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1. Introduction. Recently, many results on FH-spaces have been obtained
(e.g. [4] and [6)], however, it seems to be known only a few facts about co-H-
spaces. In the present paper we shall show the existence of homological co-
inverses for appropriate co-H-spaces, which is a partial dual of I, M., James
Theorem (cf. [2]).

We work in the category of pointed Hausdorff spaces, and so homotopies are
base point preserving homotopies.

NoOTATIONS: Let (X, %) and (Y, 5) be given two spaces. Then wedge product
XVY = X x{y}U{x}xYCX xY with the base point (%o, %);

inclusions iy : X —> XVY, i5: Y — X\V/Y;

projections p'y : X\Y — X, piXVY—>7,

smash product XAY = X xY/X\/Y with the identification topology;

folding map V: X\VX—>X defined by V(x, x)=x="/(%o, £);

(X, Y=L (X, x0)—> (Y, ) continuous maps} with the compact-open topology
and the base point 0y,: X —> yy;

[X, Y}y = {X, Y }/{homotopy}.

2. Preliminaries, We shall begin with
Definition. Given a space (X,e), a co-multiplication p' on X is a continuous
map ' : X—>X\V/X which makes the following diagram homotopy-commutative:

1\ 0,
XVX —— XVX

AU
#\AX\/X _‘B—\/:X\/X/V

e is the homotopy co-unit of p', and the triple (X, e, p') is a co-H-space,
Let (X, ex, p'x) and (Y, ey, p'y) be given two co-H-spaces, a continuous map
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f:X—>Y is a co-H-map, provided that the following diagram is homotopy
commutative:

X —— Y
/x’Xi ‘L#'y.
XVX——YVY

VAVES

2, 1. Lemma, Let (X, ex, pt'x) and (Y, ey, p'y) be given two co-H-spaces,
then X\/Y is a co-H-space,
Proof. Let 77: X\/Y—Y\/ X be the switching map, i, e.,

T’(xy eY) = (eY7 x) and T’(eXy y) = (y; eX),

then the composition

eV IRV/AVA!

v xvy 22 v uxyryy S xvrvxy Y

is a co-multiplication on X \/ Y.

2.2. Proposition, Let (X, €) be a given space. A mnecessary and sufficient con-
dition for (X, e) being a co-H-space is that
(*) for any (Y, v, £X, Y} has a functorial H-structure having 0, as a homotopy unit,

Proof. Necessity, Assume that (X, €) is a co-H-space with the co-multipli-
cation g/, Define pi{X, Y x{X, Y} —> {X, Y} by

p(f,0) =V (fVey forall fge{X, Vi

If W(C,U) is a sub-basic open set containing (f,g), i.e., C is a compact set in
X, and U is an open set in Y, such that p(f, g(C)c U. Put ¢'(C) = C;\/ Cs, then
e WcC,U), g W(Cs, U) and p{W(C,, U), W(C,, U)) c W(C, U). This implies the
continuity of . The remainder of proof is easy,

Sufficiency. Put p' = p(iy’,4y): X —>X\/ X, Then,

Ve(IV0)op = po(No(1\/ 0)0h", V(1 V 0,)oi')
= /’L(ly 0(’) = 1,

where p stands for the H-structures of {X, X \/ X}y and {X, X}.

Remark, For co-H-groups, i.e., co-associative co-H-spaces with co-inverses,
Proposition 2.2 holds without restriction on homotopy units, (cf. [1]).

Remark. If (X, e, ¢/) is a co- H-space, we have p(ii/, i) = ¢/, and 1{p,’, po')
~V.

2.3. Proposition. (Square lemma) Lel (X, ex, o) be a co-H-space and (Y, ey, 1)
an H-space. Then, two H-structures on {X, Yy, induced by 1’ and p, are homotopic,
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Moreover, {X, Y1y is homotopy-commutative,

Proof, See [1].

3. Additive systems,

Definition, A non-empty set A is called an additive system, if there exists
a binary operation, called addition, +: A x A—— A, satisfying the following
two axioms

commutativity: for any @, be A, a4+ b=>0+ qa;

existence of zero:. there exists an element 0 € A, such that
O04+a=20 for all a = A.

(Obviously, such an element is unique,)

Additive sub-systems, homomorphisms, isomorphisms and so on, are defined
similarly as for groups. '

Examples 1. Any monoid is an additive system.

2. Let X be a co-H-space, Y an H-space, then [X, Y, is an additive
system.

Definitin. Let A4; and A, be given two additive systems, An additive system
A is called the direct sum of A; and A, if there exists an isomorphism f: A—>
A @ A,, where A; D A, is an additive system defined as follows:

A1 (—D Ag s {((lh az)}ai = A1, as & Ag},

(@, a3)+ (@, a))=(a+ a', a3+ ay').

3.1. Proposition, Let A, A and A be given thvee additive systems, A is the
divect sum of A, and As if and only if theve exist homomor phisms

i: A—>A, iy: As——A and py: A—>A,, Pyt A—>A,,
such that

profy =1, peoiy = 1, proiy = 0, paoiy = 0,
and

tyopy -+ fgopy = 1,

Proof is easy, and omitted.
3.2. Lemma. Let (X, ey, ') be a co-H-space, (Y, ey, p) an H-space and [ fi],
[ elX, Y, then V(1N fo): XN/ X —> YN Y —= Y vepresents

LA+ P el e XV X, Y,
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Proof. By Proposition 2.3, we have the following homotopy commutative

diagram

Jib!' X fapo

A XVX)X(XVX)

Y % Y\pA
\ Y
' Fib'Nfabe Y\/y/v'

XVX T XVXVXVX

XVvX

[N fa

This concludes our result.

3.3, Corollary. Let (X, ey, ') be a co-H-space, (Y,ey, ) an H-space, then we
have [ XN/ X, Yh[X, Y] i®[X, Y]

Proof. As easily seen, 4,/*p,/* =8y, h,k=1,2. Let f be an arbitrary element
of [X\/ X, Y]y, then Lemma 3.2 implies that V[{fii'\/fi')] represents [ fii'p']
+L S b’ ) = pu"* 0[] + p'*ix"*[ f]. However,

\YORVE i 'S IERVIGAVE ) (UAVE?S)
=V xuxl' V i2')

Therefore, we have p/*/'*[ f] + p'*s'*[ f] = [f]. By Proposition 3.1, we have
the desired result.
4. Main Theorem, To state our Theorem, we shall give the following
Definition, Let (X, e, ¢/) be a given co-H-space, A continuou map vp': X —>
X is a right homological co-inverse of p/, provided that for any H-space (¥, ey)

we have
LI+ LARl=0 for all [f]e[X, Y.

Similarly, a left homological co-inverse v;' of p' is defined.

4.1, Theorem. Let (X,e, ') be a co-H-space. If X is a simply connected CW -
complex, (X, e, p') has a right homological co-inverse vp' and a left homological co-
inverse v/,

In order to prove Theorem 4.1, we recall the following two theorems (cf.
[3]):

4.2, Theorem of J. H.C. Whitehead. Let X and Y be simply connected spaces,
and let f: X—>Y be a map. Then, the following thvee statements are equivalent:

(i) for every m, fo: H(X)—> H(Y) is an isomorphism,

(ii) for every m and every coefficient group G, f*: HY(Y; G)—> H"X; G) is an
isomor phism,

(iii) for every n, fy: w (X)—> (YY) is an isomor phism,
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4.3. Theorem. [n the category of CW-complexes, a weak homotopy equivalerce
is a homotopy equivalence.
Proof of Theorem 4.1, Define ¢: X\/X —— X\/X by the composition

(VVDHAV ) XVX — XVXVX —XVX.
For any integer » > 1, and any abelian group G, we have
HYXV X, G)=~ p/*H"X; G)D p/*H"X; G).

Let fi, f:: X —> K(G,n) be representatives of a;, oz € HYX; G)=[X, K(G, n)l,
respectively, Then,

VAV ROV V1) XV X —K(G, n)
represents ¢*( P *a; + po'*as). However, we have

\V{ 6 \/fz)(l\/V)(#' V1) = V(V\/l)(ﬂ\/fz\/fz)(#' AVARY)
=V f1+ o)V fa).

By Lemma 3.2, it follows ¢*( o' *a; + po'*as) = b ¥y + ) + po'*as.  This implies
that ¢* is an isomorphism, By virtue of Theorems 4,2 and 4.3, we conclude that
¢ is a homotopy equivalence,

Now, let (Y, ey) be an H-space, and a € [X, Y ];. Define vz': X —> X by the
following composition

p2'0¢oi1’: X—-—)'X\/X—.)’X,

where ¢ is a homotopy inverse of ¢.
Using [XVX, Y= [X, Y]+ [X, Y] and V = p' + po/, we have

(4. 4) Ve = (a, a) for all e e [ X, Y .

Next, put ¢*0, a) = (&, 7), that is ¢*¢&, %) =1(0, @), which implies &+ 5 =0 and
n =a, hence § + a = 0. Accordingly, we have

(4.5) ¢*0, a)=(§, @) implies &4 a =0,
Lastly, let f be a representative «, then we have

LAY+ [fove' ] = p* ANV UV AN @) AN bV *a)
ANV G LN 9LV bV e, @) by (4.4)
= IV ARV 9)¥a, (0, a)

I
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=M1V i Me, & ) putting ¢*(0, @) = (&, »)
=a+é§
=0 by (4.5) and commutativity,

Consequently, vp' is a right homological co-inverse of p/. Similanly, we may
show the existence of a left homological co-inverse,
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