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Introduction. Let A be a &-Galois extension of B with Ay = By @ B'ps where
& is a finite group of automorphisms of A.

In [4], Y. Miyashita has shown that if & is completely outer, then V, the
centralizer of B in A, coincides with the center C of A. In general, it is unknown
that whether the outerlity of & implies V = C or not.

In the present paper, we shall show that the outerlity of & implies V=C
for some type of cyclic extension and some related results. As to notations and
terminologies used in this paper, we follow those of [2].

§ Tke case of characteristic p.

Throughout the present section, we assume that B is an algebra over GF(p),
& a cyclic group of order p with a generator o. If A is a &-Galois extension
of B with Ag=Bz@® B, then as is shown in [2], A=Bla]l=B®aB DB P
------ @a? 1B, a free B-module of rank p with a B-basis {1, a, o, -+, a?"1}
with ola) =« + 1.

Let D=a,—a;. Then it is clear that D is a derivation in B and ba=ab+ Db
for each b & B.

Lemma 1. Let A/B be a &-Galois extension with ¢=%& V such that Ap= By
@ B'y. Then each ovder v of 8(A/B) is p and G(A/B) is abelian.

Proof. Let « € &(A/B). Then bet(a) = t(ba) = lab + Db) = t{a)b + Db for each
b & B shows that z(e) — @ is contained in V. Since ® is inner, V = Z, the center
of B, by [2]. Thus (o) = a + z for some z & Z. This means that the order of «
is p and &(A/B) is abelian.

Theorem 1. Let Z be a field. 1f A/B is a &-Galois extension with Ap=BzPB'y
then the following conditions are equivalent.

1) =7 for someveV.

2) V=2Z=2C.

3) ®(A/B) = Z.
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Proof. I)-—>2) has been shown in [2] and 3)—> I) is clear.

2)>3). Let v be an arbitrary element of &A/B). Then, by Lemma I,
(@) = a + 2. Therefore z(az™!) = az™! + 1 and {1, az™%, (@z" 1), -, (@z" 1?71} is a free
B-basis of A. Hence A= B. Now, by B we denote az™!, and we set
Z; =t/(B)jt — j~Yp) and Z;®= I(B)kj~1) — j ixk(B), for each j, k=1,2, -, p-1.
Then Z; =1 and Z;(W= 1 — kj*.

Hence we have ZeZy- Zyy=1 and Z;®eZy0) ... ZMH =0 for each 0<k
{p—1. This shows that the existence of a (r)-Galois coordinate system {xj, - ,
Kuy Y1y v , Y.+ Thus we can see that A/B is a (r)—Galois extension, and hence
V=C®h®J. D DJ.p1 where J,={ac Al ax=7(x)a, Vx€ A} If ac [, af=
t(B)a = pa-+-ia, we have Ea = ia where K =, — B, is a derivation in B. Since
Z=2C, we have J;+# 0 for some i (0G<p), and hence there exists an element
Z(#0) in Z satisfying Ez=iz. Thus we obtain ¢/ =2 by the same reasoning as
that of [2]. This means that r = z* for some &

Lemma 2. Let Z be a field, A/B a ©-Galois extension with Ay=Bg@® B'y such
that o is outer. Then Z =C.

Proof. If there exists an element z & C (z € Z), then zaz '=a+(Dz)z"! shows
that 2@ (A/B). If we set w = (Dz)z™!, zrz"t =7 + 1 where ¥ = aw™!, and {1, 7,
------ ,#?71} is a B-basis for A. Thus, as is shown in the proof of Theorem 1,
A/B is a (Z)-Galois extesnion.

Therefore we have a contradiction that ¢ is inner by Theorem I again,

Lemma 8. Under the assumptions of Lemma 2, D?*V=0.

Proof. Let v=a?"1b,_1+af 2b, g+ - +by be an arbitrary element of V (b;= B).
Then bv=af " tbb,_, +af 2d, g+ +do=a?"1b, 1b+a? by oht oo +bb (d;=B) for
each b= B. Hence we obtain b,.,€Z SC. Consequently, Du=a?2Db, o+a? Db, s
reeeees +DbyeV. Repeating the same procedure, we have D#v =0.

Theorem 2. Let A/B be a &-Galois extension with Ap=By®B'p, Z a fiel. The
Sollowing conditions are equivalent.

1) o is an outer automorphism.

2) V=C.

3) G(A/B) is outer.

Moreover, if A is a ring without proper central idempotents, S=G(A/B)

Proof. 2)—3) and 3)—> I) are clear.

I)—~2). Since J,,={ac A|ax=06'(x)a, Vx € A1={a € Alaa = ¢'(a)a = (a +i)a}
={a e A| Da=ia}, each element v of J,; satisfies Dfv=i? v. On the other hand,
Lemma 3 yields that Dfv=0. Therefore v=0, that is, /,;=0. Thus we obtain
V=C.

"I A is a ring without proper central idmepotents, the assertion is a direct
consequence of Theorem 4,2 of [4]
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§ Kummer case.

Throughout the present section, we assume that the center Z of B is a field
which contains { a primitive #n-th root of I, & a cyclic group of order n with a
generator . If A is a strongly-®& Galois extension of B*® such that the center C
of A contains {, then as is shown in [2], A=Bla]l=B®aBP - - Pa"'B, a
free B-module of rank »n with a B-basis {1, «, a2 ---, «" 1}, satisfying o (@) = aZ
and acU(A). Hence, if we set p=& 1, p is an automorphism of B and ba=a-p(b)
for each b & B,

Theorem 1. [f A/B is strongly-& Galois extension satisfying C={ and Ag=DBg
@ B'p, then the following conditions are equivalent.

1) o=% for some veV,

2) V=Z =2C.

3) GA/B)=Z.

Proof. I)— 2) has been shown in [ 3] and 3)— 1) is clear.

2)— 3). Let ¢ be an arbitrary element of &(A/B). Then br{a) = w(ba)=r(a-p(b))
= ()= p(b) for each b= B implies that t(a)=a v for some ve V=Z. Hence, if there
exists an element weZ satisfying pw)= wy, waw '=a-plw)w '=av yields at once
z=i. Now, since Z is a cyclic extension of C with the Galois group (p), N.(w)=1
if and only if w=p(x)x~! for some x=Z by Hilbert Theorem [Cf. Théorém 3,
P. 171 (17} If ole) = aw, «" = («") = (aw)" = «"N,(w) shows that the existence of
veZ such that p(v)v ! = w, that is, o(v) = vw.

Let A/B be a strongly-® Galois extension mentioned in Theorem 1. If
V= Z’Z;é a'b; is an element of V, bv=uvb for each b B shows that each term o'b;
of v is contained in V again and further, «'b,&],; if and only if p(b;) =0’ since
cia)a’d; = (a'b ).

Theorem 2. Let B be an integral domain. 1f A is a strongly-& Galois extension
of B satisfying the conditions in. Theorem 1, then the followings are equivalent,

1) o is an outer automoyphism.

2) V=C.

3) G(A/B) is outer.

Moreover, if this is the case, $=G(A/B).

Proof. 3)— I) and 2)— 3) are clear.

1) —2). Let v:Z a'b; (b;=B) be an arbitrary element of J.;- Then each term

*) A ®-Galois extansion A of B is called a strongly-® Galois extension of B if A has no proper
central idempotents, and further ju+lus -+ +{n—lugn-1)(A)N U(A)#¢ where U(A) is the
group of units of A and ¢ is a primitive n-th root of 7 which is contained in Z, If B is
semi-local with Z 3 {, any &-Galois extension without proper central idempotents is a
strongly -® Galois extension,
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a'b; of v is contained in J,; again, and «'b; is non regular since ¢ is outer. Now
N. (&'b;) is contained in VNB=Z. Hence, if N, (a'b,)~0, we obtain that b, is
regular. Consequently, we have N, (a'b;)= 0. On the other hand, N/{a'd;)
=aib{a/Ch)aCb;) - (@ =Dib)=(ai)"p (= Di(b,)p=2i(h,) -+ p¥{b)b ({7 —D/2=0. Hence
b;=0. This means that /,;=0 if j=1,2, -, n-1

Let  be a subgroup of &. Then $ = (¢™) for some divisor m of n, and
AD=BP(a™\BR™ PB® - B@™)" B where m'=n/m. If r£im' (i=0, 1, 2, -,
m-1), 0 ¥ n, then 7+ jm'=lm' for each 7,{=0,1,2, -, m-1, A9 is an AD-direct
summand of A. Thus 8=8(A/B) by Theorem 4.2 of [4].
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