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                            gl. Ipttroduction

   Let SU(n), SO(n) denote the special unitary, special orthgonal group respectively

ancl Yh the homogeneous space SU(n)/SO(n). In [2], B. Harris showed that the

homotopy exact sequence of the fibrations

                   SO(2n + 1) - SU(2n + 1) - Ylin+i

reduces to the following direct sum decompsitions modulo 2-primary components ;

i. e. , there exist the following 2'-isomorphisms

                 Ti(SU(2n + 1)) = ffi(SO(2n + 1)) O ffi(Ylin+i)

for all i, where 9 denotes the class of 2-primary abelian groups.

   If r<O, then the homotopy group rcn+r(Yh) is called stable andhasbeen deter-

mined by Bott [1];he showed that in the stable range,

                   zq(Li) =! Z for q! 1, 5 mod 8,

                   zq(Li){!.L th for qii! 2, 3 mod 8,

                   xq(YL,)=O for q iO, 4, 6, 7 mod 8.

   In this paper we calculate the first few unstable homotopy groups of the homo-

geneous spaces Yh. The homotopy groups Tn+,(L,) are given in the following table

valid for s?1 :
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Table of rrn+r(Yh)

 nrX
  o'

  1
  2
  3
  4
  5

8s 8s+1 8s+2 8s+3 8s+4 8s+5 8s+6 8s+7

   Z Z+Z2
Z+Z2+Z2 Z2+Z2

Z2+Z2+Z2 Z2+Zs

Z2+Z24+ZB Z2

  Z, Z
   ZZn          -

Z+Z,

Z2+Z4

 o
Z+Z,

 Z2

 Z6d

Z2+Z2 Z
 e Z+Z2+Z2
Z+Z2 Z2+Z2
Z2+Z2 Z4+Z24d

 Zsd Z2
 Z, Z

Z+Z,

 Z2

 Zs

 Z2

 Z
 Z2

 Z
 Z4

 o
Z+Zi2

 Z2

Z2+ZB

 Z,

 o
Z+ Z,

Z2+Z2

Z2+Zs

 Z2

where d== 1 or 2 (if s= 1, then d:== 1).

                       S2. Prelimainaries

   Let fen : SO (n) , SU(n) be the inclusion map and Pn : SU(n) - Y}2 == SU(n)/

SO(n) the projection. Inparticular we put SU(oo) ==SU and SO(oo)= SO. Let 1'n :

SO(n) -SO and rn : SU(n)-S!T be the natural inclusion maps. Then we have

the comrnutative diagram

                     kn
                SO(n) - SU(n)

(2. 1) ･ .7'n k lrn
                    - su                so

and the fibration

(2. 2) so(n) -kt'!-. su(n) P". y..

   The following two Iemmas are well known ;

   Lemma 2.1. .F7or the homomorPhism le : rcn(SO) -, rrn(SU) induced by the

inclusion maP k: SO - SU, we have that

   (1) le is a trivial homomorPhism for n;il -1, 3 mod 8,

   (2) le is an ePimorPhism for ni -1 mod 8

and

   (3) fe maP a generator onto 2 time generator for n =- 3 mod 8.

   Lemma 2. 2. (See [4]) Consider the homomorPhism iM. : xtn (SO(n)) - rrm (SO)

induced by the inclusion maP 7'n : SO(n) - SO, Then,

(1) J'8,gmi : rrss(SO(8s-i)) . ffss(SO) is a sPlit ePimorPhism for s)2, i<4 or

 s-- 1, i<1.

(2) 1'8,,S'-.l･:rcss+t(SO(8s-i)) .rrss+i(SO) is an ePimorPhism for s)2, i<[4 or

 s==: 1, i<2.
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(3) 1'
,8g'-3i:ffss.3(SO(8s-i)) , rrss,3(SO) is an ePimorphism for s)2, i<2 or

 s= 1, i< O.

(4) 7'8,g:l･ : Tss-i(SO(8s-i)) - rrss-i(SO) is an (ipimomphism for s)2, i<5.

(5) d"..i:rrn(SO(n - i)) ,rcn(SO) is trivial homomorPhism for n 74 8s, 8s + 1, 8s+3,

 8s-1 and all i, s)L

   Consider the commutative diagram

            '
                            k#-i
                  rrn(SO(n - i)) - Tn(SU(n - i))

                     l7' ".-i le lrn

                             - rcn(SU)                    zn(SO)

induced by (2. 1). If n;}}i 2i + 1, then rn is an isomorphism.

Thus from Lemma 2.1 and Lemma 2. 2, we have

   Lemma 2. 3. Ilf n) 2i + 1, then

(1) lege,-i:Tn(SO(n-i)) - xn(SU(n-i)) is trivial homomomphism for nf-1, 3

  mod 8,

(2) k :,S:l-i : rtssmi(SO(8s - 1 - i)) - rrss.i(SU(8s - 1 - i)) is an ePimomphism for

  s)2 and i <{ 4.

                           g3. Calculations

   If n is even and n ) 2i + 1, then rtn(SU(n - i)) = Tn (SU) = O. Thus, the homo-

topy exact sequence associated with the fibration (2.2) breaks into the following

exact sequence

                                          le ge'-i
(3.1) O-nn+i(L,-i) Fum,' rtn(SO(n-i)) -" Tn(SU(nHi))

                                ' rcn(Yn-i) ' rrn.i(SO(n-i)) ,O

where n) 2i +2 and n odd.

   Propositiojt 3. 1. Let n= 8s +i or 8s +5 (s ;}}}) l) and nl> 2i +2.

Then,

(i) rtn+i (Li-.i) Cll'! rcn(SO(n nd i)),

(ii) The sequence

     O- rrn(SU(n-i)) Elli{Z F zn(Lt"i) , rrn"i(SO(nmi)) -O

is exact.
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   Proof. From (3. 1) and (1) of Lemma 2. 3, we obtain the results.

   I'roposition 3. 2. Let n = 8s - 1, s ) 2 and i < 4. Then

(i) Tn(Lt-i)E-lli:xnmi(SO(n-i)),

(ii) The sequence

     O -mrrr'` Tn+i(Yh-i) - ffn(SO(n - i)) - Tn(SU(n - i)) ='v Z - O

is sPlit exact.

   Preof. From (3. 1) and (2) of Lemma 2. 3, we obtain the lemma.

   Leinma 3. 3. If the diagram of groztPs and homomorphisms

           -A, fi.B, rrg-i c, -kL'･A,., CU' -!･+i B,., ,

                1cri lpi lri .ai+i ipi,i

              ,Al, Lr Bl. -sgL,. cl. kl'- Al,., i!+'iy Bl.,, -

is commutative, horizontal seqztences are exact and ri are isomorphism,

sequence

        ,.....rm.m.r.A:, gE,ytvi-,fi) A;. +B, nArrntmll--..-,.'"Pi B; hirt/I.:'slg; A,,, ,....,.

is exact.

   Proposition 3. 4. Assume that s }}}, 2, i < 2 or s = 1, i < O.

Then, .
                 '
(i) rr,,,,( Yh,-i) E}! x,,,,( Y) (D rr,,,,(SO(8s - i))

                    .L- Zli ({D nss+2(SO(8s - i))

where Y :=: SUISO,

(ii) The sequence

     O . rr,,,,(Yh,-i) ----> x,,.,(SO(8s -i)) , rts,.3(SO) t]tZ --, O

is sPlit exact.

   Proof. From (2.1) and <3.1), it follows that the diagram

        O } rr,,,,(Yb,Li) - rr,,.,(SO(8s - i)) , rr,,,,(SU(8s-i))

                . . i- 8sg:?･ lrss-i

                O - rrss+3(SO) , nss+3(SU)

then the



               Homotopy groups of homogeneous space SU(n)/SO(n) 31

                    - Ts,,3( Yl,,.i) > Ts,.,(SO(8s - i)) . O

                           ll

                    -ff8S+3(Y) - O

is commutative with rows exact.

   If 4s>i+2, then rss.i is an isomorphism. Thus, from Lemma 3.3, we have

the following exact sequence;

                                      1' ,8it?･

     O - rrss,4(Yiss-i) -. rcs,,3(SO(8s-i)) , rrs,.3asO) Ell{Z

            - 7,,,3(Yb,.i) - rr,,,3(Y)Orrs,,3(SO(8s-i)) - O.

By (3) of Lemma 2.2, j:g:?･ is an epimorphism for s)2, i<2 or s=1, i<O.

Thus we obtain the results.

   Put n == 8s +5)2i + 2. Then, from (2. 1) and (ii) of Proposition 3. 1, it follows

that the diagram ,

        O ,rrn(SU) '' rrn(Y) ' rtn.i(SO) --" O
                lrn-i i - A7'".Iii
        O - Tn(SU(nm i)) - Tn(Yn.i) ' rrn-i(SO(nmi)) - O

is commutative and rn-i is an isomorphism. It follows that the iower sequence is

a split extension if the upper is. But the upper sequence splits trivially, since

rtss+4(SO) = O. Thus we have

   Proposition 3. 5. Let n == 8s +5)2i -i- 2. Then

               rrn(Liei) Elil rcn(SU(n - i)) O Tn.i(SO(n - i))

                      ,'.'w.. Z GI) rrn-i(SO(n - i)).

   Lemma 3. 6. ILf the diagram of grouPs and homomorPhisms

                   O-G,-G,-G,-O
                         Y lg yh

                   O ,M yta-Hb }O

is commutative, hori2ontal sequences are exact, h is a sPlit ePimoicPlaism and f is an

isomorPhism, then
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(i) feer. gE>Iker. h

(ii) The sequence

            O , ker. g- G2 S Hh -O

is sPlit exact.

   Proposition 3. 7. Put n= 8s + L Assume that s ;}}, 2, i <{ 5 or s == 1, i <: 2.

Then

 . rn(Yh-i)EI.fln(Y)(Dfeernel of 7'".:1 ,

                   EII! ZO Tn(Vnt, nt"n+i)

where m is to be large.

   Preof. From (ii) of Proposition 3.1 and (2. 1), it foilows that the diagram

         O- Tn(SU(n-i)) - Tn(Yla-i) , nn"i(SO(n-i)) - O

                  lrn --i l li- ".Il･

         O- nn(SU) - zn(Y) - xn.i(SO) . O

is commutative and rn-i is an isomorphism. From (1) of Lemma 2.2, il:l･ isa

split epimorphism, Thus from Lemma 3. 6, we obtain the result.

            S4 The homotopy groups of Y]i for low values of m.

   Propasition 4. 1. rc3(Yb)=&, rc3(Y4) =!&, T4(Yh) =O and z4(}IL) I! ZL

   Proof. Consider the commutative diagram

              o . .,(so(s)) k' rc,(su(s)) - rc,(Yts) - o

                      lj4 ,, lr4 1

   O - rr,(k) - rc,(SO(4)) - T,(SU(4)) -" T,(YZ) --- T,(SO(4)) y O

           1 lj3                                  lr3 1 1
                            k,
   O -- rr,(Yh) . T,(SO(3)) - T,(SU(3)) - z,(Yh) - T,(SO(3)) - O

where r3, r4 are isomorphism. Now 7' 4 : r3(SO(4)) :: Z+ Z - x3(SO(5)) IIE Z is an

epimorphism and fes : rr3(SO(5)) z Z- n3(SU(5)) 21 Z maps a generator of T3(SO(5))

onto 2-time generator of rc3(SU(5)). Thus, from the commtitativity of diagram,

le4(rc3(SO(4))) == 2ZcT3(SU(4)). Since sc2<SO(4))=O, we obtain that scB(K)!nd)t4 and

T4(rZi) E-: ZL
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   From [6], 7'4i3 : T3(SO(3)) ]i:Z --, ic3(SO(5)) :Z maps a generator of T3(SO(3))

onto 2--time generator of z3(SO(5)). Thus, from (3) of Lemma 2.1, k3 maps a

generator onto 4-time generator of rr3 (SU(3)). Since x2 (SO(3)) == O, we obtain that

n3(Yb) = Z4 and rt4( Yh) =: O.

   Proposition 4. 2. (i) -6(Yli-i)=rrs(SO(6-i)) for i=O, 1, 2 and 3.

   (ii) The seqztence

     O , rr,(SU(6-i)) z-Z , ff,(Yt,-.i) - z,(SO(6-i)) .O

is sPlit exact for O<i<3.

                       '   Proof. Since 1',5-i : ns(SO(6 -i)) - rrs(SO) is trivial we obtain the results by

the same calculations in Propositions 3. 1 and 3. 5.

   Proposition 4. 3. (i) rt7(}C7)=Z2, rr7(Yts) {li-[ Zi and T7(Y6) fRi{ Zh.

   (ii) rs(XB) -NZ and rrB(Yhr.i) =O for 1 <{ i<3.

   Proof. T6(SO(m))=O for m)5. Thus, from (3.1), we obtain the following

commutative diagram ;

                                  k
                         n7(SO) , x7(SU)

                           -k                            18 r8
                                 k,
        O - ft,(Yts) . rr,(SO(8)) . z,(SU(8)) - z,(Yh) - O

                A Y, ,, ir7 1
        O , rtB(Y;,) > z,(SO(7)) . rt7(SU(7)) - rt,(Y÷) -O
                           AA                i 1'6 le, r6 1
        O , rr,(Y,) - rr,(SO(6)) . n,(SU(6)) + rr,(Yb) ,O

                i ljs ,, lrs i
                    - rr,(SO(5)) --. rr,(SU(5)) , T,(Yl,) , O        O - T,(Yl,)

where ri is an isomorphism for 5<i E{i{ 8 and z7(SO(8)) ={Z+Z and rr7(SO(m)) orZ

for 5 s(".X. m <{ 7. Now k : rr7(SO) --, rr7(gU) is an isomorphism and ds is an epimor-

phism. Thus fes:T7(SO(8) hrr7(SU(8)) is an epimorphism. Therefore, form the

exactness, we have rcs(Yb) i!Z and rr7(Yb)= O,

   js7'?(T7(SO(7))) == 2Zcrc7(SO). From the commutativity of diagram, k7(z7(SO(7))) =

2Zcx7(SU(7)). Thus, from the exactness, it follows that z7(Y÷) 2.L ZIi and rrs(X) == O.

   7'7n(m :=: 5, 6) maps a generator of rt7(SO(m)) onto 2-time generator of n7(SO(m +1)).

From the commutativity of the diagram, le6(rt7(SO(6))) == 4Zcrr7(SU(6)) and

fes(rc7(SO(5))) = 8Zcrc7(SU(5)). Then, from the exactness of the horizontal sequences,
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we have

                     rr7(Yis) 2iE Z4, rr7(Yts) Eii! Zb and rcs(Mn) == O

                       '
for m= 5, 6.
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