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Erratum to the Paper :

Trace of the Fundamental Solution of ⊿+rｋD...

AKIRA ASADA

   There is a misunderstanding of the author on the quoted Wey's result in

above titled paper which appeared in this journal vol. 14, 47-85. The notion

spectre difference is nonsence iii general. Therefore g6 of the above paper has

meanmgs.
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                              gntroduction

   It is known that by a compact perturbation G, the spectre set of a Selfadjoint

operator H remains invariant except finite set of point spectres aRcl such finite set

can be taken arbitrarily with appropriate choice of G ([5], [18]). The spectre

difference d==d(H, G) of Hand H+G is defined to be di-d2, where di is the

number of point spectres of H+G which are not in the spectre set of Hand d2 is

S2esie,:l}2epZc2frePZvaterZPnZCeg'rZS+(?If,HG)W2k%h:gZa2?'¥e'"sSeh8tSePe8iYff2rgenteOfdg(H'%)Tahrg

defined similarly for the sets of positive spectres and negative spectres of H and

.".za!ii,,i.f,,ag-.i","=C/rPn.4."LSk.a,iid.as.f.",",CtiZ2,rpztSl.of,:i[,,g`c,',･,aun-'e,definedandcontinued

                                                               . tt..
              d(H, G)=d,(H, G)+d-(H, G)=/j.I.}a. ag(D+H)2(s)-CD2(s), ･'.

                                   '                                                                  '              d4(H, G)-de(H, G)=Iim rpD,H(s)-opD(S)･ '
                               s-O ''       ttttt t                                                              '                                                            '
   'Let Mbe a compact smooth manifold, E a smooth vector bundre over Ml'

D:Coo(M, E)-Coo(M, E) an elliptic operator, e its lower order perturbation such

that D and 0 both ailow selfadjoint L2-extensions, then CD(s) and rpD(s) etc,, are

defined and continued analyticaly at s= O ([10]). The positive and negative sPectre

differences are unitary invariants and since a connection of D with respect to F,

a vector bundle over M, is a Iower order perturbation of {Du(2blF}, D=={Du} ([2]),

these gives invariants of connection under the bundle automorphisms (cf. [2], [4],

[13]). ･
   The purpose of this paper is to give formulas to conipute positive ancl negative '

spectre differences of D and D+0 which at least does not need to compute the

spectre set of D+e. . , i , ' ,. ･ '. ,
                            '   For this purpose, we consider the operator A+rkD on R"xM, nZ2, where id
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is the Laplacian on R" and r is the euclidean norm function on R". Although

degenerate parabolic operator (cf. .[12], [15]) was used in the study of rp-invariant

([1], cf. [3]), our operator is degenerate elliptic if D is negative (cf. [14]) and

degenerate ultrahyperbolic (cf. [11]) if D is positive. But under suitable boundary

condition ((4) in gl and (4)' in g3), we can treat this operator without assumption

of positivity or negativity of D. If D is negative, our boundary condition can be

replaced by O-boundary condition, but for positive D, our boundary condition can

not be replaced O-boundary condition in general.

   To express spectre difference by using the trace of the fundamental solution of

A+rleD, first we consider this operator in L2(R', r"-idr)(Eg)ewP,"(g)E2, where mP,'i

is the space of harmonic polynomials of homogeneous degree P and Eft is the

2-proper space of D. By virtue of a formula of Lomrnel ([8]), we get explicit

fundamenta! solution of our operator in this space and its trace is also computed

using formulas of Bessel functions ([9]) (gl). Next we construct fundamental solution

of A+rleD on L2([O, a], r"Hidr)(g).%'P,"(g)L2(M, E) and on L2(R+, rn-idr)(g),E}rP,n(g)

L2(M, E) and compute its trace. The trace is expressed as a formula containning

4D,+(s) and 4D,..(s). Here 4D,±(s) are defined to use positive (or negative) proper

   To summalize the fundamental solution of d+rkD on L2(R+, r'2"idr)(g).se'P,n(g)L2

(M, E) in P, we use a famiiy of operators Tw,a with complex parameters w and a,

Re a>O, such that Tw,a ls analytic in w and a and ]imw-,o Tw,a==L the identity

map and set dw,ex=Tw,crti(g3). Then for Re. zv>n-2, we can construct the funda-

mental solution of Aw,cr+rkD on L2(R'ixM, n'(E)) and on L2(BaxM, rr*(E)). Here x

is the projection onto M and Ba=={xER"111xlKa}. The fundamental solution of

A+rleD is obtained by analytic continuation in w. We denote these funclamental

solutions by Gle,(w,cr) and Gle,a,(w,cr). Their traces are computed as the formulas

containning qD,±(s), Cn(w, cr) and 4n,fe(w, cr). Iimfe-,..tr Gfe,a,(w,ev) is also computed if

CD,±(O) exist as a formula containning qn(w, av) and C..,n(w, a). Here qn(w, ev),. gn,h

(w, a) and qoo,n(w, a) are defined in ss4 and their analytic continuations and the

yalues or residues at w==O are computed in g5. ･
,' . Using these results, under the assumptions that CD,±(O) exist, we have

                       '                                                               '    '1 ELM..,,l,III,},li.M WtrGle, a,(w,a)=-'j;CD2(o), n=2, 4,

                                                             '
                                                           '             . Iim lim !im wtrGh, a,(w.a) .
       . a-oow-+Ok-,oa ･ ･                                                            '
                                                             tt                        1                      '                    '       '
             Fsingn.rr12) (4inn2 S2)i/:n) (r(g72)]2c.2(o), n is odd,

              '
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        Li-m...e-i{g oO.i.Mm2, trGfe, ",(o, ")+ 2(nal2) diM kerDi=n2(;sl-e2v)enCD210116.

                                                     '                                                        =-
We also denote the fundamental solutions of dw cr L-rleD and aw cr-rkD=dtv

                                     ) -1 Jby G'le,(w,cr) and G-k,(w,ex). Then we get

                                                    '                                                . ....
        /rlllofelll] wk2{tr G'k,(w,a)-trG"le,(w,a)}i 2nn2' vD(o), nt2, 4,

                                        '                        tt t                          .t        lim lim wle2{trG"k,(w, a)-trG-le,(w, a)} ' ' '

        tv-Ofe-oo

                                          tt t                                     2 ''       .=m Sin iZrr!2) (47.n-)8!-n) (1-(.l;-2)] .rp.(o), n is odd,

                                          rr2              On --2
                  {tr G'le,(o, cr)-trG"k,(o,a)}=                                              rpD(O), n is even,        lim fe2
                                        2(n-2)        le-... Ocrn-2

ioiloBwYs theSe formuias, we can express the spectre differences of D and

                                        '                          '             '                                                    '
        2it,oo 1.i-TI}o kl-i.T l W[tr{Gk,a,(w,a) rkOGh,a,(w,a) (I+rfeeGfe,a,(.,a))mi}]

         1       ==n(d+'+d-), n=2,4', ･/ . ･ . . ,.,
                           tt tt        IIm lim lim w[tl{Gk,a,(w,a) rkOGk,a,(w,a) (I+rle0Gle,a,(w,a,))"'}]

        a-oo w-O k-co
       ..-sing rri2) (4i.nl(22);/ n) {r(: -2)]2(d.+,-)r. h is' oadl '1 '.1..

        2i-rr.i. le1-i.gl:[ aO."."-2, [tr {Gle,a,(o, cr) rkeGle, a,(o, cr )(l+r, keGle,.,(,,a))-i}? .

       + 2(na-,22) {dim ker(D+0)-dim kerD}] . ., , . .

                           tt                                                    '             1       == - 2(n - 2) (d+ + d-), n is even, nz6, , . ., . , ., , . .

        //g}o le1-i.m..wle2[tr{G'h,(w,cr)rle0 G"k,(w,cr)(I+rfe0 G'k,(w,a))-1} .. .

       +tr{.G-k,(w,a)rle0 G-h,(eqra) (I-rle0 G-k,(w,cr))-'}] . .' . ..

       =2ff.2 (ti+-d-), n=2,4, . . .. ..,
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        lim lim wle2[tr{G"le,(w,a)rkO G'k,(w,a) (l+rkO G'le,(w,a))mi}

        W-Ofe-oo . .                   '                  t ttt/      +tr{G-fe,(w,cr)rlee Gmk,(w,a) (I-rle0Gmk,(w,a))-i}]

                                2, ,../..Si" i"6rr12).(4i.".) (22)F, ") (r(g-2)] ff(d,-d-), n is odd,

                                             tt             on-2        Lirrn..i. le2, ean-2 [tr{G"h,(o,cr,)rfee G"le,(o,cr) (I+rfeo G' le,(,,.))mi}]

      +tr{G-k,(o,cr)rlee G-h,(o,a) (I-rhO G-le,(o,a,))-i}]

                             tt tt                                 '           1      = 2(np2) (d+-d-), n is even, n:-})6.

                           '                           '   The applications of these results will be given in forthcoming papers.

                       '                                                 '                                                  ttt                                               '   gl. Trace of the fundarnemtal solution of Ln,.+rk

..

,,:I,W,,e,s;te,rpgeA,"k=g(,(t-,zl2th2.-,s',?(£/nd-.p.("6,(,+,c,)aE8,f(z),--,3reg)kiZ.+,2>'pt(a･.c)

                                                           tttt / tt tt
   Lernifna X. The fttndamental system of solutions of the equation

           dd2,{ '+ "ii ddf. '+( ,",'' +'crfe]f-o,"

is given b{r'-'ii21P(a)((2v'c7(le+2))r(le"2)/2), ri-"i2}lp(a)((2Vil(le+2))r(le'2)/2)}' if leS-2,

iirL"#12i),i(C)} if h==-2, a+c7L(i-n12)2 and {rid'2/2, rimn,i2 logr} if..e=T2, a+c..

                                                       '                                                   '   Pefinition. For nZ2, p2.0 (both integers), we set

                               t tt                           '(1) Ln.p=Sr2,+"ll dd, Ll ,1, p(2-n-p),

                                  '             ttttt tt t           '        a==a(2)'= (p+g-o2-2, v(p)==.(p, k)= 2Ple++"i2 , kf-2. -

   By lemma 1, if 2 is a real number, a fundamental syst6m of solutions of

(L.,p+2rk)y== O is given by the following {y+,2, y-,2}i

                                                '                                     tt tt(2)+ y+,R(r)=r,i T3'fv(e)(2leV+ll .r k.?.2 ), l.a(r)=r'Mi'.¥..(p?(2kV+llrfet2 ),

                                               '                                 /t(2)m y,,2(r)=-ri-S'k(p)(2ftR,1 rle;2), y-,,(r)-ri-:'k,,,,(2ft2,1 rel`Z-),

                                                       '                                                ttt                                             tttt tt                                                '        R<O, le7L-2, ' .･
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(2)o'ii ' y,,2(r)=r' 7g'at, pt..,,(r)..}i-g-lt', . , "'･.

                            2        le=-2, R"(P+ : -l) or R==O, (n, P)f(2, O),

                lqel 1-L,
(2)o,o y+,a(r)=r 2, ym,2(r)=r 21ogr,

                               '              '. 2 '1' '
        le=-2, 2=(P+ Z -1) orR=O, (n,P)=(2, O). '

        '   The Wronskians W<y+,2, ))p,2) of these {y+,R, y..,2} are given by

(3) ,, W(pt.,2, y.-,R)== fe X2 riri", 2>o, le iL-2, , ",,,

                                                '
                       fe+2
         W(y+, x, y-- , z) -- -                           rimn, 2<O, kl-2,
                        2

                                     tt(6), vv(y,,R, y-,2)=-2a(R)rimn, 2:7e(ibk- li -i)i le=l'-2,

                                       2.                                                           tt         w(y,,2, y-,2)==ri-n, 2==(p+ Z -1), k==-2 or z==o, (a,-p)==(2, o).

   We set
                                                                     tt                                                      t tttt tt                               t tt        GR(r, p)=GA,le,a(r, to)=W(y+,a, y-,R)(r))-iy+,R(p)y-,2(r), a}llr2.r)>O,

               ･/ ' ='W(pt,,R, ny..,2) (p)Hiy+,R(r)y-,R(p), al21;p2r>O,

                   '
        GR,le,af7J,aGA(r, p) f(p)dp, GA,fe f==GA,fe,. f--f,OOG2(r, p) f(p)dp.

                                           tt
glgl-ednitiGtAIS the fUedamental solutlg.n Qf Ln,p+Rrle with the selfadJomt boundary

                u(a) ri y-,2(a)
(4) U(O)=O' zat(.)- yh,,,(.), YH,2'(")7C:O,

        u(O)=O, u'(a)=O, '' yr.,ar(a)==O.'

                . 1 . / .. .. ,/ .. t/. .. /./
   In the rest of this g, we assume fe to be a rea!･ number. Then, by the

asymptotig formulas of Bessel functions ([6], [9], [17]), we have for fe>-2

       y,,A(r) ==r'-S' (V.lev+¥ r- h12 cos(2kV+Zl r le;2 - "(2P) x-f)a+o(z-ir'i(le"2)))

                 +o(2-irHg(h+2))},
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      y.,,(r)=ri-:(V.lev+# r-'ULI}L2 sin( 2leV+i r k;2 um "(2P) .-f)(1+o(2-ir-i(fe'2)))

               +o(R-gr-i(fe+2))},

               2>O, reoo or 2.oo.
                                     '                                                      '
      y+R, (r)=ri-{i' [v;-V.kv'iii,iil rT hl;2 (exp (2,'V. X.j S1, le li2 )a+o( t,{-5',- 'e i-2 )

                                                     '               +exp(-2kV.+1.: I.r ki2 -(.(p)+t).v-)a+o( m] -trH lei2 )))],

                                          '      )'",R(r)==ri-{;'l;-V iilt>l,ai)rr r" 'CIIi2 exp(-2leV+?tlrhli2(1+o(IRI-;',-hli2 )), ' .'

                                   '                                 '               2<O, r.oo or R-->-oo. ' .
and ¥ioernClee>t22Set GR(r, P)=P"/2i'-"/2ffR(r, p), we have HR(r, p)lpir =ffR(p, r)i.4p

(s)o "Hb(r, p)=o((-;l-)X'""rm'), r}zp, r.o,

(5)+ Hb,k(r, p)"vvl
li-( pl,,) le12 . (sin(2hV+llpkS2 p "(2P).-L:}-)

                           tt           ' .. . ,' cos(2feV+irk;2 - "(2P)n-f)],

               'es" 2i-R ( t,ir ) kll2 [gin(2kV+ll IK, fe{l'2 -, feti2 l)

                          -cos( 2leV+llilll (p hi2 +r hS2 ) -.(p).}],

                 p21r, r-oo, Z>O or 1.oo,

(5)- HR,k(r,. s))'- 2vi21 ( K,l> )h-4'2 [,.p(- 4;iltR21 lp'el;2 -,'e;2 l)

      '                                          '                     +,.p (- 2ft2,l (, le;2 -r fe;2 ) 7 (v(p)+g) rrv -i )],

                                     '
                 r-oo, 2>O or Z--oo.

   By (5), we obtain '
   Lemrna 2. (i). GA,fe,a is deYined on L2[(O, a], r"-idr) and maPs it into L2([O, a],
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r"-idr) unless k=-2, 2=(P+n12-1)2.

        (ii). lf R>O, G2,le is dofned on L2(R', r"-'dr) and maPs it into

r"-'dr) if fe>2.

        (iii). if Z<O, GA,k is dofned on L2(RF, r'i"'dr) if k>-2 and

into L2(R', r"H'dr) if k>2.

        (iv). tr G2,le exists if fe>2.

   2. Lemma 3. (i). Asafunction of p, HA,h (r, p) belongs in L2([O,

for all r, O<rl$;a, and at r-O, we have

          1
        l1p2HR,fe(r, p)1iL2([o,a],dp)=O(r), fe7i:-2, n+2P7L4,

                                 or k==-2, 2;:l;(P+n/2-1)2-1,

           1' 1        il p7HA,k(r, p)l1L2([o,a],dp)=O(rRogr1-2'), k7<:-2, n+22b=4,

          ! V(P+n12--1)2-A        1lp2HR,m2(r, p)1IL2([o,a],dp)==O(r ),

                            (P+n12-1)2-1<2<(P+n12-1)2,

          !
        1lp2HR,-2(r, p)11L2([o,a],dp)=O(1), R>(P+n12-1)2.

        (ii). if Ga,le,a is dofned on L2([O, a], r"-'dr), then

                   al 1(6) [1GA,k,a11=(l rUp7H2,le(r, p)1IL2([o,a],dp)2dr)'2'.

                   e
   Proof. Since we have
 '
(7) r-2crIr pi+2adp + r2Ia pi -2adp ,. g-2Miaev r2cr -.44a-2r42a ,

                      ?.            o
we get (i) by (5)o. By (i), for fEiiL2([O, a], r'i-'dr), tiflI=1, we get by

inequality

                 a an        HG2fll2=I r1l ffHA(r, p)f(p)dpI2dr;sll

                 oo
        ;:slgrl: 1"H2(r, p)l2dpig 1f(p)12pn-idpdr

           al         =I rl Ip'{iHR(r, p)1 1L2([o,a],dp)2dr.

           o

 Hence we have (ii).

    Proposition Z At Ml.oo, zve have

                      -!
 (8) 1IG2,h,aH==O(121 2), "2-m<fe<2,

L2
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                      -!
         MG2, 2,aH =O( lR1 2 log 121 ),

                       -2
         HG2,le,a1i=O(l21 k"2), le>2,

                     -2
         l IGR, le 1 1 =O( 121 le+2 ), k>2.

   Proof. To set a==V(P+n12-1)2-R, we have by (7)

          al 1           rllp7HLi,.2(r, p)[IL2([o,a],dp)2dr)7== 4?21 ,         (I

          o
                          21(P+n!2-1)2, (P-t-n!2-1)2-1,

because V(1/4at2)a`(1-av2)!(4-4av2) =a2141al. Then, since [al=O(IRI`i2), we get

                              '(8) for le==-2. '
                              ttt
   If k>-2, set ff=(2V IRI 1(fe+2))p(k'2)i2, we have for O;:l{,o;:i{a (or O;Slp),

(g) . p==(2ef221 )fe22-a lel2, o$ag2f{21 afe;2 or oi${.,

        dp=(2el221 ) lek2 ki2 a' ke2 da.

Hence we get the last formula, Other parts of proposition follows frnm (5) and

lemma 3.

   Note. Set GR,(o)(r, s))::=Ga,k(r, s))-(yM,R(a)!y+,R(a)) W(y+,R, y.-,R)(p)nti･ y+,R(r)ym,a(p),

if y+,2(a);O, and

                                         '                  a         GR,a,(o)f=f GR,(o) (r, p) f(f))dp, y+,2 (a):O,

                  z

         Gz,a,(o)f=I GR (r, p) f(p)dp, f(ig(y.,R)± in L2 (O, a, r'i-idr),

                  o
                                y+,z (a)=:o,

GR,a,(o) is the fundamental solution of Ln,p+2rle with the boundary condition

                                                  '                                               '                                                         '(4)o M(O)=u(a)=O.

Since y+,2(a)7!O for le>-2 if Z<O by a theorem of Hurwitz ([17]) and

         iili((:i h"rc exp(-4ft221 akS2 -"(2P) -f)(i+oa2l-S.H.k;2 )), 2--.,

G2,k,a,(o) and GR,le,(o) are defined on L2([O, a], r"-'dr) and on L2(R', r"-idr) and

they satisfy same estimates as (8) for 2--"-oo. But if Z>O, GR,le,a,(o) may not be
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difined on L2([O, a], r"-'dr) and since

       ;ii`(:illLa:(t2.leVL,',l}.rf.i'i)r"i;-'.-,{})(i'o(lei"-,2a-fe'2))

           '
we have no such estimate for 2.oo. ' ･' --'-
   3. Lemgefla 4. (i). lf a<oo, zve have

                          t ttt                                              '                         '                                           t ttt                t t t ttt t(io) tr G,,-S,.-=L ai I(b+g-i)2LA}-S','24(S¥g' -i)2, '･

                                       ... .t                                   tt tt tt tt t                                        tt       tr G( p+ ni2-i)2, -2, a := Z2 (log a- -ll-).

   (ii). 111C fe>2, ape have

('i'

 i:g:,:.Ig.(/z,,l2>.l[lrle//fii;i:1,..lei2)f[i:illle,l･;lt2,'･i2z<o

                         '           '                       '                   ttt
,, .,P

,iO.?f.'-,,,F-':le=i/I ,Gi,' E2>a,,ll -ll)(liZ)i,({',,."i2-i'2 -2}"ii2Ig rdr･ Rf(pte{2-i)2,

   TO ShOsl..,()l)j,,liv.SlliLi S)/yiCllk(J,3.l)tljr`,leIi'I2),:hen by (g)･ we, have

                                                ./         2 k-2 oo k-2            ki2 ) k+2 lo s- letl fp(p)(s) yv(p)(s)ds, 2>o,     =R' k+2 (

                                        '                                                '                                        t tt tt       i,OOrl,(pl(2tiltR21 rh;2)K,(p)(2:ttR21 )rkg2)dr "

            '             '            '     = t2I-rE9'Ti}-( le lll2 ) 2i: I,OOs- £';: J,(p)(s)Kv(p)(s)ds, 2<o.

             tt
   We know that, if a>1, Re k>2,

                                 '              '       oo ile-2 ･. ''･ .･ -.       I s-. 'e+2 1',('p)(s)Kv(p)(qs).4. s .

       o -･･               '           '
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　　　　　　　　　一等．。（2）一（7）　、r（、（カ）＋、）

　　　　　　　　　　　　　　　F（・（ρ）＋論・詳2・・（ρ）＋1・渉）・

　　On　the　other　hand，　s童nce　Re（り（ρ）十1）一（り（ρ）十2／（ん十2））＞0，　if　Reん＞2，　we　get

　　　　　　聖．。F（リ（ρ）＋ん呈2，ん早2，り（ρ）＋1，差，）

　　　　　　　禰＋論・論・伽・群山二二

　　Therefore　we　obtain

御）∫デ季1細細メゆ藷継端）

　　　　　　　　　　　　　　　　　　　誰・儲議＞ll：il：≒｛：i・

竺（　　　　　　　　　　　　　　　R・ん＞2・Th・n・・ince。・幽（ん一2）／（々＋2）ノ・（・X・）γ・…（・・）4・一　　　　　　　　　　　　　　　2／・）・i・（（ん一2）・／2（ん＋2））。・回（々一2）／（た＋2）z・…（・）κ・…（・・）4…〉・（［9］L…＿

（αs）［≦1／・〉／s，　s≧／レノ，　α；≧1　for　large　！レf　and　Is一（々翻2）／（々＋2）一1／2　ノレ（ヵ）　（s）I　is　integrable

　　　　　一（α2）一論（音）・⑦・⑩与1多）撃皐・）

　　　　　　　　　　　　　　　F（りψ）＋、旱、・、皐、・・（・）＋・・誹）・

（［9］）．But　since　for　sumcielltiy　large　ルf，　1κレ（ψ）（α5）1＜2｝Kレ（ヵ）（s）｛，　s≧ルf，　α≧1，

and　since　I　s回（た一2）／（々＋2）∫、（ヵ）（s）、κ、（ρ）（s）けs　illtegrable　on〔0，0Q）if　Reん＞2，　we　obtain

　　　　　勘．。∫1・一篇ム…（・）ん…（・・）耐1・一箒ム…（・）盈…（・）…

by　Lebesgue’s　theorem。　Hence　we　have

　　　　　　　　　　ゑへ　
　　　　　∫・一海＋2∫・（ρ）（・）κ・（ρ）（・）4・

　　　　　　0

　　　　　　　　　　　　　　婦，、、、、、r（り（ρ）＋詳、）r（、呈、）
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on LM, oo), we obtain

       oo fe-2(12)' l g-k"2fv(p)(s)Yv(p)(s)4s

       o
                       oo le-2      ==Lit/I}+o';sin( (2le(le-+2)2rr) )Io s- k+2 fv(p)(s)Kv(p)(as)ds

      --i2- 2i; sm( Sle(;.2>rr) )B( Z-+22' kl2)f[l[ill :l,ii

   By (12) and (12)', we obtain (ii). Because we have

       tr G2,k::= fe :il2 joOO rfv(p)(2kV+li rk;2 ) y,(p)(2leV+llll rk;2 )dr

                             '                   le k-2 oo le-2           = kf2 R- le+2 ( fe22 ) k+2 Io sr k+2 Jv(p)(s)yv(p)(s)ds, R>o,

       tr GR,le=- k-l2 I,oorb(p)(2:lit22i rk;2)K.(p)(2;itZ2i rle:2)d,

                       2 ' le-2 oo h-2            =H lell2 IRI " le+2 ( fe?2 J) k+2 I s-'k+2 Iv(p)(s)Kv(p)(s)ds,

                                  o
   Since we know ([6], I)

       r( k; )-r(i- lel2 )- .( ,l, )gm( ,`.rr, ) '

       r( k22)= .( ,2, )gm( ,2.rc, )'

       r( le12 ) ==2kf2 M'viip( fei2 )r( A22 +t),

we get

,,,, B(k: ,2,-)-=2-LE{lfvi.("
,(

2le

,32.-)

;),,,(i2.rc,)

On the other hand, since sin((k-2)rr12(le+2))=sin

use v(P)=(2P+n-2)1(le+2), we rewrite (11) as follows

2<O.

57

(rr12-2rr1(k+2))=cos(2Tl(le+2)), to



58 - iAI<IRA AsADAi
(i4) tr GR, le == -2H lefli2 'v"'}i(kl,) le2'"2 r(iU k'

 (i?k, ,IIiill il,l;) rfi22i'fei++l"Ii,fe)-,)i kl2,2>o,

                                 '                 i      tr GR,k== cos( h2+rr2･ )tr Gl",k, ･2<O･

<,,) in the ,res,t --wr. f:(liimife:;,IlllY,l,le, a) :,lllilli :iX-,(l,,"/2M,Il3-I,)) ,.,.,.. ,,,c( £,..,)

               , 'g2. Ah" aiytic coxxtinuati6h' s in k and z.

   4･. Since r>O, for complex k, we determin r(k"2)!2 to be

                                  '(i6) , h;2 = ," k'tS2 iog ri i,g' ,e R.' ･1 ' ' ' '''

Then to set e==Re (le+25)2=1+(1!2) Re k, rp2'Im (le+2)!2--(112) Im k, e= arg (le+2)12

==tan-i (glv), Lrr<0Slrr, we get

        1 2f･ K,I rk';2 l := 2iVtti,11. re, arg 2ftR,I' rk;2 == iog rrp-o.

   We set rn:==e(2"rt'e)iO. By definition, (2'Vi 121 1(le+2)) rn(lei'2)12 is a positive real

number. Hence to set s=(2V I21 1(le+2)) r(k'2)i2, sn =(2V 12] 1(fe+2)) rn(le"2)/2.

arg sn-(h-2)/(h'2) does not depend on n because sm(k-2)/(k'2)==(2V 121 /(le+･2)) r2-(k'2)i2.

   Since G2,k,a given in' nOl is the fundamental solution of Ln,p+rle with the

boundary condition (4) although k is a co.mplex numPer, we hay,e ,.･. .

                                                   ttt t        tr G2, fe,a = kf2 f,a rfv(p)(2feV+llilrk;2 )'yl,,,(2leV+ll r le;2 )d,, 2tto,

           ==- kl, fgib(p)(2tfl4111IZi rk;2)k,,p,(2:Si rle'i,2>d,,'j'A<o.

                                                              ttt
hHaev",Ce

 tO Set S:==(2V IZI 1(le+2))r(h'2)!2, rc,d=={(2V IRI 1(le-i-2))r(k'2 ]!2if;slr;{d}, we

             ･ 2' 'k i2 ' leH2 ･ II '' 1,
        tr G2,k,q=l' k:l2 IRI- le+2(k-2-2)k+2l s--nvT2MJTv(p)(s)y.(p)(s)ds, R>o,

                                     rola
              L k22 ]21M kl2 ( A'22 ) kle-': i,,,.S- k; f"(P)(S)K"(P)(S)dS' 2<O'
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   Meynwaa 5. To set ,,.. . ..,... .
              Sn+1.le-2 ･' '-' '1' ''"''1.        In,+=I,. r le+2 Jv(p)(r)Yv(p)(r)e. r, . ,/

              Sn +r km2 '' ' ' '' '' '' ''t' '"'' '' '' '' ' '1' '1'
        ln,m= i rnv le+2 Iv(p)(r)Kv(p)(r)dr,

              Sn
wle httve ' 'i '' '･''' ･' ''' i'1''i '';'
                                     t/(16) fr,.,..,, S- lelerm": f"(P)(S)Y'(p)(S)ds == Tn,+, ' ." '. ',

                                   ttt                 Lk-2 ', ･, ･- ･     ' Srr.,,.., S k+2 1"(P)(S)K"(p)(s)ds=h,-. .,,/

 ' ]li'irebf. Since fv(p)(s)Yv(p)(s) (respectively IL(p)(s)Kv(p)(s)) is a 1-Valued function'

and sn-(fe-2)!(k'2) and sn+i-(k-2)!(le'2) Iie on same branch of s-(le-2)i(k"2), .the starting

e,?'ac,Z",2,,e･:,1've?81?,),2.f,,r}';?,g,",;kler,?,.Si",;,8'Q2C2.Zf, 1-,2fe12,'in(le.'Zl '("(,g'`S),, Yr(p?

,,4,-lermX,..celei,,21:1-2 1(//sW¥,i:.l,,"i-l,ji,i-,,,.' ' ' ･ ., ''.'Li'. 1i･

                                                   tt tt                                     ttt
   Proo£ By lemma 5, we have
                            tl tt                           t tt tt              ,- Z-+22 I.(p)(s)K,(p)(s)ds=iS" tM Zi: b(p)(s)Kv(pi(s)ds.

         Iro, rn O
                                     ttt t/ tOn the other hand, by the asymptotic formulas of fv(' //' )(s) and Kv(p)(s), we get '...

(i7) fv(p)(s)Kv(p)(s)== ;, ,(i+O(7i}))';'.iS/1: oo' ' ./' .･).

Hence for rn<p<rn+i, we get limn-oefr,,,,,ri s,1(lt,"2)!(k'2)fv(/.?(fi)Kv(p)(s)ds=O,because

Re k>2. Therefore we obtain the lemma by (12). ･ ･-･... ,･ ･ , ..,,..

   Defimition. Let g(s) be a locally integrable .rktnction on C such that contin"ous on

C-Rdi, Rd is the negative real axis, holomorPhic on C-R and lg(s)1:.s{ZC e-IimSl,
                                  t                        t.Ims:O, for some constant C. Then we set ., ..,., /. . .,, .., /,

                                     tt    ..B.i,hfie') -(fif(r//-:g(?t/.i r.kE2.).rf?f. sottf.g. r {(f)fLr(R"･.. .r"Hidr)1,; ,

   The closure of Bi,le (R") in L2 (R', r"m`dr) is denoted by B2,fe <ge-1)･i. '･･･' .",/ ,il



   Lemina 6+. If R>O and Re fe>2, G2,le is deY7ned on BR,le (R') and as an ol)erator

on B2,k (R"), we have

(i4)+'

 tr GR,k- (n - 2)! cn, k,+ r, iz(p22Ple;÷;+ilni2k)-2)R- '"-2-2.

   Proof. To set a==(2V'71(le+2))p(le'2)!2 and take rn<a, we have for feB2,le (Rt),

        li.GA,h(r, p)f(p)dp=r(,lev+{Ii)'el2 lell,

                                                    t.
                         Ir,.,..a' ie-2-2 G(r, (2fev+illl o) h22 )g(a)da.

                                                       '                                            '                                                    /･･
But since G(r, (((le+2)12V' IE-)a)2i(h'2))=O((11V-Zr) eiimal), a.oo, by the asymptotic

formulas of fv(p)(s) and Yv(p)(s), we get limn-oof:.GR, k(r, p)f(p)da::=O by the defini-

tion of B2,le (R') if Re le>2. Hence GR,k is defined on BR,le (R'). Then, slnce

tr Ga,k--limn-..for"GR,k(r, r) dr, we obtain the lemma by lemma 5 and (12)'.

   5. Let R be a complex number with Re27kO. Then we determin -x14<Vii-<rr14,

Re 2 >O, aLid set

(2)+' y+, R(r) == riMS'  1.(p)(2kV+lll r fei2 ),

                                              '                 yr,R(r)=ri-ili'yv(p)(2kV+lil rki;2), Re R>o,

(2)-' ),., R(r) == r" t;'t l,(p)(211I+-2Jl rk2i2 ),

                 y-,R(r)==r'-{;K.(p)(2;i+m2Z rk"2-2), Re 2<o,

   To use these y+,R, y.n,R, we define GR,le similarly as in nOl. .

   Lemma 6'. (i). if Re 2<O, Re le>2, G2,le is deij7ned on L2 (R', r"-'dr) and

(W,,e)frlqe ,,G,,,..(.T?)!c.,,,.mr(i','.(p211Ple;+;-lf-,k)-?)(-2)m'e"2-2.'. . i''' '

     '                               '                                              '
B2,k(il'ikg) RzveeRiaOve' Re fe>2' GR'k iS dqlined on B2.,fe (R') and as an operator on
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a4)."

 trG2,k-(n-2)icn,k.rf2;2+tPk+.++l"2k)-2)2HrfiIT

   Proof. (i) follows from (17). Since-rr/2<arg 2<rc12 if Re 2>O, BR,h(R') is

defined if Re 2>O. Hence we obtain (ii).

   We note that as the functions of k, the right hand sides of (14)±'' are continued

meromorphically on C-[-2, -oo] and if Re k>-2, the right hand side of (14),"

is holomorphic and the right hand side of (14)"" has poles of order 1 at k=-2

(2m-1)1(2m+1), m--O, 1, 2, . . . .

sideDoeffi(nii4t)i,O,lrr (i)' if Re 2>O and Re le>-2, zve define trGR,le by the right hand

   (ii). 11fRe 2<O andRe fe>-2, k:74-2(2m-1)!(2m+1), m==O,1,2,..., we detfine

tr G2,k by the right hand side of (14)"''.

   Lemma 7. in the domain {leIRe k>-2}, we have

                   r(2,P.+,") , i
(i8) £'IM.. C"･le･±T(2p+fen++2le-2) == - (n-2)! 2(2P+n)'

   Proof. Since we have(11(le+2))2k!(le'2)==(11(le+2))211(fe+2))-`1(le'2), r(21(le+2))==((le+2)12)

r((21(le+2))+1), r((2P+n)!(le+2)) =((k+2)1(2P+n)) T(((2P+n)1(k+2))+1), we get (18) for

C.,le,, because r(112) ="Vi'}i. Then, since limk-.. cos(Tl(k+2))==1, we get (18) for

  Jl
   Corollary. in the domain {h[Re le>-2}, we have

                     -1(19) lim tr G2,k=                           Re 27!O.
                   2(2P+n) '        fe-oo

   Note. Since limk-co(le+2)2(1-11cos(Tl(le+2)))=-r212, we obtain

                                 rr2
(19)' £irM... k2[tr GR, le-tr Gc-R, le]= 4(2p+n) , Re2>O'

                      S3. The operator Ato,.+rkD,

   6. Let M be a Riemannian manifold, E an Hermitian vectog. btrndle over M,

D a (formally selfadjoint) elliptic operator on Cco(M, E). We fix a selfadjoint L2-

extension of D and assume it allows spectral decomposition without continuous

spectre.

   Let nl212 and id be the Laplacian on R" with the coordinate x==(xi,...,xn). Let

r=]?vf xi2 be the norm function on R" and set xi==r sinOn"i-･･sin e2 sinOi, xb'=



rsin 0n-1･-･sin e2 cos el,... , xn-1=rsin0ii.1 cos 0n-2, xn=r cos 0n-1. Then id is written

as 02!ar2+(n-1)lrOIOr+11r2A..i,e, where idn"i,e is the Laplacian on S"-i. ･･ ･

   On R"xM, A+rleD acts on Coo(R"xM, rr'(E)), where x is the projection from

R"xMonto ML We denote the 2-proper space of D in L2(M, E) by E2 and the

space of homogeneous harmonic' polynomials of d6gree P restricted on S"-i by .nf'",P.

Their o. N. -basis are denoted by ¢R,i(y) and A'gi)P(0). It is known ([6], II, [16])

               '                              '            ' ttt tt tt t t               '             '
c,?.//)....･,, ' .. d'ipa .sifpn･e =h(p, n)7. (2Pl 4pi(£)£"2 /P-3)!i (n, p)f(2, o), h(o, 2):-:i.

   '   With suitable completion, we get L2(R"×M, rr"(E))=L2 (R")opL2(.M, E,) Li(M, E)'
i!':'XAER, L2(R")=L2(R', r"-idr)(E9L2(S"-') and L2(S"-i)==Xpev",P. Then we have

(20 ' (A+rkD)IL2 ([O, a], r"-idr)(Ebew",PXEA ' '' ' ' ''.' '''
                                      '                                       '                                                      '                                                            '                         ==(Ln,p+2rk)(291ptn,p(El)IEa,O<a$oo,

                                    '                                          '
where 1ti}?7n,p and IEA are the identity operators on' .;llP",P and E2. Hence to set

                                         '                         t t tt 1/t                                      '        GP2,le,a(f)(r, 0, y) ' . ･
                                                '                                      '                                                '
         a
   1 1. 7'.lpIs),-'i..GR･le(di, P)pu. i/iii),),A?ili(0)A2il･)P(g)¢2,i(y.)¢i,i(v)f(p,pa,rp) drp dg dp,.

                                                               '                                    tt                                               'GP2 k a' is a fundamental solution of ta+rleD on L2([O, a], r""idr)(Ebx'",PopE2 with
   t)

the boundary condition ...                                     tt                          . .1. . ..                                       t ttt                                     '                                          '                    u(a, 0, y) yff,A(a)
        "(O, 0, Y)=O, u,(., o, y) =y-,,,(a) ,Y.R'(a)fO,

        u(O, 0, y)=O, u'(a, 0, y)==O, y.2'(a)=O. '

We denote GPR,k,co by GP2,h. In this case, the bouhdary condition is uE!L2(R",

rn-idr)(29,Ezff",PC9ER.

   In the rest, we denote L2 ([O, a], r"midr)opew",P(2)L2(M, E) by L2(R"xM, E)p,.

and L2(R", r"-'dr)(E9ew",PopL2(M, E) by L2(R"xM,E)p.

   Definitiom. In L2(R" M, E)p,a (resPectively, in L2(R".XM, E)p), we set

                           '                                ' tt t t ttt 1 ' '.. .GPk,e=;GPs, k, a,./GPh =¥GPR, le.

    t... ..t ./. .. . . . t tt tt tt

   By definition, GPh,a is densely defined in L2(R"xM, E)p,a and if f belongs in

s<GPig,,q), we have (a+rleD) GPk,af==fand . .. ., .. ,/ . '

                                                            '(4)"･' ･' GPk;af(Os 0. r- N) ='O, ･ ' ii '･ '･' ･' ･ 'i/' ' '' ' ' ･ ･ '･ ･ ''
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        ((GPfe,af)i(a, 0, y), (GPfe,af)'2(a, e, y))=(y-,R(a),y-,A'(a))EiCPi,

                                              2ESpecD.

Here (GPk,af)2 means R-component of GPfe,af.

   By definition and proposition 1, we obtain for real fe

   Propositiogi 2. (i). GP"2,a is bounded. For large m, (GP.2,a)'" is of trace class.

   (ii). GPk,a is bounded and (GPfe,a)M is of trace class for large m if fe>-2.

   (iii). GPfe is bounded and (GPle)"t is of trace class for large m unless

ker D;{O}, if k>2. -
   Note L By (20), we have 1IGPle,all=O(h(p, n))=O (p"-2), p.oo.

   Note 2. To use G2,le,(o) instead of GA,k, we can construct the fundamental

solution GPk,a,(o) of n+rleD with the boundary condition u(O, 0, y)=]u(a, 0, y)=O.

In this case, by the note of n02, if D has only finite positive proper values, GPk,a,(Q)

is bounded. But if D has infinite number of positive proper values, GPle,a,(o) may

not be bounded. Since g(GPk,a,(o))==:fPle,a±, v47"Pk,a={uluEL2(R"xM,E)p,a, u(O,
e, N)=u(a, 0, y)==O, (A+ZfeD)u==O}, and since

(22) fPh,.=Z - xP,nxE2,
                A>o, Jvp((2/ A /(k+2))ak+2.1 2-O

GPk,a,(o) is defined on L2 (R"xM,E)p,a lf D has no positive proper value. (22) also

shows that to set

        '                   vfk'-n, p, le;D= {a 1 dimfPk, a == oo } C R',

fn,p,le;D is the empty set if D has only finite positive proper values and by a

theorem of Weyl ([5], [18]), fn,p,k;D does not depend on the self-adjoint lower

order perturbation of Dh.

   7. Pefimaitioft, Let f be an element of L2 (R"), w and a are comPlex numbers

with Re cr>O. Then we set

(23) (Tw,af)(r, 0)=X(P+a)Wfp(r):AesP(0),
                                 (i)                     p

                     f(r, 0)-==fp(r)=At's,D(e).

                                  (i)                            p

   By definition, we have s(Tw,,cr)cg(Tw,,B) if Re wi>Re w2 and if Re w{$IO,

g(Tw,.)=L2(Rn).

   For a fixed f, Tw,evf is defined on Re w<c, Reev>O, where c is a constant

determined by f, and holornorphic in w aiid cr on this clomain. Since c).O, we have

as a holomorphic function in zv

(24) lim Tw,crf=f.
        w-O



   We set x=(r, e), e=(s, g) and define

         Ef(S, r, 0)=f,.m,E(s, e, p)f(r, g)dg, O<s:$ll, E(6, x) is the Poisson

                                               kernel of n,

         (llig)(r, 0)==g(1, r, 0), g(s, x)EC(oo,O)b (gxR,i), i=[o, 1].

Here C(oob,O) (IxR")={flf is bounded on [O, 1]xR", continuous on (O, 1]xR'i and

Coo-class in s}. Then we have the following commutative diagram

                        Tw ev
            L2(R") '                                  ,L2(Rn)

              IE (si-a 81}scr)W . IZIi

         Cb(oo,O) (IxRn) -                               Cb(oo,O) (g × Rn).

}Iere, (situ" O!Os scr)Wf is defined by (cfl [7])

         (si"a- aOs sa)Wf<s)=..a"t[(ev-a)tu..,d[f](a)]<s), .7a[f](o)=Ii saHif(s)ds.

                                                         o
        '
   By definition, as a function of tv, (si"cr a!Os sev)Wf(s) is defined on Re zv>-c

if f is O(sC), s-O, aRd holomorphic in w.

   Lemina 8. Let zv be a comPlex number and not a Positive integer, a a comPlex

number with Rea>c. Then to set for f(s)=O(s""C), s.O,

        Sw,cr[f](s)

       nV2;;1(1-e2n,/=rw) r(1-w)I" -IT(-iiN)ev(log(-g-)]W-`f(t)dt,

                                e

we have

(2s) (si-cr oes sev)Ws.,.[f]=f, fEc(oob,o) (Ixuen),

(24Y !im S.,.[f]==f, fEC(oob,O) (IxR,i), f(O)=::o.
         zv-O

   Proof. By the inversion formula of Mellin transformation and the definition of

(si-crO/es sex)W, to set

        sw･ev(s･ t)=,.vi-,jtJ'IIIi'i.(cr-p)-wt-i(-i-)ada,

and define Sw,cr[f](s) by ioOe Stv,ex(s, t)f(t)dt, we obtain (25). But, since Sw,ev(s, t) =

(1/2r)fee.(a-V -la) -WtmieV -la log (tls) do and when w is not a positive integer,



         [l]race of the Fundamental Solution of d+rkD and Spectre Difference 65

this integral is equal to the limit of the integral along the half circle in the upper

half piane if t>s, Rew>1, and equal to the integral along the path starts from

-V -loo , rounds --V -1 in the iiegative direction and ends at -V -loo if t<s,

Rew>1, we get

         s.,.(s, t)==-V2;;i -l-(-g-)crliog(rfN)]W"'(i-e2fl,/-=i-w) ra-tv), t<s,

                                                      '
                 ::i=O, t>S,

if Re zv>1 and w is not a positive integer. Then, since Sw,ex[f] and (si"ev alOs sa)W

Sw,cr[f] both analytic in zv, we have (25) for other ev by analytic continuation.

   To show (24)', we note that f(s)=Igf'(t)dt by assumption. Hence we get Sw,a

[f](s)== Jgs,,,.(s, t) j"gf'(u)dudt=IgLS., s,,,.(s, t)dlft(u>du==(tvf-112.x.2T,/L=i-tv--o r

(1-zv)Igs-all, tcr-i{log(tls)}w-idtf'(u)dzt. Then, since l;, ta'i {log (tls)W"i} dt =::IL,pcr-i

aog p)w-idp=-(rma)-w
io-aiOg("IS)e-vnw-idrp, we have

         s.,.[f](s)=V2i;1(1-e2"i/-=i-W)I'O-zv)(-a)"WIi r(w, -ec log(-Il-))f'(zt)du,

where r(w, a)=IoatW-i e-tdt is the imcomplete gamma function. Sincer(w, a)=

(11w)(r(w+1, a)+aW eria) ([6], II), and r(1, a) =1-em", we obtain

                          '
         ISII}, .1(1-e2ff/=i-W) I](1-tv)(-a)-wr(w,-alog(-l;))=1, a#o.

Hence we have limw-o Sw,ev[f](s)== ig f'(u)du=f(s).

    Note. (25) holds if f is continouus in s. But, for (24)', f(s) should be absolute

contlnuous ln s.

   DefinitioR. We set idw cr=Tw crA.
                       )1
   By definition, Aw,a is densely defined in L2 (R") for any tv and ec If riw,crf is

defined for w==wo and Rewe=c, Aw,crf is defined on the domain Re w<c and

holomorphic in w. If c20, we have

(26) lim Aw, af=Af.
         tv-O

   8. Let R be a real number, c a complex number with-rr12<argc<z!2. Then

Gc-iR,fe,a and Gc-u,k are defined by n05 and we have

(27) (cLn, p+Rrle)(uilGc-R,le,af) ==f, (cLn,p+2rh)(7Gc-i2,kf) ==f.



   By (27), if -rr12<Im wlog(P+Reev)-Re wIm cr<rr12, (P+cr)mW G(p,ev)-w2,k,a and

(P+a)-WG(p+cr)-zv2,k are defined and they are fundamental solutions of (P+a)WLn,p

+lrk. By definition, (P+ev)-WG(p,cr)-w2,k,a and (P+cr)"WG(p+ev)-zvR,k are holomor-

phic in av and w and they are continued analytically on whole zv-plane if Re cr>O,

cr is not a positive integer, because Bessel functions defined on whole plane.

   Defimitiom. The analytic continuations of (P+a)-WG(p,a)-zv2,k,a and (P-l-cr)-W

G(p.cr)-v2,le are denoted by GR,k,a,(w,a) and GR,k,(w,ev).

   Since (P+cr)WLn,p-i-2rk is analytic in zv and ct, we obtain by (27)

(27)' ((P+ct)WLn,p+2rk)G2,h,a,(w,cr)f==L

        ((P+a)WLn,p+Arfe)G2,k,(w,cr)f==f･

   Definitien. PVe dofne an oPerator GPle,a,(w,A) in L2 (R'txM, E)p,a by

        GPle,a,(w,av)= = GPA,fe,a,(w,cr),

                  xESpecD

        GPR,k,a,(tv,cr)(f)(r, e, y)

         a       :=I, I,.",..GA,h,(w,a) ipt,) aj.]A'(';)P(e)Ati;)P(g)ip2,i<y)ip2,i<rp) f(p, g, rp)d? dgo dp,

where {¢2,i,...,ipR,m} is the O. N. -basis of E2. The operator GPfe,(.,.) in L2(Rnx

M, E)p is similarly defined.

   By (17), lemma 6. and Abel's continuity theorem, we obtain

   Proposition 2'. (i). ILf"-rt12<argP"W<n12 and D has only .linite number of Positive

proper values, GPlt,(w,cr) and GPfe,a,(w,cr) are dofned on sr(GPk) and ony(GPlt,a).

   (ii). ILf'-rt12<arg P-W<rt12 and D has injnite number of Positive ProPer values,

9(GPk,(w, cr)) COntainS=A.sp.,D, a.o BR, fe(R')(E92iTP,"(E9Ez.

   (iii). ILf GPle,(w,cr)f(or GPle,a,(w,cr)f) is dojined on Rew>O and as a holomorPhic

function of zv, limw-o GPk,(w,cr) f (or limw-yo GPk,a,(w,ev)f) exists, then

(28) (ti+rleD)(lim GPk,(w,a)f)=f, (ti+rleD)(lim GPfe,a,(w,ev)f)=f.

               tV-O IU-O
   Corollary. Uitder the same assumPtions as (iii), if GPlef(or GPk,af) exists, then

as an L2-valued analytic frenction in zv

<29) liM GPfe,cw,a)f=::GPhf, lim GPfe,a,(w,a)f=GP}e,af

        t" -,o w-+o
   Proof. By (28), to show (29), it is sufficient to show that limw-o GPk,(w,a)f

(or limtv-o GPk,a,(w,cr)f) satisfies the boundary condition. But this foilows from the

definition.
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   Defimition. In L2 (BaxM, 7c*(l!r)) and in L2(R'2xM,T*(E)), zve set

        Gle, a,(w, cr) =" = GPk, a,(w, ev), Gle,(w, cr) =:= X GPk,( tv, cr>

                  pp
   By note in n06 and proposition 2', we have

   Proposition 3. G). IlfReev>O, Rezv>n-2, Gh,(w,cr) (resP. Gk,a,(w,cr)) is dojined

on =s(GPk,(w,cr))(resP. =g(GPle,a,(zv,cr)).

   (ii). ILICGle,(tv,cr)f(or Gk,a,(w,cr)f) is de77ned on Rew>O and as a holomorPhic

function of tv, iimw-,o Gk,(w,cr)f (or limw-,o Gle,a,(w,cr)f) exists, then

(28)' (A+rkD) lim Gfe,(w,cr)f)=f, (A+rkD) lim Gle,a,(w,cr)f)=f.

               ev-,e w-o
   Definition. 11f Gk(w,a)f (or Gh,a,(tv,cr)f) is continzted analytically on the domain

zvhose closure contains O, as a fatnction of w, and limw-}o Gle,(w,cr)f (or limw--.o

Gh,a,(w,cr)f) exists, then zve set

        lim Gfe,(w,ev)f=Gkf, lim Gle,a,(w,ev)f=Gle,af:

        zv-o tv-o
   By definition and (29), ifXpGPkf(or=pGPk,af) exists, then

        Gkf= l2i:] GP fef, Gk, af := =GPk, af,

              pp
and we have

(29)' (A+rkD)Gof==f, (d+rkD)Gfe,af=f.

   Note. We may define GPk,a,(e),(w,a) and Gk,a,(o),(w,cr) similarly. If D has

only finite number of positlve proper values and -rr72<argP"W<nj2, we get g

(GPk,a,(o),(tv,ev)):==9(GPle,a,(w,cr)) and s(Gle,a,(o),(w,cr))=g(Gk,a,(w,cr)). We also note

that, set fn,k;D==Upko fn,p,le;D, fn,k,;D is an empty set if D has only finite

number of positive proper values and does not depend on lower order selfadjoint

perturbation of D.

                        g4. [g]race of Gk,(.,cr).

   9. DefiRitiost. For D, we set

(30) C.,.(s)::= :2i:] 2-S, ag.,-(s)= = (-R)-s.
               a!bSpecD,A>O AEISpecD,A<O

   CD,+(s) and qD,-(s) both exist if Res is sufllciently large, and since

(31) q(s)=agD,.(s)-agD,-(s), agD2(s)=CD,'(2s)+CD,-(2s),

they are both continued meromorphically on whole plane and at si= O, they have at
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most poles of order 1 ([3], [10]).

   Lewugma 9. If Rek>-2, in the sence of analytic continuation, zve have

(32) tr GPle,a,(w,cr)
      = rm m;; (pn !+(.P--2il,i (p+cr)-w dim ker Da2+(p+a)- ke2 W i. il-2(p21ZPkiii/t2le) rm2)

       (2p+n-2p)!(.nri-P-3)! [c.,fe,,c.,.( ki?2 )+Cn,.h,-gD,-( fe22 )]

      +o(1), a-oo, (n, P)#(2, O),

       tr GOh,a,cw,cr)

      =aEw dim ker Da2 iog a+av- k+k2 W ir"[ i/Il i[c2, le,+(D,+( k22. )

      +C2,k,-4D,.( fe32 )]+o(1), a-oo, n=2.

   Proof. By lemma 6, lf-rr!2<argP-W<rcl2, we get if a:/]O

    tr G2, let(tv,ev)==:(P+ct)"W(n-2)! cn,k,,g.R rlSil/le+l,./"2-)2 )(p+ev) ie2+W2 121ua ki2 .

Hence we obtain (32) by (10), (20) and (30).

   Coroftlary a. Ilf' gD2(O) exists, then

(33) Iiin trGPle,a,(w,cr)
       Vl-Qo

         1 (n+P-3)!                                 2P+n-2      ==-l}- p!(n-2)! (P+a)-WdiinkerDa2+ 2p+n                                        CD2(O)+O(1), (n, P):74(2,

                    afMW 1       2iuri,n.. tr GOk,a,(w,cr)=:= 2 dim kerDa2 1oga-?CD2(O)+o(1), n=2.

   Proof. Since Cn,le,+-Cn,le,r==O(le-2), fe.oo and limfe-,.le-2qD,±(21(k+2))=O,

we get (33) by (32) and lemma 7.

   Corollary 2. .lli' kerD={O}, then

               r( 2leP++2") (2p +. rm 2) (n +p rf 3)!

(32)' tr GPk=
             r(2P+kn++2km2) P!

                      (cn, fe,+gD,+ (T+2u2 )+Cn, le,-agD,-( k22 )]'

o),
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(33)' /j mu..tr Gpfe =--l;- (" ii!{.m"3I!);2(:p++", ;2) g.2(o).

   Note. If D has no positive proper values, then by (5), we get

                                                          k        tr GPk,a,(o),(w,ev)== mLllJ (pniinP-M2il! (p+ev)-w dim ker Da2+(p+ev)--k+2 W

               (.(ri24Pk//i)",) (2P+'i-2;S,"+P-3)! cn,k,-(-D( kk )]+o(i),

                                 '                       -w        tr GOfe,a,(o),(w,ev)==ev2 dim ker Da2 log a

                    +.H ke2 t" l.E le,l,: )) c,,le,-c-.( ,2, )+oa)･ n-2･

Here, C"D(s) means the C-function of positive operator -D.

   DefinitEon. VPie denote GPk,(w,cr), Gle,(w,cr), etc., by GP,'k,(w,cr), G"k,(w,cr), etc･,

and the fundamental solutions of idw,cr-rfeD==rdw,a+rk(-D) constructed for the same

boundary condition as (4)' by GP,-le,(w,ex), Gmfe,(w,ev), etc..

   LervRfina 10. ILIr Re le>-2, in the sence of analytic continuation, we have

                                                         '
(34) tr GP,k, 'a,(w, cr) -tr GP, fe,-a,(w,a)

             -,,k-,,, I(2feP++2") (2p+n-2)(n+p-3)!

       =(p"cr)                   T( 2ib +,n.+,le -2) P!

                      (Cn, fe,+-Cn,k, -)rpD ( le22 ) +O(1)'

    Proof. This follows from (32) and (31).

    Corollary X. if nD(O) evists, zve have

         lim k2 (tr GP,k,"a,(w,cr) utr GP,k,-a,(w,cr))(35)

         le -oo
                  '
                rr2 (2p+n-2)(n+P-3)!
       :=:(P+a)"ZV 4 (.-2)!p!(2p+.) rpD(O)+O(1),

 where (2P+n-2)(n+P-3)!!P! means 1 if (n, P)=(2, O),

    Corollary 2. We have
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(34)' tr GP,'le,(w,ev) -tr GP,nk,(w,cr)

          -Lz ;.,-,, r(2kP-"2n-) (2p+,,m2)(.+p-3)!

     ==(Pta)
               p(2P+kn++2k-2) P!

                         (Cn, le, + mCn, le, -)qD ( k -2- 2 )･

(35)' lim fe2(tr GP,'le,(w,cr))-tr GP,-fe,(w,cr))
       il -, OQ

                       rr2 (2P+n-2)(n+P-3)!                =(p+.)-w                                       rpD(O).                       4 (n-2)!P!(2P+n)

(34)'' tr GP)'k -tr GP,-k

        rr2P+n>
     = r( 2>2Ei kim2 N (2P+" ua 2S/ f,"+P"3)! (cn, le,+-cn,k,-)nyD ( k?2 )･

        X le+2 1

(3s)'' //g}.le2(trGP･"h-trGp}-"h)== Z2 (2{.+-'i2-)!2p):?2+pP+;i)3)! rp.(o).

  gO. Defimition. We set

(36) gn(w,a)- i#.l, ((".+-P3ii/iSl,! (p+ev)-tv, nz4,

                   oo oo                                   l       (3(w,av )==c(w, av)=Xp..1(p+ev)-w, g2(w, a)=:ill.ilil -;I;-(p+ev)-W･

                  rr2P+n1
(36)k C",ie(w, a)=ill.l], rr2Np-k}-;iillX"2> (2P+"-2ii9i+Pwu3)! (p+.)-w.

                  X le -2 1

(36)oe ag-,n(w, a)-iil.il, (2P+Z5p;?il;lgilllPM3)! (p+ct)-w.

  By definition, for Re av>O, Cn(w, ev) and q.,n(w, ev) converges if Re w>n-2 and

holomorphic in zv and ev. On the other hand, Since we get at P-oo, (2P+n-2)

(n+P-3)!!P!=:O(P"-2),]((2P+n)!(le+2))lr((2p+n+k-2)!(k+2))==((2p+n)!(le+2))-(k"2)!(le"2)

[1+2(le-2)1(2P+n)(k+2)+O(((fe+2)1(2P+n))2)], gn,h(w, a)Iconverges if Rezv>n-2-Re

((le-2)!(k+2)).

   Using these functions, we obtain by lemma 9 and lemma 10



(37)

zve

(38)

4
,

(39)
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Proposition 4. IllC Re le>-2, Re w>n-2-Re((le-2)1(le+2)), zve have at a-co,

     tr Gk,a,(w,cr)=- 2(nal2) {gn(w, cv)+cr-w} dim kerD+(agn, fe( fell2 w, a)

               'cr"W("-2)! .: nkii-,)2 )] (C"' k''agD'"( ki2 )

                                              '                                            '
               +Cn,h,-CD,-( lel2 ))+o(1), nZ.r3,

                              '
     tr Gk,.,(.,.)==a-w a2 1:ga dim kerD--a-22 ag2(w, a) dim ker D

               +{c2･k( ke, w･ ev)+a"w ."(( :i,l: i}

                (C2, le,+CD,+( k22 )+C2,h,-CD,-( le22 )]+o(1), n==2.

Corollary. (7itder the same assumPtions about le and a as above, if CDz(O) exists,

have at a-oo
           '
                        a2
     /jMr...trGle,a,(w,cr)==m 2(n-2) {agn(w, ev)+a"WdimkerD

                        '
                    --l;( (.m12)! 4oo,n(w, cr)+r:la'W]gD2(O)+o(1), n;213,

     /j mrm, ootr Gle, .,(., .) =a-w a2 120g a dim ker D- 2a2 (2(w, cr) dim ker D

          '                  -S(Coo,2(w, ev)+ScrnyW]qD2(o)+o(i), n=2.

Preposition 4'. Cinder the same assumPtions about k snd ev as in ProPosition

we have at a.oo,

     tr G+k, a,(w, cr)mtr G-k, a,(w, cr)

    == (agn･k( ,e, w) cr) +a"w(n-2)! .r[.k.,'"i-,), )]

                      {Cn,k,"mCn,k,-}rpD( lel2 )+o(1),



   Corollary, Uitder the same assumPtions abottt k afid ct, if rpD(O) exists, we have

at a- oo ,

(40) ' lim fe2 (trG"k,a,(w,cr)-tr GMle,a,(w,cr)) '
         k.co

       = 4T2 ( (nm12)! goe,n(zv, ev)+'jll'ev-W)nD(O)l-o(1)･

   Note. By (39) and (40), we may set

(39)' tr G'fe,(w, cr)-tr G-k,(w,a)

       :==(cn,fe( lelili2 w, cr)+amw(n-2)! il[nlei+;nli21i-2)2)]{cn,le,'-cn,k,-} vD( fe-2-2 )･

(40)' /im-,..le2 (trG"k,(w,cr)-trG-le,(w,cr))=: f2 [ (n-12)! Cep,,n(w, a)+'i;ev"WlrpD(O).

le anldf aDaeaaSbg3ePOSitiVe PrOPer ValUes, we have under the same assumptions about

   ' tr Gfe, a, (o),(w, ev) == - 2(nal 2) Cn(w, a) +at"W dim ker D+ Iag n, k( le e2 tv, ev)

                      +a-w(n-2)! iz'.,'(( nk-;ltlniwu2)2)]cn,k,..cHD( le22 )+oa), nz3)

        trGfe,.,(,),(.,.):=:ev-w a2 102g a dim ker D- 2a2 g2(w, ev) dim kerD

              ÷(q2･k( 1llTi}-w･ a)+evHw-lli(IIililiil{llei/l-I i}c2･leJ-4-D( le22 )+oo)･ n==2･

       g5. Amalytic continuatioms of g,,(w, a), Cn,k(tv, a) amd ecoo,n(zv, a).

   11. 1]1' Re w>n-2, Re ev>O, we have

                        co         42(w, ev) ['(w)==-i e-tlog(1-e-t)tw-idt,

                      o. O

         Cn(w, ev) I](w)=io e-t{1-e"tl.-,nl tW-'dt, n}l}3･

Hence, to denotejkO'+)f(t)dt the integral of f along the path starting from oo,
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rounds O in the negative direction and ends at oo, we get

(41) C2(w, a)
                                             tt                        (o, +)       =(ime2x/liiw) p(w)[f.. {-emcrtlog(i-e-t)}tw-idt-2zV-icr-w r(w)],

                               (o, +)        q"(W ' ev) -m (i ny e2n/liw) rT(w)f. e'crt (i -e" tl. -2 -i tW-` dt , n}}3･

                                                     '
   By (41), we obtain

   Lernima 11. Cn(w, cr) allows analytic continuation on zvhole w-Plane and 1-valued

if nZ3.

   Since we know

(42) lim (1-e2"/-=i-W) l'(w)==-2nV -1,
         w-,O

to determin the branch of a-W to satisfy lim w-o ev"W==1, we get' by (41)

(43), lim w4,(w, ev)=l.
        w-}O

   In general, denote B("-2)m (-1,...,-1) the Bernoulli number of order m, we

know ([6], I)

        (i-e-t)2-n= tW.-o B(""2)(mmi!' ' ' ' ' mi)tm+2-n, n}z3.

This shows agn(w, ev) has poles at w=1,...,n-2 if n213 and

(43) //-M.-,(w+2-n)gn(w, cr)== (n-13)!, nl21L3･

     '

   On the other hand, by (42), we get

        gn(o, av)=::V2ili(O'+)emcrta-e-tln-2-1 dtt

                      oo

               =S.=eoSrl-eMcrta-e-tln-2-1 , n2-l3･

Hence we obtain

(44) qn(o, a)- .#t ..2,(-1)m B('i-2ii'i'ii.'"-i(2--1;a)'!''ri1) avmrm1,

        ag.(o, o)= B("-2)'i-(n2(i;s!''''-i) -i, '

         dn-2
             (n(O, cr)=(-1)", nZ3.
         dan-2



   Summarizing these, we obtain
                                                      '
   Lemma 12. (i). Cn(w, a) has a Pole of order 1 at w==n-2 and the residue at

w:n-2 does not dePend on cr. '
   (ii). if nllll3, gn(w, a) is holomorPhic at w=O and qn(O, cr) is a Polynomial of

degree n-2 in es.

   12. We set gPon,le (x)-==,oo=,,r((2P+n)1(le+2))lr(2P+n+le-2)1(k+2)).

x(2P'"'km2)i(le"2)Ji gPe.,k (x) converges for lxl<1, and since ioX (x-s)ptsVds==B(ps, v)

x"+vmi we have
     '

(4s) '
 gPon, fe(x)= p( fekiii; )i,X

 (x-s) k22s"k"22PO imeIS,i,, Re le>o, fe;2, lx] <i.

The right hand side of (45) has meaning tmless x21(k"2)==1 if k is not an irrational

real number. In the rest, we assume k is not an irrational real number and Re le>O,

k742. gPon,h (x> may be many valued with the branching point at O. But if k is

not a real number, we consider gPon,k (x) only on C"==C-{O}.

   By (45), gPon,le (x) has branching points only on {xlx2i(k'2)=1} except x=O.

Then, since we get for an integer m

                    le-2 n+2Po                                                      k-2        ,=R.e,,s,.V=T(x-s)k+2s k+2 dS 2 =- leli2 (x-e,nkz/-:I)k+2e(n+k)ma/:i,

                             1-s le+2

denote the generator of rri(C-{eMkff/t=i}) by am, we get

                                                              k-2        (9POn, le(X))aM=pP,on,h(x)- r(leli222 )rcV -1 e("'le)mn/:I'(x-e'nlez/':i) le+2 .

Then, since {am;n,fe(x)}am=e((k"2)/(k'2))2z/:I' am;n,k(x), where am;n,fe(x)=-{(k+2)/r((fe

-2)1(k+2))}zV -le(n+le)mn/':i(x-e'nleff/rl' )(le-2)!(le+2), we obtain

                             1Le( klei22 )2,'n/:i
(46) (sDPon, fe(X))("m)"=goPon, de( c)+                                           "am; n, le(X).
                                 ( k: )2it/=i
                             1-e

Here, pt is a positive integer and x is fixed to be ogarg(x-e"tkT/'JI)<2z.

   Next, we set e=x2!(h'2), where the branch of x2!(le"2) is choosen to be 121(le'2)=1.

Then we have

(47) e2--l;'gpo.,h(e=-,*,,r(Ti2fk/+-+2"2im,)6p･ie<i･
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Since the right hand side of (47) is holomorphic at g=O, pPo.,fe(e) is 1-valued near

the origin ifn is even and 2-valued if n is odd. Therefore pPe.,h(6) branches

only at e=1 if n is even and branches at e==O and g= ±1 if n is odd. The branching

point of gPen,fe(6) at e=O is cancelled by multiplying g2-'ii2. Summarizing these,

we have
   Lemma Z3. 62-"!2gPon,le(g) is continued anaLytically on whole comPlex Plane with

the branching Point at g=1 ifn is even and branching Points at 6=±1 if n is
odd. To set

        ao;"'fe'o(9)=- r(le2+.+222 )rrIU! -i s2--IS' (g lei2 -i)2-'22 , n is an integer,

                                          2--zL, k+2 k-2 ,
        ai;n,h,o(e)==-r(k2+.+222 )rcV -le(le")"/Ts 2 (6 2 +1) le+2 , ,

                                      ･ nis an odd integer,

and denote the generators of rti (C-{1}) and rri<C-{-1}) by ao and ai, we get

(46)'
 (62-Llij' ppon,h(g))(tii)"=e2-L2;'-gpon,k(e+ i

i--e

i2:-+i22g))2i"///it oi;n,le,, (e, i=o, i.

(.,,.,NtP,ieei).D=ean,l.t,ek,t,h(eg.generatOr Of Ti(C-{O})by T, for an odd mteger n, we get

                   oo   We set Fn,k(g)t'X {r((2P+n)1(fe+2))/P((2P+n+le-2)1(k+2))}(2P+fa-3)(P+n-3)!

                   P=1

fp!e gP. Then we have by (47), . .
                 e        F,,k(6)=2f gO,,k(8)d6,

                 e
        F",fe(6)=2edde'l,'-2, (62--lli-g"-i.,le(e)]+(n-2)dd6'l,--3, (62HLIIJg""2.,fe(e)], n;2i3.

Hence we obtain by lemma 13

   Lemama Z3'. Fn,k(6) is continued analytically on whole comPlex Plane with the

branching Points at 6=1 ifn is even and at 8=±1 ifn is odd. Uitder the action
of o=ao, the gene'rator of Ti (C-{1}), we have

(48) (Fn, k(8))a =: Fn, le(e))a == Fn, k(6) +an, k(6),

where a2,h(g)=2Iog rpao;2,k,o(?)drp and an,le(e)=:2ed"-2ao;.,k,o(6)ldgn-2+(n-2). d"-3ao;.,k,o

(eYdenH3, n;.213.



`

   Lemma X4. if Re a>3n12-5, we have

(49) 6n,le(w, a)

       ==(i nte,./ll .)i,(zv) SgO' +)e"crt[Fn, h(e-t) rm i-e(g,"+' kts(J¥i`))2./-rTi ]ttu-idt.

                                                         '
                                                  '   Proof. By the definition of Fn,le(e), we get ' '

                      oo        C",le(W,cr)= r2w) Soe-tFn,le(emt)tw-idt, Re zv>n-2-Re 2i22 , Re cr>o.

             '                                                     '
On the other hand, since (an,le(e))a ==e((h"2)!(fe"2))2ff/-ian,le(8), we get for Rea>3n12-5

        Ieooe-crta", k(e-t)tW-idt= i rme(,,+ zlm+: )2..,･:i iiLO' +ie-cr(an,h(e-t)twmidt,

           '         '
     '
if Rew>3n12-4. But, since this right hand side has meanings if w+(le-2)1(le÷2)
is not an integer, feOO e-extcrn,k(e-t)tW-idt is continued analytically on whoie zv-plane.

Therefore we obtain (49) by <48).

   Corollary. gn,k (w, a) can be continued analytically on whole w-Plane if Re

a>3n!2-5 and it is holomorPhic at w:=O if<le-2)l(le+2) is not an integer. Ille (le-2)!

(k+2) is not an integer, 4n,k(O,cr) is given by

        c.,k(o, cr)==V2iiSgO'')e-a`[Fn,k(e-')- i-a."('lie2,-i,)./:i ] dtt ･

   13. By the definitions of agoo,n(w, a) and 4n(w, a), we have agoo,2(w, ev):=ag2(w, cr-1)

and

        Coo,n(w, cr)=(n-3)! qn(w, ev)-2,l2oo]=, 1"2p++P.-M);l.! (p+a)-W, n;.}l3.

Hence, for nllllL3, to study goo,n(w, a), it is suflficient to study

XpOO=i((n+P-3)!1(2P+n)P!)(P+av)-W. For this purpose, we use

                                                       '
        p=O.e.i 2pl+nx2P'"=--l; log (1-x2)-( X22 +･･･+ X22lele +･･･+ Xit ), n is even,

                    ==i}log l!: -((x+･･･+ 2Xfe2kiii +oee+ Xn" ), n is odd.

By this formuia, to set foo,n (y)=2=poo=,((P+n-3)!!(2P+n)P!) yP, nZ3, we get
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(so) foo,n(y)=n dd;li [yS'-3(log(1-y)+(y+e･g+-YleG-+･e･+-lti-"')]], n is even,

             .. ]d;li [y:M3(log l!ftY - (2VI+ ' " ･ + 22Vk +-tiyle + ' ' " +i"' )]]'

                                                       n is odd.

Because we have (d"-31dy'i"3)(:ill]:--i 1!(2P+n)yP'"-3) == :i I]:=i (P+n-3)!1(2P+n)P!yP,

         co oo                                                   conZ3 and=            11(2P+n)yP+n-3==yn!2-3Z                                 11(2P+n)yP+n!2=Nn!2-3=                                                      1/(2P+n)x2P+n,
                              P=1                                                   P-1         P=1
Y=X2.

   Zeinxna g5. For n2)3, we have

(5i) ill.l], 2i2"p++P.M)p3?! (p+a)-tv==(im,,./tLIi,,)I-i(.)fiLO'"")e-crtfoe,n(e-t)tw-idt,

                          n is even, n;}il6,

                                          (o, +)                           =(ime2z/tL:iw)p(w){I. e"crtfoo,4(e-t)tw-idt

                           -2rr"/ -1(or+2)-W l'(zv)}, n==4,

                                          (o,+)                           =(i"e2nvitLiiw)r(zv)[I. e-crtfoo,"(e-t)tw-idt

                            sin nrr
                           + 22 (4-n)(2-n){I-g-2}2rvX -i(a+-ll-)-wr(w)],

                          n is odd.

   Proof. By (50), f.,n(y) is continued analytically on whole plane and n12-3 is

an integer if n is even and n-311n!2-3;llO if nli.il6. Hence foo,n(y) is 1-valued if

n is even and nZ6. This shows the first equality. Since foe,4(y)-11y2iog(1-N) is

1-valued, we get the second equality.

   If n is odd, y±i!2dk (y"!2-3) ldyk, lell3 is 1-valued and since

dlog((1+VU 5J-)1(1-V-5I-))ldy=11{V' 5]H
(1-y)}, except the term (d"-3 y"!2-3!dN"-3)･ log

((1+･vi-IF")1(i-V-5I)), the terms in f.,n(y) is 1-valued if n is odd. Therefore foo,n(y)-

sin(nx12)!4x(4-n)(2-n){r(n12-2)}2y-"!2log((1+V' 5I)!(1-VY)) is 1-valued because

dn-3yn!2-3!dyn-3=:r(n12-2)!P(1-n!2)y-"/2=r(n12-2)1 {r(3-n12)!(2-nl2) (1-n12)} y"}'12.

This shows the last equality.

   Corollftry. (i). C.,n(w, cr) is continued analytically on whole w-Plane.

   (ii). C.,n(w, ct) is holomorPhic at w=O ifn is even and nlllil6. in this case, we

have



(44)'

 agoo,n(o, a)-(n-3)t{c"(o, a)--ii-}-th/3 ("Mkle,li;.)(ll:2)i)(1:)rm3'

                 {'Zt;i"ll-,3(-1)i. (.÷g-k-3) iB("HleHl3!)(/,-mi-llei3i--13,)i･･,-1)1,

         dn-2
             4oo,n(O,ev)==(-1)"(n-3)!.
        dan-2

   (iii). Coo,n(w,a) has a Pole of order 1 at w=O if n=2, 4 or n is odd. Their

residues do not dePend on at and given by

(43)' lim zvC.,n(tv, a)=1, n=2, 4,
        tv-O

                         . nrc
                        Slll 2        lil].},,wCoo,n(w, a)=m 4.2 (4-n)(2-n)(r(g-2)], n is odd.

   Proof, (i) follows from (50) and (51).

   If n is even and n26, we get g.,n(O, a)==(n-3)! gn(O, cr)+rest.oe-crtf.,n(e-t)lt

and since

        fbo,n(y)=- Y',=I-l ("-3)!(k"!-fe-2) (-li--3) ･ee(:-k-2)(itfSi)fe.--3,",--ii-(n-3)!,

in this case, we have the first equality of (44)', because (1-emt)3"le-"==mBn(n-k-3)

(-1,...,-1)!m!tM"3"k-". Moreover, since the degree of rest.oe-tfbo,n(e-t)lt in a is

n-3, we obtain d"m2g..,n(O,cr)!da"-2==:(n-3)!d"-2gn(O, cr)ldev"-2. This shows the second

equality of (44)'.

   If n=2, Ceo,2(w, a)==C2(w, cr+1) and we obtain (43)' for n=2 by (43),.

   By (51) and lemma 12, we have

        l3II}o W4oo,"(W, a)=i,i.LMrr.ow(i-e,./tL .)i (w)2rrV -i(a+2)-Wi-(w), n =4,

                                           . nrc
                                          Slll 2        //III, ZVgoo,n(W, a)=ihll}o-W(i-e,./i!i.)r(.) 22 (4-n)(2-n)(rg-2)] ･

                           V -1(cr+g)-wr(w), n is odd,

we obtain (43)' for other n.
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                        g6. Whe spectre difference.

    14. Theorein 1. (i). Let n;l3, if Rele>O and not an irrational real nblmber,

(k-2)1(le+2) is not an integer, 21(fe+2) is not a half of integer, then we have at

a- oo

                          a2
(52) trGh,a,(O, cr)=-                               {agn(O,a)+1} dim kerD+{Cn,h(O, ev)
                        2(n-2)!

                      '(n-2)i :nkie2-,)2 )) [C"･ fe･"4D･"( le22 )

                      +cn, le-gD,-( fe22 )]+o(i)･

   (iO. Uitder the same assumPtions about k, zve have for n)2

                                       a2
(53) //II}.-2(W+2-n) tr Gk,a,(w,a)=- 2(n-2)! dim ker D.

   (iii). ILf gD2(O) exists and n is even, nl6, we have at a.oo

                            a2
(54) 2LM. tr Gh,a,(o,a)==' 2(n.2) {4n(O, a)+1}dim kerD

                      -e( (.pi2)! coo,n(o, a)+i]fo2(o)+o(o,

         2i..m.. 8.",;-2, tr Gle,a,(o,cr) =- 2(na:i2) dim kerD- 2(ni-2) CD2(O)+o(i)･

                   '
   (iv). if agD2(O) exists and n ==2, 4 or odd, we have

(55) 2i"I.. //III, 2iiM..wtrGle,a,(w,ev)=--ii-4D2(o), n=2, 4,

                                   . nrr
                                  sln         2i-m. ttle, li-m.. zvtrGfe,a,(w,cr)= s.2 (4iii."iliS2)I,:")(i'(g-2)]2c.,(o),

         n is odd.

   Proof. These follows from proposition 4, its corollary and the results of g5.

   Note 1. (52) and (53) hold although 21(fe+2) is a half of an integer if D has no

negative proper values.

   Note 2. If D has no positive proper values, (52) and (53) also hold for Gk,a,(o),

(zv, a).



   Similarly by proposition 4', we obtain

   Theorexvi 1'. (i). lkder the same ass"mPtions about k as in theorem 1, (i>

have at a--.oo

(56) trG"le, a, (o, cr)-trG-h, a, (o, cr)

       = (agn, h(o, ev)+ (n -2) ! ll". (( .leli"-e2m2 )2 ) ] (Cn, k, , -Cn, k, .)rpD ( fe il 2 ) + o( i).

   (ii). if rpD(O) exists and n is even, nl)6, we have

<57) £i"m,.. k2{tr G'ie,(o,a)-tr G"k,(o,ev)}=: :2 [<eo,"(O, ex)+Lll]vD(O),

              an-2 re2        2i-n.. le2 oa."2 {trG"k,(o,a)-tr G-k,(o,cr)}=: 2(nm2) rpD(O)･

   (iii). if rpD(O) exists and n=2, 4 or odd, zve have

                                         n2
(58) ttlllo 1leit,.. ZVfe2{tr G'le,(w,cr)-tr GPk,(w,cr)}= 2n rpD(O), n==2, 4,

        Iirn lim zvk2{trG"k,(w,cr)-trG-k,(w,cr)}
        zv-,o fe-.oo

           . nrc
          sln       = 162 (4[illnill(22)[i/In) (r(g-2)]2rrrp.(o), n is odd.

   Note. In the integral form, (57) and (58) are written as .

(s7)t "Vi2Iillf[::l:k{trG"k,(o,cr)-trG-le,(o,a)}dk= rt22 (coo,n(O, a)+':l")rpD(O),

        V2i;i Il:lltLl:le oO.",ll, {trG'le,(o,cr)-tr Gn'fe,(o,cr)}dle= 2".2 rpD(o),

        n is even,n26.

(58)' . 4;2 ft.IF, Sl:IIIi:k{tr G'k,(w,a)-tr G-k,(w,cr)}dle dw

         rr2
       = 2n VD(O),n=2, 4,

         iT2 jl,,I=, jC,:'//-ii:k{tr G'fe,(w,a)-tr G-le,(.,.)}dle dw

, we
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           . nz
          sln                                     2       ::= i62 (4iilnn2iii2)i/:77)(r(-ll--2)]ffvD(o), n, is odd.

   I5. Let 0:L2(M, E).L2(M, E) be a selfadjoint operator such that each proper

function ip2 of D belongs in g(0) and for some positive constant 6,

(59) li 0ip21 l =OG 21 i-6).

Then by a theorem of Weyl ([18], [5]), D+0 has only point spectre and the num-

ber of different proper values of D and D+0 are finite. We define the numbers

d,==d,(D, 0) and d-==d-(D, 0) by

        d.=d.,1-d.,2, d-==d-,1-d-,2.

                                                           tt
Here, d+,i--d+,i(D, 0) is the number of positive proper values of D+0 which are

not the proper value of D, d,,2==d+,2(D, 0) is the number of positive proper values

of D which are not the proper value of D+0, d-,i=d.i(D, 0) is the number of

negative proper values of D+0 which are not the proper values of D, and d-,2

=d-,2(D, 0) is the number of negative proper values of D which are not the

proper values of D+o. By definitions, we have, although CD2(O) or rpD(O) does not

                                              'exist,

               '
(60) liile C(D+e)2(s)-CD2(s) =d,+d-,

        Iim ?D,o(s)-qD(s)==d,-d-.
        s-.O

   By (60), (55) and (58), denoting Gh,a,(zv,cr);D, etc., the fundamental solutions of

gw,ev+rkD, etc., iR L2 (BaxM, x"(E)), etc., with the boundary condition (4)', we

obtain

(61)+ LirM.. l,i-mo, fell}::: w{tr Gle,a,(w,a);D+e-tr Gfe,a,(w,cr);D}

           1       =-th(d.+d-), n==2, 4,

        lim lim lim w{trGle,a,(w,cr);D+e-trGfe,a,(w,cr);D}
        a-,oo tv-O k-oo

         shl nrc 2
       = s.2 (4i:m)(22);, ") (r(t¢-2)](d,+d.), n is odd.

(61)- lim lim wk2[{trG"k,(w,cr);D+e-trG-k,(w,cr);D+o}
        zv-.O k-oo

                                   rc2
       -{trG"k,(w,ev);D-trG"k,(w,cr)}]= 2n (d+-d.-), n==2, 4,

                      '



         iim rim zvk2[{trG'k,(w,cr);D+e-trG-k,(w,cr);D+e}
         W.-O le-oo

       - {tr G+k, (w,a); D-tr GMfe,(w, a);D}]

              nrt ･            t           sm       -- i62 (4innl(22)I/ n) (r(g-2))2rr(d.-d-), n is odd.

We note that, since (60) holds aithough CD2(O) or rpD(O) does not exist, (61) holds

although agD2(O) or rpD(O) does not exist.

   On the other hand, since 0 is selfadjoint, by (59), we have

                                  2                             1-6-(62) ileGPR, k, a,(w, cr) il =O(IRI k'2 ), 2-,･ oo,

if le, w and cr are real numbers. }Ience, deRote L2(M, E)D the completion of

(ker D)±nC.(M, E) by the norm IlfHD2==(Df, Df), as an operator on L2([O, a],
rn"idr)(g)mP,"(g)L2(M, E)D, 0GPle,a,(w,a) is bounded and (0GPle,a,(w,cr))M is compact

if m is sufficiently large. Therefore, if a<1 and le is sufliciently large, in the

space L2([O, a], r"-'dr)oofii?'P,"(E9L2(M, ,IEC)D, (I+rhOGPfe,a,(w,cr))-' exists uniquely,

and given by the Neumann series

        (I+ rkeGPle, a, (w, a))-' =I"rfe0GPh, a, (w, a)+ - e e ÷( -1)M(rkeGPk, a, (w, ev))M + ' ' g,

if k, w and a are real numbers. Moreover, by the definition of GPle,a,(w,cr), this

Neumann series also converges on L2([O, a], r"-idr)opMP,"(g)kerD if k is sufllcien-

tly large. Then, since '
                               '
        (Aw,ev+rfe(D+0))Gle,a,(w,cr);Df=f+rfe0Gle,a,(w,a);Df,

we get

(63)' Gfe, a, (w, a); D+e=Gk, a, (w, ev);D (I+rkeGh, a, (w, a); D)-i,

because, since the estimate (62) does not depend on P, (I+rle0Gle,a,(w,cr);D)'i exists

if a<1 and le is sufliciently large, and under the boundary condition (4)', ker(Aw,a

+rfe(D+0)){O}. By (63)', we obtain

(64) (Aw,cr+rfeD)Gfe,a,(w,a);D+o==(I+rfe0Gle,a,(w,cr);D)-'.

But since the left hand side of (64) is defined and analytic for complex w, a,

Rect>O, and a>O, and the limit at a.oo exists, we obtain

   ][aernmaa 16. (I+rkOGfe,a,(w,cr);D)m' and (I+rkOGk,(w,cr);D)"i are densely de77ned in

L2(BaxM, x*(E)) and in L2 (R"xM, T"(E)), and we have

(63) Gk,(w, cr);D+e == Gk,(w, a); D(I+ rkOG le,(w, cr); D)-i,

        Gle,a,(w,a);D+e=Gle,a,(w,cr);D(l+rle0Gk,a,(w,ev);D)Mi.



r

        Trace of the Fundamental Solution of A+rkD and Spectre Difference 83

   16. TheoreTvt 2. th¢der the above assumPtions about e, denoting Gle,(w,cr);D,

etc., by Gle,(w,a), etc., we obtain

(65)+ lim lim lim w[tr{Gh,a,(w,or)rkeGk,a,(w,a)(I+rkOGh,a,(w,cr))-i}]
        a-oo W-+O le-,oo

       =-1(d,+dw), n==2, 4,

        n
        lim lkn lim [zvtr{Gk,a,(w,cr)rle0Gle,a,(w,a)(I+rkOGfe,a,(w,cr))-'}]

        a-oo w-.o k-oo

           , nff
          sln                                   2       = s.2 (47.nl(22)F, n) (r(g-2))(d,+d-), . i, ,dd.

(65)- //-M..o 21Ep.. wk2[tr{G'k,(w,cr)rle0G'k,(w,a)(I+rkoG"k,(w,.))-i}

                 +tr{G-k,(w,cr)rkOG-k,(w,cr)(I-rkOG-`le,(w,.))-i}]

          n2
       =- 2n (d+-d-), n=2, 4,

        lim lim wk2[tr{G"le,(w,cr)rkOG'k,(w,ev)(I+rkOG'k,(w,a))-i}
        w-o h- oo

                 +tr{G-le,(w,cr)rkeGHk,(w,a)(l-rfe0G-k,(w,cr))mi}]

          . nx
         SIII       = i62 (4innl(22)iin) (T({:-2)]2rc(d.-dm), n is odd.

   Pxeof. Since we know

        (I+rkeGk,(w,a))H"-I=-rkOGle,(w,cr)(I+rhOGk,(w,cr))-",

we get (65), by Iemma 16 and (61).

   Since (Aw,a-rle(D+e))G-le,(w,cr)f =f-rheG-le,(w,cr)f, we get

        G-le,(w,ex);D+e=G-k,(w,cr);D(I-rle0G-le,(w,cr);D)-i,

        G-le, a, (w, cr);D+e=Gmle, a,(w, cr);p(f-rkeG-k, a,(w, cr);D)-i,

where (I-rkOG-le,(w,cr);D)-` and (I-rkOG"k,a,(w,cr);D)-i are densely defined in L2(R"

xM,rr"(E)) and in L2(BaxM, x*(E)) by the same reason as lemma 16. Then, since

        (I-rkeGk,(w,cr))'i-I=rfe0Gle,(w,cr)(I-rle0Gk,(w,a)>"i,

we get (65)..

   CoTollary. The set of selfadjoint oPerators of L2(M, E) which are dofned on

the set of ProPer fttnctions of D and satistv (59) and the condition ker (aw,cr+rkD)

nve(Gle,a,(w,cr);D+e)=={O}, has at least ZeZ connected comPonents, with the strong

toPology. .



84 AI<IRA AsADA
   Pxoof. Bya theorem of Weyl ([18], 5), the sets of lntegers which can be

expressed as d. and d- are both equal to Z. On the other hand, by (65), d++d-

and d+-d.. are both expressed by moving e and the value of the left hand sides

of (65) depend continuously on. Hence we have the corollary.

   Note. Similarly, for even n,n2.l6, we obtain

(65)+' Li-m,.2tll.l.}[ oO.'ivl22 trGfe,a,(o,cr)rkOGle,a,(o,cr)(I+rkoGk,a,(o,cr))-'

               + 2(.C2) {dimker(D+0)-dimkerD}]=- 2(.1-2) (d.+d-),

               On--2
                    [trG'k,(o,cr)rle0G'k,(o,.)(fH-rfeeG'fe,(o,.))nti        lim k2
        le--'oo Oan-2

                                                      1               +trGntk,(o,a)rkOG-k,(o,a)(l-rkOG-fe,(o,cr))-i] = 2(n-2) (d+ und-)'

On the other hand, if we use GPk,a, etc., instead of Gfe,a,(w,a), etc., we get

                                           (n+P-3)!a2(66)+ lim lim[tr GPfe,arle0GPle,a(I+rkeGPh,a)-i F                                                     {dim 1<er(D+0)
                                           2(P!) (n-2)!        a-.oa ie--.oo

                              (2P+n-2)(n+P-3)!
               -diMkerD}]=- 2(2p÷.xp!x.-2)! (d++d-), "Z3,

        lim lim[trGPk,arle0GPk,a(l+rkeGPk,a)-i
        a-oo fe-oo

               + a2 1:g a {dim ker(D+e)-dim ker D}] == -t(d++d-), n=2･

(66)- li-n.. le2[tr GP,'krfe0GP,'feV+rkOGP,'k)nt'+trGP,-krhOGP, ntk(I-rhoGP, r' fe)-i]

         fi2 (2P+n-2Xn+P-3)!
       = 4 (2p+nxp!xn-2)! (d+-dm)･
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