—r 00

2

(52) tr Gk, 4,(0, a):——‘gﬁ{cn(o,a)ﬂ} dim ker D+ {{n, 0, a)

2An
"z ’
+n—2) W} (Cn o (57)
+Cn,k—CD,_< kiz )} +o(1).

(ii). Under the same assumptions about k, we have for n>2

. az H -
(53) gil’ln_z(w +2—%) tr Gk, a,(w,e)= —mdlm ker D.

(ii1). If £po{0) exists and n is even, n>6, we have at a— oo

. at .
(54) /161-)1’2 tr Gk, a, (o,a):'—m{Cn(O, a)—l—l}dlm kerD
1 1 1
—5{—(5_‘_2—)!’{0@,"(0, 0‘)+’77}CD2(0)+0(1);
lim - tr G % dimker Dm— Lt [px(0)+o(1)
lim = tr Ghyo o 00= 2] im ker 2y o o(1).

(iv). If &p#0) exists and n=2, 4 or odd, we have

(55) lim lim 1im  tr G, a0, 9=~ Lo0), 2=2, 4,

a—roo W koo

sin 2 (4—n)(2—n) n
. . . | = - - I _ }2 2
lim 1im Hm w tr Gk, a,c0,0 =" (n—2)! { (2 2) £o(0),
n 1s odd.

Proof. These follows from proposition 4, its corollary and the results of §b.

Note 1. (52) and (53) hold although 2/(%2-2) is a half of an integer if D has no
negative proper values.

Note 2. If D has no positive proper values, (52) and (53) also hold for Ge, e, o,
(w, «)
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Similarly by proposition 4', we obtain
Theorem 1. (i). Under the same assumptions about k as in theorem 1, (i), we

have at a— oo

(56) trG+k, a, (o,a)—trG—k,a,(g,a)
n
")
:{Cn k(o a)-|—(ﬂ—2)'*&2——‘“}(6n 2 +—Cuk )7)D< )+0( )
T 'F(n+k—2) A W R
k+2
(i) If 9p(0) exists and n is even, n=6, we have
w2 1
(57) im B2 {tr G*» (o,a)—tTG k (o,a)}" {Cm,n(o, CY)’*‘Z}UD(O),
)
. , o B 2
}elj?o ke i {tr G4, 0,y —tr G%, (o,a)}"m%(o)-
(iii). If 7p(0) exists and n=2, 4 or odd, we have
L2
(58) lim lim wk{tr G2, cu,ey—tr Gk, w0} = Eop(0), n=2, 4,
w—() k—oo
lim /hm wk{tr G*r,(w, 0y —tr Gk, (w,a)}
Ww—0) k—oo
sin—n1
- 2 (4—~n)(2—n){ (n )}2 .
= G 2] I 5 2)12mppl0), n is odd.
Note. In the integral form, (57) and (58) are written as
, —1 c+'/:_°° 1
(57) - LJ__M {tr G*k co,ay—tr G 1. co, a)}dk_——{cm A0, a)—l——ﬁ}nD(O),
N 1 —1 etV 100 on-2
- J b (Gt G e} db=——5(0),
¢~V —]oo
% 1S even,n>0.
, 1 e+ “1o0 .
(58) 4an j Tk {tr Gk i,y —tr Gk, e} dle dw
|lwl=¢ "¢—¥ —1
77'-2
om 7]1)(0),” 2, 4
= JH/_lwk{t G* tr G Yk d
e o T k,(w,a)— 1t Gk, (w,a) w
4z Jwi=e c——‘/—loo
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. v
Simn—— .
— 2 d4—n)2—n)(,.(n '
- 16 (n—2)! {l (‘2“*2)} ayp(0), n is odd.

15. Let 6:L3M, E)—LYM, E) be a selfadjoint operator such that each proper
function ¢a of D helongs in =() and for some positive constant 4,

(59) [16g2] 1 =0(12]°).

Then by a theorem of Weyl ([187], [571), D-+6 has only point spectre and the num-
ber of different proper values of D and D+0 are finite. We define the numbers
d,=dD, 0) and d_=d.(D, 0) by

d+:d+,1_d+,Za d—:d—,1—d—,2~

Here, d,,1=d. (D, 0) is the number of positive proper values of D46 which are
not the proper value of D, d,.=d, (D, 0)is the number of positive proper values
of D which are not the proper value of D40, d. =d- D, 6) is the number of
negative proper values of D46 which are not the proper values of D, and d_,
=d_ D, 0) is the number of negative proper values of D which are not the
proper values of D+¢. By definitions, we have, although {p:0) or %p(0) does not

exist,

(60) linol Eproys)—CpHs)=d,+d-,
lln(;l 77D+0(3)_7]D(3):d+“‘d~-

By (60), (65) and (58), denoting Gk, a,(w,ayp, etc., the fundamental solutions of
dw a+7ED, efc., in L2 (Bax M, a*(E)), efc., with the boundary condition (4), we

obtain

(61), lim lim lim w/{tr G, a,(w,a%p+0—1tr Gk a,(w,a%p}

a—o W) fr—co
1
:—%(dyﬁ—d._), n=2, 4,

lim lim lim w{tr Gr, o, w,ayp+6—11 Gk, a,(w,«%; D)

a—co W—( koo

. nw
sin—— .
. 2 (4—n)(2—n) n )} .
=T an n—2)! {F(z 2V {d, +d.), n is odd.
(61)- i, pm wk{tr Gk, (w, a3 040 tr Gk, (w,a% D10}
W—) k—oo
7[2

’—{tr G+k,(w1a);D_tr G—k,(w,a)}]:%(d—r—‘d—): n=2, 47
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lim ]Iim Wk {tr G*k,(w,ay p+0—trG™k, w,a): D40}
weQ koo

— {tl‘ G+k, (w,a);D—tI' G—Ie,(w,a);u}]

. nr
Sin—
- 2 (4—n)(2—n) n .
B 16 (n—2)! {r(5—2>}2”(d+—d-), n is odd.

We note that, since (60) holds although (px0) or 7p(0) does not exist, (61) holds
although {p#0) or 7p(0) does not exist.
On the other hand, since @ is selfadjoint, by (59), we have

2

1~
(62) 0GP 2k, a,qw, a5} | =O(12] FH2), devoo,

PSRt

if £/, w and « are real numbers. Hence, denote LAM, E)p the completion of
(ker DYLNCw(M, E) by the norm ||f||p*=(Df, Df), as an operator on LA[0, a],
r*ldr)Q52 0. QLAM, E)p, 0GPr a,(w,ey is bounded and (0GP a,w,xy)" is compact
if m is sufficiently large. Therefore, if @<l and k is sufficiently large, in the
space LX[0, al, 7" dr@0"QLAM, E)p, (I+r*0GPr a,cw,e»)™ exists uniquely,
and given by the Neumann series

(I—F?’k&Gl)k'_ a, (w,a))_l :I——“?‘kaGﬁIe, a, (1,(),01)—{~ e +(—1)m(7’k(9ka’ a, (W,a))m+ o.e,

if k, w and « are real numbers. Moreover, by the definition of GPr a,cw,q«), this
Neumann series also converges on L¥[0, a7, " tdr)Qs72"QkerD if k is sufficien-
tly large. Then, since

(Aw,a'{‘?’k(D"i‘ﬁ))Gk, a,(w, a);Df:f—I-TkﬁGk, a,(w,a)pf>
we get
(63Y Gk, a,cw,a%p+0=Gr, a,(w,a%; D (I"H’kﬁGk, a,Cw,ayp)

because, since the estimate (62) does not depend on p, (I+#%0Gk, a,cw,eyp)™" exists
if a<{1 and k& is sufficiently large, and under the boundary condition (4)', ker(dw,«
+7HD4-0){0}. By (63), we obtain

(64) (Aw,a‘}‘TkD)Gk, a,(w,a); D+l :(I+7’kﬂGk, a,(w,a); o)L

But since the left hand side of (64) is defined and analytic for complex w, «,
Rea>0, and «>0, and the limit at a—oco exists, we obtain

Lemma 16. (I+7%0Gr a,cw,ayp)™t and (I+r*0Gr, cw,ayp) ave densely defined in
LABax M, z%E)) and in L* R*"x M, =%E)), and we have

(63) G, cw,a% 040 =Gk, (w,ay p(I+7*0GE, (w, a3 p)™,

Gr,a,(w,a30+0 =Gk a,cw, ey pI+7*0Gk, a,(w,a3;0) 7\
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16. Theorem 2. Under the above assumptions about 6, denoting Gr,w,ayip,
etc., by Gr,cw,my, etc., we obtain

(65)+ lim lim lim 7/U|:t1‘ {Gk, a,(w,a)i’kﬁGk, a,(w, a)([+ VIeﬁGle, a, (w,a))—l}]

@—oo W) p—roo

:%(d+ +d-')’ n:2> 4)

lim lim lim [wtr{Gr, e cw, 057 0Gk, o, cw, s T+ 720Gk a,cw,ay) 1} ]

a—o W—( k—oo

. nm
sin— 2
_ 2 (4—n)(2—n){ n } : .
—— = o r(z 2) (d,+d.), n is odd.
(65)-- lim llim Wk tr{G* &, cw, a7 0G* b, o, e T+ 17*0G 1, (0, a3}
w0 k—roo

Hr{G ke, cw, ey *OG 1, cw, (T —1*0G ™k, cw,y) '} ]

”2
- ——Zn—(d+ -_d")i %—2, 4;

lim lim wk[tr{G* e, cw, 720G b, cw, o\ I+ ¥*0G T b, (w, a0} '}

w—Q koo
+tr {G“k,(w) a)i’kl?G—k, C w,a)([- TkoG_k, (w, a))—l} ]

. nm
sin———

2 (4—n)(2—n) n \ '

16 n—2)! {F(”Z“ZH od.—d.), n is odd.

Proof. Since we know
(I+7%0Gk, (w, )t —I=—1ROGE, (o, T+ PROGR, (w,e3) Y,
we get (65), by lemma 16 and (61).
Since (dw,a~7*D+0G"k,cw,00f =F —1*0G "k, cw,a)f, We get
Gk, (w,a)0+0=G"k,cw,ay; plI—1*0G "k, cw,ayip) 7,
Gk, a,cw,000:0=G"k, a,cw,ay pl I—7*0G "k, a, w2 p) ",

where (I—7*0G "k, cw,ayp)™ and (I—r*0G k, a,(w,a;p)”! are densely defined in LAR?”
x M w*(E)) and in L¥Bg,x M, =*(E)} by the same reason as lemma 16. Then, since

(I—?’kﬂGk, (W,a))_l —*I:—TkﬁGk,(w}a)([_i’k@Gk,(w, a))—l,

we get (65)..

Corollary. The set of selfadjoint operators of LAM, E) which are defined on
the set of proper fumctions of D and satisfy (59) and the condition ker (dw a+7%D)
N B(Gk, a,cw,e)p+0)=1{0}, has at least ZDZ connected components, with the strong
topology.
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Proof. By a theorem of Weyl ([18], 5), the sets of integers which can be
expressed as d, and d. are both equal to Z. On the other hand, by (65), d,+d.
and d,—d. are both expressed by moving ¢ and the value of the left hand sides
of (65) depend continuously on. Hence we have the corollary.

Note. Similarly, for even n,7#2>>6, we obtain

. . X aﬂ—Z
(65)+’ lim /hm [Wtr Gk, a, (o, a)rkﬁck, a,(o,a)([‘f'i’kﬂGk, a,(o, oz))"l
a-—rco f—roo
gt (dim ker(D+0)—dimker D) | =~ Ld, +d.)
2An—2) T 2n-—2) "t

. gn-2
lim kzw[tr G+k,(o,a)?’kﬂG+k,(o,a)([%‘rkﬁG{'k’(o,a))-l

fe-ro0

1

+tr Gk, (o, a)f’kﬂGﬂk, Co, a)([—i’kﬂG"k, 0,0 :m

(dy—d_).

On the other hand, if we use Gk q, efc., instead of Gk a, (w0, efc., we get

— 2\ 42
66)  lim lim[tr G4, ar*0G2s, d[+7*0G?%, o] —F%{dim ker(D1-0)

(2p+n—2)n+p—3)!
2A2p+n)(p!n—2)!

—dim ker D} |=— (dy+d.), n=3,

lim Lm[tr G2k, o* 0GP, o [+7%0GP 1, o)

a0 f—rco

2
+i—lc2&—{dim Ker(D+6)—dim ker D}]= ~%(d+ vdl), n=2,
(66)- lim kLtr G2 ark 0GP I+ #ROGP * 1) +-trGP - k0GP~ f( I —7R0GP = )Y

f—o0

mt (2ptn—2n+p—3)! (dy—d_)
4 Cptn(phim—2)t Tt TN
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