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States on the coupled quantum system M,(C)® M, (C) whose restrictions to each
subsystem are the normalized traces are called marginal tracial states. We investi-
gate extremal marginal tracial states and compute their maximal rank. Diagonal
marginal tracial states are also considered. © 2010 American Institute of Physics.
[doi:10.1063/1.3481567]

I. INTRODUCTION

States on coupled quantum systems have recently studied from many points of view. In this
paper, we focus on states on the coupled quantum system M,(C)® M,(C) whose restrictions to
each subsystem are the normalized traces. Such states are called marginal tracial states. In Ref. 2,
Arveson showed a marginal tracial state of rank r is almost surely entangled when r<n/2.

In Ref. 5, Parthasarathy showed that every extremal marginal tracial state on M,(C)
® M,(C) is a pure state. After that, in Ref. 6, Price and Sakai gave necessary and sufficient
conditions for a state to be extremal among marginal tracial states and conjectured that every such
a state is pure if n=3. Actually, in classical probability theory, the Birkhoff’s theorem says that
every extremal point of the set of doubly stochastic matrices of order n is a permutation matrix, so
that the only extremal points are the trivial ones. In this paper, by using the one-to-one correspon-
dence between marginal tracial states on M,(C)® M,(C) and unital completely positive trace
preserving (UCPT) maps on M, (C) (see, e.g., Refs. 1, 7, and 8), we give a negative answer to the
conjecture with the help of the result of Landau and Streater (Ref. 4, Theorem 1) which shows the
existence of a nonunitary extremal UCPT map on M,,(C) for n=3. To the author’s knowledge, this
result, first known by Arveson and told to the author by Price in private, has never been published,
and so we will give it for the completeness of the paper. Moreover, we compute the maximal rank
of extremal marginal tracial states for some special cases and consider diagonal marginal tracial
states which correspond to diagonal UCPT maps introduced in Ref. 4.

In Sec. II, we recall the relation between marginal tracial states and UCPT maps and construct
a nonpure extremal marginal tracial state. Furthermore, we compute the maximal rank of extremal
marginal tracial states on M, (C) ® M, (C) for n=3,4 and give a lower bound on the maximal rank
of extremal marginal tracial states for n=5. In Sec. III, we investigate the maximal rank of
extremal diagonal marginal tracial states and show that the set of such states of rank a with a?
=n is dense in the set of all diagonal marginal tracial states of rank a or less.

Il. MARGINAL TRACIAL STATES AND UCPT MAPS

In this section we recall the relation between marginal tracial states and UCPT (unital com-
pletely positive trace preserving) maps and compute the maximal rank of extremal marginal tracial
states.

Definition 2.1: A state p on M,(C) ® M, (C) is a marginal tracial state if the restrictions of p
to M,(C)®1I and 1@ M, (C) are the normalized traces. Denote by I'(n) the set of all marginal
tracial states on M,(C)® M, (C) .
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Extremal marginal tracial states are considered in Refs. 5 and 6, and they are all pure states,
if n=2." We will show that this is not the case when n=3 by using the one-to-one correspondence
between marginal tracial states and UCPT maps.

Denote by UCPT(n) the set of all UCPT maps on M, (C). Every map ¢ € UCPT(n) can be
written as

k

P(A) = 2 U:'kAUi
i=1

for some {v;} C M,,(C) with =X ,v7v,==% vv}=1. The choice of the matrices {v,} is not unique, but
they can be taken linearly independent. Thus, the number k of the terms is uniquely determined
(see Ref. 3) and is denoted by r(¢)=k.

For any ¢ € UCPT(n), the map ¢® idMn(C) is a unital positive map, so that the composition of
<p®idMn([;) with any state on M,(C)® M, (C) is also a state. Let, in particular, choose the pure
marginal tracial state given by the vector &= éE?’: 1e;i®e; € ("® C" with a fixed orthonormal basis
{e;} of C". Then the composition is a marginal tracial state. Indeed, it easily follows from the
equation

1
tr(e;'e) = ((e;; ® e)é,6) = ;51'1(511’

that ((¢(A) ® B)¢,&)=tr(¢(A)'B) for any A,B e M,(C), where {;} is the set of matrix units of
M, (C), tr is the normalized trace, and ‘B is the transpose of B. Therefore, we have

((¢(A) ® D& &) = tr(p(A)']) = tr(p(A)) = tr(A),

((e(1) ® B)¢,&) = tr(¢(1)'B) = tr('B) = r(B).

We define the map 7 from UCPT(n) to I'(n) by

m()(A ® B) =((¢(A) ® B)£,&).

The map 7 is known to be bijective (see Refs. 1, 7, and 8), but we give its proof for the
completeness of the paper. In what follows, we identify a state p with its density matrix D, and
write rank(p) :=rank(D,).

Theorem 2.2: The map 1 from UCPT(n) to I'(n) defined above is bijective and preserves the
convex structure. In particular, w(@) is an extremal point of I'(n) if and only if ¢ is an extremal
point of UCPT(n) . Moreover;, rank(m(¢)) is equal to r(¢p) .

Proof: It is easy to see that 7 is injective, and so we show that 7 is surjective. Take a marginal
tracial state p and consider the decomposition of the corresponding density matrix D, into rank

one positive operators which has the form Dp:2f=1|§i><§,~| for some (; € €7 =C"® C". We write

n
§i=2§ij®€j EC”@C”
j=1

and define v; € M,,(C) by v,(e;)= \&{U and put <p=§)f.‘=1vf -v;. Since ¢ is completely positive and the
domain of 7 can be extended to the set of all completely positive maps, one can define a positive
linear functional 7(¢) on M, (C)® M, (C). Then we have

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



092101-3 Maximal rank of extremal marginal tracial states J. Math. Phys. 51, 092101 (2010)

k

k n n
Dﬂ<¢>=2 |(Ui®1)§><(vi®l)§|=2 E(gij®ej) E(gij®ej)
i=1 J=1

i=1 | j=1
k
=214l =D,
i=1
and hence 7(¢)=p. Moreover, we have
tr(¢(A)) = tr(¢(A)'D) = p(A ® I) = tr(A),

tr(o(I)'B) = p(I ® B) = tr(B) = tr('B)

for all A,B € M,(C), which imply that ¢ is a UCPT map, and hence  is surjective.
It is obvious that 7 preserves the convex structure.
Since {v;} is a linearly independent set, so is {(v;® )&} Thus, the density matrix,

k
D= 2 |(0; ® DEX(v; @ D,
=1
has rank k, which implies rank(m(¢))=r(¢). [ |
By Theorem 1 in Ref. 4, if n=3, there exists an extremal point ¢ of UCPT(n) with r(¢)
=2 and hence ¢ is a nonunitary map. Therefore, by Theorem 2.2 there exists an extremal marginal
tracial state in I'(n) which is not pure.
Next we compute the maximal rank, denoted by MR(n), of extremal marginal tracial states in
I'(n). To this end, we collect some results on the extremal points of UCPT(n) and I'(n).
Definition 2.3: The pairs (u;,v,),...(uy,vy) of elements of a linear space are said to be
bi-independent if

k k
E CJMI=0 and ECjUj=O
j=1 j=1

imply ¢;=0 for all 1=j=k . The k pairs of elements are denoted by uy,...,u;;vy,...,v; (the
relative order of the u s and v s being fixed).

Theorem 2.4: (Reference 4) Let (p=2{-‘:lvf-v,-, where {v;} is a linearly independent set with
SK viv; =2k vpi=1. Then ¢ is an extremal point of UCPT(n) if and only if{viv;f}ﬁj:l ;{U;Ui}ﬁjzl
is a bi-independent set.

Theorem 2.5: (Reference 6) Let p be a marginal tracial state on M,(C) ® M, (C) and let P, be
the support projection of p . Then p is an extremal point of TI'(n) if and only if (P,(M,(C)
®M,(C)P,) N ((M,(C)eCn e M,(C)oCD)={0} .

Since the dimensions of P,(M,(C)®M,(C)P, (M,(C)eCl®(M,(C)eCl) and M,(C)
® M, (C) are rank(p)?, (n>~1)> and n*, respectively, it follows from Theorem 2.5 that an upper
bound on MR(n) is given by

MR(n) = \2n’>-1. (1)

Every extremal point of I'(2) is pure, so that MR(2)=1. In the following, we compute MR(3)
and MR(4).

Theorem 2.6: The maximal rank of extremal marginal tracial states in 1'(3) is 4.

Proof: From (1), we have MR(3)=4. Hence all we need is to construct a map ¢ which is
extremal in UCPT(3) and has r(¢)=4. Let

[~ I~ [~ [~
wi=eq, Wr=¢ep+ \/2823, w3 = \"2821"‘ \’3632, W4=€31+ \*"2613.

Then we have
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4 4
E ww; = 2 wiw; =41,
i=1 i=1

1 . ] . .
and hence v;=;w; satisfies E?zlvivjzﬁ?zlv?vizl. By using the equations

wiwi=e;;  wow;=0 wiw| = N waw = e3
wiw, =0 Wows =€)+ 2y Wwiw, = \6631 wawy =2e,
wiwy = \e’Eelz Wows = \6@13 waws =2y +3e33 wuws = \"Ee_gz
wiwg=e3  wowy=2ey Wawy = \5623 Wwawy = e33+ 2ey
and

* * * % Iy
wiwp=eq WoWwy = €31 waw; =0 waw = \2es,
wiwy = e, Wawy = e+ 2e33 Wiwy =2ey3 Wywy = VEesz
wiws =0 wyws =2e3 wiwz=2e), +3ey wiws= V/gelz
Wiwy = \5613 Wiy = VEEB Wiwy = \’6921 wywy=ey; +2es3,

a simple calculation yields that Eijzlaijwiw;-‘:O and Eijzla,-jw}kaO imply a;=0 for all 1=i,j

=4. Therefore, {ww};{w;w;} is a bi-independent set, and so is {vwi}i{vj}. Put e=31 vi-v;.
Then ¢ is an extremal point of UCPT(3) with r(¢)=4 by Theorem 2.4, and MR(3)=4 follows.H
Theorem 2.7: The maximal rank of extremal marginal tracial states in I'(4) is 5.
Proof: From (1), we have MR(4)=35. Hence all we need is to construct a map ¢ which is

extremal in UCPT(4) and has r(¢)=5. Let

= —~
wq =el3+€32, Wy = \r’2€24+ \/5343, w3 = \”2@144’ \/5631,

—
Wy=¢€r + \"2642, Ws=¢€p+ €r3.

Then it holds that

5 5

* *
E ww; =E wiw; =41,
i=1 i=1

and hence v;=Sw; satisty = vv =32 v'v;=I. By the equations

W1W12611+e33 W2W1= \/2641 W3W1:O
* *
wlw; = \5614 WoW, =2e9y 4+ 2e44 W3W,=2e),
wiws=0 Wwows =2e wiws =2e;, + 3e
W3 W3 21 3W3 11 33
* ’E w 0 x_ 2
WiWy = Nz€3y WoWwy = wiw, = \3es
* % *
Wiws=e3 +e;  Wows= \5642 wiws=0
* [~ s
wawy = \2ey3 Wswi=ej3+ ey
* * [~
waw, =0 WsW, = \2eny
Waws = \5623 wsw; =0

Wawy=epn+2eq wswy= VE@M
* I~ * _
waws = \2ey; Wsws=e+ ey

and
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Wiw| = e33+ exn wow; =0 Wiw, = \5643 + \Eelz
wiw, =0 Wawy =2e44+ 233 Wiw, =0
% I~ * i
wiwsy =\2e34+ V/gez] wow3 =0 wiws =2ey4+ 3eyq
* * I~ *
wiwy=0 Wowy = \2e4 +2e3, wiwy=0
® * E ® /5
WiWs=€3;p WoWs = NZé€y3 WiWs = \Nz€yp
wuw, =0 Wew| = en3
¥ /_ * [~
W4W2 = \2614 + 2623 W5W2 = \’2634
wyws=0 Wews = e,
£l £l
wawy=eq+2ep WsW4 = €31
waws=e3 WsWs=exn + €33,

a simple calculation yields that E,]_la W, w =0 and El =14ij Jw =0 imply a;;=0 for all 1<l,]
=S5. Therefore, {ww;};{wjw;} is a bi- 1ndependent set, and s0 is {vuti{o; v} Put =37 v} v
Then ¢ is an extremal point of UCPT(4) with r(¢)=5 by Theorem 2. 4 and MR(4)=5 follows |

As to a lower bound on MR(n) for n>2, we have the following estimate.

Theorem 2.8: The maximal rank of extremal marginal tracial states in I'(n) is at least n for
n>2.

Proof: Fix n>2 and we construct a map ¢ which is extremal in UCPT(n) and has r(¢)=n.
Let

n—Zé
N,
i
n-— 1]=2
1
v;=7—=(e;;+¢;)
Vn—1

for 2=i=n. Then we have

v = Eej,

N \n-2

vV = for j=2

B Vn—2

vjvl=Telj for j=2
v}kvj— (e”+e ;) for j=2,

. 1
vjv=——ey for k=2 and j#k,
n—1
and hence X7 vv; =21 v;v;=1. It follows from a simple calculation that {v;v;} is a linearly

independent set. Put ¢=="_,v;-v,. Then ¢ is an extremal point of UCPT(n) with r(¢)=n by
Theorem 2.4, and MR(n)=n follows. |
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lll. DIAGONAL UCPT MAPS

In this section, we give some properties of diagonal UCPT maps.
Definition 3.1: (Reference 4) A linear map ¢ on M,(C) is diagonal if it has the form

o(A)=CoA

for some C e M,(C) , where CoA is the Schur product of C and A .

Completely positive diagonal maps are characterized by the next proposition.

Proposition 3.2: (Reference 4) ¢ is a completely positive diagonal map if and only if, in any
representation,

the matrices v; are diagonal.

In Ref. 4, it is shown that the maximal rank of extremal diagonal UCPT maps on M,,(C) is at
most \e";. The next theorem shows that for any a € N with a?>=n, we can construct an extremal
diagonal UCPT map ¢ with r(¢)=a. A marginal tracial state is called a diagonal marginal tracial
state if the corresponding UCPT map is diagonal.

Theorem 3.3: Let a € N be such that a*<n . Then there are diagonal matrices vy, ...,v,
e M, (C) , such that the map

a

o(A) =2 vjAv;, A € M,(C)

i=1

is an extremal UCPT map. Thus, ¢ corresponds to an extremal diagonal marginal tracial state on
M, (C)®M,(C) of rank a .
Proof: If a=1, let v, be any diagonal unitary matrix in M,(C). So we suppose a=2. Due to
space limitation, in the following we write our diagonal matrices as row vectors with n entries.
We first prove the theorem in the case that a*=n. Choose 0,,...,0,€[0,27], such that the
elements of the set {#,—6;:1=i# j=a} are all distinct mod 2. Let

1 . 1 .. 1 .
i0 ___2if _ e
by =" byp=—Fe by=—e"™
Va Va Va
) . 1 .
0 2i0 lif
b21 = /—e’ 2 b22= ’,—e 2 b21= /—El 2
Va Va Va
1 . 1 .. 1 .
0, 2i6, i,
by=—Fe% by=—Fe' .. by=—e',
Va a Va

where /=n—a=a’—a. Consider the following vectors of length n=a:

length a

f_j%\
v = (1,0,0, 70’0’b117b12’ bll)’

Uy = (O, 1,0, 7070’b217b22’ bz[),

U,= (0,0,0, ,O, l’bal’baZ’ bal)

If we write the set {v iv;}lgi! j=a as a list of a® row vectors, we have
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length [
length a —_—
L1 1 1
viv;=\ 10,0, ... ,0,0,;,;, ,; s

v} = (o,o,o, 0,0, tetome0 Laitoe) ,leli(01_02)>,
a a a

vvy= (o,o,o, ,o,o,le"(el—(’ﬂ,1e2"<91—”3>, ,1e”'<9r"3>>,
a a a

. 11 1
VU, = 0,0,0,...,0,1,;,;,...,; .

Rearrange the rows in such a way that v v},v,05, ..., 0,0, appear first, then we have the following
n X n matrix:

1 1 1 1
1 00 - 00 - - - -
a a a a
1 1 1 1
010 --00 - - - -
a a a a

1 1 1
000 - 0 1 — -
a a a a
R BN RO I
000 - 00 _61(01 0,) _621(91 0,) _631(01 0,) _611(01 0,)
a a a a
000 - 00 Lottty Loito Laioo,0 ... Lioz0,
a a a a

Note that this matrix has rank n if and only if the lower corner / X / matrix has rank /. If one factors
out 1/a from each row of this /X[ matrix, then the remaining matrix is

Pl01=0)  L2i(61-6) .. li(6=6)
Pl0=03)  2i(6-63) ... li(6-63)
. 9
ol (0a=ba)  20i(0,-6,1) ... Lli(6=0,_)

which is a Vandermonde matrix with nonzero determinant because of the choice of 6,,...,46,.
Consequently, {v;v}}<; =, is a linearly independent set and =i_ v;v;=2{ v;=1. Thus, the di-
agonal map ¢=2¢ v -v; is extremal in UCPT(n).

If a®><n, then add n—a” entries to the end of each of the vectors vy, ...,v, to form
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’

V=0 ® (C119C12» 7cl,n—a2)’
’

V=05 @ (C21,€20, -+ 5C2pma2)s
’

va =V D (Cal’CaZ’ cee ’Ca,n—az)v

where Z{_ [c;|*=1 for all 1 =;j=n-a’. Then we have

a

a

ES *
Svlfvl =D v =1
i=1 i=1

Furthermore, since {v;0}}<; =, is a linearly independent set, so is {v/v}"},<; =, Consequently,
the mapping

a
¢'(A)= X v]"Av], A e M,0)
i=1
is an extremal UCPT map, and it corresponds to an extremal diagonal marginal tracial state on
M, (C) of rank a. |
Theorem 3.4: Extremal diagonal marginal tracial states of rank a with a> <n are dense in the

set of all diagonal marginal tracial states of rank a or less.
Proof: Let ¢ be a diagonal UCPT map on M, (C) with

o(A) =2 ujAu;
i=1

for any A € M, (C), where u; is possibly zero. Let ¢ be a diagonal UCPT map on M,,(C) with

WA) = 2 U:'kAvi
i=1

for any A € M,(C). By Theorem 3.3, we may assume that {Uil);»k} is a linearly independent set, so
that ¢ is an extremal point of the set of all UCPT maps.

Fix £>0 and put w;=u;+ev;. Since ¢ uu;=1, Z{ ,wiw; is invertible for sufficiently small
€>0, and hence one can define a diagonal UCPT map by

-1 a

a
@s(A) = (2 W?Wi) 2 wiAw
i=1 i=1

for any A e M,(C). Since ¢, goes to ¢ as ¢ —0, all we need is to verify that ¢, is an extremal
point of the set of all UCPT maps. To this end, it suffices to prove that {w,»w;} is a linearly
independent set for sufficiently small & >0.

Since w,-w}k is a diagonal matrix in M, (C), it can be considered a column vector in C" and then
W=[ww;]{,_, is an nX a* matrix. Similarly, U =[uu;]i;-; and V=[vp;]{;_; can be considered
n X a® matrices.

Since wiw;=(u[+sv[)(uj+8vj)*=u,»u;+s(viu;+uiv;)+82viv;, if we put X=[vu]+uv;]
then we have

a
i,j=l’

W=U+eX+¢&V,

and hence
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WW=UU + e(UX + X*U) + XUV + VU + X*X) + XV + V*X) + *V*V.

The determinant of W*W is a polynomial of & of degree 4a® and the coefficient of %" is the
determinant of V*V which is not zero because {viv;} is a linearly independent set. Therefore, the
equation |W*W|=0 has at most 4a” solutions and |[W*W| is not zero for sufficiently small &> 0.
Since {w,w} is a linearly independent set if and only if W*W is invertible in M ,(C), the proof is
complete. |
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