
J. FAC. SCI., SHINSHU UNIVERSITY Vol. 13, No. 1 june,, 1978

0n the Sn-Equivariant Self Homotopy

    Equivalences of Spheres

      By TOSHIMITSU MATSUDA

Depertment of Mathematics, Faculty of Science,

           Shinshu University

         (Received June. 7, 1978)

                           ge. Introduction.

   Let G be a finite group, V its cQmplex representation with dimRVG lii2, and

S(Y) the unit sphere in V. Let [S(Y), S(V)]G be tlie ring of all G-equivariant

homotopy classes of G-equivariant maps of S(V) into itself. Let EG(S(V)) be the

multiplicative group of the ring [S(V), S(V)]G.

   In the previous paper [1], we have determined the order of the group EG(S(V))

for G to be any finite abelian group and the dihedoral group Dn, in conformity

with the set of orbit types on S(V). Let Sn be the group of all permutations of the

n elements set F(n)={1,･･･,n}. Let us abbreviate E@n(S(V)) to En(V). In this paper

we shall prove the following

   Theorent A. We have

                   IEn(V) l = 4 if Cn = O(V)n (n llli 2),

where Cn and 0(V)n are dojined in Sl.

                             gl. Notations.

   Throughout this paper, we use the fo!lowing notations:

     (@n)z the isotropy subgroup at a point 2 of an @n-set X,

     (H) the conjugacy class of a subgroup H of a group G,

     Car. X the cardinal number of a set X,

     XG the set of the fixed points of a G-set X,

     F(n) the set {1, ･･･, n} for an integer n,

     e the unit element of @n,
     9n the set {FlF == {Ml}, Mi cF(n), Ca r. Mi 2H}ii 2 and Mi n Mb' = di if i =i= j}

             U {F(1)}

     gn(M) the subgroup {alaE @n and a(i) =i if ie M} for a subset M of F(n),

            and @"(M) == e if Car. MS1,
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    @n(F) the subgroup U @)i(M) for aFa 9n, where we denote by fl the
                    MEF
          direct product of the groups Sn(M),

    Cn the set {@n(F))i,li'G9n},
    0(V)n the set {(H)IH isasubgroup of Sn such that (H)rm-((@n)z) for an
          element 2 of S(V)},

    Z the ring of rational integers,

    R* the multiplicative group of a ring R,

    A(@n) the Burnside ring of gn,

    <X> the element of A(Sn) represented by an (i5n-set X,

    X(H)n the left @n-set @n/H of left cosets for the subgroup H of @n,

    A(Cn) the submodule of A(@n) generated by the set {<X(@n(F))n>lpt' ei S?n}
           (Iet us abbeviate X(Sn(F))n to X(F),i or X(F) and <X(F(n)> to 1,t),

and

    A(Y)n the subring of A(@n) generated by the set {<X(H)n>1(H)EO(V)n}
          (c.f. 2.3 [1]).

               g2. CIassification of @,z-equivariant gstaps.

   Theorem 2. 1. (Theorem 2.4, Corollary 2.6 [1] and Theorem 8.4 [2]) For each

n lll 2, there is a grouP isomorPhism

                 hn : En(V) - A(V)jij

such that tlae diagram

                 En(V)L" A(V)X
                    XDegH /xft'

                       Zh -= {±1}

commutes for every subgrouP H of @n, zvhere Degff and zb'- are the homomorPhisms

dofned by

          DegU([f]) - degree of fff(=-f1S(V)ff) : S(V)ff -. S(V)H

and

           z#(<X>) == Car. Xii.

Moreover, two @n-eqzat'variant maPs

(2. 1. 1) fo, fi : S(V) -}S(Y) are gn-hon7otoPic

           if and only if Degff ([fo]) --- DegU<[fi])

           for all (H) cii O(V)n.
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   2. 2. We define an @it--action on C'i (which is a complex representation Vo of

@n with dimRVoG=2) by permutation of coordinates. For a cyclic permutation

a=: (ii, ･`t, ip), a(2i, ･tt, zn)= (zi, ･t･, zn) implies zi, =:: t･･ =2ip. So we have

(2. 2. 1) 0(Ve)n =::: Cn, A(Vo)n =: A(Cn)

and

                A(Cn) is a subring of A(gn).

   Natural inclusion map F(n - 1) c .F(n) induce the group homomorphisms

                   e: @.-1 , g,2,

                   e: En(Vo) ' Enmi(Ve),

and

                   e : A(g.)* - A(@n-i)"

(we use the same notation (P when there arises no contifusion). Then we have

(2. 2. 2) e(A(C.)*)cA(C"-i)",

and the diagram

                      hn                               A(Cn)" = AL(Ve):            En(Vo)

                ×/                  DegH xft'
               e X/ e
                       Z2
                    /x
                  DegH xft'
            En..i(V/o)4'-' XXA'(Cn-.i)"=A(Ye):..t

cominutes for every subgroup H of @nni. Therefore, to prove the Theorem A, we

can assume that Tl :r- Vo.

                 ss 3. Coptjugate subgroups of @,i.

   3. 1. We denote by

     S2,r, the set {l7Ifi'cl "n and Z' Car. M:'L r} for2:l{rl;{n-1,
                            MEI7
     9I the set {FIFE 9n, ""tr Ca r. M r- n and F7-l= F(n)}
                         MEIiT
     bas (P) the set {Fi ff7T E 91,' , F= {Mi}i=i, .,p, s < t for any s E Mi and t E Mj

           if i < j, 2 i;lll Ca r. Mi ･･･ :Sl Ca r. Mp and V･ Mi = F(r)} for 2 :ill r :;I n,
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      bA the set {F(1)},

      Pza the set XDZ(P),

      ki. the set VPzaU{F(n)},

 and

      C--n the set <(@n(F))IFE 3i?n}.

    Lemma 3.2. For each element FG9n, we put

                  L(F)= (Car. Mi, ･･･, Car. Mp),

where F ={Mi}i=i,･･･,p and Car. Mi :ll ･･･$Car. Mp. Then zve have

(3. 2. 1) oSn(M)ar"'=Sn(ff(M)) for each aG (i5n and Mc F(n),

and

(3. 2. 2) (@n(Fi)) = (@n(i;'2)) if and only if

           L(Ii'i) == L(172) for arbitrary tzvo elements

           Fi E 9n (i = 1, 2).

   .ProoL For each 7'Ga(M) and TE@n(M), (rzro-i(j)=i So we have (3.2.1),

Let ii'i -- {A{Zi'(i)} (i -- 1, 2). If L(Fi)=L(F2), then there is an integer a(7') for each

7' such that a(7')i=a(i) if 7'l=1", and a(M)'(1)) ==: Mao) (2) for someaG@n. There-

fore we have

                 a@n(Pi)a"i == @n(Y2)

by (3.2. 1). Conversely if (@n(FD)= (gn(F2)), then @n(a(ii'i)) =Sn(K) for some aE

Sn, and L(Fi)=L(Fd). Q. E. D.
   Lemma 3.3. PVe have

                 @n(Fi) A @n<grq.) :-":-- gn(Fi fi F2),

where Yl E 9n (i = 1, 2) and Ln F2 L= {M n M' ICar. (M n M') lil 2, ME Fi and

MtEFb}.

   Proof. We have

                       e if Car. (MnM')Sl           @n(MnM') :ii (s.(M)A@.(M') otherwiSe,

so the desired result follows at once. Q. E. D.



          On the @.-Equivariant Self Hornotopy EquivaTences of Spheres 47

   Corollary 3.4. VVe have

                       Cn : bn

and

                       (@n(Fi)) =l= (@n(iiT2))

for distinct 17'i, F2 G 9n.

   ProoL It is trivial from Lemma 3.2 and the definition of 9Nn. Q. E. D.

   We define a partial order on Cn by setting

                       (@}i(]Fi)) l:E{ (Sn(P2))

if and only if gn(Fi) is conjugate to a subgroup of @n(I72). Then we have the follow-

ing Lemmas 3. 5-3. 6.

   Lemma 3. 5. Let ii'i = {M)'(i)}i---i,･･･,pi G bri(Pi) (i = 1, 2), then

                       (@n(Fi)) lill (@n(F2))

if ana onlN if there is a subset 1'#cF(Pi) for each 7' e F(P2) such that

                 i.{l.,# Car･ Mi (i) == Car. Mi (2),

                 dEV(p,) d# = F(P,),

and

                  d,# fi 7' 2# == ip if 7'i =k j2.

   Proof. It is trivial from (3. 2. 1) Q. E. D.
   Lemma 3. 6. Let Fi = {AC-(i)} i. i, ･･･, pi G bSi( Pi) (i = 1, 2), then

                 (@n(Fi)) $ (@n(F2))

if one of the following three condMons is satisy7ed :

(3. 6. 1) ri>r2,
(3. 6. 2) ri=r2 and Pi <P2,

and

(3. 6. 3) ri == r2, Pt == P2 and Fi =k F2.

   ProoL
    : in the case (3. 6. 1) : If a-iSn(Fi)ac@n(F2) for some aE Sn, then (a"'Sn(Fi)a)

(le) =:=k for each fe E {r2+1, ･･･, n}. If (@n(Fi))(le) == k, then le E {ri+1, ･･･, n}. So
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o({r2 + 1, ･･･, n})c{ri + 1, ･･･, n} and r2 }l ri. Therefore this contradiction establishes

the result.

    bz the cases (3. 6. 2)-(3. 6. 3). It is trivial from Lemnza 3. 5. Q. E, D.

                      g 4. 0n the groups A(Cn)*.

    4.1. For an @n-set X, we have the following formula:

(4. 1. 1) <X> == N2i<X(H'i)n>,

where Ri -- Car. {alzGae X7@n and ((@n)z) == (M')}, and

                   X2i Car. X(M)n =: Car. X (c. f. , (2. 1. 1) [1]).

    From Lemma 2.7 [1], we have

(4. 1. 2) d2 = ln if A is an element of A(Cn)".

    4. 2, We denote by

                   F(Car. Mi, ･･･, Car. Mp)

the element of F={Mi}i.i,･,･,pEVi(P), and m(i,fe) the element (mi,mi,･-･,mi)E

(z+)le.

   Let F=F(m(i,le,),･･･,m(q,le,)) be an element of ki,r,(P) such that

      qa     Z] mifei =r :illl n, : ki =P and mi <mj if i<j,

     ¢==1 1=1
then we define the following maps

                   gbi : 3>za - 3?E u 3?za-i u 3? 1-2

                   (1 ::il i :nvf{g p + n - r)

by setting

              F(i77(i,h,-i), 7n(2, lt,), ･･･, J"(q, feq)) if j E;{. lei and mt ='- 2,

              F(nti-1, m(i,k,.i), m(2, le,)･･･, 7n(q,kq)) if 7' :rli{g fei and mi>2,

          - F(77Z(1,ki), ''', Ms-1, M(s,ks-1), ''', M(q,feg)) '
     ¢j(F) -
                             . s-1 s                                   if X lei<1' r-E!g : ki and s>1,
                                      i=1 i-1

             p if P<jK- (P +n- r).

For example, we have

s
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                            F(2, 2, 3, 3, 4) if 1 :lllj:-{ 3,
            gbj( pi(2, 2, 2, 3, 3, 4) :=. I[lllEZ: ,2; :r 2,; ,3: gl 1.i 4j -.-.< g,i:$ s･

                           "F(2,2,2,3,3,4) if f'>6.

   Lemma 4. 3. We have the following formenla :

                                a
     e(<x(fiT).>) ==: Iin,.M,llL'i,X,,`,I.il'l-'> " i-i lei<X`¢i(`'(F""-"'> :i r, i.i i,;

                                                       i
where Fi ={Mi}i.i,･･･,p == F(m(i,k,), ･･･, m(q,fe,)) E b,r,(P) and 1'(i) == X fes.

                                                      s=1

   I'roof. Let ai' (j'=1, ･･･,P) be the elements of @n with ai･i(n)Gta for each

j. We put

                  4j = aj@n(F) G X(F)n,

then we have

                  (gn..i)2i.= ajgn(tiT)af-'-in@n-i

and

                  ((gn-i)zj) = (@n.i(gbti(9i)))

by Lemmas 3. 2-3.3. Let ri (]'=1, -･･, P) be other elements of @n with T,:'(n)EMj.

Then

                  a]'evi'Ti'-i E en.i

for some ai･iEgn(M)), so we have

(4, 3. 1) [ai'gn(27')] = [aj'evi'<!5n(F)] :=: [Tj'@n(pt')]

                  in X(F)/@n.g

If oraj'P = air for some aE @n.i and P, rE @n(F), then n == crai'Pr'`ai-i(n) E ecaj(Mi).

If i=k ti, then nG ai'(Mi) and nG aaj'(Mi). Therefore we have

(4. 3. 2) [aj'gn(Y )] -=l= [ai<i5n(pt' )] in X( pa)n/kg5n-i

                  if iii

Let a and T be the elements of @n such that a"i(n)>r and T'i(n)>r, then by the

saine way as in the proofs of (4,3. 1) and (4.3. 2), we have

(4.3. 3) [aSn(Zi')] == [Tgn(F)] in X(7i')n/@n-i if and only if 6-i(n) =T"i(n).

From definition we have
            '
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            ipi(F) = ipd(F) if and only if Car. Mi = Car. Mj',

so the desired result follows from (4. 3. 1)-(4. 3. 3) and (4. 1. 1).

   For example, we have

            e(<X(F(2, 2, 2, 3, 3, 4),o>) := 4<X(F(2, 2, 2, 3, 3, 4)),,>

                               + 3<X(F(2, 2, 3, 3, 4))ig>

                               + 2<X(F(2, 2, 2, 2, 3, 4))ig>

                               + <X(F(2, 2, 2, 3, 3, 3))ig>.

   4.4. We denote by

                   X(Fi, F2)n

the @n-set X(Fi)n × X(F2)n with diagonal @n-action. We denote by

                   R(F ; a)

the coefficient of <X(F)n> in A for each Ii'E 9n and dEA(Cn). Let

2(I' ; <X(Fi,F2)n>) to 2(Y : Fi, F2)n or 2(F ; Fi, F2), when there arises

    For each F= {Mi}i.i,.･･,pE b,',(P), we consider the following

(4. 4. 1) Car. M}' =tr Car. A{(ti if i=k ]L

(4. 4. 2) there exists only one integer io such that

            Car. Mi, = Car. Mlo+i,

(4.4. 3) there exist only two integers ie and ii such that
            Car. thi, =: Car. Mie+t<Car. Mii = Car. M}i+i,

(4.4.4) there exists only one integer io such that

            Car. Ml, == Car. nao+i = Car. Mi,+2,

and

(4. 4. 5) other cases.

    Lemma 4.5. For each YEbE, we have

                        (n - r)! if (4. 4. 1),

                        2(n- r)! if (4, 4. 2),

            2(F ; Y, F) = 4(n - r)! if (4. 4. 3),

                        6(n - r)! if (4. 4. 4),

                         21 8(n - r)! if (4. 4. 5).

    Proo£ For a(Ii @n, Iet Z(a) be an element (a@n(F), @n(F)) of

 that

                    ((@n)z(a)) = (@n(F)).

Q. E. D.

  us abbreviate

  no confussion.

five cases:

X(R, 2;')n such
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Since (@n)z(a)==@n(a(F)nF)c@n(F), so we have @n(o(F))=@n(F). Then there

exists an integer a(i,a) for each i such that

                       ff(Mi) = Ma(i, a),

where F={Mi}i.i,.･-,p. Let T be another element of @'n such that

                       ((gn)a(T)) = (@n(F)),

then we have

(4. 5. 1) [2(a)] l= [z(T)] in X(F, F)n/@n
                 if either a(i, a) =l=a(i, r) for some i

                 or a(7'H=r(7') for some 1'>r.

Therfore the desired result follows from (4. 1. 1) and (4. 5. 1). Q. E. D.

   Lemma 4. 6. For three elements Pi E bza(Pi) (i = 1, 2, 3), we have

                       2(Fi;Y2, F3) =O

if either (@n(Ii'i)) Sg (@n(F2)) or (@n(F'i))$(@n(F3))･

   ProoL Let H be the isotropy subgroup at a point 2 of X(F2, F3)n, then we

have

                 (H) ;:!{ (@n(F2)) and (ll) :l! (@n(F3))･

So the desired result follows from (4. 1. 1).

   Lemma 4. 7. 9Ve have the following equalites :

(41 7. 1) 2(F(2, 2, n-4) ; F(2, 2, n-4), F(2, n- 2))

        2(F(2,2,n-4) ; F(2,2,n-4), F(3,n-3))

       R(F(2,2,n--4) ; F(2,2,n-4), F(4,n-4))

       2(F(2,2,n-4) ; F(2,n-2), F(3,n-3))

       2(F(2,2,n-4) ; F(2,n-2), F(4,n-4))

       2(F(2,2,n-4) ; F(3,n-3), F(4,n-4))

       R(F(2,2,n-4) ; F(2, 2, n-4), F(2, 2,n-4))

       2(F(2, 2, n-4) ; F(2, n-2), F(2, n-2))

(
:
(
8
(
i
(
6
(
i
o

(
g

1

      Q. E. D.

ifn==6
if n> 6,

if n= 7
if n> 7,

if n=8
if n> 8,

ifn=7
if n lli 6 (n =t 7),

if n == 8

if n> 8,

if n ll} 8,

ifn==6
if n> 6,

if n }il 6,
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(4. 7. 2)
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2(F(2,2,n-4) ; F(3,n-3), F(3,n-3))

2(F(2, 2,n-4) ; F(4,n-4), F(4,n-4))

R(F(2, 2, 2, n-6) ; F(2, 2, 2, n-6), F(2, n-2))

2(F(2, 2, 2, n-6) ; F(2, 2, 2, n-6), F(3, n-3))

1(F(2, 2, 2, n-6) ; F(2, 2, 2, n-6), F(4, n-4))

R(F(2, 2, 2, n-6) ; F(2, 2, 2, n-6), F(2, 2, n-4))

2(F(2, 2, 2,n-6) ; F(2, 2, 2,n-6), F(5,n-5))

2(F(2, 2, 2, n-6) ; F(2, 2, 2, n-6), F(2, 3, n-5))

2(F(2, 2, 2, n-6) ; F(2, 2, 2, n-6), F(6, n-6))

2(F(2, 2, 2, n-6) ; F(2, 2, 2, n-6), F(2, 4, n-6))

2(F(2, 2, 2, n-6) ; F(2, 2, 2, n-6), F(3, 3, n-6))

2(F(2, 2, 2, n-6) ; F(2, 2, 2, n-6), F(2, 2, 2, n-6))

2(F(2, 2, 2, n-6) ; F(2, n-2), F(3, n-3))

1(F(2, 2, 2,n-6) ; F(2,n-2), F(4,n-4))

2(F(2, 2, 2,n-6) ; F(2,n-2), F(2, 2,n-4))

Z(F(2, 2, 2,n-6) ; F(2,n-2), F(5,n-5))

R(F(2,2,2,n-6) ; F(2,･n-2), F(2,3,n-5))

2(F(2,2,2,n-6) ; F<2,7i-2), F(6,n-6))

R(F(2, 2, 2,n-6) ; F(2,n-2), F(2, 4,n-6))

2(F(2, 2, 2,n-6) ; F(2,n-2), F(3, 3,n-6))

Z(F(2,2,2,n-6) ; F(3,n-3), F(4,n-4))

2(F(2, 2, 2,n-6) ; F(3,n-3), F(2, 2,n-4))

R(F(2, 2, 2, n-6) ; F(3, ,･z-3), F(5, n-5))

2(F(2, 2, 2, n-6) ; F(3, ,a-3), F(2, 3, n-5))

R(F(2, 2, 2,n-6) ; F(3,n-3), F(6,n-6))

2(F(2, 2, 2, n-6) ; F(3, n-3), F(3, 3, n-6))

2(F(2, 2, 2,n-6) ; F(3,n-3), F(2,4,n-6))

R(F(2,2,2,n-6) ; F(4,n-4), F(2,2,n-4))

{

{

{

{

{

{

{

{

{

{

{

{

{

o

o

4

3

1

o

6

3

12

6

1

o

3

o

2

1

6

3

o

24

6

o

o

1

o

1

o

o

2

1

o

o

1

o

o

o

o

o

o

3

2

if n l;i 6,

if n ll 8,

if n= 8

if n>8,

if n=9
if nl8 (n a= 9),

if n ::= 8

if n> 8,

if n :8
if n> 8,

if n == 11

if n }ll 10 (n=#11),

ifn:=9
if n }ll 8 (n t9),

if n= 12
if n> 12,

ifn=10
if n> 10,

if n29,

if n=8
if n> 8,

if n }il 8,

if n2 8,

if n }il 8,

if n ;l 10,

if n=9
if n}.)8 (n -t 9),

if n III 12,

if n == 10

if n> 10,

if nk9,
if n }ll 8,

if n :=: 9

if n ]ll 8 (n -k 9),

if n lll 10,

if n }l 9,

if n }l 12,

if n m2}r 9,

if n 21 10,

if n= 10
if n >= 8 (n l= 10),
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λ（F（2，2，2，π一6）；F（4，7¢一4），　F（5，％一5））

λ（F（2，2，2，％一6）；。F（4，η一4），　F（2，3，7z－5））

λ（F（2，2，2，η一6）；17（4，7z－4），　．F（6，π一6））

λ（F（2，2，2，η一6）；F（4，π一4），F（2，4，η一6））

え（F（2，2，2，π一6）；17（4，％一4），　F（3，3，η一6））

λ（F（2，2，2，π一6）；F（2，2，π一4），　F（5，π一5））

え（F（2，2，2，π一6）；F（2，2，銘一4），　F（2，3，π一5））

λ（F（2，2，2，％一6＞；」F（2，2，η一4），」F（6，％一6））

λ（F（2，2，2，π一6）；F（2，2，1z－4），　F（2，4，％一6））

え（17（2，2，2，％一6）；F（2，2，π一4），　F（3，3，π一6））

え（F（2，2，2，π一6＞；1）（5，π一5），　17（6，π一6））

え（F（2，2，2，％一6）；．F（5，7z－5），　F（2，4，％一6））

λ（1ア（2，2，2，π一6）；F（5，％一5），　F（3，3，％一6））

λ（F（2，2，2，η一6）；．F（6，η一6），　．F（2，4，π一6））

λ（F（2，2，2，7¢一6）；F（6，7¢一6），　F（3，3，1¢一6））

λ（F（2，2，2，7¢一6）；F（2，％一2），　F（2，π一2））

λ（F（2，2，2，π一6）；．F（4，7¢一4），　F（4，7z－4））

2（F（2，2，2，π一6）；17（2，2，π一4），　F（2，2，銘一4））

λ（F（2，2，2，π一6＞；F（5，η一5），　17「（5，η一5））

λ（F（2，2，2，π一6）；F（2，3，フ¢一5），　F（2，3，7¢一5））

λ（F（2，2，2，π一6）；F（6，多z－6），　F（6，銘一6））

λ（17（2，2，2，％一6）；F（2，4，π一6），　。F（2，4，π一6）〉

λ（F（2，2，2，π一6）；1ア（3，3，％一6＞，　．F（3，3，η一6））

λ（F（2，2，2，％一6）；F（2，2，2，π一6），　F（2，2，2，7¢一6））

λ（F（2，4，η一6）；F（2，4，％一6），　F（2，η一2））

λ（1ア（2，4，π一6）；F（2，4，7¢一6），　F（4，η一4））

λ（F（2，4，％一6＞；17（2，4，π一6），　F（5，η一5））

λ（F（2，4，四一6）；F（2，4，銘一6），　F（6，π一一6））

λ（F（2，4，％一6）；F（2，％一2），　17（4，π一4））
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(4. 7. 4)

(4. 7. 5)

         ToSHIMITSU MATSUDA

2(F(2,4,n-6) ; F(2,n-2), F(5,n-5))

R(F(2,4,n-6) ; F(2,n-2), F(6,n-6))

2(F(2,4,n-6) ; F(4,n-4), F(5,n-5))

2(F(2,4,n-6) ; F(4,n-4), F(6,n-6))

2(F(2,4,n-6) ; F(5,n-5), F(6,n-6))

1(F(2, 4, n-6) ; F(2, n-2), F(2, n- 2))

2(F(2,4,n-6) ; F(4,n-4), F(4,n-4))

R(F(2,4,n-6) ; F(5,n-5), F(5,n-5))

Z(F(2,4,n-6) ; F(6,n-6), F(6,n-6))

2(F(2,4,n-6) ; F(2,4,n-6), F(2,4,n-6))

2(F(3,3,n-6) ; F(3,3,n-6), F(3,n-3))

A(F(3,3,n-6) ; F(3,3,n-6), F(4,n-4))

Z(F(3,3,n-6) ; F(3,3,n-6), F(5,n-5))

R(F(3,3,n-6) ; F(3,3,n-6), F(6,n-6))

2(F(3,3,n-6) ; F(3,n-3), F(4,n-4))

2(F(3,3,n-6) ; F(3,n-3), F(5,n-5))

2(F(3,3,n-6) ; F(3,n-3), F(6,n-6))

2(F(3,3,n-6) ; F(4,n-4), F(5,n-5))

Z(F(3, 3, n- 6) ; F(4, n- 4), F(6, n- 6))

Z(F(3,3,n-6) ; F(5,n-5), F(6,n-6))

z(F(3,3,n-6) ; F(3,n-3), F(3,i¢-3))

R(F(3,3,n-6) ; F<4,n-4), F(4,n-4))

2(F(3,3,n-6) ; F(5,n-5), F(5,n-5))

2(F(3,3,n-6) ; F(6,n-6), F(6,n-6))

2(F(2, 3,n-5) ; F(2, 3,n-5), F(2,n-2))

2(F(2, 3,n-5) ; F(2, 3,n-5), F(3,n-3))

2(FC2,3,n-5) ; F(2, 3,n-5), F(4,n-4))

{

{

{

{

{

{

{

{

{

{

{

{

{

{

{

1

o

2

1

1

o

2

1

o

o

1

o

o

o

2

1

3

2

1

o

1

o

2

1

1

o

1

o

2

1

o

o

o

1

o

o

o

1

2

1

1

o

if n= !1
if n }l; 10 (nill),

if n == 12

if n> 12,

if n == 11

if n lll 10 (n-11),

if n -- 12

if n> 12,

if n 2. 12,

if n == 10,

ifn=10
if n> 10,

if n }l 10,

if n) 12,

if n= 10
if n> 10,

ifn==9
if n> 9,

if n= 10
if n >-nd 9 (n =k iO),

if n ;li ll

if n }l 10 (nl-11),

if n == 12

if n> 12,

ifn=10
if n lll 9 (n l= 10),

if n == 11

if n .> 10 (nl-11),

if n= 12
if n> 12,

if n lll 10,

if n l) 12,

if n lil 12,

if n ;k 9,

if nl9,
if n }li 10,

if n }ll 12,

if n ll 8,

ifn==8
if n> 8,

if n=9
if n lll 8 (n -F 9),
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       2(F(2, 3,n-5) ; F(2, 3,n-5), F(5,n-5))

       2(F(2,3,n-5) ; F(2,n-2), F(3,n-3))

       2(F(2, 3,n-5) ; F(2,n-2), F(4,n-4))

       2(F(2, 3,n-5) ; F(2,n-2), F(5,n-5))

       R(F(2,3,n-5) ; F(3,n-3), F(4,n-4))

       R(F(2, 3,n-5) ; F(3,n-3), F(5,n-5))

       R(F(2, 3,n-5) ; F(4,n-4), F(5,n-5))

       Z(F(2,3,n-5) ; F(2,n-2), F(2,n-2))

       A(F(2, 3,n-5) ; F(3,n-3), F(3,n-3))

       R(F(2, 3,n-5) ; F(4,n-4), F(4,n-4))

       u(F(2,3,n-5) ;F(5,n-5), F(5,n-5))

and

       2(F(2, 3, n-5) ; F(2, 3, n-5), F(2, 3, n-5))

   Proof.

          Fl = {Mi(1)} i.1,2 = F(ml, m2 + m3),

                        F(m, + m2, m,)          F, == {M,(2)}i.i,2= [

                        F(m,,ml+m2)
and

          F, = {Mi(3)}i.,,,= F(m2, mi + m3).

For each aEgn, Iet 2(a> be the element (a@n(l;Zs),

=(@n(Fo)), then we have

(4, 7. 6) Car. (a(M(s)) fi ?l41(t))il

by Lemmas 3.5 and 4.6. Let z(r)

((@n)Z(T)) = (gn(ii'e)). If

             r(da(s))cta(t) and

for someiand i, then therei

(4. 7. 7) aT(r) == a(r) for any

(
?

1

(
6
(
i
(
6
(
?
g
(
6
8

(
?

tf n= 10
if n> 10,

if n lll 8,

if n == 9

if n lli 8

if n= 10
if n> 10,

if n=9
if n lli 8

if n == 10

if n> 10,

if n ;l} 10,

if n lll 8,

ifn=8
t'f n> 8,

if n lll 8,

'if n ij 10,

ifn==8
if n> 8.

For Fo == {Mi(O)}i.i,2,3 = F(mi, m2,m3) E V:(3), we put

                           if Mt + M2 l$l M3

                           if Ml+M2)M3,

55

(nt9),

(n =t 9),

              @n(Ft)) of X(IiZs, X7't)n. If ((gn)z(a))

       for any i, Ls and t

  be another element of X(,Es, Ft) such that

      a(M)'(s))cMi(t)

s an element aE @n(ua(t))c@n(li't) such that

          r E ta (s).
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I
f

                         r(Mi(s)) = a(Mi(s))

for some i, then there is an element P c!i @n(Mi(s))c@n(i}ils) such that

(4.7.8) TP(r)=a(r) for any rEi Ml(s).

If there is an integer i such that

            T(Mi(s))ia(Mi(s)) and T<Mi(s))Ua(M}'(s)) q Mj(t)

           '
            for any 7L

then we have

(4. 7. 9) [z(a)] ij= [2(T)] in X(l;Is, Ft)n/@n.

If either

                   r(Mle'(s)) = a(M}'(s)) for any i,

or

               there is an integer d for each i such that

               rua(s))Ua(Mi(s))cMi(t),

then we have
                                          '

(4. 7. 10) [z(a)] == [2(T)] in X(Fs, Ft)n/@n.

Therefore we have (4.7.1) and (4.7.3)-(4.7.5) from (4.7.6)-(4.7. 10), Lemmas 3. 2V

3.3and (4.1,1) by the simple caluculations. Moreover, (4.7.2) is proved by the

   Lemma 4. 8. Let

                   ,iF'e = F(mb ･t･, mp),

                   ii'i =F(ri, -･･, ra, m2, ･･･, mp),

                   iTli := F(st, ･･-, sb, m2, ･･･, Mp),

and
                   Y3 = F(tb -･･, t,, m2, ･--, mp)

be the elements of bh'(P). Let Qi (i = 1, ･･･, 5) be the subsets

            {Fl]i' is an element of Dth satisy7ng the condition (4.4.i)}

of bi. Then tve have the following eeualities :
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                          O if F, =I F,,            2(F,,F,,i76)n=-I; S,fFz:-="F.,･::gF.:Egl]

                   a(Fi' ; Fi,i's')m, if either Fe E Qi or
     2(Fi ; F2'']7'3)" == (22(.fi,,, ; pi, F,,).,Fei g:'Ebt=, 2.'.dC 2a)I,2:( lllZd, Mi = M2'

where Fi' J= F(ri, ny･･, ra), F2' i= F(si, ･･･, sb) and i73' -- F(ti, ny･･, tc).

   Proof. We denote by N(x,y) the set {ilx<ig-gy} for two integers x and y,

For each aEGn, let z(o) be the element (aSn(Ei), @n(Fh)) of X(4,F3)n such that

((S")z(a)) = (@n(Fi)). If either lib G Qi or li'o E Q2, b lil 2, c }l 2 and mi =: m2, then

we have

(4,8. 1) a(M)) == de for each 1:gj-:{gp,

           '             ttwhere M):=N(lt:imi, i>i]imi)(2Ellj;SIP) and Mi=N(O,mD, by Lemma 3.5 and

Lemma 4.6. If Fe E Q2 and mi<m2 (i.e. , there exists only one integer io lll2 such

that mio=mio+i), then we have

                   a(Mi)=M)' foreach li:{j--<P

or

                           Mio+i for 7-=io,(l' 8' 2) a(1lfi) == (ilZIO f.Ot{,,7.' 'i,,i?+i'

by Lemma 3.5 and Lemma 4.6, If ai is an element of gn satisfing (4.8.1) and a2

an element of gn satisfing (4.8. 2), then

                   [z(a!)] l] [z(a2)] in X(F2, F3)/@n.

If ai (i = 1, 2) are the elements of @n satisfing

                   oi(ua) =:: a2(Mi) for each 1 ;ill j :-{!I p,

then there exist p-1 elements Ti' Gi gn(Mi) (2 :;ilj E-{gP) such that

                   (olT2 ･･･ rp)(r) =o2(r) for each r>ml.

Si nce rj E gn(F2), so

                   z(a!) = z(air2 ･･･ Tp) in X(172, F3)n,
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Therefore the desired result follows from (4. 1. 1). O. E. D.

   Lemma 4. 9. Let n be an element of A(Cn)' such that

                                 pN                 R(iiT ; d) == O if FEi U 9# (i),
                                 i-2
then we have

                   o if i7GD."(p+1)n{Q3UQ4UQs},           2(iir;ri) == Io or -26 if yEbY,(P+1)nQi,

                   io or -ti if fi'Ebh'(P+1)AQ2,

where 6 :;: ± 1 and (?i (1 :-{g i f-{g 5) are the sets detfined in Lemma 4. 8.

   Proof. Since ti2= ln, so 2(F(n) ; g) == 6, From the assumption, Lemma 3.6 and

Lemma 4.6, we can deduce

           Z(pa ; xi2) == R(F ; g)22(F ; ]iY, F) + 2a(F ; ri)ti = O

for ehch ]i'GD;I(P+1). Since 2(F;ta)EZ, so the desired result follows from

           g 5. The group komoiaiorphisms e : fa(Cn)" - A(Cn)".

   5.1. For each ge E] Mn, let op(Zi'), op'U(li'), Tn(F) and r(F) be the subsets of 9N･n

defined as follows :

           ¢(F) ={F'IF' cii bn, F=kY' and ipi(F') =F for some i},

           di(F) == {Ii"IF'e 9n, Pl] l7" and ¢i, ･･･ ¢ip (F') =F

                 for some il, ･･･, ip},

           din(F) - 'diV(F) n V;I,

and

           r(F) - {F'1F' E] 9n and <@n(F)) E:l{ (@n(F'))}･

   Let d be an element of A(Cn). If e(id) == ±ln-i, then from Lemma 4.3, we
have the following formula:

                     -(1/n - r) X 2(F' ; A) f(F')
                             P'EeF
                                    if FE Mfi, P' =l= F(n - 1)

(5. 1. 1) 2(F;d) =: and 2$rSn- 1,
                     =n -1(F(n) ; n) if F=:: F(n- O,

                     (-1/n)2(F(2) ; A) if F = F(1),
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where I(fi")=Car.{tilipj'(F'>=F}. Therefore R(.F;a) is determied by {2(]";id)IF'

Edin(F)} and 2(F(n) ;A) if @(ti) == ±ln-i.

Let S(A) be a subset of 3?za' such that

               R(F ; n) =:: O for each lii Eiii S(id),

and ¢(F)s(d) a subset

       di(F) - ({li"iF' G th(F) and Nopn(Ii">cS(ta)} U {F(n - 1), F(n)})

of di(17). Let

                 tl, ''', ZP
               FI -P2

denote the set {y'1¢j(Fi) == F2}={ii, `･･, ip}. Let

             .l7,

             e il)
                   .             se                     e             e 'is
                --            pae-Z!'L:-:-:-l-:'"''7t F

             e kr             e                     t}             "o                 kt,e
            Rp s(id)
denote the system of the set di(F)nNcb(I')so) = {Fi, ･･･, ,l7'p} and the sets {f'lipi(17'q)

= F} (1$qSIP) of indicies. From Lemma 4.6, we have the following formula:

(5. 1. 2) 2(F ; A2)=2(F ld(F)2),

where

               ti(F) = = 2(F' ; ti)<X(F')n>.
                     F'Er(F)
                               '
   Let B(r)p be the subset of bY, defined by

                             '                                 a a-1           {F(ri, ･･･, rq, m2, ･･･, mp)Iqlli} 2, :Ii] ri=r;:$;m2 and = ri.$6}
    B(r)p=i u{F(r, m2, ･･･, mp)} i=i if r>6, i=i

          IF(ri, ･ny･, ra, m2, ･･･, mp)iqlli;1 and :lil ri=r} if r$6.

                                   z=1
For examples,

    B(7)2 ={F(2, 5, n- 7), F(3, 4, 7i-7), F(7, n- 7)} if 7 $g n- 7,
    B(6)2 mu- ([il[;] 2S'L 6{i,(3i5ft'3iL', nF-(Z')?' il'(Z','2, 2, n-6), F(6,n-6)} IX .il lli
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and

                  F(2, 5, 6) G B(7)2 if n == 13.

   In the following Lemmas 5.2-5.10, let d denotes an elemeRt of A(Cn)" such

that

                  2(F(n) ; ti) = 1 and e(ti) = ln .. i.

   Lemma 5.2. Wki have

                  2(F(n - 1> ; ri) = O.

   Proo£ It is triviai by (5. 1. 1). .                                                             Q. E. D.

   Lemma 5.3. If 4;Elgn$12, then we have

                  A(F;A) =:O for each FE! UB(r)2,
                                         r
   Proof.

   In tke case n := 4. Frorn Lemma 4. 8, 2(F(2, 2) ; A) == O or -1. Since

                                  11                          1
            fo(F(o)-(F.(<;),,J,f,(3)?F(2). ･F(,)),

so we have

           2(F(i) , d) - (si/4 l.i 1[;[:] il i. Zl X･

by (5. 1. 1) and Lemma 5. 2. Since R(F(l) ; di) EZ and UB(r)2 == {F(2, 2)}, so we
                                               rhave the desired result.

   In the case n=5. From Lemma 4. 9, 2(F(2, 3) ; d) =O or -2. Since

                           11                                           1
                     F(5)                            , F(4) - F(3) im-,' F(2)            D("Fi(2)) == (F(2,3) 12, F(2,2)1'2 ),

so we have

                       -5/3 if 2(F(2,3) ; id)- -2,            Z(F(2);id) i= Io if R(F(2, 3);ti) =i:: O･

by (5. 1. 1) and Lemma 5. 2. Since 2(F(2) ; ti) ff Z and UB(r)2 =,- {F(2, 3)}, so we have

                                           7'the desired result.
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   In the case n:= 6. From Lemma 4. 9, R(F(2,4) ; id) :=O or -2 and R(F<3,3)

=O or -1. Since

                  111                            ,F(4) ,F(3)             F(6) - F(5)

     ¢(F(3)) .                    - F(2, 3)             F(2, 4)
                  pt

             F(3, 3) ,
so we have

                     -2/3 or -5/3 if R(F(3, 3) ; d) = -1,           1<F(3);A) :=: (o .r -1 if R(F.(3) 3) ;ti) ==i O'

by (5. 1. 1) and Lemma 5. 2. Since 2(F(3);a) Gl Z, so we have

                 2(F(3, 3) i di) = O.

   From Lemma 3. 5,

                 r(F(2, 2, 2)) = {F(2,4), I7(2, 2, 2), F(6)}.

Therefore

           d(F(2, 2, 2)) = x<X(F(2, 2, 2))> + N<X(F(2, 4))> + 16,

where x = R(F(2, 2, 2) ; di) and y = 2(F(2, 4) ; zi), Since 1(F(2, 2, 2) ; d2) = O, so

can deduce

                 A(F(2, 2, 2) ; A(F(2, 2, 2))2)

                 = x22(F(2, 2, 2) ; F(2, 2, 2), F(2, 2, 2))

                 + y22(.F(2, 2, 2) ; F(2, 4), F(2, 4))

                 + 2xyR(F(2, 2, 2) ; F(2, 2, 2), F(2, 4))

                 + 2xA(F(2, 2, 2) ; Ii(2, 2, 2), F(6))

                 + 2y2(F(2, 2, 2) ; F(2, 4), F(6))

                 ==: o

by (5.1.2). Therefore we have

               6x2 +4- 12x + 2x == 2(3x - 2)(x - 1) if y == -2,
           O;=: (6x2+2x if Y==O,

by (4.7. 1). Since xEZ, so we have

                         O if 1(F(2, 4) ; d) - O,
           2(F(2, 2, 2);ti) =- (

                         1 if A(F(2,4;d) -= -2.

 61
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we
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we have

                       11                                       1
     D(F(2)),,,)=F(2'4×)xx{l2F(2,3)Xt (2-,2)ilS3)--"-F(2)

                     JLJfV"
               F(2, 2, 2)                                              (li),

where S(d) = {F<3,3)}. Therefore we have

            R(F(2, 4) ;d) =O and 2(F (2, 2, 2) ; li) =- O,

by (5.1. 1) and Lemma 5.2. Since UB<r)2== {F(2,4), F(3,3), F(2,2, 2)}, so we have

                       7'the desired result.

   In the case n == 7. From Lemma 4. 9, 2(F(2, 5) ; ri) == O or -2 and 2(F(3,4) ; d)

=O or -2. Since

                      11                                    1                  F(7)ttF(6) ,ttt) F(4)

          di(F(4)) :-                       -----)- F(2,4)                  F(2, 5)
                      /

                  F<3, 4) ,
so we have

                  -2/3 or -5/3 if 2<F(3, 4) ; d) -- -2,         2(F(4);A) =(-1 ., o if 2(F(3,4);A) == O,

by (5. 1. 1.) and Lemma 5.2. Since R(F(4) ; d) (!! Z, so we have

               R(F(3,4) ; d) :.= O.

From Lemma 3. 5,

         1'i(F(2,2,3)) : {F(2,2,3), F(2,5), F(3,4), F(7)}.

Therefore

       ti(F(2, 2, 3)) =:= x<X(F(2, 2, 3))> + y<X(F(2, 5))> + x<X(F(3, 4))> + 17,

where x == 2(.F(2, 2, 3);ta), y f,}..R(F(2, 5);zi) and 2= 2(F(3, 4) ;A). Since 2(F(2, 2, 3) ;

d2)=O, so we can deduce



by (5. 1. 2).

Therefore

by (4. 7. 1).

  On the @n-Equivariant Self Homotopy Equivalences of Spheres

          2(F(2, 2, 3) ; zi2)

          -= x22(F(2, 2, 3) ;.F(2, 2, 3), F(2, 2, 3))

          + y22(F(2, 2, 3) ; F(2, 5), F(2, 5))

          + 2xyZ(F(2, 2, 3) ; F(2, 2, 3), l7(2, 5))

          + 2xR(F(2, 2, 3) ; F(2, 2, 3), F(7))

          + 2y2(F(2,2,3) ; F(2, 5), F(7))

          = o,

we have

       2x2 +4- 8x + 2x = 2(x - 1) (x - 2) if y= -2,   O= [2x2+2x if V== O,

 From the above caluculations, we can separate four cases:
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cases

2(F(2, 5) ; d)

2(F(3, 4) ; ri)

2F(2, 2, 3) ; ri)

(1)

o

o

o

(2)

 o
 o
=1

(3)

-2
 o
 1

(4)

-2
 o
 2

We have

where

di(F(2))s'(d) ==

s,(a) = {F(3,4).

        1 1 1          ,I7(5) ,F(4) ,F(3) F(2, 5)

       F(2,4) Sti;I]F(2, 3) clt:/lllF(2, 21)

          1,2 1,2,3
  F(2, 2, 3) 3 y F(2, 2, 2)

Therefore we have the following tabie :

  1
   , F(2)
i,g....p,

,(d),

cases

2(F(3) ;d

A(F(2,2;A)

R(I7(2) ; ti)

(1)

o

o

o

(2)

 ;y

-4/3

 *

(3)

*

5/3

*

(4)

 *
 *
- 7/5

ince 2(F(2,2) ; a, 2(F(2) ; ti) Ei! Z, so we have

 2(F(2, 5) ;d) == 2(F(3,4;a) = R(F(2,2, 3) ;A) == O.

 : {F(2,5), F(3,4), F(2,2,3)}, so we have the

   * denotes

   no need
   2(F ; d).

'

 the case

that there is

to caluculate

by (5. 1. 1). S

(1)

Since UB(r)2
     fJ

desired result.

-
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   ht the case n=8. From Lemma 4.9, 2(F(2,6) ; ri) :O or -2,

or -2 and R(F(4,4) ; d) =O or -1. In general, we have

(5. 3. 1) R(F(3,n-3;d) :=O for eachn;.i) 6,

by the same way as in the proofs of the above cases. Since

            r(F(2,2,4))= {F(2,2,4), F(2,6), F(4,4), F(8)},

so we can separate eight cases:

R<F(3 ,5) i ld) == O

cases

2(F(2, 6) ;d)

a(F(3, 5) ; ri)

2(F(4, 4) ;d)

2(F(2, 2, 4) ; A)

(1,)

-2
 o
 o
 1

(2t)

-2
 o
 o
 2

(3i)

  -2
N2

I2

(4,)

-2
 o
-1
 3

(5,)

o

o

o

o

(6t)

 o
 o
 o
-1

(7t)

!

 o
 o
-1
 o

(8,)

 o
 o
-1
 1

by (4. Z 1),

where

(5. 1. 2) and

"¢' (F(4))s"(d) =

St,(A) == {F(3, 5)}.

the simple caluculations.

   F(2, 6) 1 , F(6) S

       k/,
           F(2, 5) -
           1,2

   F(2, 2, 4) 1

  F(4, 4) 1 F F(3, 4)

 Therefore we have the

We have

F(5) S

F(2, 4)

following

F(4)

table

Stt(A),

cases

2(F(4) ;

2(F(2, 4)

2(F(3, 4)

A
);A)

; a)

(1,)

3/4

 *

 *

(2,)

 1
-3
 o

(3t)

5/4

 *

*

(4,)

6/4

 *

*

(5t)

o

o

o

(6i)

-IA
  *

  *

(7,)

IA
*

ij:

(8i)

er4

 *

 *

by

so

(5. 1. 1).

we have

by (4. 7. 5),

Since 2(F(4);A> Ei Z, so we have the two

         r(F(2, 3, 3)) = {F(2, 6), F(3, 5),

                O or -1 if 2(F(2,6) :  2(F(2) 3, 3);a) = (o ., 1 if 2(F(2, 6);

(5.1.2) and the simpleScaluculations. We

cases (2')

F(8)},

A) == O,

a) == -2,

have

and (5'). S ince



Therefore

On the @.-Equivariant Self

             F(3,4) rv2-

            1

 F(2' 3' 3) xtl?(.{L 1'2

F(2, 2, 4) S F(2, 2, 3)

we have the following table:

Homotopy Equivalences of Spheres

                 F(4) -L F(3)  F(2, 4)
      ,･ ,XK .i

F(3,3) =i=. F(2, 3)
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cases

R(F(2, 3)

2(F(3) ;

R(F(3, 3)

; li)

A
)
; ri)

(2t) and x ::O

7/3

 *

 *

(2') and x= 1

 *
 *
- 1/2

(5i) and x =O

o

o

o

(5') and x=m -1

*

*

1/2,

                       (where x = 2(F(2, 3, 3) ; d))

by (5. 1. 1). Since 2(F(2, 3) ; a), 2(F(3, 3) ; a) E Z, so we have

                   the case (5') and Z(F(2,3,3);A) == O.

Moreover, we have

                         2(F(2, 2, 2, 2)l") == O,

by Lemma 4. 9. Since U B(r)2 = {F(2, 6), F(3, 5), F(4, 4), F(2, 2, 4), F(2, 3, 3), F(2, 2,

                   r
2, 2)}, so we have the desired result.

   In the cases 9g-n;:g 12. We can prove by the same way as in the above cases

by the use of Lemma 4. 7, Lemma 4. 9, (5. 1. 1) and (5. 1. 2). Q. E. D.

   Leinma 5.4. Ifn>12, then zve have

                                     6
            2(i7;A) := O for each FE U B(r)2.
                                    r==2

   Proof. From Lemma 4.9 and (5. 3. 1), R<F(2,n-2) ; ti) =O or -2, 2(F(3,n-3) ;

ri) =O and 2(F(4,n-4) ; ld) =O or -2. Since

        r(F(2,2,n-4))= {F(2,2,n-4), F(4,n-4), F(2,n-2), F(n)},

so we can separate eight cases:

cases

a(F(2,n-2) ; d)

2(F(3,n-3) ; d)

2(F(4,n-4) ; d)

2(I7(2,2,n-4) ; A)

(
I
)

-2
 o
 o
 2

(Ii)

-2
 o
 o
 1

(I2)

-2
 o
-2
 2

(I3)

-2
 o
-2
 3

(II)

o

o

o

o

(IIi)

 o
 o
 o
-1

(II2)

 o
 o
-2
 o

(II3)

 o
 o
-2
 1

'

,
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by (4. 7. 1), Lemma 4. 9, (5. 1. 2) and the simpie caluculations, We have

                  F(2,n-2) -l- F(n-2) L F(n-3) L F(n-4)

   "' ××{li;(2,n-5)-;i-+F(2,n-I)

   ¢(F(n-4))s(d)= 1,2
     , F<2, 2, n- 4) 1
                   F(4,n-4) L F(3,n-4)

where S(d) == {F(3,n-3)}. Therefore we have the following table :

(id),

cases l
Z(F(n-4) ; ld)

2(F(2,n-4) ; d)

2(F(3,n-4) ; d)

(
I
)

 1
-3
 o

(Ii)

3/4

*

*

(I2)

5/4

*

*

l (,3)

6/4

*

*

l (II)

o

o

o

(IIt)

- 1/4

  *

  *

(II2) 1
1/4

*

*

(IIa)

2/4

*

*

by (5. 1. 1). Since 2(F(n-4);A) Ei Z, so we have the two cases (I) and (II). Since

    r(F(2,3,n-5))= {F(n), F(2,n-2), F(3,n-3), F(5,n-5), F(2,3,n-5)}

and R(F(2,3,n-5);A2) =O, so we can separate eight cases:

cases

2(F(5,n-5) ; d)

R(F(2, 3,n-5) ; d)

(
I
)

(I,)
I (is)

o

2

1 (i:) I (i:)

o

o

-2

 2

-2

 4

(II)

(II,)

o

o

(IIS) 1

 o

-2

(II:) l

-2

 o

(II:)

-2

 2
'

by (4. 7. 5), Lemma 4. 9, (5. 1. 2) and the simple caluculations.

we have

                              F<2,n-4) F(n-4) -. F<n-s)       F(4,n-4)                  F(3,n-4)       F(s,.-s)SlltlZ>,F(4,n-s)Mt F(3,n-s)"F(2,n-s/

                  1 1,2
       F(2, 3, n-s) 2 , F(2, 2, n-s)

               iii...?i

       F(2, 2, n-4)

Therfore we have the following table :
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cases

2(F(n-5) ; ri)

2(F(2,n-5) ; zi)

2(F(2, 2,n-5) ; n)

(I2)

-1
 4
-4

(iS)

*

7/3

*

(i:)

 *
13/3

 *

(IS)

-7/5

  *

  *

(II,)

o

o

o

(IIE)

1/5

*

*

(IIZ)

*

1/3

*

(II:)

-2/5

  *

  *
'

by (5.Ll). Since 1(F(n-5) ; A), R(F(2,n-5) ; d) Ei Z, so we have the two cases (I2)

and (II2). From Lemma 3.5,

     r(F(3,3,n-6))= {F(n), F(3,n-3), F(6,n-6), F(3,3,n-6)},

     r(F(2,4,n-6)) = {F(n), F(2,n-2), F(4,n-4), F(6,n-6), F(2,4,n-6)},

and
     F(F(2,2,2,n-6)) -= {F(n), F(2,n-2), F(4,n-4), F(2,2,n-4),

                    F(6,n-6), F(2,4,n-6), F(2,2,2,n-6)}.

Since 2(F(3,3,n-6) ; A2) = 2(F(2, 4,n-6) ; n2) == 2(F(2, 2, 2, n-6) ; A2) = O,

so we can separate slxteen cases :

cases

2(F(6,n-6) ; d)

a(F(2,4,n-6) ; A)

R(F(3,3,n-6) ; A)

2(F(2, 2, 2,n-6) ; d)

(I,)

(Is)

-2
 2
 o
-3

(Ig)

-2
 2
-1
-3

(Ig)

-2
 4
 o
*ffZ

(I:)

-2
 4
-1
*GZ

(Ig)

 o
 o
 o
-1

(I:)

 o
 o
-1
-1

(Ig)

 o
 2
 o
-1

ag)

 o
 2
-1
-1

and

(II,)

cases (II,)l (IIg)
(iig)1 aig)l (iig)l (iis)l (IIg) (IIg)

2(F(6,n-6) ; d)

2(F(2, 4,n-6) ; d)

R<F(3,3,n-6) ; A)

R(F(2,2,2,n-6) ; d)

-2
 o
 o
 o

-2
 o
 1
 o

-2
 2
 o
-1

-2
 2
 1
-1

o

o

o

o

 o
 o
-1
 o

 o
-2
 o
 1

 o
-2
-1
 1

'

by Lemma 4. 7,

di(F(2,

Lemrna

2,n-6)) =

4, 9, (5. 1. 2) and the

  F(2, 2, 2, n-6) ･

  F(2,2,n-4) --+
           .i}.･t7･-

  F(2, 3, n-5)
  F (2, 4, n pt 6))Sll£>

           y
  F(3, 3, n- 6)

              >
         ..;/";
F(2, 2, n-5)

           2

F(2, 3, n- 6)

simple caluculation.

  1, 2, 3

 We have

F(2, 2.n-6)
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Therefore we have

         ToSHIMITSU
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cases

2(F(2, 2, n-6) ; n)

(I,)

17/2

(ig)

I5/2

(IZ)

*

ag)

*

(ia)

7/2

(ia)

7/2

(Ig)

11/2

(Ig)

9/2
'

by (5,1. 1). Since 2(F(2,2,n-6) ; d) EZ, so we have the cases (II3)-

     ¢(F(2, n-6))s'(d) =

     F(6,n-6) -L F(s,n-6) L F(4,n-6) -L F(3,n-6) 1 h

                    1 1 1,'2
     .F(2, 4, n-6) /2 ,F(2, 3, n-6) a F(2, 2, n-6)

              1of

     F(3, 3, n-6) 1, 2,3

     F(2, 2, 2, n-6)

              5
where S' (id) = U B(r)2. Therefore we have the foliowing table :
             r==2

(IIg). We

F(2, n- 6)

have

s'(ri),

cases

A(F(2,n-6) ; a)

2(F(3,n-6) ; ti)

2(F(2, 2,n-6) ; d)

(II,)

*

1/3

*

(IIg)

- 3/4

  *
  *

(IIg)

 *

4/3

 *

(II:)

 *

 *

7/2

(IIg)

o

o

o

(IIg)

  *
-ny3

  *

(IIg)

  *

  *
-5/2

(IIg)

  *

  *
- 7/2

'

by (5. 1. 1). Since 2(F(2, n- 6) : A), 2(F (3, n-6) ; ti), 1(F (2, 2, n- 6)

have the case (II3`). Therefore the desired result follows from (II),

   Lemnea 5.5. ILf7$r$12, then we have

                   R(F ; d) = O for each ]ii E BCr)2.

   .Proo£ From Lemma 4.9, we have

                                   O or `1 if n == 14,     , 2(F(7,nN7);A)=(o ., -2 ifn 14･

    Frorh Lemma 3. 5, we have ' '

                        '                                      '     P(F(2, s,n-7))- 6u B(r)2 == {F(n), F(7,n-7), F(2, 5,n-7)},

                   r==2
                                   - tt
     r(F(3, 4, n-7))-.6=u, B(r)2 = {F(n), F(7, n-7), F(3, 4, n-7)},

and

;A)eZ,
(II2) and

 so we
(IIg).

Q. E. D.
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                   6    r(F(2, 2, 3,n-7))- U B(r)2= {F(n), F(7,n-7), F(3,4,n-7), F(2, 5,n-7),
                  r==2
                           F(2, 2, 3, n-7).

Since 2(F(2, 5, n-7) ; id2) =2(3, 4, n-7) ; d2) =2(F(2, 2, 3, n-7) ; d2) =O, so we can

separate slxteen cases:

cases

2(F(7,n-7) ; d)

2(F(2, 5,n =7) ; d)

2(F(3,4,n-7) ; A)

2(F(2, 2, 3,n-7) ; A)

(1)

No
 2
 2
-2

(2)

:}fo

 2
 2
-3

(3)

,fo

 2
 o
-1

(4)

-o
 2
 o
-2

(5)

Io
 o
 2
 o

(6)

Io
 o
 2
-1

(7)

Io
 o
 o
 o

(8)

ko
 o
 o
 1

and

cases

2(F(7,n-7) ; d)

2<F(2,5,n-7) ; A)

2(F(3, 4,n-7) ; A)

2(F(2, 2, 3,n-7) ; d)

(9)

 o
-2
-2
 2

(10)

 o
-2
-2
 3

(11)

 o
-2
 o
 1

(12)

 o
-2
 o
 2

(13) i

 o
 o
-2
 o

(14)

 o
 o
-2
 1

(15)

o

o

o

o

(16)

 o
 o
 o
-1

by Lemmas 4. 7-4.9, (5. 1. 2), Lemrna 5.4 and the simple caluculations, We

    'op-(F(nT7))s(A) =:

       ;,`;'g,:',li`#:'li,i,(:'f,itti"li,"s.71-i,iil,l:;i3i.,,,ee],fl'ZZi'

  F(3, 4, n- 7) 6, F(3, 3, n. 7)i'

               1,2  F(2, 2, 3, n-7)

          v
            FC2, 2, 2, n- 7)

      6
S(A) :== u B(r)2. Therefore
     f-==2

1, 2, 3

where we have the following table:

have

S(d),

'

cases

2(F(4,n-7) ; A)

2(F(3,n-7) ; li)

2(F(2,n-7) ; ri)

2(F(n-7) ; d)

(1)

  *

  *

  *
- 2/7

(2) ,

  *
-9/4

  *

  *

(3) L
4/3

*

*

*

(4) L
4/3

*

*

*

(5) L

  *
- 5/4

  *

  *

(6) t
*

*

3/5

*

(7) t
1/3

*

*

*

(8)

1/3

*

*

*
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cases

R(F(4,n-7) ; d)

2(F(3,n-7) ; d)

2(F(2,n-7) ; n)

2(F(n-7) ; ri)

(9)

-5/3

  *

  *

  *

(10)

-5/3

  *

  *

  *

(11)

 *

3/4

 *

 *

(12)

  *
  *
- 7/5

  *

(13)

- 2/3

  *

  *

  *

(l4)

-2/3

  *

  *

  *

(15)

o

o

o

o

(16)

  *
-1/4

  *

  *
                                                                        '
by (5. 1. 1). Since 2(F; n) E Z, so we have case (15). Therefore we have

                    2(F;di) =O for each FEB(7)2.

For 8Sr;i{l12, we can prove inductively, by the use of Lemmas 4.7-4.9, (5.1.1)

    Lemma 5. 6. 111f r > 12, then we have

                    a(F ; ld) =O for each FG B(r) 2.

    Proof. If

                                    le-1
            2(li'; ts)=O for each FG U B(r)2 (k413),
                                    r=2

and

            z(Ii' ; A) a=O for some FE B(le)2,

then by the same way as in the proofs of Lemmas 5.3-5.5, we have

                    Z(F ; A) eZ for some FE B,

where B = {F(k-6, n-k), F(2, k-6, n-le), F(3, k-6, n-k), F(4, fe-6, n-fe)}. Since

R(F;id)EZ, so this contradiction estab!ishes the result. (?. E.D.

    Remark. 2(JFi ; F2, 17'3) (I 'i ff B(le)2) and 2(F ; A) (F E B(fe)2) are computable by

                                        '

    Combining above Lemmas 5. 2-5.6, we have the following Lemma.

    Lemma 5.7. Irpie have

                    2(F ; A) =O for each FE UB(r) 2.
                                             r
    Lemma 5.8. We have

                    Z(F(2, nz, m) ; A) =O if 2m +2= n.

    Proof. From Lemma 4. 8 and Lernma 5. 7,

                              O or -1 if m>2 (n>6),             2(F(2, m, m) ; d) == (o if m :2 (n == 6)･
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F(2, m, m)
1

¢A" (F(m,M)) :
F(m+i, m+i) va' 2be F(m, m+i)

F(m,m+2)..;}/"M'

,iii/i･･i･

F(m, m)

so we have

         2(F(m, m ; ri) == 1/2 if 2(F(2, m, m ; A) = -1

by (5. 1. 1). Since 2<F(nz,m) ; ti) E Z, so we have the desired result.

   Lemma 5.9. VVe have

         R(F(2, m, m+1) ; ti) =O if 2m +3 == n.

  Proof. If 2+m>12, then we have

               R(F ; d) == O for each FE B,

where B= {F(2, m,m+1), F(3,m-3, m+1), F(4, m-4, m+1),

F(5,m-5,m+1), F(2, 3, m-5, m+1), F(6, m-6, m+1),

m-6, m+1), F(2, 2, 2, m-6, m+1)},

In particular, 2(F(2, m,m+1) ; ri) = O.

   If 2+m$l12, then we can prove the result by the same way as

of Lemma 5. 3.

   Now we put

         Bp = {UB(r)p} U{F(2, m2, ･･･, mp+i)IXmi =n- 2}.
              2J
If 2+m2>m3, 2S; m2m-< m3 and 2+m2+m3 == n,

Therefore we have the following Lemma by Lemmas 5. 7-5.9.

   Lemma 5. 10. VVe have

               2(F ; A) =O for each l'E B2.

   Theorem 5. 11 Let 4 be an element of A(Cn)" (n }ll 3) such that

               2(F(n) ; a) =1 and e(ti) = ln-i,

then we have

                    id =: ln.

   Proof. If

                                 k               R(F ; a) =O for each FE U Bp,
                                P-=2

71

Q. E. D.

                   F(2, 2, m-4, m+1),
             F(2, 4, m-6, m+1), F(3, 3,

by the same way as in the proof of Lemma5.4.

in the proof

   Q. E. D.

then m2 == m3 or m2+1= m3.
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then we have

                  2(]7' ; d) =O for each FE B(r)h+i,

by the induction on r by the same way as in Lemma 5,7. Moreover we have

                  R(F(2, m,, ･･･, mle.,) ; d) =O,

by the same way as in Lemmas 5.8-5.9. Since･UBp='N9'.', so we have
                                        p

(5. 11. 1) 2(.li;di) ==O for each FE b#

by the induction on P and Lemma 5. 10. If

              2(F'; ri) =O for each 17'G diA'n(17)cbh',

then we have

                        2(F i a) =o

by (5. 1. 1). Therefore the desired result follows from (5. 11. 1). Q. E. D.

   Lemma 5. 12. Let k be an element of A(Cn)*(n lll: 3) such that

                        e(A) = ln.b

then we have

                        2(F(n) ; di) == 1.

   Proof. Since R(F(n) ; d) = ±1, so 2(F(n - 1) ; li) =:= 2 if 2(F(n) ; A) == -1 by (5. 1.

1). From now on we assume that

                  2(F(n) ; di) == 1 (2(F(n - 1) ; ti) = 2).

   in the case n>12. From Lemma 4.9, 2(F(2,n-2);zi) =O or 2 and 2(F(3,

n- 3);A) ==O or 2. Therefore we can separate four cases:

cases

A(F(2,n-2) ; n)

2(]F(3,n-3) ; A)

(
I
)

2

2

(It)

2

o

(II)

o

2

(II,)

o

o
.

Since

ipN (F (n -- 3)) ==

F(n) 1 FF(n--z) --!-" F(n-2)

           11
F(2,n-2) -Z" F(2,n--3)
        .ii.,/tfi

F(3, n- 3)

1 , F(n--3)
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cases

1(F(n-3) ; ri)

(
I
)

2

(I,)

4/3

(II)

2

(II,)

1/3

by (5.1.1). Since 2(F(n-3);ta) Ei! Z, so we have the two cases (I) and

Lemma 4, 9, R(F(4,n-4) ; ti) =:O or 2. Since

        r(F(2,2,n-4)) == {F(n), F(2,n-2), I7(4,n-4), F(2,2,n-4)}

and A(F(2,2,n-4) ; ta2) =O, so we can separate eight cases :

(II). From

(
I
)

(II)

cases
(I2) (IE) (IZ) (Iij) (II,) (IIS) (II:) (II;)

R(F(4,n-4> ; d)

2(F(2,2,n-4) ; ti)

 .2

-2

 2

-3

 o

-1

 o

-2

2

o

 2

-1

o

o

o

1

by Lemma
Since

so we have

4.7, Lemma 4,9, (5.1, 2) and the simple caluculations.

   F(3,n-3) F(2,n-3) F(n-3) -l- F(n-4)
   F(4,n-4) N)lil F(3,n-4) B F(2,n-4)/Y/

               1, 2

   F(2, 2, n-4)

 the following table:

,

cases

2(F(n-4) ; d)

(I2)

-2

(I5)

-9/4

(Ig)

-6/4

(I:)

- 7/4

(II,)

-1

(II5)

-5/4

(II:)

- 3/4

(IIg)

-2/4

by (5.1.1). Since R(F(n-4) ; A) eZ, so we have the two cases (I2) and (II2).

Lemma 4.9, R(F(5,n-5)lti)=Oor 2. Since '

     r(F(2, 3,n-5)) = {F(2,n-2), F(3,n-3), F(5,n-5), F(2, 3,n-5), F(n)}

and 2(F(2, 3,n-5) ; ri2) =O, so we can separate eight cases:

From

(I,) (II,)

case s
(I3) lag) la:) { (I:) (IIs) t (IIg) t (IIg) t (IIg)

a)F(5,n-5) ; d)

Z(F(2,3,n-5) ; A)

 2

-4

 2

-6

 o

-2

 o

-4

 2

-2

 2

-4

o

o

 o

-2
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by Lemma
Since

so we have
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4. 7, Lemma 4.9, (5. 1. 2) and the simple caluculations.

i]i,`l".I`,))>g;((i.":,`))×-sk".[2,1".I4,lg-u-.(,",(.iJ,`)))j >"("-5)

             1 1,2
          Lu21. F(2, 2, n-5)F<2, 3, n-5)

          of
 F(2, 2, n-4)

 the following table :

cases

2(1?(2,n-5) ; A)

Z(F(n-5) ; A)

(I,)

-8

 2

(Ig)

 *
12/5

ag) I

*

8/5

(I:)

-23/3

  a:

(II,)

-4

 1

(IIg)

- 17/3

  *

(IIg)

*

3/5

(II:)

-11/3

  *

by (5. 1. 1). Since 2(F(2,n-5) ; id), 2(F(n-5) ; A) EiE Z, so we have the

and (II3). From Lemma 4. 9, 2(F(6,n-6) ; A) =O or 2. Since

     r(F(2,4,n-6))= {F(2,n-2), F(4,n-4), F(6,n-6), F(2,4,n-6),

     r(F(3,3,n-6))= {F(3,n-3), F(6,n-6), F(3,3,n-6), F(n)},

and

     2(F(2, 4, n-6) ; id2) =- Z(F(3, 3,n-6) ; ri2) = O,

so we can separate slxteen cases:

two cases

 F(n)},

(I3)

(I,)

cases
(I,) al) (I3) (I?) (It) (IR) (IS') (Il)

2(F(6,n-6) ; ri)

2(F(2, 4, n-6) ; d)

2(F(3, 3,n-6) ; A)

 2
-4
-2

 2
-4
-3

 2
-6
-2

 2
-6
-3

 o
-- 2

-1

 o
-2
-2

 o
-4
-1

 o
-4
-2

and

(II,)

cases
(II,)

l(iil) E(iig)
(II2) (III) (II2) aig)l (IIZ)

2(F(6,n-6) ; d)

R(F(2, 4,n-6) ; A)

R(F(3,3,n-6) ; d)

 2
-2
-2

 2
-2
-3

 2
-4
-2

 2
-4
-3

 o
 o
-1

 o
 o
-2

 o
-2
-1

 o
-2
-2

by Lemma 4. 7, Lemma 49, (5, 1. 2) and the simple caluculations.
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SinCe

  '

;,(giii,5;×->s.,FIIgr.-r,];×).,f-,i,";i(:5g,xx.xxl,5,.m,,

                    11
       F(2, 4, n-6) 2- F(2, 3, n-6)

               J}.f('lli

       F(2, 3, n-5) 1,2

       F(3, 3, n-6)

so we have the following table:

75

cases t
2(F(3,n-6) ; A)

(In>
l (ia)

1 -8

l (iz) l (is) l (is) i (ig)

- ,6/3 1 .g lbe2g/3I -6 1

i (IS)

- 2o/3 l
-7

ag)

I-23/3

and

cases

2(F(3,n-6> ; d)

(II,)

l -6

(IIk) l (iiz) l (ii?)

-20/3

(IIa)

-7 1-23/3i -4

(II2) (IIS)

- ,4/3 l
-5

(IIZ)

I-i7/,

by (5.1.1). Since 2(F(3,n-6) ; A) Gi Z, so we have the eight cases (I4), (I2), (IS),

(I2), (II4), (IIZ), (IIS) and (II2). Since

    r(F(2, 2, 2, n-6)) = {F(n), F(2, n-2), F(4,n-4), F(2, 2, n-4), F(6,n-6),

                  F(2, 4, n-6), F(2, 2, 2, n-6)}

and Z(F(2,2, 2,n-6) ; ld2) =O, so we have the following table :

cases 1
a(F(2, 2, 2,n-6) ; A)

(I,)

L o

(IZ)
I (ia)

5
l *QEz

(Ig)

4

(II,) (IIZ)

l*EEzi umi

(IIg)

i o

(IIg)

1 1

by Lemma 4. 7,

Since

Lemma 4. 9, (5. 1. 2) and the simple caluculations.
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    i(25ii6i'lt;}iilli'lililiilli(,",,.-×-i9,,tii/i`iim,i61'tii-l/6i'llli33;Il"-6'"XS"(2n-6)-E:'inZ'6)

    F.(?,3,n.161E/LigcJF(22":%

                      2,
    F(2, 2, n-4) 1,

    F(2, 2, 2, n-6)

so we have the following table

'

cases

2(F(2,n-6) ; A)

2(F(2, 2,n-6) ; d)

(I,)

-34/4

  *

(IZ)

  *

-35/2

(IS)

*

*

(IS)

-43/4

  *

(II,) l

*

*

(IIg)

 *

-9/2

(IIS)

14/4

 *

(II2)

 *
11/2

ay (5. 1. 1). Since 2(F(2,n-6) ; d), 2(F(2,2,n-6) ; ti) E Z, so this contradiction est-

ablishes the result.

   In the cases3;:l{n;lll12. These will be proved by the same way as in the

   Theorem 5. 13. Let A be an element of A(Cn)" (n J:il3) such that

                      e(A) == ln-i,

then we have

                      ti = ln.

   Proof. It is trivial by Theorem 5. 11. and Lemma 5. 12. Q. E. D.

                     g6. Proof of Theorem A.

   Theorem 6.1. The grouP homomorPhisms

                e : A(Cn)" ----. A(Cn-i)" (n ll 3)

are the inl'ective homomorPhisms.

   Proof. It is trivial by Theorem 5. 13. Q. E. D.
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   Theorem 6.2. We have

                    1A(Cn)*1 l)4 (n }l 2).

   ProoL Let Vb be the complex representation defined in 2.2. We define two

@n.equivariant self homotopy equivalences 6i : S(Vo)-S(Vo) (i = 1, 2) by

                           eo == identity map

and

                       61(Zl, ''', Zn) = (Zi, ''', Zn),

where z is the conjugate of a complex number z. Slnce

             S(T,",)@n(F(r)) == {(zi, ･･･, zn} E S(Ve)lzi -- zi' for any

                          1;Sli, j.:S{r}

and

             Deg@r`F(r'g (6i)=(i-,,.-,,t l･l :･ l' 21

so {±[6o], ±[6i]} is the subgroup of order 4 of En (Vo) by (2. 1. 1). Therefore the

desired result follows from Theorem 2. 1. Q, E. D.
    Theorem A. Let Vbe a comPlex rePresentation of @n (n lll 2) with dimRVgn }l 2,

then we have

                    IEn(V)1 ==4 if Cn=0(V)n.

    Proof. Since @2 is a group of order 2, so we have

                            ] E,(V) ] = 4

by Corollary 3,7 of [1]. In fact, we have

                    A(C2)* = {±12, mF(12-<g2/e>)}.

Therefore the desired result follows from Theorems 6. 1-6. 2 and Theorem 2. 1.

                                                                   Q. E. D.

    Coroltary A. Let Vb be the comPlex rePresentation defined in 2. 2, then we have

             . En(Ve)={±[6o], ±[6i]},

 where 8i (i = 1, 2) are the @n-equivariant self homotoPy equivalences d(ptned in the

Proof of Theorem 6. 2.
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