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   It is known that the simply connected compact exceptional Lie groups G2, F4

and E6 have subgroups of type A2, A2({DA2 and A20A20A2 respective}y as one of

their subgroups of maximal rank [2], and these groups must be exactly isomorphic

to the groups

                               SU<3)cG,,

                          (SU(3)xSU(3))IZ,CF,,

                       (SU(3)xSU(3)×SU(3))IZ,cE,

respectively [1]. In this paper, we give these embeddings explicitly.

   1. Preliminaries.
   Let 6 denote the Cayley division algebra over the field of real numbers R. This

         hasabasis e2,..e, e7} with ei ･algebraS {eo, ei,
the following multiplication ;

   eo==1, ek2=:-1, k=1, 2,.e., 7, ee
   ekei=-eiek, kll, fe, l==1, 2,･･･, 7,

   ele2=e3, e4e2=e6, e2es =eb ....
                                               e3
   Let S=g(3, G) denote the exceptional Jordan algebra of

matrices X with entries in 6

                   X:=(S: li, i2:)･ giER, xiEg

with respect to the multiplication XoY=-l;(XY+YX). In g,

XxY, the inner product (X, Y) and the determinant detX

by

                  1
                  2

e4

e7

 es
all 3×3

e6

Hermitian

                                         the crossed product

                                       are defined respectively

X×Y=-(2XoY-tr(X)Y-tr(Y)X+(tr(X)tr(Y)-tr(XoY))E),
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                  (X, Y)-tr(XoY), detX=-g(XxX, X)

                                      '
                              'where E is the unit matrix.

   In g, we adopt the following notations.

             Ei=-(kiE) E2=-(E Os E) E3-=(iE1)･

          .,,.)=(g, 1, 2,), .,,.,..(2, s, l), .,,.)=(i l, s,)

Then these elements generate g additively and the table of the crossed product

among them are given as follows :

            EixEirm-o, EixEi.,=lz-Ei,,,
                                             2

            Ei'xFi<x>=--ll-.Fi(x), EixFj(x)=:o, isj,

            Fi(x)xFi(y)=-(x, y)Ei, Fi(x)xFi+i(y)=-ll-Fi+2(xnvy)

where the indexes are considered as mod 3.

   Let ℃C=g(3, GC) be the split exceptional Jordan algebra over the field o£ complex

numbers C. This algebra SC rnay be considered as the complexification of the

Jordan algebra St '
                   gC == { X', -- l- iX, 1 X,, Xl,E℃, i2 == -1 }.

In gC also, the crossed product Xx Y, the inner product (X, Y)and the determinant

detX are naturally defi.(nx.e14-iTxhb)e,. [t;re/ zl::xL, conj;gff?ttinES.C is denoted by r :

Finally, we define the positive definite Hermitian inner product <X, Y> in gC by

                          <X, Y>-=(rX, Y).

   2. Subgroup of type A2 in tke group G2.

   The group G2 is defined as the autmorphism group of S:

                G2=Aut(Q)=::{ evEIsoR(6, 6) 1 a(xy)==cr(x)cy(y) }.

Then it is a simply connected compact Lie group of type G2.

   The field of complex numbers C is contained in ss as {a+bei1a, beR} and

any Cayley number xEQ can be represented by
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                      x==ao+ale2+a2e4+a3e6, .aiGC,

hence 6 is a 4-dimensional left vector space over C. Furthermore we use the

foilowing identification: ,.
            x==ao+aie2+a2e4+a3e6 +- x=:ae+(k)=vc+xFEiicOc3.

                               . Xa31
                                                   '                                                   '
                                    '

   Theorem 1. The grouP G2 contains a subgroztP which is isomorPhic to the sPecial

unitary grouP SU<3)={AEM(3, C) 1 AA'=E, detA==1}.

   Proof. We difine a homomorphism ¢ : SU(3)-G2 by
                        di(A)(x)=ip(AXxc-Lx.) xEiiQ i

                             =xc+AxF. .

First of all, we have to show that a==:¢(A)EliG2. In order to prove this, it is suffl-

cient to show

                   cy(ek)a(el)=ev(ekel), le, l=1, 2,･･-, 7.

For A=(alil aa,i: aal:)Eisu(3), we have

       Na31 a32 a33t
                           '
ev(e2)a(e3)=(alle2+a21e4+a3je6)(alle3+a21e5+a31e7)

      ==Iaiil2ei-a2iaiie7+a3ianes+aiia2ie7+la2il2ei-a3ia2ie3-ana3ies+a2ia3ie3+ia3i12ei

      =(Ian12+1a2i12+1a3i12)ei

      =el=a(el),

ev(e2)cr(e4)=(alle2+a21e4+a31e6)(a12e2+a22e4+a32e6)

       =-(allZi12+a21Zi122+a31-t32)+(a31a22-a21a32)e2+(alla32-a31a12U)e4+(a21a12-alla22)e6

      =O-a13e2-a23e4Ma33e6

      =-at(e6) :=ev(e2e4).

The others are also proved by calculations similar to the above. Finally, ker¢
={E} is easily obtained, Thus the proof of Theorem 1 is completed.

   3. Subgroup of type A20A2 im the group F4.

   The group F4 is defined as the automorphlsm group of g :
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              F4==Aut(S)={ evEIsoR(g, g) 1 ev(XoX)=aXoaY }

                      =={ acilsoR(S, g) 1 a(XxY)=aXxaY }.

Then it is a simply connected compact simple Lie group of type F4, The group G2

is a subgroup of F4 by the correspondence aEG2-a'EF4,

               a'(il/leiX22:)-(t9,:L,X,(i3iaa(,(Xx,l'))

   From now on, we use the following identification :

      x==($, /lel Xx!)eg - x-(i';s X.ll,llf. I:･S)+(xiF x2. x3.)

                           ==Xb+XFEg(3, C)eva3, C).

   Theorem 2. The grouP F4 contains a subgrouP which is isomorPhic to the grouP

(SU(3)XSU<3))!Z3, where Z3={ (E, E), (toE, toE), (w2E, to2E) },toEC, to3=1, to;1.

   Proof. we define a homomorphism ¢ : SU(3)xSU(3)-}F4 by

                 di(A, BXX):-¢(A, BXXb+XF) XEg

                        =B.XbB*+AXFB*.

First of all, we have to prove that ip(A,B)EF4. Since a==¢(A, E)EG2cF4, we
show only P=ip(E, B)cffiF4, i. e. ,

                 P(XxY)=:PXxPY, X, YES.

In order to prove this, it is suffLcient to show

                                        1    pEixpEi=O, PEixPEi+i=-l}-PEi+2,

    PEixPFi(ele)==--ll-PFi(ek), PEixPFi(efe)==:O, if7L

    PFi(ek)xPFi(et)==-(ele, ei)PEi, PFi(ek)xPFi+i(ei)==-ll-PFi+2(ekei).

For B=(bb,`l 21i 21#)Eisu(3), we have

      X b,, b,, b,, t

                             f
    2pEi × PF,(e2)

      == 2( 1 b,, [ 2E, + I b,, 1 2E, + ] b,, ] 2E, +F,(b,,b-,,)+F,(b, ,"t,,)+F,(b,,5El, ))
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       ×(Fi(biie2)+F2(b2ie2)+F3(b3ie2))

      =Fi(-lbiii2(15Ilie2)+(ZJE/ie2)(bifit2i)+(b3fitii)(551ie2))+F2(*)+F3(*)

      == Fi( - l bii l 2/ZJIIie2 - SEi5Iib2ie2 -- b3i5i i5r3ie2)+ F2(*)+ F3(*)

      =Fi(-(1biil2+1b2i12+lb3il2)biie2)+F2(*)+F3(*)

      ==Fi(-ZIIie2)+F2(-b2ie2)+F3(-b3ie2)

      =-PFi(e2),

    2PFi(e3) × PF2(e4)

      =2(Fi(5r7,e3)+F2(Z;Vr,e3)+F3(ZJ5T,e3))×(Fi(bi2e4)+F2(b22e4)+F3(b32e4))

      =Fi((6ET,e3)(ZJ5T,e4)+(b"22e4)(b3ie3))+F2(*)+F3(*)

      =Fi((-b2ib32+b22b3i)e7)+F2(*)+F3(*)

      =:Fi(-SIr,e7)+F2(-b23e7)+F3(-b33e7)

      == PF3(-e7)= PF3(e3e4).

The others are also proved by calculations similar to the above. Finally, kerip==Z3

={(E, E), (toE, tuE), (ta2E, to2E)}, toEC, tu3=1, toll, is easily obtained. Thus

the proof of Theorem 2 is completed.

   4. Subgroup of type A2eA20A2 iR the group E6.

   The group E6 is defined by

       E6={crEIsomsC, gC)ldetaX=detX, <aX, aY>=<X, Y>}

        =={crEIsoc(EYC, gC)laXxaY==ratT(XxY), <atX, crY>=<X, Y>}.

Then it is a sirnply connected compact simple Lie group of type E6 [3]. The group

Iii4 is a subgroup of E6 by the correspondence aeF4-crCEE6,

               ae(Xi+iX2)==aXi+iaX2, Xi, X2e℃.

   Let CC={ P+iq 1 P, qEC, i2= -1 } be the complexification algebra of the complex

numbers Ccas.
   Lewaina 3. The algebra CC is isomorPhic to the direct Product of two algebras

C:

                        CC=C×C.
Furthermore this is'omorPhism is naturally extended to the following isomorPhism

as algebra
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                     M(n, CC)=M(n, C)xM(n, C).

If D==(B, C) ttnder the isomorPhism, then we laave

                            DN=(B*, C*)

where Zi=TD"=t(TDH) and

                        det D =: (det B, det C).

   Preof. It is easy to verify that mappings f:CxC-CC and f : M(n, C)xM<n,

C)-M(n, Cc),

                     f(b, ,) .. b;c +i (b -2c)ei ,

                     f(B, c).. B;C+i(B-2C)ei

give the isomorphisms as algebra between them and satisfy the required resuits.

   we define a group SUC<n) by

                SUC(n) =={ DEM(n, CC) ] DAD"-E, detD=1 }.

   Propositien 4. The grouP SUC(n) is isomorPhic to the direct Prodblct of two

sPecial nnitary grouPs SU(n)={ AEM(n, C) 1 AA"=E, detArm-1 } :

                        SUC(n) == SU(n) x SU(n).

   Proof, The restriction of, the isomorphism' f of Lemma 3 to SU(n)×,SU(n)
obviously gives the required isomorphism.

   Analogously in the case F4, any element XEgC can be represented by

                  X=Xc+XFGS(3, CC)OM(3, CC). .

   Theorema 5. The grouP E6 contains a szabgrouP which is isomorPhic to the group

(SU(3)xSU(3)xSU(3))!Z3, where Z3={(E, E, E), (oE, tuE, toE), (tu2E, to2E, tu2E) },

to Ei C, tu3 == 1, to#1.

   Proof. we define a homomorphism ip : SU(3)xSUa(3)-E6 by

                  ¢(A, D)(X)=-ip(A, D)(Xc+XF) XGgC

                          == DXcD * + AxFD""'.

                                                         '
First of all, we have to prove that ip(A, D)E!iE6. Since ¢(A, E)EG2cF4cE6,

we show only 6=¢(E, D)GE6, i.e.,

               6XX6Y=rST(XxY), <SX, 6Y>==<X, Y>. .
                                                            '
As for the first formula, the proof is quite similar to the case F4. In fact,
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蝋lii繍）∈蹴一㎞一
　　　2δE1×δF、（62）（Denote　the　complex　conjugate　in《フ。　also　byτandτ4　by　4）

　　　　＝2（4、、4、、E1＋421421E2＋63、431E3＋Fl（421431）一トF，（431411）＋F、（41、421））

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　
　　　　　　×（F、（411θ2）＋F2（42162）＋．F3（431θ，））

　　　　＝F1（一（4、、4、1）（411θ2）÷（4216，）（411421）＋（431411）（431θ2＞）＋F，（・）＋F3（＊）

　　　　＝F1（一4、14、141、θ2－42、4H421θ2－43141、631θ2）＋F2（・）÷F3（＊）

　　　　＝F1（一（411411＋421421＋431431）411θ，）＋F2（＊）＋F3（＊）

　　　　＝F、（一4、、62）＋F2（一421θ2）＋F3（一43162）

　　　　＝τδFl（一θ2＞＝2τδ（E、×F、（θ2））＝2τδτ（E1×Fl（θ2）），

　　　2δF1（zθ3）×δF2（64）

　　　　二21（F1（4uθ3）＋F2（42、63）＋F3（631θ3））×（F、（412θ、）＋F，（422θ、）＋F、（432θ、））

　　　　⇒（F1（（42、θ3）（432θ、）＋（4，，θ、）（4、、θ、））＋F，（・）＋F、（・））

　　　　＝づF、（（τ（一421632＋422431））θ，）＋一F，（・）＋F3（・））

　　　　＝ゴ（F、（一41367）＋F2ぐ一423召？）＋F3（一433θ7））

　　　　＝♂τδF3（一θ7）＝2♂τδ（F1（θ3）×F2（64））＝2τδτ（F1（2θ3）×F2（θ4））．

Next，　we　shall　prove〈δX，δ｝／〉＝＜X，　Y＞．　Obviously，　for　D∈8σσ（3），　X，｝7∈念σ，

　　　　　　　　〈DXσD＊，　D　ycD＊〉＝〈X’σ，Yσ〉，　　＜X’σ，　YF＞＝O

are　satls且ed．　Moreover　we　have

　　　　　　　　　　　　　　＜XFD，｝7FD＞＝＜XF，｝7F＞，

In　fact，　for　example，

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　

＜F1（θ，）P，　F1（6、）0＞＝〈F1（411θ2）＋F，（4216，）＋F3（431θ2），　F1（4116，〉＋F，（4216，）＋F、（431θ2）〉

　　　　　　　　　　　　＝（41b　411）＋（621，421）一1一（431，431）

　　　　　　　　　　　　＝1＝〈171（62），F1（θ2）〉．

＜F、（θ々）P，F2（θ∂D＞＝＿＝0＝＜Fl（θん），　F2（θ’＞＞．

Using　these　formulae，　we　have＜δX，δY＞＝＜X，｝z＞．　Thus　we　see　thatδコφ（E，　D）

∈E6，　so　that　φ（／1，1））∈E6．　F童nally，　kerφ＝Z3＝｛（E，　E），（ωE，ωE），　（ω2E、ω2E）｝
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tuEC, to3=1, tofl, is easily obtained. Together with Proposition 4, we have proved

Theorem 5.
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