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                             1 Introduction

   On the homotopy groups of rotation groups R., considerably many results

have been obtained: In [7] and others, MiMuRA determined groups Ti (R.) and

their generators fori.sl 14, and in [5] KERvAiRE determined the groups Ti (R.) for

i>mn+4.
   In the present paper, we shall determine the 2-primary components of groups

Ti (R.), i= 15, 16 and 17, together with their generators. For this purpose, we

consider the homotopy exact sequence

                      i,, ･ p*
              >rri (R,,)-rri (Rn+i)-rri(S")-Ti-i(Rn) >

of bLmdle (R.+i, P, S"), and J-homomorphism

            1 : ni(R.) m-m')" rr.+i(S").

Starting with R3 which is homeomorphic to real projective 3-space, we obtain

our results inductively. The auther wishes to thank to S. Saito for his advice

throughout the preparation of the paper.

          '

                            Z Prelimimaries

   For any fibre space (X] P, B), we have the foltowing homotopy exact sequence

(2. 1) is, P* id            ･ - ･ ny ･ ･ - rri(F) - zi(X) - rri(B) - rri-. i(F) -･ ･ ･ ･ - -,

where F is the fibre P-i(xe) on a base point xo of B, i: F-X is the inclusion

map and ld is the boundary homomorphism. Homomorphisms i*, P* and id of

(2. 1) satisfy the following relation

            i.(evP) == i.(ct)P for aE rrj(F), PEzi(Sj),

(2. 2) P.(aP) =P,(a)P for ctG rr,･(X), PE rr,(Sj),

            id(evEP) == g(ev)P for (u E rj(B), P G riLi(SJ'-i),
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where E : Ti(Sj) ---)p rei+i(Sj'i) is the suspension homomorphism.

   Let R.+i be the rotation group of euclidean (n+1)-space, and i : R.---ritwR.+i

be the inclusion map. Then (R.+i, P, S") is a fibre space with fibre R.. Since the

group Rs is topologically equivalent to real projective 3-spa.ce P3, ff3(R3)f :Z with

a generator [ny2] (cf. [12]), and the correspondence [o2] ct----->v2a, ctErci(S3),

induces the homomorphism

(2.3) P, : xi(R3)orti(S2),

which is an isomorphism for i>2,

   Forn==3or 7, the bundle (R.+i, P, S") is equivalent to product bundle

S" × R. over S", and if we denote the homotopy class of the cross section of
this bundle by [t.], the correspondence (cy, P) -i,t,cr + [e.]P, cyEiiTi(R.), PEiiTi(S"),

yields an isomorphism

(2･ 4) ffi(Rn) + rci(S") fij sci(Rn+i)･

   Now, the notations of this paper conforrn to those ef [13]; in particular,

Ti(X:2) denotes the 2-primary component of the group Ti(X), and a subgroup Tl･i

of Ti(S'i) is defined by setting

(2.s) rr.,n==Ililjijif'?.tb(g""i:2)) I{l'i,t2z".n',",iiL,.

Groups rci'i and their generators are given in Table 1.

   Applying (2.1) to the bundle (R,,÷i, P, S"), we have

                        i. p. g
(2. 6) --=-'> rti(Rn : 2) 'anm">' rri(Rn+i: 2) - rci'i "--di-)' Ti-i(Rn : 2) -mp-)' ･

Let [a] denote an element of rci(I?.+i:2) such that P*(Iev])=cuETi", and let 1' :

R.+i-R., m>n+1, be the inclusion map, and define [a].,G rci(R.,:a by
setting [a],. == j*([a]).

   The groups Ti(R.:2) and their generators are known for i.S 14. We need

them in the subsequent calculation, so we give them in the Table 2.

   For the image of the boundary homomorphism d : Ti"-ni-i(R.:2), we have

the results given in the Table 3.

   The homomorphism

            J : rti(Rn)-rri+n(S")

of G. W. WHi'rEHEAD was defined as follows :
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   Table 1 : rrI:+i
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for n>i+1

iH- lol
n;t+i
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)7n

2

Z2

i7 9,

314Isl61
 1Z, I O
Pn

o Z2

v,2
,

7i 8
Z16
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F

Z2 Z2
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Z'1'

4

generators

rr lis

generators

r,'i'
6
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Z'1'
7
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n'i'
s

generators

2

Z4 Z2 Z2

i72pet, o2vlvr6, );)2vteG

Z2 Z2
172VtFt6, )7zVta76E7,

Z2

J72VI77GLt7,

Z,

rp2e3V?1

Z2

rp,g.

3
1
1

4

Z4 Z2 ZL,

Stl, E3vtl, vte6

Z2 Z2
Vt tt6, Pt)76e7

Z,

VI V6pt7

Z2

E3V?t

Z2

e
g

Zs Z4 Zz
v4at, Est, v4es

Z2 Z2 ZL, Z2 Z2 Z2
V40t O14, V,IE7, v4VT7, E4v12, (Ev)tE7, Eltl

Zs Z2 Z2 Z2 Z2 Z2
V40i rp?4, vZ v4pt7, v4rp7eB, (Ept)pt7, Evtv7es

Zs Z2 Z2
vZoto, v4n7pts, (Ev)in7pts

Zts Z2 Z2
V4C;7, E4P12, v4iJivls

5

Z2 Z2 Z2

vg, ys, rpse6

Zs Z2
V508, rp5pt6

Z2 Z2 Z2

Cs, vsas, vses

Z2 Z2 Z2
4

Ps, VsSts, Vs)7BSg

Z2 Z2
Vsa8Vi5, V5n8pt9

n == i
rt li4

.o'enerators

Z'1'
5

6

Zs Z2

V6, EG
l Z2 z, z,

generators ivg, pt6, rp6s7

T'li
6

generators

tt

Z7
T

generators

Z?8

generators

Zs Zz

V6a9, n6pt7

Z8 Z2

C6, V6V14

Z16

A(o,3)

7

Zs

al

Z2 Z2 Z2
atq14, L-7, EB

Z2 Z2 Z2 Z2

al .rp214, pg, tt7, rp7es

Zs Z2
v7alo} rp7pts

Zs Z2
C7, Silvls

8

Z Zs

aG Eat

Z2 Z2 Z2 Z2
asqts, (Eot)rpls, Vs, es

Z2 Z2 Z2 Z2 Z2
Osrp?s, (Eat)rp?s, Vg, ;tB, VsSg

Zs Zs Z2
a8V15, VsOil, )7sPtg

Z2 Z2 Z2

agV16, P9, es

Z2 Z2 Z2 Z2

2S09n16, P9, pt9,V9elO

 Let f : Si -----)> R. be a representative of an element ri(R.). Define a mapping

F : Si × S"-i ------)tv S"-i by setting

   F(X, .Y) == f(x)y for any xGSi and yES"-i.
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Let G(F) : S"+i tw Si ec S"-i --> S" be the Hopf-construction of F, where AxB

denotes the join of A and B. Then, G(F) represents an element J(ev) ff Ti+.(S").

   We have a diagram

                           i,l: P" ri
            ' ' ' ' ' ' -mprv)' rri(Rn : 2) > rri(Rn+i : 2) m-an> ri" di-)' rri-i(k'n : 2) m-m-> ' ' ' ' ' '

(2･ 7) JJ E SJ H tE""ia iJ
            ''''''Orr7+n - ff1+',f+t -T?'#';'ill-ffl"+n+1 >''''''

which is commtttative up to sign, and its lower sequence is exact ([11], Proposition

4. 2). Moreover, the homomorphism J : ffi(R.)--)> ni+.(S") satisfies

(2. 8) J(evP) = J(a)E'iP for any av Es Tj(R.) and P Ei rri(Sj).

Recali that

(2. 9) J([e7].)=a. for n> 8.
            J([vs].) == v. for n>8.

                   3 Groups zis(R.) and their generators

   In this section, we shall determine the generators of the 2-primary components

Of rris(Rn)･

   In the sequel, we shall use the abbreviated notation rci(R.) for rci(1?.:2)

   The homotopy groups of spinor groups Spin (n), n :!; 9, are given in [7] and

[9], and we have isomorphisms

(3. 1) rci(Rs) ftf Ti(Spin(5)) f ; Ti(Sp(2)),

(3. 2) zi(R6) -fvv Ti(Spin(6)) ftrs ni(S U(4)).

   The results for rcis(R.:2) are stated as follows ;

   Proposition 2. 1. xis(R3:2) =:: {[I,;p2]v'It6} + {[7;)2]v';76E7} ss ZL, + Z2

rris(R4:2) =L' {[V2]4V'Lt6} + {[V2]4V'V6e7} + {[e3]V'Lt6} -i- {[t3]V'06S7} f J Z2 + Z2 + Z2 + Z2

ffis(Rs:2) = {[v4a'za4]}fwZ2

rcis(R6:2) := {[vda'o"]6} + {[vs]as} ftgi Z2 + Ss

rcis(R7:2) :=: {[Via'Oi`]7} + {[Vs]7as} + {[q6])'7} + {[rp6]e7} tw Z2 + Z2 + Z2 + Z2

Tls(Rs:2) =: {[V4a'V14]s + {[Vs]sas}+{[V6]s-V7}+{[06]sS7}+{[e7]a'rpt4}+{[C7]"7}+{[e7]e7}

       fWZ2+Z2+Z2+Z2+Z2+Z2+Z2
rris(Rg:2) = {[8os]} + {[e7]gP7} + {[t7]ge7} + {[vs]gas} f fZ + Z`., -1- Z2 + Z2

ffis(Rte:2) = {[8as]ie} + {[e7]ioP7} -i- {[vs]ioas} es'Lf Z + Z2 + Z2

xis(R.:2) == {[8as].}+{[vs].os}JuZ÷Z2 for n=: 11, 12
Tis(Ri3:2) =: {[rp?2]} -{- {]vs]i3as} Cv Z + Z2

rris(Rn:2) ={[rp?3].} ft;Z for n ::'L .Z4, 15
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rcis(Ri6:2) = {[rp?2]i6} + [2eis] fuZ + Z

Tis(1?n:2) == {[rp?2].} fvZ fbr n>= 17.

   The following relation hold : [8aio]i3 =' 2[rp?2]･

   Proof. ' The reults for zis(R3) and ffis(Rd) follow diectly from (2.3), (2.4) and

Table 1.

   Rs : Since -7(Rs) R, Z and r7(R4) is finite,

(3. 3) i, : T7(R4) -----)p rc7(Rs) is trivial, t'. e,, i,([be]4v') = i.([T･,]v') =-= O.

Therefore i･* : ffis(R4)-rtis(I?s) is trivial, too. From this and (2.6), we have the

exact sequence

                        p. id
            O -----> Tis(Rs) A->- rrt, - fft4(R4).

Using Table2and 3, we can prove that the kernel of n:rcts---->rri4(R4) is

generated by v4ti'vii.

In fact, from Table 1, Tts == {v4o'rpt4} -F {vip7} + {v4e7} + {E4vm} + {Erv'v7} + {l!rpt'}

ftrf Z2 + Z2 ÷ Z2 + Z2 + Z2 + Z4. Then we have

            id(v4a'oiD= ri(v4a')oi3 by (2. 2),

                   == 2([ts]E')ni3 by Table 3,

                   =r- 2([c3]e'vi3) = O.

            A(v4Pv) =' zi(vd)P6 =:: [t3]v'P6 -l- a[v2]4v'P6.

            A(v4E7) = d(v4)e6 == [t3]vtE6 -f- a[)72]4vtE6.

            A(elv12) = zi(C4)S3Vll = 2[e31EsVll - [77214e3Vll = [V2]4e3Vll.

            A(Ev'E7) -- d(e4)e6 = [rp2]4E6･

            ti(EFti) ;= zi(T4)?' = 2[t3]Ft' - [772]4/.t'.

Thus, from the above exact seqttence and by definition of [vea'?i4], we have

            rcib(Rs) = {[Viif'rpi4]} NN Z2･

   Let (2.6). denote a part of the exact sequence (2.6) starting with xl'6 and

ending in zi4(R.), i, e. ,

               ti i" 1)" id
(2･ 6)n rrif6 > rris(Rn)O rtis(Rn+i) > rr1's- rri4(Rn)･

   Rci : Consider (2.6)s. Since [e3]st{' := 4[2p4a'] in rrit(Rs), using Table 3 we have

            `d(j7sLt6) =: id(es)o4tts by (2. 2),

                 == [e3]so3Zpts ' by Table 3,

                 =2[t3]st' by (7,7) of [13],
                 = 8[2vtff'] :N O,
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Table 3 :

cr E nt.t

    t
zia

C4

2[e3] - [o72]4

t
5

[C3]5rp3

e
s

2[t7] - [ns]B

E
j

eg

[V5]9 + [t7]9V7

cr E ffll tll

da [e7]ltV7

t13

[rp11]13

e15

[V6+S6]5

V5

o

rp6

o

vZ

o

V8

2[e7]v7 - [v?]

cr Ei ntl

    t
dev

v4at

2[t,]£i

as

[t7]al - [V6 + G6]

IIZTt ve

2[e7]ot - [wse6] 2[vs]

                     '

   cr Ez'il v4
    ricv [e3]vt+a[v2]4vi for OSaS3

                          ttttt

From Table 2, there exists an element [vs]as E Tis(R6) such that Ps,([vs]as) == vsas･

Since [vs] is of order 8, [vs] as is of order 8. 0n the other hand, by (3.2) and

Theorem 6. 1 of [7], xis(R6) fw Zs + Z2. Thus, from (2. 6)s, we have

            rris(R6) == {[Vs]as} + {[V4a'opi4]6} fW Zs + Z2

and

(3.4) i* : rris(Rs)-rris(R6) is a monomorPhism.

   R7 : Consider (2.6)6. From Table l and 3, we have yelations;

            "(,76E?) = A(v36 = ,76D7) =O by `a(776) ==; O,

            A(pt6) 'vO by Table 2.
(3. 5) d(v6ag) == d(v6)aB= 2[vs]as by Table 3 and (2. 2),

            A(n6pt7)=O by Table 3.

Therefore, from (2.6)6, we have the following exact sequence

                                     z* p*
            O > {[vs]6as} + {[V a'qi4]6} > Xis(R7) O {v63} + {ty6e7} - O.

From Table 2, there exist a element [q6]E7 and [rp6]P7 in rris(R7) such that P*([ny6]e7)

== rp6 e7 and P*([rp6]v7) == v6-v7 == v63 (by Lemma 6. 3 of [13]).

Since v7 and e7 are of order 2, [v6]v7 and [rp6]e7 are of order 2. Thus we have'

            ffi5(R7) = {[rp6]P7}+{[q6]e7}+{[V5]7a8}+{[Vda'rpi4]7} f: ;Z2+Z2+Z2+Z2,

   Rs : The result for rris (Rs) foliows frotn the result for Tis(R7), (2. 4) and Table 1:
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    Rg : From Table 3, we have following relations

 (3. 6) ts(Ps) = id(Cs)V7 = [ny6]sV7,

             id(Es) = ld(es)E7 == [)76]sE7,

             d(asrpls) == [e7]o'rp14,

             id(Ea'rpls) := [V40'rp14]s･

From (2.6)s and Table 3, we have the exact sequence

                                                       Ps;
             O FanM)' {[e7]gP7} + {[C7]gS7} + {[Vs]gas} ---)･ rris(Rg) -----)･ {8as} -----)p O.

Thus, from the fact that 8as is of order infinite, we conclude

             rets(Rg) = {[8as]}+{[`7]gP7}+{[`7]ge7}+{[Vs]gOs}fVZ+Z2+Z2+Z2･

Moreover, from the exactness of the sequence (2.6), we have

(3. 7) i, : rci6(Rs) --rip Ti6(Rg) is an ePimorPhism.

    Rio ;. Consider (2.6)g. Using Table 3, we have

             ta(vg) := a(e,)vg by (2. 2)
                 == [vs]gvg+[e7]gv7vg by Table3
                  =[vs]gvg by Tii=O.
Thus, from (2. 6)g, we have the exact sequence

                       d i.
             rc?6 = {ag} ---> rris(Rg) - xis(Rio) --> O.

For the homomorphism A : rc?6----)terris(Rg), we have

(3. 8) A(ag)= A(eg)as by (2. 2)
                 =[e7]gV7as+[vs]gaB by Table3
                 = [C7]g"7+[e7]ge7+[vs]gas by (7. 4) of [13].

Therefore, from the above exact sequence, we have

            rris(Rie) == {[8as]io} + {[e7]ioil7} + {[Vs]ioas} tw Z + Z2 + Z2･

Rii:Consider the diagram (2. 7) '

                       A i.
            rrI06 = {v?o} - rcis(Rio) -----)v･ rris(Rti) ----De･ zlOs = O

             SEit ASJ E SJ
            rrge= {vB" -----)te･ Tss --t---). T!g ----> rr3e ==o

21
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Then we have

            ziEitv?e == A(vgi) =oio-vi7 Sff O by (10. 20) of [13].

Therefore, from the above diagram and rcl8f¥Z2, we have that A: fflg >

rcis(Rie) must be non-trivial. On the other hand, we have

            J([e7]ioP7) = J([t7]te)EiOP7 by (2. 8)

                   =` aie"i7 by (2. 9).
           J([vs]ioas> == J([vs]io)EiOos by (2. 8)

                    == Vi"ais by (2.9)
                    == O by Lemma lO.7 of [13].
                '
From the above diagram we have

            d(vio2) = [e7]!oP7 + X[vs]ieas

where xrm-1or O. Therefore, the exactness of the upper row sequence of the

above diagram, we have

            rris(Rii) = {[8os]n} lm {[vs]nas} fu Z + Z2,

and from the exact sequence (2, 6) we have that

(3.9) i* : rri6(Rio) >Ti6(Rii) tls an ePimorPhism.

    Ri2 : Since rtk = Tles = O, we have the result for Tis(Ri2) from (2.,6)io.

    To show the result for Ri3, we shall need the following

    Lemma 3. 10. (SuGAwARA [11]). Let a be an element of rr..i(S"). Then We have

                       (o ifnis odd,
            En+3p*d(ev) =i 2 E,.2cr if n is eVen,

where d : n,,i(S")-rt.(R.) is boundary homoinor Phlsm and P* : rc.(1?.) -

rr.(S""i) is a homomor Phism induced by the bttndle Proj'ection P : 1?. ----> S"-i.

    Ri3:From (3.10), Ei5P*A(vi2) == Ei5(2vii). Since E`5:rrll--)pzZg is an iso-

morphism, we have P*d(vi2) = 2vit. By definition of [2vn], n(vii) = [2vii]. From

the fact that order of [2vii] is equal to 4, we have that the kernel of ti:rrlg--->

rri4(lei2) is generated by 4vi2 == v?2, Thus there exists an element [v?2] Ei xis(Ri3)

such that P*([n?2]) = 4vm.

    Consider the following diagram

                              t* p*
            o = rrl,2 - rr,,(R,,) -> x,,(Ri3) - {v?2} -> O

(3.ii) iJ . JJ                                        H JEi3

            o=Tgg - zE,2 - rtEg -{rp:,}----)p- o
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of (2. 7). The upper row sequence is exact by the above fact and the lower seq-

uence is exact by (10.11) of [13]. We have

             rr>ij == {E3p'}+{si2} syZi6+Z2 by Theorem 10.5 of [13],

             TE?={pi3}+{ei3}fsZ32+Z2 by Theorem 10. 10 of [13],

             E`p'=2pi3 by Lemma 10.9 of [13],
and H(pi3)=4v2s=vgs by (10. 11) of [13].
    Next we prove

    Lemma 3. 12 J([8as]i2) == E3p'+xei2 fbr x=O or 1.

    Proof. Consider the diagram

                   t* PSi
             rr,,(R,) ---)p rci,(Rg)' - rr?s

               SJE !J fl SE9

            T238 -----)ta rr84 O TS74

of (2.7). Then we have

            if 1([8as]) = ±E9(8as)

                      == 8ai7

                      = H(pt)                                          by (10. 2) of [13].

                                                 '
Thus, J([8as] !!i p' mod Errij3.

By definition of [8as]i2 and the diagram (2. 7),

            J([8as]i2) = J(i*([8as)]))

                    = E"J([8as])

                    E E3p' mod E`rcS3

                    .= E3pt + xei2,

where x == O or 1 and d* : rris(Rg) ----ie･ ffis(Ri2) is a homomorphism induced by the

inclusion map l' : Rg ---ip･ Ri2. q. e. d.
   From the above diagram, we have

            J([op?2]) i! pis mod Errb4.

Therefore, from (3.11),

            [8as]i3 = 2[rp?2]･

Thus we have, from the exactness of the upper sequence of the diagram (3. 11),

            Zis(Ri3) = {[rp?2]} + {[Vs]tsa6} f¥ Z + Z2.

   Ri4 and Ris:Consider (2.6)i3 and (2.6)i4. According to Theorem 3of [5],
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we have

(3.13) ti(vi3)"O, 2d(vi3)=O; ld(v2i3) tcO, id(qi4)IO･

Therefore we conclude

         rris(Rn+i) = {[rp?3]n+i} fVZ for n= 13 and 14.

   Ri6 : Consider (2.6)is, From Theorem 23,4 of [12], we have

(3. 14) P*zi(ci6) = 2Cis･

On the other hand id : rrl65#¥Z2-----)prtis(Ris)s¥Z is trivial. Thus

exact sequence

         O -----). rris(Ris) -----)lp rris(Ri6) - {2eis} f v Z -----)b･ O.

Therefore we obtain that

         rtis(Ri6) ==: {[rp?2]} ÷ {[2`,,]} ftef Z + Z.

   R. for n). 17 : From (3.12), (2.6)i6 and the stability of rcis(R.),

         rtis(R.) ={[rp?2].} f¥Z for nl.lll 17.

we have the

we have

              4. Groups rti6 (R.) and their generators

  The results for Ti6kR.:2) are stated as follows:

  Proposition 4. 1. rri6(RB:2) = {[)72]v',76Lt7} ftrf Z2

rti6(R4: 2) = {[t3]v'v6th]}+{[q2]4v'rp6pt7} f S Z2+Z2

Ti6(Rs:2) == {[v4a'za4]rpis}+{[v?]}v?o} SV Z2-luZa

rri6(R6 : 2) =: {[v4a'vi4]6rpis} -i- {[vZ]6v?o}+{[Cs]}+{[vs]Ds} -i- {[vs]es}

      ftJ Z2-l-･ Z2+Zs+Z2+Z2

r16(le7:2) =:: {[v4o'va4.]7rpls}{-{[v2d]7vlo}-1-{[Cs]7}+{[vs]7Ds}-i-{[vs]7es}+{[rp6]rp7es}+[rp6]Ft7}

      flrSZ2-i-Z2+Z2+Z2-FZ2+Z2+Z2
rci6(R8:2) = {[V4a'Vi4]sVis}+{[V?]sV?e}+{[ags]8}+{[Vs]8il8}+{[V5]8e8}+{[V6]8tt7}+.

      {[n6]Bn7E8}+{[C7]ff'O?4}+{[e?]V¥}+{[C?]pt7}+{[e7]n7e8}

      reZ2+Z2+Z2+Z2+Z2+Z2+Z2+Z2+Z2+Z2--Z2
Ti6(Rg:2) = {[g's]g}+{[vs]gPs}-F{[vs]ges}+{[e7]gv73}+{[c?]gFt7}+l'{[t7]grp7es}

      A$ Z2+Z2+Z2+Z2+Z2+Z2
rri6(Rio :2) = {[2ag]}-F{[t7]!gv73}htT {[e7]iept7} ft' Zi6+Z2+Z2

7ri6(Rii:2) = {[e7]iiv73}+{[C7]iiLt7} f : Z2+Z2

Ti6(R.:2) = {[e7].pt7} fw Z2 for n = 12, 13

rri6(Ri4:2) = {[t,]i4pt7}+{[2vi3]} f ; Z2+Z4
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 rrt6(Ris:2) = {[C7]isXt7}+{[rp?4]} At Z2+Z2

rri6(Ri6 : 2) = {[o?4]i6}I-{[e7]t6st7}-F{[zas]} s¥ Z2+Z2+Z2

rri6(Ri7 :`2> = {[27]i7g7}+{[Vis]i7} fY Z2+Z2

ri6(R.:a = {[c7].re7} pty Z2 for n> 17.

    I'roo£ From (2.3), (2.4) and Table 1, we have the results for rci6(Rs) and
rci6(R,).

    Rs : Consider the exact sequence

                  i* Ps, A
            Ti6(R4) '-mm'-)p rri6(Rs) --=-"tv ri`6 > rcis(R4).

By the same argument as in the case of i* : rris(R4)--->rris(Rs), we have that

i* : xi6(R4)-Ti6(Rs) is trivial. On the other hand from Table 3 we can prove

that the l<ernel of d : af6--->rcis(Ri) is generated by v4a'rp?4 and pa. Then, the

exactness of the above sequence, we have an isomorphism

            Pti, : xi6(Rs) ----)p {v4a'rp?4} + {v`4}.

From Table 3 and the result for reis(Rs), there exist elements [v4ff'vi4] Ei rris(Rs)

and [vZ] E rrio(Rs) such that p*([v4a'qi4]) == v4a'rpi` and p*([v2]) =: vX. Therefore we

obtain from (2.2) that .

            rri6(Rs) == {[vda'ui･i]?is} + {[v24]v?o} f f Z2 + Z2.

   R6 : From Table 3 and (3.4), it follows that the sequence

                        t* p*
            O ---p･ rrt6(Rs) ----)v･ rri6(R6) - n26 m---> O

is exact. From (3.2) and Theorem 6.1 of [7], the above sequence splits. From

Table 3, there exists an element [vs] E rrs(R6) such that p*([vs]) = vs.

Thus we have from (2, 2)

            rci6("l?6) =: {[ags]}-F{[Ps]Vs}+{[Vs]Es}-l-{[V4a'Oi4]6Ms}+{[VZ]6V?o}

                                                                    '                ' f f Z8+Z2+Z2+Z2+Z2･

   1?7 : From (3.5), the exact sequence (2.6) yields the following exact sequence

                A i.. P. ･            rrY7 > rri6(R6) --::-)> rci6(R7) D {4v6(rg} + {v6pt7} --ti). O.

Now we have following relations :

            A(C6) == 2[Cs] + a[Ds]Ds + b[vs]es a, b=O or 1,
(4. 1)

            `a(v6Dii) = O.
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In fact, since E9P*A(s"6) = 2E9Cs by (3. 10), we have zi(C6) = 2[4s] + a[vs]"s + b[vs]es

for some integers a, b. And ' .
                                 '
            id(v6vi4) := ta((v6-Fe6)vt4) by s6vi4 = O,

                 == id(v6 -Fe6)vt3 by (2. 2)

                 =o by Table 2.

By (7.10) of [13], 4v6ag= rpges. From Table 2, there exist elements [?6]rp7,as and

[v6]#7 such that P*([ne]v7#s) = rpgps -- 4v6og and P*([n6]pt7) -- o6y7. Since thes and pt7

are of order 2, it follows that [v6]lj7Es and [o6]Lt7 are of order 2. Thus, from the

above exact sequence, we have

            rr16(R7) = {[Cs]7}+{[Vs]7Ps}+{[Vs]7Es}+{[V4drp14]7Vls}+{[VZ]7Vie}

                 +{[076],77Es}+{[076]Lt7} f : Z2+Z2+Z2+Z2+Z2+Z2+Z2･

Moreover, by Lemma 6.7 of [13], we obtain that the kernel of

(4. 2) A : re?,Orri6(R6)

is generated by 4C6 = rp62ys and V6vi6･

   Rs : By (2.4) and Table 1, the results for ffi6(Rs) are given,

   Rg : By (3.7), (2.6) yields the following exact sequence

                A i,,
            nY7 --Dtv xi6(Rs) ---> riG(Rg) ---)p O.

For the homomorphism d : n?7 --> Ti6(Rs), making use of the Table 1 and 3 and

the formula (2. 2), we have that

            A(v,3) = [v?]sveo,

            a(pts) == [v6]spt7,

(4. 3) ld(asn?s) =: [e7]a'lj?b

            A(.l!ila'rpk) == [v4o'rpid]srpts by (3.6),

            d(rpsEg) =: [rp6]sV7es･

Thus, from the exactness of the above sequence, we have

                                                                 '
            rri6(R9) == {[q5]9}+{[V5]9P8}+}[V5]9e8}+{[e7]9Vg}+{[C7]9P7}+{[t7]9V7e8}

                 f tf Z2+Z2+Z2+Z2+Z2+Z2･

   From (4. 3) and the exact sequence (2. 6),

(4.4) i* : rti7(Rs) o rri7(Rg) is an ePimorPhism.

   Rie : From (3. 8) and (2. 6), we obtain that the sequence
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                id i. p.
             x?7 "`muum)' zi6(Rg) bnmp)' rri6(Rto) -bl-'"' {2ag} ---> O

is exact. By the use of (2.2), (3.8) and Tables1and 3, we have the following

relations :

            A(Eg) ==: d(eg)es =: [vs]ges + [C7]grp7es,

(4. 5) a(Vg) == ld(Cg)Vs == [Vs]gVs + [C7]9V7V8

                       := [vs]gvs+[c7]gvg by Lemma 6.3 of [13],
            A(agrp16) = A(ag)rpts = [C7]gP7rpls + [C7]ge7Vls + [Vs]ga8n15

                  == [e7]gVij + [C7]grp7es + [vs]gasrpis by Lemma 6. 3 and (7. 5) of [13.],

where [vs]gffsvis is a linear combination of [Cs]g, [vs]gDs and [vs]ges.

Thus, from the above exact sequence, it follows that the sequence

                                          t* p*
(4. 6) O ---> {[t7]gtt7} + {[Cs]g} + {[c7]gv-3,} ---> rri6(Rio) --)p {2ag} --ptin)be O

is exact. Consider the diagram

                      d p.
            rrlg == {aie} O Ti6(Rio) didip)' rt?6 == {ifg}

            f¥SEii d Sj H tw                                        JEio

            rtgg =:: {a2i} --"･ rcb8 --> rebg == {c,,}

of (2.7). Then we have

            E'aP,ld(aio )= 2E'3ag by (3. 10).

Since Ei3 : T?6-T3v2 is an i'somorphism, P*d(aio) = 2o6.

Therefore, by definition of [2ag], we have

(4. 7) d(aio) == [2ag]･

By (12.19) of [13], the homomorphiom AEii : rtlg----)e･rr6a is a monomorphism.

On the other hand

            HdEii(aie)=±2aig by Proposition 2.5 and 2.7 of [13],

                     == ±HJ"(aie)

                               EH
Thus, from the exact sequence Tgs--->rcSg---)pt rr5e of [13] and (4.6), we have

                                                         '
(4. 8) J([2ag]) i!i ±ut(62D mod Err92s.

Therefore it follows that [26g] is of order 16. We have a relation:

            J(8[2ag]) =: Jd(8aie) by (4. 6),

                   ,= ±dEi'(8aio),
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                    == ±d(8a2i),

                    :== aiopti7+ttiooig (cf. the page 156 of [13]),

                    == J([c7]iog7) + ptioaig by (2. 9).

Thus we have J(8[2ag] - [e7]to,a7) ¥O. From the exact sequence (4.6),

             8[2ag] - [e7]io,tt7 =: x[Cs]io + Y[e7]iov?･

for some integers x, y (x, y==O or 1). On the other hand,

            J([c7]tov73) = J([e7]to)EiOv7S by (2. 8),

                     == aiov?7 ==O by (7. 1) of [13] and (2. 9).

Therefore we have x == 1 and J([4s]io) = gieaig. Thus we have obtaind

            8[2ag] = [e7]iept7 + [Cs]io + y[e7]iovg,

                                                          tt          t fiwhere y==O or 1. It follows from the exactness of the above sequence

            ffi6(Rio) = {[2ag]} ÷ {[t7]ioft7} + {[e7]ieV73} f , Zi6 + Z2 + Z2･

                                                  tt   Rn: By (3.9), we have an exact sequence

                 d i.
            rr107 ----)e･ rri6(Rio) --tuthltu rri6(Rii) ppt> O･

Then it follows from (4. 7) that

(4. 9) zi : xlO, ---)b rce(Rio) is a nzonomorPhism

and

            Ti6(Rii) = {[C7]iiFt7} -i- {[C7]tiV?} tw Z2 -Y Z2･

   Ri2 : Consider the exact sequence

                       ri i"
            rle={v?i} >xi6(Rn) aj ffi6(Ri2)P" --)p rtl6i :=:O .

of (2.6). We have the relation;

            A(v?i) =: g(cii)v?o by(2. 2),

                  =[C7]iiV? by Table 3.

Then it follows from the exactness of the above sequence that

(4. 10) d : xll ---> Ti6(Rii) is a monon2orPhisnz

and

a relation

that



                  On the Homotopy Groups of Rotation Groups R. 29

             Ti6(Ri2) == {[e7]tipt7} f S Z2･

    Ri3 : rrl¥= rrlg=O by Table 1. Then, from the exactness of (2.6), it follows

that

             Ti6(Ri3) == {[e7]ispt7} 5 S Za..

    Rit : From (3.13) and (2.6), the following sequence

                              z* p*
             O === rclij ----)ijp rt,,(R,,) --)te ff,,(R,,) -> {2p,,} ------)p･ O

is exact. Consider the diagram

                        id p,i,
              nl# =: {vit} ----)inp rci6(RiD --ete nlg ='=n {vi3}

                        zi IJ                                  HfWtE14             fvlE!s

              ff38 = {v2g} ij rtga ----)pt rr:g = {v27}

of (2.7). Then we have

             Ei7P.Avt4 =2Et7vis by (3. 10).

Since Ei7 : rrlg -----> rrgg is an isomorphism, we haveP*dvi4 == 2vi3. Then, by defini-

tion of [2vi3], we have

(4. 11) avi4 == [2vi3].

On the other hand,

             Tkg == {bli4} +{ai4pt2i}fsZs+Z2 by Theorem 12. 16 of [13],

            H<toi4) == v27 by Lemma 12. 15 of [13],

and dv2g =: ±2tui4 (cf, page 159 or [13]).
Thus, from the above diagram

(4. 12) J([2vi3])= JAvi4

               . =±tiEi5vi4
                    .. ±dv2g

                    == ±2ca14.

If [2vi3ll is of order 8, then, from the above exact sequence, we have i*([e7]iBth)

= [e7]iqe7 = 4[2vi3], and

            07L aidy2i=J([c7]2gpt7) by (2. 9)

                     = J4(2p,,)

                     ='- ir8caid by (4,12)
                     == o



This is a contradiction, and hence [2vi3] must be of order 4. From the exactness

of the above sequence, we have

            rri6(Ri4) = {[2Vi3]} + {[t7]i4pt7} f¥ Z4 ÷ Z2･

Moreover,

(4. 13) The kernel of d : sci?'` ij rri6(Ru) is {4vi4} ={ep?6}･

   Ris : From (2. 6), (4, 10) and rris(Ri4) fts, Z, it follows that the sequence

                          '                                  p.
            O aj [e7]isFt7} an-"de> Ti6(Ris) ----)- nl64 == {rpk}4 ----)> O

is exact. Consider the diagram

            '                                     p,
            O--)･{[C7]isth}-----> Ti6(Ris)                                    ---> {nyl,} -> O
                    tJ JJ Hfu                                           tEls

            o------->{oispt22}+{(vis}-----)e･zg? -{oZg}--->･o .

of (2. 7), where the lower sequence is exact by Lemma 12. 14 and (12. 20) of [13].

We have

        '            J([C7]ispt7)= aisrt22 by (2. 8) and (2. 9).

Thus, from the above diagram, we have

(4. 14) ･ J : zi6(Ris) ----> rc5? is a monomorPhis m.

On the other hand,

             r,k? == {wis}-i-{aisct22}+{tt:"} rfZ2+Z2+Z2 by Theorem 12. 16 of [13]

and

            H<v"') ==: o3g by Lemma 12. 14 of [13].

Therefore, there exists an element [ny?4] E zi6(Ris) of order 2 such that P*([rp?4])

 =qk. Thus, from the exactness of the above sequence, we have

            Ti6(Ris) := {[e7]ispt7} -l- {[rp?4]} fU Z2 + Z2

and

(4. 15) J([??,]) .., ?:ic,,

   Ri6 : Consider the diagram
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                        d i. p.
             T157 =: {v?s} ---> ni6(Ris) ---b rri6(Ri6) --> rg? =: {vis}

              f¥SEi6 d SJ E SJ Hf¥                                              S E16

             Tgg={rp3,} ---)}･ T5? ij rrkS -rrlg,--{rp3i}

fo (2. 7). From (4, 14) and by five lemma, we have

(4.16) J : Ti6(Ri6)-Tk8 is a monomorPhism.

From Lemma 12. 14 of [13], id : rrg5 >rck? is trivial. Thtts,

the above diagram, it follows that

(4. 17) d : rti,i5 ----)- rci6(Ris) is trivial.

On the other hand, from Lemma 12, 14 o'f [i3], there exists an

such that H(rplg6)= rp3i and 2oi6 == O. Moreover, from the above

exists an element [rpis] E zi6(Ri6) such that

            P*([rpi5]) = rpi5,

            2[rp,,] = O,

and

(4. 17) J([vis]) = Vi6･

Thus, from theexact sequence

                        i. p*
            O ---m-> rri6(Ris) --> ni6(Ri6) - ff165 --)- o,

we have

            Z16(R16) =L' {[rpls]} + {[rp?d]16} + {[e7]16pt7}

              . NZ2+Z2+Z2･
From the above diagram, we have also

(4. 18) J([ty?,],,) - J(i,[rpk])

                   -El([n?g) by (4.15)
                    = Erp:kt.

   Ri7 : Consdier the diagram

                       A i.
             rrl9 == {?,,} -----)p･ ff,,(R,6) -----)tv zi6(R,,) -----)p･ O

                                E SJ H            ,,,JEi7 d SJ

             rg? == {?,,}- xsg -ffss -ffgg={t,,}

of (2.7), where the upper sequence is exact by (3.14).

31

from (4.14) and

element rpl"6 Ercl. 26

diagram, there
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We have a relation
                            '                                        '
             d(rp33) Eii Erp'k' mod E2Tg3 (cf. page 160 of [13]).

Thus, from (4,18) and (4.16), we have

(4. 19) d(rpi6) :i: [rp?t]i6,

and

             r,l6(R17) == [{Vls]l7} + {[e7]171t7} f:; Z2 -i- Z2･

Also, we obtain ･
(4. 20) J: rri6(Ri7) ----)p ffgg is a monomorPhisni..

    R. for n lll! 18 ; Consider the diagram

                    d i,
               rt1'7 -----> rci6(Rt7) - rri6(Ris) ij zlg = O

             ftfSEi8A SJE JJ

               rtgs - Tgg ---->･ rcg2 ------)･rrgR=o

of (2.7). Then

             Jd(ci7) =:: tie3s == rpl'7 (cf. page 160 of [13])

                   =J([rpis]i,) by (4. 2o).

Thus, from (4, 20) and the stability of rri(R.), it follows that

             Ti6(Rn) = {[c7].tt7} fs Z2 for n lll 18,
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