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For any space X, QX5 EXiX is a Hurewicz-fibring, which is a powerful
tool in algebraic topology. In this note, we shall define a fibre-map ¢: 2X — X
and give some of its properties.

Throughout this note, all spaces are assumed to have base points, which are
denoted by «; all maps (homotopies) are assumed to preserve (keep fixed) bhase
points.

Let I be the closed unit interval. For any apace X, let F(I;X) denote the
mapping-space of Iinto X (base points free) with the compact-open topology. Put

EX ={a € Fl; X} a0)= +},
QX={ae EX, al)= =} .

Then, as is well known, 0x - EX~D>X, Pa) = a(l), is a Hurewicz-fibring, i. e.,
for any space Y, p has the lifting homotopy property (cf. [17], [2] and [4]).

Proposition 1. Define q:2X — X by qlo) = «(1/2), then q is a fibve map in the
sense of Serve, 1. e., for amy polyhedron P, q has the lifting homotopy property.

Proof. Let P=|K|, K being a finite simplicial complex, F:Px[-X,
g:Px(0)— £2X and geg(x,0) = F(x, 0) for all xeP.

Let K" denote the n-skeleton of K, and P*=[K"| We shall define G, :
PrxI— 02X, G,|P"x{0)= g|P*"x(0), q¢G, = F |P"xI by the induction on #.

Let v be a vertex and g({v, 0) = @, € 2X. Define G;): 0 x TUulIxIulx (1/2)
—X by

G, (0, 5) = a, (s) ;

Gyt ey =+, e=0, 1,

Gi(t,1/2) = F(v,1)

Since (0) x I U Ix Iis a strong deformation retract of IXx I, we may extend
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G', to a map G,:I x [—X. Defining Gy :v x [— 02X by G,y (v, 8)(s) = G,{t, s), we have
the required map.

Now, assume that we have already defined G, for all i<#n. Let ¢ be an
n-simplex of K. By the inductive assumption, there exists a map Gj : [;[ x [-0X,
satisfying ¢-G, = F |15 1 xI. Putting G; (v, &, =G, (» 1) (s), we have a map
G's: o] x I x I-X satisfying G'; (3, 0,s) = g(y)(s)and G! (3, t, 1/2) = F(y, t). Extend
G! to Gy ol xIx TU Jo] X(O)xTU |of xIx {0, 1/2, 13—~ X by G} (5,0,5) =
g3 0)(s), Guly, t, &= % ¢=0, 1, and G, (9, ¢, 1/2)= F(3,1).

Since I(;'] x Ix [0, 127U ol x(Q)x [0, 1/2] U |o] x I x {0, 1/2} and ]:r[ x I %
[1/2, 1JU Jo} x (0) x [1/2, 1] U o] x I x{1/2, 1} are strong deformation retracts
of |o] xIx[0,1/2] and |o] X I x [1/2, 1], respectively, we may extend G, to a
map G.: o] xIx I— X, such that G, (y, 0, 8) = g(y,0(s), Go(y, t, 1/2) = F(y, t) for
all ye |o|. Define G, : P’XI1— £2X by

G, (9 1)(s)=Gs(y, t, 3)

for all (y, {) = |o] x I, then, by a usual discussion, we may conclude that G, is a
required lifting.

Corollary. For any s € I, defining q,: 2X— X by qJa) = «s), we have a fibre
map in the sense of Serre.

Proposition 2. Let F be the fibve of the fibve map q, i, e., F = qx). Then,
we have exact Sequences

0—=7i(X)—>a (F)>ma(X)—0
Sor all i.
Proof. By the above corollary, we have q¢ : =z, (2 X)— =,(X) are triviali for

all 7. Considering the homotopy exact sequence
qx
= 71 (RX) L 7o (X) = 7 (F) —r, (2X) —
of the fibre space F'— 2 X — X, we have short exact sequences
0— 7 (X)) = 7 F) — 7, (RX) — 0.

Since (X)) z ;41 (X), we have the required ones.
The multiplication p: 2 Xx £ X — 02X defined by

« (21), 0=t <1/2,

o (ce, f) =
¢ (e, B)(t) B(2t—1), 1/25t£1,

makes X an H-space, which is homotopy—associative and has the homotopy-
inversion v defined by ua) (¢} = a(1—1).
Since ¢/ = p|FxF: FxF—F, (F, 1) is an H-space, however, (F, z') is not

1) Notice that ¢ itself is not homotopic to .
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1
homotopy-associative and has not homotopy-inversion.

If X is an H-space with a multiplication #, £2X has the induced multiplication

m defined by
77(&, ﬂ) (t) - 77]’(“@)7 Ag(t))’

which is homotopic to g, and g(m(a, f) = m(q (@), ¢(p).
Therefore, (F, m| FxF) is an H-space, moreover, if m is homotopy-associative
or has homotopy-inversion, then # and m [Fx F has the same properties.

Proposition 3. If X is an H-space with a multiplication m, F S0X 5 X is an
H-fibvation in the sense of [ 3].

Proof. It sufficies to prove that there is a homotopy H,: F\/E — E satisfying
the following conditions:

(1) Hy= pj,
(it) Hi =V {EV1),
(ili) ¢H, (F\/F) =+,

where j:F\/ E—-FxE 1is the inclusion map and VV: E\/ E—~E is the folding
map. Such a homotopy H is easily defined from the homotopies

m (%, )22 x 2m(x, =)
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1) u(F)cF, but homotopies p(ula),a) ™ % = ula,v{a)) are not necessarily in F.



