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Let B be an algebra over GF(p) with 1, A an extension ring of B. If a group
G acts on A as a group of B-automorphisms, then Ds = ¢ — 1 becomes a o-deriva-
tion in A for each e € G, i.e., Do(x +¥) = Do(x} + Ds(¥) and Do(xY) = o(x)Do(¥)
+ Da(x)Y for each x, Y€ A. If we set Ds*=1, then the Ds#—constant A(k) =
{a € A|Ds*(@) =0} is a right B-submodule of A for each non negative integer &,
and if 2= p/, A(k) coincides with the fixed subring A7 with 7 = ¢k since D¢k =
g% — 1. Hence, if G is a cyclic group of order pe with a generator ¢ and A/B is
a G-cyclic extension with Az @ > Bp, then the Dok-constant A(k) is a free right
(as well as left) B-module with a basis {xi|i=1, 2, ---, k} by [2] if k=p/. In
this note, we shall show that A(n) is also a free right B-module with a basis
{(wili=1, 2, -, n} for each 1 =n =< pe and some related results, These are obtained
in [17] when A is a division ring.

Now, we shall begin our study from the following

Lemma 1. Let D = Do for some a(~1) € G.
(1) Dn(xy) = 2:_‘=0(7)aipn-i(x) Di(y) for each %, y € A.
(2) If D) =1 then D¥(¥%) = k).
Proof. We shall prove the assertions by the induction on .
(1) Since D(xY) = o(x)D(¥) + D(x)¥, we assume that Dk(x¥) = Ei;o(f{)oka—i (x)
Di(y) for k= 1. Then,
D) = D(SY,_(4) o' Dh-i(x) D)
_ EZ.‘;O(?)EGHIDk—i(x)DiH(y) + a'ka+1—i(x)Di(y):]
= D@y + 55, ((4) o DE--0() DI)

+ (4) i Dr+1-i () DI(9)) + ohei(x) DR(3)

= (81 i pher-i () DA,
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(2) Since D(¥) =1, we assume that D*(¥*) = E!. Then

DEvi(yk+1) = D(Dk(%)) :—_D(Z’io(’;)Uz‘Dk—i(yk)Di(y))

= D(R!Y 4 ko DR-1(y%))
=k + kR =(k+DL

In all that follows, we assume that G is a cyclic group of order p¢ with a
generator ¢, A/B is a G-cyclic extension with' A @ > Bp, D = Ds and A(k) is
the D#—constant of A for each 0= k<X pe. Further, we put m = p», m' = p»+1 and
7 =gm, Then A(m')Am) is a @)/(?)-cyclic extension with Am') 4em) D > A som).
Therefore there exists an A(m)-basis {1, Yu+1, Yn+12, +++, Yue12-1} for A{m') such that
Dm(Yu+1) =1 by [2]. Since 2(DVn+1)) = D(’?(ynu)) = D(D"™{(Yn+1) + Yn+1) = D(Pn+1),
we have D(¥n+1) € A(m). : '

By {1, Yu+1, Ynei2, -, Yu+12-1}, we denote an A(m)-basis for A(m’) such that
D{(Yn+1) € Am) and -DW(Ynet) = 1. Hence, if we put E = D7, then E/(¥nni) =

itif i=47
{Ov if i< by Lemma 1 (2).

Lemma 2. D*-1(A(k)) coincides with B for each 1 < k< pe.

Proof. Since A(l) = B = D(A(1)), we assume that D*-1(A(k)) = B for k= 1.
Let k=apr + z‘,:(l)aipi be a p-expansion of k& with @540 and ¥ = Yu+1.

(i) case k-+1=pri(=m): Alk+1) = Alm)= Am) D IAm) D y2Am) D@
yb-1A(m). Hence Er-1(A(k+1) = A(m) yields DF(A(m') = D= Ev-1(Alk + 1) =
Dm-1({A(m)) = B by the induction hypothesis.

(it) case B+ 1=apr+ -+ (@;+ 1) for some j<#:For any. z<pn E(x)
=0 for each x & A (i) shows that E¢(y4x) =alx. Hence Dk+1(yaA(k + 1 aj) ) =
DlE+i-apEa(ya A(h+1 — apn)) = De+1-ap™(A(k +1 — apn )) =0. Thus Ak + 1) contams
yeA(k + 1 —apn), and hence DE(A(E+ 1)) 2 D (Y2 Ak + 1 — apn)) = DE-et’Ea A(k +
1 —apn)) = Dk-a»"(A(k + 1 —ap~) = B by the induction hypothesis. On the .other
hand, B = A(1) 2 D*(A(k + 1)) is clear. Therefore D*(A(k + 1)) = s

This Lemma enable us to prove the following '

Theorem. (1) D{A(R)) coincides with A{k—1) for each 1= kR pe Ihv particular,
if A(R) is a free vight ,B-module with a basis {x1=1,%z, -, %k ; k >1} then A(k—1)
is a free right B-module with a basis {D(xs), D(%s), -, D(xe)).

(2) There exists an element x; n Alk) éﬁch that Dk-A(xp) =1 and {(Di(xp) ;i =
0,1, -, k— 1} is a free right B-basis for A(k).

Proof. (1) Since D(A(E+ 1)) S Ak), it suffices to prove D(A(E + 1)) 2 Ak).
Now 0= A(0) € D{A(1)) is clear, and hence, we assume that D(A(k) 2 Ak —1)
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for k= 1. Let x be an element of A(k). Then Dk-i(x) = Dk(¥) for some YEA(k -+ 1)
by Lemma 2. Hence D{¥) —x < Ker Dk-1 = A(k— 1), and hence, % & D{Ak+ 1)
+ Alk — 1) S D(A(k + 1)) + D(A(k)) = D(A(k + 1)). '

If A=Y  @xB then Alk—1) = D(AK)=¥]  D(x)B. Moreover, if
Z}fzz D(x)bi =0 then 0= Ef:ZD(xibi) implies Efzzxibi e A(1) = B. Consequently
bi =0 for {=2,3, -, k. »

(2) Noting that A(p)/B is a (0)/(e?)-cyclic extension with A{(p)s @ > B, A(D)
=B@ONB®D - @ ¥r-tB with D) =1 Hence A(2) 2 B@¥»B. On the other

hand, if a € A(2) € A(p), a— z:zylibi. But Da) =0 shows that a = bo -+ Yibs

by Lemma 1 (2). Consequently, A(2) =B®¥»B and DY) =1 is a B-basis for
A(l) = B. Hence, assume that % has been choosen as desired in A(k). Since
D(A(kR+ 1)) = A(E), there exists an element xpa € A+ 1) with D(Xp+1) = xp.
Then {Di(xk), ¥r+1;i=20, 1, ---, B — 1} is right linearly independent over B.

Let T = Al) @ xi1B. Then TS Alk+1) and D(T) = D(AG) + %iB = 5, |
@ Di(xr)B = A(k) = D(A(k+1)). Hence, for any a e A(k+ 1), there exists an
element ¢ € T such that D(@) = D{{). Consequently ¢ —t & Ker D = B, and this
means that « € T+ B = T. Thus we have T = Ak + 1).

As immediate consequences of Theorem, we have the following

Corollayry 1. There exists an element x € A such that

W A= ' @®DixB

2 A= 2{’6:01 @ oi(x)B, i.e., A possesses a G-normal basis.

Proof. (1) is clear.

(2) It is clear that Zfzo@ Di(x)B = Zi;o ol(x)B for each 0=k =<pe—1 Let
xb+ o{x)c =0 for b, c € B. Then —xc=xb+ (¢(x) — x)c = xb+ D(x)c shows that
¢=p)p=0. Hence we assume that Zf;o @ Di(x)B = Ef:o @si(x)B for k=0, If

E+1<pe—1 and ek+i(x)p & Z}f:()@ oi(x)B for some b(s 0) € B, we have a cont-

radiction DHi(x)p € 33, ® DIW)B since D+ = (o — 1)ket = 31 (1) (— 1jiokei-i,

z
Thus A=3, ' ®oix)B.
Corollary 2. If M is a vight B-submodule of A satisfying D(M) S M and
D¥M) = B for some =0, then M = Ak + 1).

Proof. If a right B-submodule M of A satisfies D(M) 2 M and D°(M) = B,
then M = B = A(1). Hence we assume that M = A(k) if D(M) S M and D*-1(}M)
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=B for k= 1.

Let DIM)SE M and D*¥M)= B
(D(M)) = B. Noting that D(D(M))
induction hypothesis. Thus A(% + 1)

for some right B-submodule M. Then D#-1
C D(M), D(M)= Alk) = D(A(k+ 1)) by the
=M+ KerD=M+ B= M.
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