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   It is known that there exist three simple Lie groups of type F4 up to local

isomorphism, one of them is compact and the others are non-compact. The compact

simple Lie group F4=Fd(-s2) of type F4 is obtained as the automorphism group

Aut(5) of the exceptional Jordan algebra S =S(3, G) over the Cayley algebra 6

and it is a connected, simply connected, simple (in the sense of the center 2(F4)

== 1) Lie group. One of the non-compact Lie groups of type F4 (which is named

F4,i =F4(-2o)) is obtained as the non-Euclidean projective transformation group of

the Cayley projective plane 6P2 (F4,t = {a ff E6(-26)1 <aX, aY> == <X, Y>}) and it is

a connected, simply connected, simple (in the sense of the center'z(F4,i) == 1) Lie

group [5]. In this paper, we investigate the other non-compact simple,Lie group

                                                             rF4,2 of type,F4. The results are as.follows. The connected component group

F4, 2 = AutO(g') of the automorphism group Aut(g') of the exceptional Jordan algebra

S' =g(3, as') over the split Cayley algebra G' is homeomorphic to (S3 × SP(3))IZ2 ×

R28 and a simple (in the sense of the center z(F4,2) == 1) Lie group, and hence the

center z(FNd, 2) of the non-compact simply connected sirnple Lie group fi4,2 == F4(4) of

   1. Split Cayley algebra 6'

   Let ag' be the split Cayley algebra over the real numbers R [6]. This algebra
6' is definea as follows. If in 6' = ]Ie,IIe, where ff is the field of quaternions,

we defineamultiplication by .'' .' '' '

               (a + be) (c + de) = (ac + db) + (bc +' dtz)e

                                             tt
then G' becomes an 8-dim. (non-commutative non-associative) algebra over R with

the conjugation a+bq ==a-be. And the inner product (x,' Y)' in 6'1/is defined by

             ''' (a+be,c+ de)' =: (a, c)-(b, d) ' ''1

   '2. Jordan' algebia g' and group' F4,2' '''

   Let g' == S(3, @') be the Jo'rdan algebra'consisting of all 3 × 3 Hermitian matrices

Xwith components in s' ･ '' '' '･/ '' ･                                '
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            X=X(6, x) .::= ( i-i L2i 6ij,. ), ' 6i ER, xi EQt

with respect to the composition

                         xoy-1(xy+yx)
                               2

   In G' we adopt the following notations.

           '       .,,,.(gE'E), .,!(E g, g), .,=(g ,8 i),

     F,(.) -=(g 2, X), F,(x)-(2･ g g), F3(x) =-(･6 I g)

Then these elements generate S' additively and the multiplications among them are

given as follows.

          EioEi=Ei, EjoEi=O, j:7<i        (giF,iVX?,(5',//(.,,,,,.,,,..,,,,,:.Ej&F,glX?.,:Str(X),.j,f,,,,,il

where the indexes are considered as mod 3.

   In g' we define the inner procluct (X, Y)' and the trilinear inner. product

tr(X, Y, Z)' respectively by

                                3
               (X, Y)' = tr(XoY) == ?.ll.], (6i,?i + 2(xi, Yi)')

               tr(X, y, z)' := (xoy, z)' :(x, yoz)'

where X=X(g, x), Y := Y(V, y).

   The group F4,2 is defin.ed by

     F4,2 == {dr Ei IsoR(g', S')la(XoY) = atXocrY, tr(evX) = tr(X)}

         == {ct E IsoR($', $')la(XoY) == aXoaY, (aX, evY)' = (X, Y)'}

        =: {a (!i IsoR(g', g')l(ax, ecY)' =: (X, Y)', tr(ctX, aY, aZ)' == tr(X, Y, Z)'}

   RemarkL The auther does not know if the condition ev(XoY) = crXoaY implies

the condition tr(evX) = tr(X) and if Aut (S') == {a cii IsoR(g', S')Ia(XoY) = atXoevY}
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is connected. However it is true that the connected component group AutO(g') of

Aut(g') is F4,2. In the case of the compact group F4 =Aut(S), the condition

a(XoY) = aXoaY implies the condition tr(aX) = tr(X) [4].

   Since the field ff of quaternions is a subfield of g' regarding a E .IY as a + Oe

G 6', gH = g(3, ff) (consisting of ait 3 × 3 Hermitian matrices XH with components

in U) is a subalgebra of g', and any element X e S' can be described as

        x=(Z-l a6# '.-2,)+(-b2 bo3 Mgi)e, eiER,ai,biciiu

             Na2 a-i esl X b2 -bi Ol

We denote this element X by

                          X = XH + F(be)

where XH E gH, b == (bi, b2, b3) G R3.

   3. Automorphism group Aut(gH)

   Before we consider the group F4,2, we shall investigate the relation between

the automorphism group Aut(gH) of gH :

        Aut(gH) = {a (E IsoR(Sll, gll)1 a(XoY) = aXoaY}

                = {a E IsoR(Sll, gll)1 a(XoY) =:: aXoaY, tr(aX) = tr(X)}

(cf. Remark of ss 2) and the symplectic group

                   SP(3) = {A E M(3, ff)IAA* = E}

   Proposition Z The grouP Aut(gll) is isomorPhic to the grouP SP(3)!z2, where

Z2 -= {E, -E}.

   Proof We define a mapping f: SP(3)-Aut(gH) by

                      f(A)X=AXA*, XegH

Obviously f is well-defined and homomorphic. We shall show f is onto. For a

given aEAut(gH), consider aEi,i--1, 2, 3. Since aEi satisfies the conditions

(ctEi)" ==: aEi, (aEi)2= ev2Iii, tr(aEri) =:1, we can choose a vector bi =

(21)(ii R3, Eibiii=i such that aEi--(2;i-l bbl2'i 2;2':) (Remember tha azii is

Xb3f Nb35i b3E2 b3E3f
an element of the quaternionic projective plane HP2). If we construct a matrix

B= (bi, b2, b3), then BE SP(3) because aEioaEj=O, i7t!j, and B satisfies
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   , . . BEiB*=evEi, i= 1, 2,3

Therefore B == f(B)'iev satisties

                       PEi = Ei, i= 1, 2, 3

If we operate P on EioFi(a) =:O, 2Ei'oFi(a) == Fi(a)(7':/i), then we see that l9

induces Iinear transformations Pi of ff such that . ,g

                       BFi(a) [= Fi(Pi(a)), i- 1, 2, 3

and Pi is orthogonal:

                       (Pi(a), Pi(b)) == (a, b), a, bG ff

                                   '
from l7i(a)oFi(b)=(a, b)(Ei+i+Ei+2). Furthermore Pi, P2, P3 are combined with

                       Pi (a)P2 (b) = P3 (a-b), a, b E A

                                             '                                                             '                                     '
from 2Fi(a)oF2(b) ==F3(ab). Put P=Pi(l), q=P2(1), then IPI = 1, 1¢ =1 andP2(a) :=

PMPt(a)q, P3(a) := fii(ti)q. Furthermore put Pi(a) == Pa(a), then a satisfies o(ab) === a(a)ff(b),

i.e. a is an automorphism of ff: Therefore there exists rEff, lrl=1 such that

a(a):=ra7. Hence ･
                                         '
             Pi(a) =: PraL P2(a) =raiq, P3(a) =- araUrP-, aeH

                                               tt
Now, constructa matrix C-- (toor POor i) then CESP(3) and

                       CXC* =:' PX, XE be

Therefore aX ::=B(CXC")B'=f(BC)X, hence f is onto. Finally Kerf={E, -E}

is easily obtainqd. Thus the proof is completed.

       '                '
                                                         tt   '4. Compact subgtoup (iil4,2)Kof lil4,2 ' ' ' . '
                                                             '    We shall consider the t.ollowing subgroup (Fd,2)K of F4,2 ' ' ,, .,

                        .t ･･ tl                                                                         '             ･ ' (F4,2)K == {aGFd,2ia(gH)=glii} .
                                                                      '    Since gH and fi'He == {F(ae)iaE ZI3} are orthogonal with respect to the inner

product (X, Y)', evE(F4,2)K also satisfies cr(g'He) == g'He. '

                                                               '
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   Propositio" 2. The grouP (F4,2)K is isomorPhic to the grguP (S3 × SP(3))IZ2,

where Z2 = {(1, E), (-1, -IEI)}.

                                                         '                                    '   Proof Let S3 ==, {P ci ff1IPI =:: 1} and define a mapping 9: S3×SP(3) - (F4,2)K by

                          '                      '
               9(P, A)(Xff + F(ae)) - AXHA' + F((PaA*)e)

In order to show a=ip(P, A) cill (F4,2)K, since the conditions at(5H) =Sll, tr(aX)

= tr(X) are obviously sat2sfied, we rnust prove

                  a(XoY) == aXeevY, X, Y G S'

To do this, it is suflicient to show that

   (1) cvEioaFi(ae) =O

   (2) 2aEjoaFi(ae) =evFi(ae), il1'

   (3) aFi(ae)oaFi(be) = (ae, be)'(crEi+i + evEi+2)

   (3)' ntFi(ae)oaFi(b) =O

   (¢ 2evFi(ae)oaFi+i(be) = aFi+2((ae)(be))

          '     '
                                '
   (4)' 2aFi(ae)oaFi+1(b) == crFi+2((aq)b)

where a, b ff R. Put A=(aii')i,j"=i,2,3･

   Proof of (1) 2evEioctFi(ae)

     == 2(laiil2Ei + la2ii2E2 + la3ii2E3 + Fi(a2ia3i) + F2(aBian) + F3(ana2i))

       o(Fi((PaZfir,)e) + F2((Paii,)e) + F3((Pai5r,)e)

     == Fi((la2i[2 + R3il2)(Paat,)e + <(Paa2i)e)(aiia2i) + (a3iaii)((Paa3i)e))

       +F2(:ls) --F F3(*) ,
     = Fi((la2i12 + la3ii2)(Paaii)e - (Paa2ia2iaii)e - (Paa3ia3iaii)e) ,

                                                      '                                 '                             '                                                      '                                 '       + F2(:i:) + F3(*)

                                                '                                    tttt     =l': Fi(Ga2ti2 + la3U2 - la2tl2 - lasi12) (PaZiii,1)e) + F2(,k) + FRt*N

     = Fi(O) + F2(O) + F3(O) = O

    Proof of (4) 2evFi(ae)oaF2(be)

     := 2(Fi((PaZililii)e) + F2((Patti)e) + Fs((Pait5i,i)e))

       o(Fi((pbZilT,)e) + F2((Pba22)e) + F3((Pba32)e))'
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     :=: 2((Paaii)e, (Pbai2)e)'(E2 + E3) + 2((Paa2i)e, (Pba22)e)'(E3 + Ei)

       + 2((Paa3i)e, (Pba32)e)'(Ei + E2)

       + Fi(((Paa2i)e)((Pba32)e) + ((Pba22)e)((Paa3i)e)) + F2(*) + F3(*)

     =: (-2(aa2i, ba22) - 2(aa3i, ba32))Ei + *E2 + *E3

       + Fi((a2iaP)(Pba32 + (a22Lip)(Paa3i)) + F2(*) + F3(*)

     == (-2(ba, a22a2i + as2a3i))El + *E2 + *E3

       + Fi(a2iaba32 + a22baa3i) + F2(*) + F3(:ls)

     = 2(ba, ai2aii)Ei + *E2 + *E3

       + Fi(a2iaba32 + a22baa3i) + F2(*) + F3(*)

     = 2((ae)(be), anai2)Ei ÷ *E2 + :kE3

       + Fi(a2i(ae)(be)a32 + a22(ae)(be)a3i) + F2(*) + F3(*)

     = aF3((ae) (be))

The other formulae are also proved by calculations similar to the above. Obviously

9 is a homorphism. Next we shall prove 9 is onto.

   For a given cr Ei (F4,2)K, consider the restiction algH of a to gH. Since ojgff

is an automorphism of fsll, there exists an element A E SP(3) such that

                      evXH = AXHA*, XH E $H

by Proposition 1. Put P=-:=--P(1, A)"ia, then PlgH:=1. In particular P satisfies PEi

== Ei, i= 1, 2, 3, hence fi induces linear transformations Pi of S" such that

                   PFi(x) =Fi(Pi(x)), i,== 1, 2, 3

(the proof is the same as Proposition 1). Furthermore Pi satisfies

          (Pi(u), a)' == o, (Pi(u), Pi(v))'= (u, v)', a Ei ,ff, u, vE.Ete

from Fi(u)oFi(a) = O, Fi(u)oFi(v) == (u, v)'(Ei+i + Ei+2) respectively. Hence Pi induces

an orthogonal trafisformation of ]7e. And from 2Fs<a)oFi<u) H- -F2(au) we get

                   aPi(u) = P2(au), a cl ff, za E Re

Put a=1, then we have Pi =P2, similarly Pi == P3 (= P'). .Therefore P' satisfies

                   P' (au) = aP'(za), a e ff, u E ,IZe



                Non-compact Simple Lie Group ,F:4,2 of Type l74 59

Set P'(e) == Pe, PE ff, then IPI =1 and

                                              '
                  B'(ae) == aP'(e) =a(Pe) == (Pa)e, aE IT

Therefore

          PX == P(XH+F(ae)) == XH+ F((Pa)e) =g(P, E)X, XEg'

       t.
Hence a=: ep(1, A)9(P, E) = op(P, A), i.e. op is onto. Finally Kerep= {(1, E), (-1,

-E)} is easily obtained. Thus the proof of Proposition 2 is completed.

   Rernark. The compact Lie group F4=Aut(g) also contains a subgroup (F4)K

which is isomorphic to (S3 × SP(3))IZ2 by a mapping 9 : S3 × SP(3) -F4,

               9(P, A)(XH + F(ae)) = AXllA" + F((PaA')e)

   5. Lie algebra f4,2 of F4,2

   We consider the Lie algebra f4,2 of F4,2:

     f4,2 = {g E HomR(g', g')lg(XoY) = gXoY' + XogY, tr (gX) == O}

                                                         '
        == (g E!i HomR(s" £j') i9,"i,Ik¥)y' t.21iY, lll911Ir)(x=, Ogy, z)' + tr(x, y･ gz)' = ol

        = {g E HomR(S', g')lg(XoY) = gXoY + XogY}

(the last equality is proVed in Remarl< of Proposition 6). The structure of the Lie

algebra f4,2 is analogous to the Lie algebra fd of the compact Lie group F4--Aut(S)

[1], [4]. However we give an outline of the proof of Proposition 6.

   Let M'- be the vector space over R consisting of all 3×3 skew-Hermitian
matrices A;A* =:-A with components in $,. Any element AEM'- induces a
linear transformation A of $' by

         '
                     2ilx =Ax-xA, xEst

   Lemma 3 ([1]). IlfAEM'--, tr(A)=o, then AGf4,2, i.e. J4 satisLfies

   (1) (A-"x, y)t+ (x, Ay) =o

   (2) tr(ANX, Y, Z)'+tr(X, ANY, Z)'+tr(X, Y, A""Z)' ==O

   We adopt the following notations in M'-.

     Ai(r)-=(g, & r:), 'lldi,,,,-rm(F ,g ''7,,7), .,',,,..(-O,, ,[ 'g)
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Then ANi(r) a f4,2 and the following forrnulae are hold.

                               tt                               ttt                               '       tw n- ･                         Ai(r)Fi(x) ::= 2(r, x)"(Ei+i - Ei+2),      Ai(r)Ei -- O,
     (2N--i[l),Z･i.1i,:s,/,.t)`i･"/r--:IYIiF,;1:;i･li:E`;",(/k/'s,,

whefe the inclexes are considered mod'3.

   Let D'(G')-be the Lie algebra

         D(4, 4) ;=: o'(G') === {D e Hom.(Q', E')1(Dx, y)'+ (x, Dy)' =:= O} ,

of the Lorentz group O(4, 4) = O'(S') ==: {o c] IsoR(as', 6')l(ax, aY)' == (x, Y)'}.

   Leanmaa 4 (Principle of the infinitesimal triality in o'(S') [1], [3]). I7or any

                                                                  'element Di Eo'(as'), there exist D2, D3 ff o'(Q') uniquely such tipat '

                   Di(x)Y + XD2(Y) ==: D3(xLY), x, Y E 6'

to tieell)jl'IEe a.i2b2[,'.]'6･@T･3eb,"S,Z`fZb,;2,DiS.' 5',.`i,E f`'2i iEi = O' i = " 2' 3' is isomorph'c

                t tt
                   Di G o'(E') -6 = 6(Di, Di, D3) E o'c,

                  b(i'l3 l, l'xj')=:(.DO::: .Doi.X: DD,2,::)

where D2, D3 are elements of o'(6') determined by PrinciPle of the injinitesimal

triality in o'(ngt).

    Propositiom 6. Any element g of the Lie aigebra f4,2 == {g e HomR(G', as')lg(XoY)

= gXoY + XogY} is uniquely ieqresented by the form

           ' ' g=6¥ AN,' 6 E! o'E,, AE haL, diagA=O

                                               1 ], 1,･
where diagA=o means that all diagonal elements ofA are o. ,

    Proof From EioEi -- Ei, EioEj -- O, 7' :/ i, we' have ' 2EiogEi H- gEi, gE)ioEj

+ oEiogEd = O. Hence gEi, i= 1, 2, 3. have the following form

    gEi!(-i: -:,3 Io2)･gEi2=('6' -/-,3, -:')'9E3=(-?', -i'l, -:,i)
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                               '                                 H.,constr uct a matrix A =: ( -9-3 or3 - rr 2i ), then A E 'Mt-, diag A'' = o 5nd A satisfies

              .. x, r2 -r-i ot .,
                                                                         '                                                       tt.

                    . AEi -- gEi, i = 1, 2, 3

                                     .ttt                                                                       '                                                    'so ,that 6=g- A'W c] D's,. Hence g=6+ AN , fi ED'c,, A Ei M'-, diagA=O. To prove

the uniqueness, it sufflcient to show ･･ ' ･-'
                                                            tt                                                                    '
         e+ AN= O, 6Ei D'xx,, A ei M'-, diagA == O=>6 == O, A =O '

                                ttt tHowever it is easily obtained if w6 operate s+ AN 'on Ei, i=1, 2, 3.

                                                     .t  '                                                                   '
  ', Remark. Any element g of the Lie algebra f4,2=: {gEHomR(S', g')Ig(XoY) =

gXoY + XogY} satisfies the condition 'tr (gX) = O. .In fact, for g =: S, ti- 2il E f4, 2,

tr(6X) =:: O is satisfied trivially and tr(A-X" ) = Re(tr(A"X" )) = Re(tr(AX - X?1)) == Re(Z

                                                                        i' 1'
aitixyi - :I] xilatii) = >i]Re(aiixj'i - xJ'iaiy') = O for A = (aij')i, J=.-.1, 2, 3, X == (xiy')i, iv-1, 2, 3.

       i' j' i' j'

   6. Poiar ctecompositgon of F4,2

   To give a polar decomposition of F4,2 we use the following

   Lemma 7 ([2] P. 345). Let G be tz real algebrtzic subgrouP of the general linear

grouP GL(n, R) such that the cnndition AEG imPlies tAGG. Then G is homeo-

morPhic to the toPological Prodttct of G n O(n) (which is a maxim'al comPact subgrouP

of G) and a Euclidean space Rg :/

                    G !):: (G nO(n)) × Rd, d == dim(g n･b(n))

where O(n) is the orthogofzal subgrouP of GL(n, R), g theLie algebra of G and

b(n) the vector sP.ace of all real symmetric nzatrices of degree n. /

i. E7'[inUdS7ie?eyllbiO.VeEy,ierM,,Mp[llEtiWv&ydebfiy"e the positive definite inner products (x, y)

                     '             t ttt tt tt                                         '                                       '                                           '              tt t tt                ' ' (x, Y)=(a, c)+(b', d) '

                                 3
                       (x, y) == ::] (eioi +2(xi, yi))
                            , i=-1
                              t ttt / tt t
forx=a+be, Y=c+de and X=X(e,x), Y=Y(V,y). Two inner.products
(X, Y), (X, Y)' in S' are combined with the following reiations .. .'. .

                                                           ttt                                                                       '
                   ,(X, Y) -= (X, rY)', (X, Y)r- (X, rY) ,

where r == P(-1, E). We denote by ta the transpose of cr E,IsoR(S', S') with respect
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to (X, Y):(aX, Y) =(X, taY).

    Lemrna 8. F4,2is a real aigebraic subgrouP of the general linear grouP GL
                                                   ti(27, R) == IsoR(g', g') and satisyies the condition cr E F4,2 ifnPlies tct E F4,2. .

    Proof Since (X, rY) = (X, Y)'= (aX, evY)' == (aX, rcrY) =(X, tarcrY) for av E

F4,2, we have r=tarct. Hence ta =rat'irEFd,2. It is trivial that F4,2 is real

algebraic, because F4,2 is defined by the algebraic relations a(XoY)==crXoaY,

tr(aX) -= tr(X).

   Let o(Eg') be the orthogonal subgrouP of IsoR(g', flN') :

            O(27) == o(g') ==: {a E Iso.(℃', g')KaX, crY) = (X, Y)}

Then ev E F4,2nO(g') induces a linear transformation of gH. In fact, (atXH, Y) ==

-(aXH,Y)' = -(XH, a--iY)' = -(XH, a-iY) = -(crXH, Y) for XHEgH, YEg'Hl,,

therefore (aXff, Y) ==O and aXHegH. Hence we have

                                   '
                   F4, 2AO(g') -- (F4, 2)K !-Z(S3 × SP(3>)/Z2

by Proposition 2. Next we shall determine the Euclidean part f4,2nlj(g') of F4,2,

where

              lj(27) ==b(g')={9GHom.(S', S')1(9X, Y) = (X, 9Y)}

   Let gEf4,2nb(S'). Represent g in the form

    '                   g = e+ A""t(ri) + AN2(r2) + ANs(rs)

where 6= 6(Di, D2, D3) E D'Et, ri EG'. Since g satisfies (gEi+!, Fi(x))=(IEii+i, 9Fi(x)),

we have

                 3- 3--            ((6 + X Ai'(r,'))Ei+i, Fi(x)) - (Ei+i, (6 + : Ai'(ri'))Fi(x))

                ]=1 v==1
     (-I7i(ri) + Fi+2(ri+2), Fi(x))

         = (Ei+i, Fi(Dix) +2(ri, x)'(Ei+i - Ei+2) - Fi+2(xri+i) + Fi+i(ri+2x))

Hence we have

                      -(ri, x) = (ri, x)', xE Q'

From this we get ri ff He, i--1, 2, 3. Next, from the condition (agFi(x),Fi(Y))

= (Ft(x), gFi(Y)), we have

        (Ft(Dix) + 2(ri, x)'(E2 - E3) - F3(xr2) + F2(r3x), Fi(Y))

               = (Fi(x), Fi(Dipt) + 2(ri, y)'(,El 2 - Es) - F3(Yr2) + F2(r3Y))
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Hence we have

                      (DiX, Y) ==: (X, DiY), x, YEQt

Since Di also satisfies (Dix, Y)'+ (x, DiY)'=O, Di induces a linear transformation

DilR: ,ff- Ue. Conversely

        S(Di, D2, D3) + iX--3, A"-Wi(ri), DilRrE HomR(if, Rl7), ri G IIIe

is an element of f4,2nlj(g'). Hence

                   dim(f4,2nb(3')) =4 × 4 +4 × 3 := 28

   Thus we have the following

   Theorem 9. The grouP F4,2 is homeomorPhic to the toPological Product of the

grouP (S3 × SP(3))/Z2 and a 2s-dim. Euclidean sPace R2s :

                      F4,2 2t (S3 × SP(3))IZ2 × R28

in Particular, Ii'4,2 is a connected (but not simPly connected) Lie grouP.

   7. Simplicity of Fa,2

   Lemrna le. The Lie algebra f4,2 of F4,2 is simPle.

   Proof The complexification f4,2C of the Lie algebra f4,2 is isomorphic to the

complexification ftC of the Lie algebra f4 = {g e HomR(S, $) lg(XoY) =: gXoY + XogY}

of the compact Lie group l7'4 =Aut(g), because the complexification S'C of E' is

isomorphic to the one 6C of the Cayley algebra as. As is well known f4C is simple,

so that f4,2U is so, hence f4,2 is also simple.

   Since F4,2 is a connected group from Theorem 9 and a simple group as Lie

group from Lemma 10, any normal subgroup of F4,2 is contained in the center

z(F4,2) of F4,2. We shall show z(Fd, 2) == 1.

   Let evEz(F4,2). First we show that a induces a linear transformation of $H:

a E (Fd,2)K. In fact, put evXfl == YH + F(ae) for XH e Sff, then the commutativity

condition ep(-1, E)a =a9(-1, E), we have

            YH + F(-ae) = 9(-1, E)(YH + F(ae)) =: 9(-1, E)ctXH

                   =cr9(-1, E)XH ==: aXH == Yu + F(ae)

Therefore F(ae)=O and crXH =YHESH. Hence there exists an element (P, A)

ES3 × SP(3) such that a== P(P, A) by Proposition 2. Furthermore from the com-
mutativity condition a9(q, E) =9(q, E)ev, a9(1, B) =9(1, B)a, we have
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                    Pq =- qP for all qEs3

                   AB=BA for all ,Ba SP(3)

sd that P ==: ±1, A=±E. Hehce a=9(1,,E) or ct ==:'9(-1, E). We shall show that
g(-1, E) is not an element of the center 2(Fd,2) using the following

    Lemtma gl. The fbllowing maPPing P : S' - $', PX = Y, X := X(6, x), Y =

Y(v, y):

                  Vl :== 6i

                                                 g"2 + eB                                   g2 - 6s
                  ;72=(e, vi)'sinh2+ 2 cosh2+ 2

                                     62 - g3                                                   62 + g3
                  v3 == -(e, xi)' sinh2- 2 cosh 2+ 2

                  Yi = tei - 2e(e, x,)tsinh21 - e(e2 2- g3) sihh2

                       t/                                          '                  Y2 = x2 cosh 1 - x3e sinh 1

                  Y3 == x3 cosh 1 + ex2 sinh 1

is an element, of F4,2.

    Proof This mapping P is exp A"Vi(e), A'Vi(e) Ef4,2, hence PEF4,2.

    9(-1, E) does not commute with P, because P(-1,E)PF2(e) = 9(-1,E)(F3(sinh1)

+ F2(ecosh 1)) ::: F3(sinh 1) - F2(e cosh 1) and P9(-1, E)F2(e) ==: P(I72(e)) :== -F3(sinh 1)

-F2(ecosh1). Thus wg have the following

' , Theoreriflt Z2. The grouP F4,2 is a simPle (in the algebraic sense) Lie grouP.

    Since the fundamental group of F4,2 is Z2 from Theorem 9 and F4,2 is a simple

group, we have the following

    Theorema 13. The center 2(.Fd,2) of the non-comPact simply connected Lie group

F'V4,2= F4(4) of tmp'e F4 iS Z2.
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